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ON  THE  GROUPING  OF  SIGNS  OF  RESIDUALS. 


BY  £•  I..  DE  FOREST,  A*  M.,  WATEBTOWK,  COITN, 

When  a  series  of  equidistant  terms,  affected  by  errors  of  observaticn,  is 
a4juBted  by  meaos  of  such  a  formula  as 

the  extent  to  which  the  adjusting  process  BhouM  be  carried  can  often  be 
determined  by  observing  the  fortuitou:?^  distribution  of  the  signs  of  the 
residuals  v  which  result  from  subtiticting  each  adjusted  term  from  the  eor- 
reBponding  observed  term.  (See  the  Analyst  for  July,  1877,  p.  Ill,  and 
the  pamphlet  Jnterpolation  and  Afljnstment  of  Scries^  ]\  3D  This  method 
of  testing  an  adjustment  pre5?upposes  that  the  errors  of  consecutive  terms  are 
wholly  independent  of  each  other,  so  that  the  fact  that  a  particular  observed 
term  is,  for  instance,  in  excess  of  its  normal  value,  shall  be  no  reason  for 
preramtng  Jhat  the  next  term  will  be  alpo  in  excess,  or  the  reverse.  The 
method  would  not  apply  to  such  a  case  as  the  determination  of  the  normal 
car\'e  of  annual  temperature  from  a  series  of  daily  means  covering  only  a 
fiingle  year,  because  variations  from  the  normal  occur  in  waves  of  heat  or 
€3old^  extending  over  periods  of  several  days  each.  But  it  does  apply  to 
many  kinds  of  physical  and  statistical  series,  as  for  instance  to  the  experi- 
eiioe  table  of  mortality  discussed  in  the  pamphlet  referred  to.  The  normal  or 

'  probable  distribution  of  signs  was  there  ascertained,  on  the  assumption  that 
the  adjusted  series  is  the  true  one,  and  it  was  inferred  that  the  adjusting 
prooess  ought  to  be  carried  far  enough  to  secure  such  a  distribution,  withiu 

;  certaia  ascertiitned  limits  of  probable  error.  This  standard  of  adjust- 
inent^  however,  is  in  some  degree  an  ideal  one,  which  we  ought  not  to 
€xpect  fully  to  attain  even  with  the  best  adjustment  formulas  we  can  use, 
because  the  adjusted  series  can  hardly  ever  be  the  true  one,  and  the  actual 

^reilduAla  are  not  the  true  errors.     The  distributon  of  signs  will  depend 


— 2— 


somewhat  upon  the  ratio  existing  between  the  prolwible  errors  t*  and  «  of 
the  adjusted  and  the  observed  terms*  The  case  is  analogous  to  that  of  the 
other  test  proposed,  where  the  mean  error  e^  of  each  observed  term  is  sup- 
posed to  be  known,  and  it  was  shown  that,  assuming  the  adjusted  series  to 

be  the  true  one,  the  arithmetical  mean  of  all  the  values  of  (^]  for  the  N 
terms  of  the  series  would  be 


.6745 


Vw- 


(2) 


But  it  was  also  shown  (AkalysTj  p.  109,  Vol*  IV)  that,  wheo  we  use  an 
adjustment  formula  whose  error-ratio  is 

r  =  i^  =    ^[tl^2{l\+l\-\.  ....  +11)1 


the  mean 


of   ( — J     will  most  probably  be 

(.-^)(l*.6745^^). 


I 


(8) 


which  agrees  with  (2)  only  in  the  extreme  case,  when  we  suppose  the  adjust- 
ing process  to  be  perfect,  so  that  f'  ^  0  and  r  ^  0.  The  ditference  between 
(2)  and  (3)  is  rather  too  large  to  be  disregarded.  This  test  caiuiot  be  used 
when  we  have  not  the  data  for  finding  £j,  but  we  may  use  equally  well,  if 
the  nature  of  the  errors  justifies  it,  the  test  atforded  by  the  observed  group- 
ing of  the  signs  of  the  residuals.  It  is  the  object  of  the  present  paper  to 
ascertain,  as  far  as  may  be,  what  the  probable  distribution  of  these  signs 
will  be  for  any  given  value  of  r. 

The  terms  of  the  adjusted  series  may  be  regarded  as  occupying  an  inter- 
mediate position  among  the  successive  observed  terms,  similar  to  that  which 
an  arithmetical  mean  occupies  with  reference  to  several  obfier\'ed  values  of 
a  single  quantity,  (Compare  the  Analyst,  p,  108,)  Let  n^  be  a  number 
such  that  the  ratio  which  the  probable  error  of  the  mean  of  n^  such  values 
bears  to  that  of  a  single  value  shall  be  equal  to  the  error-ratio  r,  so  that  we 

have  r  =  ^^^— .  {A\ 

In  a  group  of  7ij  successive  values,  it  is  most  probable  that  half  of  the  terms 
will  be  in  excess  of  the  mean,  and  the  other  half  in  defect,  so  that  if  a  par- 
ticular residual  is  positive,  for  instance,  it  is  most  likely  that  the  number 
of  other  positive  residuals  in  the  group  will  l)e  Jtij  —  1,  while  the  number 
of  negative  ones  will  be  \n^.  Hence,  the  probability  that  another  residual 
in  the  group,  that  is  to  say,  the  residual  next  to  that  which  we  have  sup- 
posed pofiitivei  will  be  likewise  positive,  is 


Tlj— 1* 

and  giving  to  n^  its  value  from  (4),  we  find  that  the  probability  that  any 
two  consecutive  residuals  will  have  like  signs  is 

If  r  equals  or  exceeds  ^|/2  ==  0.707,  then  q  becomes  zero  or  negative,  aod 
it  apj>ears  impossible,  iu  such  a  case,  for  any  two  coDsecutive  residuals  to 
have  like  signs.  It  is  not  really  impossible,  however,  as  can  be  seen  by 
trial  with,  for  example,  the  formula 

where  r  ^=  0.723.  Formula  (5),  therefore,  does  not  give  a  rigorously  true 
value  of  q,  but  it  is  found  to  give  a  good  approximate  value,  for  such  ad- 
juBtmeut  formulas  as  are  likely  to  be  used  in  practice,  at  least  when  r  <  J, 
It  is  strictly  true  when  r  ^=  0. 

The  probability  that  any  group  of  n  consecutive  residuals  will  have  like 
signs  is  approximately  ^~^,  provided  that  n  is  a  small  number,  and  less 
thau  n^.  The  probability  that  such  a  group  of  signs  will  be  both  alike  and 
isolated,  that  is,  different  from  the  signs  next  preceding  and  following  it,  is 

and  consequently 

Ib  a  series  of  JV signs  in  all,  the  whole  number  of  possible  groups  of  n 
consecutive  signs  each  will  be  A^  if  the  series  is  period ic,  that  is,  if  its  first 
and  last  terms  are  consecutive.  Hence  by  well  known  priueiples,  the  most 
probable  number  of  isolated  groups  of  n  like  signs  occurring  from  accidental 
caoseSy  is  for  a  periodic  series  approximately 

fi  =  pN±S745p'lp{l—p)N].  (7) 

If  we  give  to  n  in  (6)  the  values  1  and  2,  we  have 

_  1  _    l—2r^ 

P»       4(l_r2)a'  P^       8(1— r3)»' 

and  the  total  number  of  signs  included  in  groups  of  only  one  or  two  signs 
each  is    M={p,+2p^)N±.6745i/{  [pi(l-Pi)4-4p2(l— p,)]Ar].. 

Assigning  to  p^  and  p^  their  values  as  above,  and  expanding  binomials 
and  neglecting  i>owers  of  r*  in  the  probable  error,  we  have  with  sufficient 
aocttnuy  when  r<|, 

^=  i^i"l!y^  .633(l+iH)^JV:  f8) 


A  perfect  ajjustment,  making  r  =  0,  would  give 

JJ/=  Ji\^dr.533t/J^,  (9) 

as  wag  found  in  the  Analyst,  p.  Ill,  Vol.  IV.  Actually,  an  adjusted  se- 
ries will  always  have  sorae  probable  error,  and  the  most  probable  value  of 
Jf  as  given  by  (8)  will  always  be  somewliat  larger  than  ^N,  And  since  q 
in  formula  (5)  is  less  than  ^,  making  it  more  probable  that  any  two  consec- 
utive signs  will  be  unlike  than  that  they  will  be  alike,  it  follows  that  the 
largest  group  likely  to  occur  will  contain  a  rather  smaller  Dumber  of  signs 
than 

1  +  3.32  log  N, 

which  is  the  number  found  in  the  Analyst  referred  to. 

Formulas  (7)  and  (8)  will  also  apply  to  the  case  of  ordinary  or  non-peri- 
odic  series,  for  purposes  of  rough  estimation,  provided  w^e  treat  the  first  and 
last  residuals  as  consecutive,  so  that  their  signs,  if  they  are  alike,  belong  t-o 
the  same  group.  A  more  precise  determination  is  as  follows.  The  first  and 
last  signs  of  the  series,  and  as  many  adjacent  signs  as  happen  to  be  like 
them,  cannot  properly  belong  to  any  isolated  group  at  all,  the  next  signs  be- 
yond being  unknown.  Omitting  the  first  an  J  last  sign,  the  whole  number 
of  possible  isolated  groups  of  n  signs  each  will  be  N — n^l,  and  the  num- 
ber of  such  groups  which  will  most  probably  ocrmr  is 

fx  =  p(iV_n— l)±.6745i/[p(l— p)(A^— n— 1)].  (10) 

Proceeding  as  before,  we  find  for  the  probable  total  number  of  signs  inclu- 
ded in  groups  of  only  one  or  two  signs  each 

Assigning  to  p^  and  p^  their  values,  expanding  binomials  and  neglecting 
powei-s  of  r*  and  other  negligible  quantities,  wc  get  with  sufficieiit  accunwy 
when  r  <  J, 


if=<2-^'*X?«:=f)±.533(l+M/(y-3^ 


(11) 


The  foregoing  results  have  been  tested  by  means  of  seri^  adjusted  with 
several  ditferent  formulas,  find  the  agreement  between  computation  and  ob- 
servation was  as  clo^e  as  could  fairly  be  expected.  To  illustrate,  let  us  take 
from  the  SrnUhsonian  Report  of  1873,  p.  335,  the  signs, of  residuals  whicfi 
occur  in  an  experience  table  of  mortality  adjusted  by  the  21>term  formula 
of  Table  B.  (Ajnalyst,  May  1877,  p.  82.)  Here  we  have  r  =  .372  and 
N  ^  70.  The  probable  total  of  signs  falling  within  groups  of  only  one  or 
two,  as  computed  by  (11),  is 

M=  41.8  ±4,7,  while  the 

obs'd  number  as  counted  in  the  table,  omitting  the  first  and  last  sigus^  is  46. 
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3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 


+ 

+ 
+ 

+ 

+ 
+ 


16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 


+ 

1  29 

43 

57 

+ 

30 

+ 

44 

— 

58 

— 

31 

+ 

46 

— 

69 

-* 

+ 

32 

+ 

46 

+ 

60 

+ 

+ 

33 

— 

47 

+ 

61 



+ 

34 

— 

48 

62 

35 

— 

49 

+ 

63 

^ 

.^ 

36 

+ 

50 

+ 

64 

+ 



37 

+ 

61 

65 

^ 

88 

52 

— 

66 

+ 

+ 

39 

— 

53 

+ 

67 

+ 

+ 

40 

— 

64 

— 

68 



41 

+ 

55 

+ 

69 

+ 

+ 

42 

• 

+ 

56 

•^^ 

70 

^^ 

The  agreement  is  suffidejit  to  justify  tlie  coticltision  that  the  adjusting  pro- 
cess probably  has  not  introduced  any  new  errors  into  the  series,  and  that 
the  adjustment  is  good  tu^  far  as  it  goes.  The  same  series  adjusted  by  the 
9-term  formula  of  Table  B.,  for  which  r  =^  .537,  gives  by  computation 

M  ^  53.1  ±5.0, 
while  observation  shows  M  =  53. 

A  fictitious  aeries  of  100  terras  was  constructed  by  the  aid  of  the  system 
of  errors  of  equal  frajuency,  in  InttTpolathn  etc.,  p.  24,  and  was  adjusted 
by  the  25-teinn  formula  of  Table  C.  Here  the  series  was  periodic,  and  r 
^  .311,  and  formula  (8)  gave 

if  =58.0  ±5.6- 
The  number  actually  observed  was  M  =  56. 

A  few  general  remarks  on  the  subject  of  tests  of  good  adjustment  will  be 
appropriate  here.     If  we  could  construct  the  true  series,  so  as  to  have  r=0, 

then  the  most  probable  value  of  the  arithmetical  mean  of  [  —  J     would  be 

ontty,  as  in  formula  (2),  and  ths  most  probable  number  M  of  signs  falling 

groups  of  only  one  or  two  signs  each,  in  a  periodic  series,  would  be  JiV, 

in  formula  (9).     Practically,  this  state  of  things  cannot  be  quite  realized, 

for  it  is  probable  that,  even  by  repeated  adjustments,  we  can  never  reduce 

the  value  of  r  much  below  somewhere  from   j^  to  ^.     But  any  adjusted 

^eries  ought  to  satisfy,  approximately  at  least,  the  condition  that  the  ob- 

^ed  mean  of  f  _  j    should  be  as  in  formula  (3).    If  it  is  greater  than  the 
■oppervalue  (l  — r')  (l  +  -^T^^^^)^ 


there  will  be  some  reason  to  fear  that  the  series  has  beeo  smoothed  out  too 
much,  and  that  large  values  of  v  hav^e  been  caused  by  departures  from  the 
normal  form  of  the  series.  The  same  will  be  true  if  the  observed  number 
Jf  is  smaller  tlian  the  lower  value  given  by  formula  ^8)  • 

and  similarly  when  (11)  is  used. 

The  mere  fact  that  the  conditions  (3)  and  (8)  are  satisfied,  however,  is  not 
of  itself  a  sufficient  evidence  of  good  adjustment.  For  suppose  the  adjust^- 
ment  were  the  least  possible,  so  that  the  adjusted  series  did  not  differ  sensi- 
bly from  the  unadjusted  one;  then  we  shall  have  every  where  r  =  0  and  c' 
^&  and  r=l,  so  that  the  mean  of  (i?-^ej}^  would  be  zero  and  the  expression  ^ 
(3)  would  be  also  zero,  and  the  condition  would  be  fully  satisfied  though  no 
adjustment  had  been  made.  The  same  may  be  said  res|.»ecting  a  condition 
employed  by  another  writer,  and  remarked  upon  sonjewhat  imperfectly  in 
Inf^rpolafion  etc,,  pp.  14  to  16,  The  condition  reduces  to  this,  that  when 
a  law  of  mortality  or  other  similar  series  has  been  adjusted  by  means  of  an 
empirical  equation  eoiitaiijing  k  constants  or  parameters,  the  mean  of  {tH-«i)* 
ought  to  be  approximately 

k 


1  — 


N^ 


This  is  true  if  the  equation  is  capable  of  expressing  the  true  law  of  the 

series,  and  if  the  values  of  the  k  constants  have  been  determined  by  the 
method  of  least  squares.  When  they  are  Jonnd  by  any  other  method,  the 
mean  wull  be  a  little  larger.  Now  in  a  rate  of  mortality  the  precise  analyt^ 
ical  form  of  the  series  is  not  known  in  advance,  and  the  number  k  is  one  of 
the  things  to  be  determined.  Suppose  k^=N.  The  given  series  can  be  rep- 
resented exactly  by  an  algebraic  curve  which  has  N  parameters.  Here  then 
we  shall  have  every  where  t>  ^  0,  so  that  the  mean  of  (v-T-s^f  is  zero  and 
1  —  (k-i-N)  is  also  zero,  and  this  coudition  of  good  adjustment  is  satisfied 
where  no  adjustment  at  all  has  l>een  made.  The  iuference  is,  that  an  equa- 
tion which  satisfies  this  condition  ciinnot  be  considered  as  the  true  one,  or  the 
best  one  possible,  unless  it  shall  also  api>ear  that  the  condition  cannot  l>e 
satisfied  by  any  other  equation  of  simpler  form  or  cx)utaining  fewer  constants. 
We  conclude  then,  that  if  we  use  an  adjustment  formula  such  as  (1),  a  suf- 
ficient test  will  requirf^  that  the  mean  of  {v*^€^f  or  the  value  of  M  should 
be  brought  as  near  to  their  ullimate  values  1  and  ^lY  respectively,  as  they^ 
can  be  without  violating  the  conditions  (3)  and  (8).  In  other  words,  thi 
most  accurate  adjustment  will  probably  be  made  by  that  formula  whose 
error-ratio  r  is  the  least,  provided  that  the  conditions  (3)  and  (8)  or  (11) 
are  approidxnately  satisfied* 
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EN  IJMERA  TION  OF  PRIMES, 


BY  PROF.  W.  W,  JOHNSON,  ST.  JOHN  8  COLLEGE,  ANNAPOLIS,  MD. 

Mr.  J.  W.  L.  Glaisher^s  enumeration  of  primes,  referred  to  at  page  9, 
Vol.  II  of  the  Analyst,  has  been  completed,  and  a  "preliminar}"  account" 
of  the  results  appeared  in  the  Proceedings  of  the  Cambridge  Philosophical 
Society,  Vol.  IIL 

In  this  paper,  Mr.  Glaieher  gives  tables  of  the  form  described  below,  for 
the  first  three  millions  of  natural  numlnfr?  comprised  in  Bnrckhardt's  Tables 

Divisors,  and  for  the  7th,  8th  and  9th  millions  which  are  covered  by 
e's  Tables. 

Calling  the  hundred  nombers  between  lOOn  and  lOO(n-l-l)  a  "century*', 
the  tables  show,  for  eadi  of  the  thirty  groups  of  lOU^OOO  in  these  six  mil- 
lioRS,  the  number  of  otHituries  whieli  coritaiu  no  prime,  the  number  which 
contain  a  single  prime,  two  primes,  three,  and  so  ou ;  also  the  total  number 
of  primes  in  each  group.  Thet^e  tables  are  given  Mow,  the  ten  numbers  in 
leaeh  column  being  the  numbers  of  primes  in  each  of  the  ten  gninpsof  the 
lillion  to  whirh  it  relers,  nnd  the  total  at  the  foot,  the  mimber  of  primes 
in  the  entire  million.  The  difierenct^  are  appended  to  exhibit  more  strik- 
ingly the  remarkable  inequality  which  exists  in  the  distribution  of  primes. 


1st  million 


2nd  million 


3rd  million 


Igt  group 
2nd  " 
3nl  " 
4tb  " 
5th  " 
6th  ** 
7th  " 
8th  '* 
9th  '* 

roth  •* 


8.^92       ^'^^*'^ 

8,0i3  ~    ^'^ 

7,863 

7,078 

7,5t>0 

7,445 

7,408 

7,323 

7,224 : 


150 

185 

118 

115 

37 

85 

99 

8 


Tona 


78,499 


7,216 
7,225 
7,081 
7,103 
7,028 
6,973 
7,015 
6,932 
6,957 
6,903 

70,433 


-f 

9 

— ' 

144 

+ 

22 

— 

75 

— 

55 

+ 

42 

— 

83 

+ 

25 

— 

54 



29 

6,874 
6,857 
6,849 
6,791 
6,770 
6,809 
6,765 
6,716 
6,746 
6,708 

67,885 


-17 
—  8 
—68 
—21 
+39 
—44 
—49 
+30 
—38 


7th  million 


8th  million 


9th  million 


l8t  group  6,397 


2nd 
3rd 
4th 
5th 
6th 
7th 
8th 
9th 
10th 

Total 


6,402 
6,425 
6,337 
6,347 
6,402 
6,338 
6,375 
6,411 
6,36.^ 

63,799 


+  5 
+23 

—88 
-flO 
-f55 
—64 
+37 
+36 
—46 
+  4 


6,369 
6,306 

6,348 
6,299 
6,301 
6,305 
6,347 
6,245 
6,364 
6,274 

63,158 


63 
42 
49 
2 
4 
42 


—102 

+  119 

—  90 

—  24 


6,250 
6,301 
6,283 
6,285 
6,245 
6,326 
0,281 
6,299 
6,220 
6,270 

62,760 


+  ftl 
—18 

+  2 
-40 
+81 
—45 
+  19 
—79 
+50 


Excepting  the  first  two  centuries,  which  contain  26  and  21  primes  re- 
spectively, there  are  no  centuries  containinj;  more  than  17  primes;  and  exclu- 
ding the  first  group  of  100,0(Xl  numbers,  there  are  no  centuries  containing 
more  than  15  except  two  containing  17  primes,  one  between  700,000  and 
800,000  and  the  other  in  the  thm\  million,  and  one  containing  16  primes 
in  the  second  niillion.  Two  centurit'5  containing  15  primes  occur  in  the 
eighth  million,  but  none  with  more  than  14  occur  in  the  seventli  or  ninth. 
Nocenturies  free  from  primes  occur  in  the  first  million,  and  but  one  each  in 
the  second  and  third,  but  the  jseveiith  million  cnntains  six  and  the  eighth 
and  ninth  four  eaeli.  of  such  i-entnrie.s. 

Mr.  (jrlaisher  deiers  a  comparison  of  his  results  with  the  logarithmic  in- 
t^ral  formula  until  after  the  completion  of  a  sufficiently  extended  table  of 
values  of  the  integral. 


Proposition.  By  L.  W.  Meech,  A.  M. — If  a,  6,  c  denote  three  lines 
drawn  from  the  angles  of  a  plane  triangle  to  the  center  of  the  inscribed 
circle  whose  radius  is  r,  then  wilt  the  recipriK-als 

1111 


a'    b'    c'    r 


be  the  four  sides  of  a  trapezium  inscrihe<l  in  a  semicircle;  the  latter  side 
coinciding  with  the  diameter. 
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SHORT  METHOD  OF  ELLIPTIC  FUNCTIONS. 


BY  LEVI  W.  MEECH,  A.  M.,  HARTFORD,  CONN. 

(Continued  from  pagt  168,  Vd.  IV.) 

Note  1.  The  inverse  formula  demonstrated  in  this  Section,  J  ^  \/b 
Kff^x-T-ffx  virtually  accomplishes  the  ubjet't  of"  various  elaborate  Researches, 
for  the  addition,  aabtraction,  multiplication  or  ilivision  of  Elliptic  Functions; 
or  for  finding  the  roots  of  modular  e<|Uations.  For  example,  let  it  be 
required  to  resolve  the  equation,  m.F(e,  6)  =  F{e,  ti^)+F{e,  6^')+F{e,  <?'''); 
or  mAx  =  A{ie'+x"-{-x''') ;  or  mx=^x*  +a?''-(-ar'".  The  value  of  a;,  found 
through  x\  a:",  x'",  and  substituted  in  the  inverse  formula  will  evidently 
define  the  unknown  amplitude  0^  of  the  function  mF(e^  6)  equal  to  the  sum 
of  the  other  three.  Since  j4"y  ^  Ax- ;  where  tx^  =  A-*y  -f-  A ;  different 
moduli  can  be  included  in  the  operation  also, 

Note  2.  Double  Periodicity^ :  sin  ar  =  sin  (a;+  2m7r);  sin  x  ^  sin  (a?  + 
n  log  9*1/  — 1)  or  sin  ar  ^  sin  {x  -f  2m;r — n  log  q.y^ — 1) ;  where  m,  n  are  ar- 
bitrary int^ers;  27t  is  the  real  period,  as  in  trigonometry,  ajid  — log  q.  V — 1, 
ihe  imaginary  period. 

Note  3.     The  meaning  of  Theta function  is  thus  defined: 

tfa?   =  0fx)      ^  1 — 2q  cos  2^H-2g*cos4a? — 29*006  6x+  .... 

ff^x  =  B{^-x)  =  1 +2g  cos  2x-f  2y*cos  4a:+29<'co8  6ic+ 

e(0)  =  v(M);  ^(5)  =  i/^.^ 

The  last  two  equations  are  readily  verified  by  taking  the  square  root  of 
the  series  for  A  near  the  close  of  Section  V,  and  ehangiog  from  terms  of  i 
to  terms  of  g.     Among  other  formulas  from  Abel  and  Jacobi,  we  find. 


9^x^  H(x)  "  23*sin  x — 2</*sin  3a;  +2g^sin  bx —  , 
O^x  =  H{^x)  =  2q  ^cmx  +  2q  ^ooa  3a?  4-2g^co8  5a?+  . . 


sin  tf  ^ 


1 

1/e 


6^x  _  4  pglsina: 
~0x^  cA  Ll^ 


jf|^in3a;  I  £isin_5x 


,,^  fl  _     \tf  ^1^        4  rgicosa;  ,  glcosSa;  ,  ^icos5a?  , 


0  =  fjdx    = 


4  p(7cos2a;     g^co8  4a; 


9"cos2tu!  .      ~| 


a;  -f 


1+9" 


'c  =  ^7l  +  ^»+?ic*+     \     loeo— ''^'— ''^(^'i'^) 
''  — 16r+2*  +64'  +-j-    '°S5-     -JT-      T(i7i7r)- 

^  =  5^25*+59»— 10g"+18g"— . . .  • 


+ 


..]. 
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VII.       SuaTESSIYE  AND  iSjMULTANEOUS  QUADRATURES.  —A  DCW  SCSftle 

of  amplitudes,  possessing  important  advantages,  may  be  combioed  witli  the 
sajne  scale  of  moduli  alr^dy  described  in  Sections  III  and  IV.  Thus  let, 
in  descending  order, 

tm\g     =p{\—f^     )  =  yb) 

tane?**  ^  i/{^\r\2g  )  =  yi'*; 
taiiy»  =  |/{9Jn2^  )  =  v'*^J 
tan^<^  =  1/(8111  2g^  )  =  |/i*^; 


tanu     =i/j.tan^^,  F  =^    ^    7,-  ^^rr 

^  l/{l — All 


tan  w"    = 


tanu'^  = 


tanu«»  = 


tail  2u 

tan  2^*^ 

V  6°^  ' 


?sin*tf)' 
1  +  U    4/(1— l^*^^2tt)' 


l+6*H-6Vi/ri— . 


Jdw** 


i^  = 


1+6 
2 


2 


2      r  idu** 


1+6*1 +6^"l+6«^ 


J  1/(1— 


C««»C08»2U*«)* 


By  way  of  demonstration  we  observe  that, 

^  dtaD2u  _  y/A^f/taiu/^      r^'9«  =.  __i -,  ^ 

1  +tan*2ti       1  +  A"tan  V  *  1  +  tan*2u       1  +  i^tanV  ' 

Subfiti toting  in  the  second  expression  of  F,  since  5^  =  1 — ^, 

du ||/&^cgtan?i<* 

|/(1— e"'cos^2w)  "^  v[(l  +  6*' tan='w**X6^+6'*tanSi^)X 
Now  y'b^  may  be  divided  out.     Then  einee  d  tan  w**  =  { 1  +  tan V)dt^^,  and 

**"  "^  =  l+CQs2u^'  ^  tngonoetry, 

dn  _  dn** 

^(l_e«Joo8'2u)  ~  v.;  [l+6H(l^«')^'2u'^]:[l+&«— (1— 6«)oo9  2m<»]  J^  " 

The  product  of  the  sum  and  difference  of  the  two  quantities  under  the 
last  radical,  is  known  to  be  the  difference  of  their  squares.  Passing  out  as 
a  factor  (1+6^),  also  rauUiplyiug  by  2X^,  and  observing  that  e^=  (1 — 6**) 
-7- (1+6"),  we  obtain  the  third  form  of  i^  above.  By  similar  substitutions, 
the  second  expression  of  Fwns  derived  from  the  first;  after  which  the  lawj 
of  derivation  is  evidently  uniform. 

On  referring  to  the  scale  of  amplitudes  in  Section  IV,  we  observe  that, 
if  developeil  as  in  Section  V,  the  leading  periodic  term  of  the  integral  there^ 
may  be  denoted  by  Csin  2^,  or  Csin  2^,  ....  In  Section  VII,  the  cor- 
responding term  is  — JCsin  4u,  or  — JC^sin  4h**,  ...     So  that  the  new  scale 


— n  — 


F  ^ 


Amplitudes  Qiakes  t lie  pt^n'odiL"  pcirtiou  *»t  the  integra^SRunually  sn 
cr  than  the  former  methml,  in  the  nuio  oi   i,  i^^  J,  j^,  .  ,  . . 

And  if,  in  the  preceding  denominators,  we  desire  to  change  from  a  co- 
&iii«  to  a  sine,  the  i-elation  of  the  iirst  two  ptjuationH  will  i  ml  it 'ate  the  prooeSHi 
Thus  in  the  fourth  expre.ssiou  oX  t\  let  tan  a***  —  \  h^'  .tan  '/*;  whenee  by 
f'fl>mparigon,  tan  V^  ^=.  (tan  2u")-^6"**;  and 

2  2         1 r  dW 

In  the  preceding  system,  the  amplitudes  depend  one  upon  another  in  jmc- 
oea9iv€  order*  Let  us  now  represent  the  same  amplitude?^  bv  gimuiianeous 
lerms.     For  a  first  example,  let  The  such  that 

u**  r=  tan~Htan  T.  tan  iA)  +  taa-i{cot  T.  tan  «). 

Taking  the  trigonometric  tangent  of  both  sides 

0  „  (tao  r+cot  T)tan  w tan  2u tan  2u 

anil    _  YZ:^»,i  sin2T""     yfc**^ 

Thus  the  auxiliary  Tis  found  by  the  relation  sin2T  =  |/6^     And  if 

uP  :=  Uj  +1*2 »  *^^^^  *^i  ^  *^^^  ^'  ^"  ^^^  ^'^  *^2  ^  *^*  ^'  *^"  "• 
For  a  secmid  application,  we  assume 

u«>  ==  tan-* (tan  7^  .  tan  7i'»)-ftan~Mcot  T" .  tan  ti*'). 
Taking  the  tangent  and   proceeding  as  before^  wc  find  sin  27"  =   ^6*"*. 
Also  substitnting  for  tan  u"  its  former  equal  (tan  2u)-r-  ^t\ 

^     - 1  /     tan  2u     \  .   .     - 1  /     tan  2it     \ 

Here  let  sin  2T^  ^tan  2^.  i/& ";  sin  2^3  =ec»t  !r\v  6"*  By  comparison  with 
the  fiist  example,  u'"'  t^n  now  be  resolved  into  the  four  simultaneous  terms 
i^^ttj4-ti3+tA3+U4;  where 

tan  Uj  ^  tan  T^  tan  w;  tan  u^  =  cot  T^  tan  u; 

tan  « J  =;  tan  T^  tan  u ;  tan  u^  =  cot  To  tan  «. 

Id  like  Diaaoer  for  a  third  example,  u'""'  i-an  be  resolved  into  eight  similar 
lermBy  by  the  relations, 

sin  2  J"'  =  v  fr-**  ;  sin  2^^  =  tan  7 '^v  *";  ^in  2^3"  =  cot  T".  yi*-. 
sin  2T,   =  tan  T^.^  t^;  sin  27^  =  cot  riV6"; 
mn2T^  =  tan  r^^i/t^  sin  27^  ^  cot  T^i/b\ . 
tt**'  =  W|+...+t*g;  tantt|  =tan  r^tanu;  taaw3=cot  ^jtonu;.. 

For  a/oftrth  elample,  beginning  with  sin  22"'*^  =  |/6***",  we  may  extend 
the  series  to  sixteen  similar  terms,  whose  sum  is  u**^;  and  so  on.     In  all 
the  examples,  tan  u  may  be  replaced  by  its  eijual  ^6. sin  0.     And  the  com- 
.poted  value  of  u,  or  of  u"  or  of  u'^^  etc*,  is  to  be  substituted  in  the  proper 
ieqiiatioo  of  F,  of  the  series  shown  at  the  b^inning  of  this  iStctiou. 
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VII 1 .  QuADRANTAi.  QrADRATtmE. — It  will  be  instructive  to,  observe 
how  the  precedmg  system  and  other  known  Bcales  of  mcKluli  and  amplitude 
naturally  originate  in  the  integration  for  F  hy  ijuadrarital  quadratnre.  Let 
us  first  represent  the  binomial  cx)effieient^  by  the  well  known  integrals  with 
respect  to  an  auxiliary  ai-c  w.     Thus, 


dF= 


=  dff(l+j€'sin'fl+fe*sin^»-h.  -  •), 


V(l— Aiu^^) 
dF=^  f^  dm{l+sinho.^Bixi^d+mn^a/.d^Bm*0  +  . , ,  )dfl. 
Taking  the  sum  of  this  geometric  8i*ries,  and  integrating  in  respect  to  tfj 


^^  ^  2  r^         dwdS 

nJ  Q  I — e^in^wsin*^* 


tan~  ^  [  V"  ( ^  — e^8in'o/).tan  #]. 


K<J  dV  {1  —  Ain'oi) 
As  heretofore,  let  F  be  replaced  by  Ax;  let  J  =  i  (1  —  e*8in'<ii) ;  then 
fd<t)  ~-  J  ^  A.iTT  —  /Adx\     Dividing  out  A,  and  regarding  cw  or  J  as  aa  • 
implicit  function  of  x\  we  have 

^  =  ^  n  cic'.tan- V^-tan  ff). 

While  X  denotes  the  true  integral,  let  '/  denote  its  approximate  value  as 
found  by  the  common  trapezoidal  formulas  of  quadrature.  Thus  for  the 
two  sides  of  one  trapezoid, 

¥  ^  itaD-i{Jotan  ^)H- Jtan-J(^itan  8),  or 
tao  (2'/—^)  =  b  tan  /?;  J^  =l^A^=  6. 
The  origiual  scale  of  Landen  and  Lagrange  described  in  Sections  III,  IV, 
is  here  evidently  reproduced  iu  amplitude. 
Taking  the  middle  ordinate  of  one  trapey.oid, 

r  =  tan"* (J,,  tan  ^),  or  tan  ¥  -    y/b  . tan  0. 
Here  we  recognize  the  fii-st  new  amplitude  u  of  Section  VI 1.    Again  tak- 
ing the  middle  ordinates  iu  two  trapezoids, 

W^  Jtan-M4,tan/0  +  |tan-M4H't4in^K 
Observing  that  J,^,  dt^  are  complementary,  or  J^i^k  ^  ^J  ^'^  have, 

tan  29^  =  i^±^)*-^^  =  1^;^) tan  2u  =.  ^  ^ 
1— &tan=tf  2^/6  it" 

This  equation  evidently  coincides  with  tliat  of  the  second   new  amplitude, 
and  is  the  ij^^^  of  those  that  follow,  in  the  beginning  of  Section  VII, 

Let  us  digress  to  verifj^  the  equality  of  the  last  two  members.  For  if 
equal,  d^-^d^  =  2  4/6 -f-  Vb""  =  \/b  .  |/[2(1  +  t)];  J^J^  =  b.     Whenc  " 


found  by  a  quadnitic,  and  J?  =  i/^j.[l+i— v  6-f  (1  — |  6)i/(l+6)]- 
The  value  of  JJJ  found  by  the  iudependent  method  of  bisectinCj  bemg  pre- 
cteelj  the  same,  verities  the  equality. 

On  taking  the  sides  of  two  trapezoids,  we  again  find  the  values  of  J  to 
occur  in  the  geometrie  progression  1,  \  b,  6;  thus, 

r  =  ^-h2tan-Ml  *  ■  tan  ^}-f  tan-M6  tan  0)  -=  tan^^Qtan  2u")-^6°"]* 
Generally  let  p  denote  the  number  of  trape/.oids,  p  being  an  odd  number. 
Taking  the  first  side  or  tf  with  twice  the  other  alternate  sides,  we  have   ¥ 
the  amplitude  of  summation  in  the  first  Theor»ini  oi'  Jaoobi.     Thus, 
r-^  ^+2tan-M^2tan#)-f +2  tan-i(4_itan  tf);  or 

r_fl+2tf3+2#4+2tf^  +....4-2^^^,, 
Whea  p  —  3,  for  examble,  let  the  amplitudes  ai,  a^   be  found  lor  the 
relations  F(e^  a^)  -     J-F(t%  It:};  Fic^a^)  —  li*\ej  ^n);  which  ami  be  resolv- 
ed by  Legendre's  Tables,  or  by  Section  VL     Generally  let  m  denote  any 
whole  number  less  than  p  ;  then  f\e,  a^)  zzz  *^F{€,  J;r), 

F{e,  ff)  ^    ^F(h,  r) ;  tan  fi^        J^  tan  tf    -_    ,^'^- 

y.  sina^_ 


.tantf- 


^ 


sin^ajsin^a^ , 
sin^a^sin^a^ 


. .  8m*a, 


P-2 


p.F{h,^K) 


Tb«  decreased  modulus  h  may  also  be  found  bj  trial  irom  the  equation 
^f(A,in)  Fje,  jg) 

In  the  Philosophical  Trao^actions  for  1831,  Mr.  Ivory  hajB  simplified  the 
deroons;tration  of  Jacobins  Theorem,  and  extended  it  to  tlie  case  where  p  is  an 
even  number,  that  is  to  regular  trajiezoklal  quadrature*  Thus  when  p  is  even, 

r  -  ^  +  2ten-i(J2tan  fi)-{- +  2  fan" ^ 4,^ 2  tan  /^J+tan-M^tanff). 

The  second  Theorem  of  Jacob!  can  he  applied  to  large  moduli,  by  first 
nging  e  to  6;  and  from  /jft,  ff)  finding  /?',  A',  V^  aocordiog  to  a  modifi- 
cation of  the  first  Tht*oreni ;  then  changing  back  from  A'  to  the  larger  A, 
when?  A=|/  (1  -h%  so  that  F{e,  0)  =  (l-ir^')F{h,  W%  When  h  becomes 
virtually  1.  the  integration  is  effected  by  logarithms. 

In  Section  VI,  was  shown  the  discovery  of  Jacobi  that  tlie  exponents  of 
q  in  the  Theta  function  increase  as  the  series  of  squares  1,  4,  9,  16, . . ,  A 
tffcmpariison  of  resulta  by  Jacobi  discloses  another  property  equally  remark- 
•bleL  Xjet  f/, ",  99"*, . . .  denote  the  values  of  q  respectively  defined  by  6,  6% 
fr^, . . . .  m  <A^  decrmmng  scale  of  moduli.  Then  rigorously  q  =  q,  ^  1=  ^^ 
jf  ^  qf*,  5*^  ^  ^^ . , ,  That  is,  t/i£  exponerds  of  q  increase  regylarly  in  ge- 
amdtneal  progremmi. 
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Thus  in  the  (lescendi 
=  2. 63563 ±;  Log9''  =  3;27I27  =  Lfig*/';  Jjogq'^'^UXm50=hog^. 

The  like  property  belongs  to  other  scales  of  moduli;  and  it  happily  nieet^ 
the  difficulty  of  finding  small  arrs  to  a  sufficient  number  of  p)aee8  from  the 
iMBine  in  the  corn  in  on  log3*rithnijr  tables. 

For  kirge  Afodulh  Where  t-  is  near  to  1,  we  may  change  to  the  oomple- 
mentarv  modulus  by  assuming  as  in  iSection  II,  eos  ff  .cos  tf'  =:  1 ;  thus  if 
J/  =  y^(l^bhm^m); 


=  ^^ri^:^^^tan-M^'tanr) 


^  2  fl 


i^  —  l.dw 


sin^aisin*^'' 
J'sin^ 


tan" 


1+a-fiinfl  1 

-^ —    ,  nearly; 


I 


0       -  I/— A 

By  applying  common  quadrature  to  the  last  member,  dividing  by  the 
eomraon  <x>effid€nt  of  tan~^,  and  then  taking  the  trigonometric  tangent  of 
both  sides  we  might  obtain  'ormu)a8  eorrt^ponding  to  the  secT>od  Theorem 
of  Jaeobi.  Or  developing  the  are  in  terms  of  its  tangent,  we  may  apply 
quadrature  to  the  fol leaving  sum  of  the  series: 

:r*/  0  J'    ^    ^l_J'sin^ 
F  =  sin  ff-fi(l— i6>in^^^+Kl'-^'+*'^')s'"**+-- 

where  a,  a,,  a^  are  to  be  found  from  correlative  values  of /' and  ^,  or  from 
the  tirst  three  coefficients  of  powers  of  siu  tf,  Wheu  more  terms  are  requi- 
redj  the  last  formula  but  two  will  have  the  advantage  of  a  common  factor^ 
by  treating  the  (coefficient  of  log  tis  the  variable  of  quadrature,  and  proceding 
with  bf  as  in  the  former  nif^thod  %vith  e, 

IX,  Inteqratton  of  Functions  of  the  second  ani>  the  third 
Order.  — The  common  methods  of  qiiadrature  are  (X^^isionally  employed 
for  all  the  Elliptic  Functions.  For  il lustration,  rtHiuirtHi  the  value  of  Fwhen 
e  =  siu  45"*,  and  ^=90°.  In  a  first  trial,  let  the  90''  be  divided  into  three* 
equal  parts  of  30°  each.  Computing  for  the  middle  of  each  part,  by  the 
formula  for  quadrature,  y^e  have 

The  result  so  found  is  1.854U63  +  M-  The  true  result  is  1.854075;  or 
the  residue  R  is  0.000022,  By  dividing  the  amplitude  into  four  or] 
more  parts,  the  integral  may  thn*^  be  found  to  any  degree  ol*  accmrucy 
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Besides  the  two  stries  for  £  already  given  in  Section  V,  we  here  insert 
from  Jactibi,  another  seiiess  in  ternis  of  A,  q,  as,  as  previously  defined: 


E(e,»)  = 


2x .  E{e,  %)  ,  2;r   q  bid  2x — 2g*8in  4i»+3^sm  fa — . 


'  + 


...)] 


TT  AA—2qo{y^2x+ 27*008 4^* — 27*009 6ar+. , 

And  in  terras  of  the  scale  of  Section  IV, 

Among  formulafi  of  qiiartrantal  integration,  the  following  is  readily  veri- 
by  differentiation  with  respect  to  d: 

£(€,  9)  ^  cot  ^(1— J)+  ^  0  ^ci>  V  (1— Ain*ce^).taii"i[v/(1— ^sin'oi^tan  8}. 

0 
Lfistir  the  value  of  E  may  be  found  by  taking  a  sufficient  number  of  ai- 
tniiltanooug  terms  from  Section  VII  or  VIII  to  represent  dF  =  AdW-^Hi, 
tknd  making  the  obvious  substitution  for  dF  =  rWn- J, 

dE  :^  i/(l  ^Mn'0).dO  X  J^J  =  (1— Ain^tf)il  xdW-Mi. 
ThuB,  when  €  is  go  small  that  two  single,  with  one  double  term  will  auf- 
B,  we  take 

y  =  «+2tan"i(p/i  .  tan  d)+t£iir^{b  tan  9),     Then 


llie  integral  of  which  reduces  to 


->iD*(?, 


J'f''; 


E 


j7l[2(l+6)(l+6+4i/6)fl+ic*sin  2ff— 2&  tan-Hi/6.tan  ff) 

+  (l-i)tau-J(6tantf)]. 
T7te  iniegral  of  tlif  Third  iSpeciea  fl  may  l>e  found  in  like  manner.     For 
itlustration,  when  the  above  three  t«rins  will  give  a  sufhcient  approxiina- 
tioD ;  substituting  for  dF  ^  ^A.dP,  we  have,  since  dlJ  - 

dd  j„  dfi       /,   ,         2i/b  b       \A 


(l+i»8Ui*tf)l  (1- Aiii*tf)'""       i+nsin'tfi    "*^  1 -(l-6)fiin»/?  '  l-e»6iny 


■'<i"    -i-r-: 


i+-, 


XntegrBting  by  the  method  of  rational  fractions, 


n 


fl 


■A  r^,  2«v  b        nb  ~ltan-'[t,/(l  +Tt).tan  S}     A  r  2- 
4L       n+1-^     n+«*J  l/'(l+n)  "^  4  Ll— 


— 2*_ 

i+n 


X  tan-Mv  6  -  tan  #)-h^'^«?"J)J. 

Among  other  formulas  we  next  insert  that  of  Jaoobi :     Let 

+7)  =  — r'sin*a';  F[e,  6)  —  Ax;  /^le,  a)  =^  Ax* ;  then, 

Again  from  Lcgeodre's  Tratte^  des  FoncUons  EUipliquM,  voK  1,  p.  141;- 
/7(n,  c,  iir)=F(e,  K)  +  [tan  a-^  f  (l-Ain^a)][i^e,^;r)i;(f,a)-jgfe,^;r)/l€,a)]. 
Here  as  befisr^  n  =  — Ain'a. 
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Lastly  in  very  cx>nvergeiifc  aeries,  when  either  n  or  e  ib  comparatively  small^ 
and  the  amplitude  is  90° ;  we  first  find 

—im'A  J  Pa  =  fmpj— Im'pi  ;  p*  =  ^mpg— fm'pj  :  . . .  . 

For  demonstration,  we  have  from  Analytic  Trigonometry, 
1  1 


l-hngin^d 
1 


|/(l+n)\  / 

=  ^— 2^  ^  cos  2<? +4JI  2CK)s  4«— 6  J  gcos  6e+. , . 


y''(l_e2sin2/?) 
Substituting,  multiplying  and  integrating  through  a  tjtiadrant, 

Here  k  is  put  for  [| '(1 +n)— 1]  -r-[p  (H-ti)+1];  p^  =  2kA^  ;  p^  = 
i}:^Aj  ;  etc.  And  the  above  derivation  of  pi,  pg*"'*^^  readily  found 
from  that  of  j4  J,  ^2, . . . .  shown  in  Section  V, 

The  general  integration^  when  the  parameter  n  is  greater  than  e,  can  be 
made  to  depend  on  a  parameter  less  than  e^  liy  the  following  relation,  where 
nn'  ^e";  {I  +  n){l +n')  ^  a ; 

/7(n)+  y7(n')  ^  ^+-^  ^^-'  ±^^i^, 

Tliis  tun  be  verified  by  differentiation.  When  n  =  — e^,  and  when  n  = 
— 1,  the  integrals  are  shown  at  (16),  (20),  in  Section  I,  When  n__.n'=:di«^ 

nf  \        1  £1  1      1     i     -1      ^<^ '  tail  ^ 

//(n)  =  ^i^+-  —  tan  i-^-— —^ 

^  ^        2|/a  |/'(1— <?8m¥) 

Again  in  the  special  case  of  e  =  1,  we  have 

Lastly  by  transformation^  we  have  found  the  following  integral,  subject 
to  the  particular  relation, 

h=l±b=  1±f'(1  —e");  J  =  i/(l^Ain'tf); 


"'L-r. 


d9 


A-2 


F{e,  »}+ 


[log 


4-\-h&\xi9cm9 


o(l— A,sin-(?)J       2A— 2     "^  '    '  '  4A— 4    "^J-Asin^cosr 
The  logarithm  evidently  disappears  when  6  =  90°. 
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REMARKS  ON  MR,  MEECH'S  ARTICLE  ON  ELLIPTIC 

FUNCTIONS. 


BY  CHAS.  H.  KUMMELL,  U.  8.  LAKE  SURVEY,  DETROIT,  MICHIGAN. 

L  In  Section  II,  the  splierk^al  triangle  is  used  to  prove  the  theorem  of 
addition  of  the  first  species,  but  in  this  proof  cos  C  is  taken  negative.  (In 
this  Mr,  Meech  agrees  vnih  all  authors  I  have  seen,  for  instance  see  Schell- 
booh,  page  106.)  This  has  always  puzzled  mc  and  I  finally  discovered  the 
following  to  rae  more  oatural  demonstration  of  this  important  theorem. 

Let  there  l>e  a  9pheric?al  triangle  whose  side*  are  /r,  [ 
6,  c  and  opposite  angles  if^  f'',  it — /i  respectively,  or  let 
fi  be  tlie  exterior  angle  for  which  we  should  have  if  tlie  I 
triangle  was  plane 

t^  =  f+^7  (1 )  I 

or  sin  /i  =  sin  f  cos  ^^  -f  co6  f  sin  ^^        (2) 

It  16  required  to  find  analogous  relations  for  the  spherical  trlnugic.  From 
/I  let  fall  a  perpend icmlar  on  c,  then  we  have,  if  the  segment  adjacent  to  b 
b  denoted  by  d, 

tan  d  =  tan  6  cos  ^, 

tan(o — d)  —  tan  a  COS  ^; 


hence 


Bin(o — d) 
Qsequently 


•    J  tan  6  COS  w 

gljl  Q    *^—     ^ , T • 

l/(l+tan'6cosV)' 
tanacos^ 


oosrf  = 


l/{I+tan%cosV)' 


|/(14-tan'acosy) 


flfn-^  tan  6  cos  y-ftan  a  ooe  ^^ 

~  ^[(1  +  tan»i  <^if){l  +tan»aoa8»4^)]* 


smc 


sin  b 


;  co6{c — d)  =^ 


I/(l  +  tan*aoos'jJ)' 


sin  a 


mn  /i         sin  ^         sin  y  ' 

aba  C06C  =  %^{\ — c*sin*/i)  ==  J/i;  cost  =^  dip;  co8a  =  Jf; 

substituting  into  (3)  and  reducing  we  obtain 

sin  f  cos  ^  Jf'^+sin  ^t  cos  f  Jf 

1 — ^siuYsinY' 
Tbis  i»  analogous  to  (2),     The  following  are  deduced  from  this; 

C06  y  cos  ^ — sin'^p  sin  ^  J^  Aip  ^ 

1— €%in'p  sinY'  ' 


(3) 

{^) 
(5) 

(2') 
(6) 


-18- 


J/.     = 


We  have 


df  4(p — r'siD  f  sill  ip  ooB  f  COB  tp 
1 — c^in^^sin*^ 


(7) 


ooe^d^  =  ^edy  +  ^rf^. 


But  we  o!>tain  after  reduction 


%fp 


d(p 


(8) 


") 


Heiic^  ill  (8) 


also 


d/i  dg  ,  d^ 

J/a  df     dip' 


(9) 

(10) 


.1 


If  c  :—  0  (!')  becomes  the  same  as  (1). 

2.  In  Section  III,  the  method  of  evaluating  elliptics  of  the  first  species 
Sy  m^ins  of  asfciiding  moduli  and  eorrespuoding  ainplitiidea  is  explained 
as  Legeodrc  and  most  authors  have  done  it.  I  think  however  the  fol- 
lowing method  invented  by  myself  will  be  found  more  convenient  in  prac- 
tice. 

Suppose  we  have  to  evaluate 

Place  a'  =  J(a+c);  c'  =  |/(ac),  and  sin(2y?' — y)  =  (o-!-a)8inf.  (11) 
We  have  then 

Again  let^''  =  iK+c');  c"=^  vKo'),and8in(2^"-^0^(<5'^«*>inf ,  (H') 
then  we  have,  proceeding  in  this  manner 

a    OU/       J  e|/(a«— d%inV)      -^  u  ^/'(a'*— o'^siuV)        a'   0  \a'/ 
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mad  if  a**'  =  c*"*  within  the  accuracy  of  the  computatioD, 


a   o\a/       J  0    c«->cosy'      c^**>    ^       \4      2  /  ^     ' 

The  quantity  c^"^  is  the  limit  reached  by  taking  successively  arithmetic 
and  geometric  means^  or  it  may  be  called 

the  arithmetic-geometric  mean  of  a  and  e, 
and  in  Analyst,  A^oL  IV,  No,  5,  p.  157,  I  have  ventured  on  the  symbol 

arithmetic-geometric  mean  of  a  and  c  =    M^v^Jr 

II    \    ^   /    II 

'Tn  Vol,  IV,  No.  4,  page  121, 1  have  exhibited  the  very  convenient  compu- 
tatioD  of  3uch  a  quantity.  The  scale  ef  amplitudes  being  computed  simul- 
taneously the  complete  value  is  found  very  readily. 

3.     Similarly,  for  the  descending  scale  of  moduli  the  following  method, 
r&rst  given  by  Gauss  in  1818,  may  be  used. 
Suppose  we  have  to  evaluate 

PlaoeO|=i(aj+6o);  ii=V(ao^o)j  tanCpj—f u)=(iH-c)tan(Po,  (16) 

"^  2J  oV'{«?  eosV+6?  sinV)  ""  2'^^0  L\V~4/J*  ^^^^ 
Placing  aa  =  J(aiH-6i);63  =  v(ai6i);  tan(f  3— y?l)=(6J-^al)tany?^  (17) 
we  have  likewise 


i^,<'[N/('-^)]  =  s^<"CV(>-i)]-     "«' 


If 


(18) 


This  method  of  evaluating  is  especially  convenient  if  ip^  is  some  multiple 
of  i;r,  as  ti^o  examples  in  the  Analyst  prove. 

I  have  preparctl  formulas  by  means  of  the  same  substitutions  for  evalua- 
ting the  second  and  third  species,  which  I  may  communicate  at  some  future 
time. 
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CONTINUED  ROOTS. 


BY  T,  S,  E.  DIXON,  CHICAGO,  ILLINOIS, 


The  expression  \/q—pV\/i — p/v? — &^*T\n  fr^^i^  it^  analogy  to  the  eon 
tinned  fraction  q  would   be  called  a  Continued  Root.     Th 

two  expressions  are  equivalents,  each  bcin 
an  expression  for  the  roots  of  the  quadrati 


p+q_ 


j3-f  Ac.,    equation  Q^-\'px  ^=  5. 

Continued  roots,  however,  seem  to  have  a  wider  application  than  contin 
ued  fraotions,  since  they  may  be  formed  so  aa  to  express  not  only  the  roots  a 
a  quadratic  equation,  but  also  the  roots  of  an  equation  of  any  d<^ee  of  th 
form  afdLpx  =  drj. 

ThiiB 'fi^q-\-p'^[q+ pf^{q-^&a.y]  ^  the  roots  of  the  cubic  equatioa 
x^  — px  =  5,  *'v''/+p'*v^[9+P*|'^(9+&c.)]  =:  the  roots  of  the  equatl 
gf —  px  =  q, 

A  combination  of  the  two  expressions  may  also  be  used  to  represent  th 
rtwts  of  these  e<iuations,  affording  radicals  of  one  less  degree*  Thus  in  th 
equation  x^  —  px  ^^  q,  x  =  i^p-^^ 

VP+9 


l/p+ACi 

The  roots  of  any  trinomial  equation^  of  whatever  d^ree,  may  be' 
preeseed  in  terms  of  the  known  quantities  under  the  form  of  a  oontinuQ 
root     Thus  if  x'^+paf  =  g,  aj  =  "|/j — p.  ""^i^Xg — p***^K'(3 — Ac.)] . 

Again,  if  x'"'^-\-px'^  ^^q^  x^=^  ^\/q 


P  +  "^Wq 


p+*^)/5L 


p-f&c* 
Methods  analogous  to  those  which  give  appmximate  values  to  oontinnd 

fractions  may  also  be  applied  to  cx>ntiuiied  roots.     These  roots  also  give 

method  for  the  solution  of  biquadratic  equations, 

l(  x^—px=q  (1),  X  =  vq+p\/iq+p\/(q±&^%  2?^g+p|/?  +  p|/| 

+&a),  a?*  =  (^+p%+[^pq+  p%'q^pv^{q-\'&^-.\  whence  x*— (2p7+p*) 

—  f+v\  (2)^     Given  x'—Ax  —  B,     Then  2pg  +p*  =  A,  (f+p^q  =  I 

whence  the  cubic  p*  +  ABp^  ^=  A^,     Obtaining  now  the  values  of  p  and 

we  have  from  (1),  x  =  |[p^  V(p*+49)]. 

If  the  biquadratic  is  of  the  general  form  z*-|-^ar'-f  Bai  =  CJ  add  to  eqi 

(2)  rrc*  =  q^'\'pTX^  transpose  and  3^  +  r2?  —  (p*+2j7^-f  r)a:=  /+P*?+<? 

whence  the  cubic  p*+ 2 j4p*4-(-^*+ 4 C)ji^  =  £*;  where  or  is  found  as  abov 
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It  36  ioterestkig  to  note  that  continued  roots  have  their  converse,  which 

by  analogy  would  be  called  Chntiiitied  Potvers.  Thus  the  four  expressions 
following  are  equivalents,  eadi  being  an  expi^ession  for  the  roots  of  the 
Bqtiation  a^+jw:  =  q> 

p    p   \p    p  \p 


P+L 


—p+q 


p+<fcc\, 


— y>+&a, 


LEAST  SQUARES. 


BY  R.  J.  ADCXX^K.    (CONTINXrED  PROM  P.  184,  VOL.  IV.) 

Luirrs  of  Errobs. — By  firs'l  and  second  formulas  on  pages  183  and  184, 

^=4ssrs(rff)t  (^) 

istbe  probability  that  any  point  of  the  total  number  4;r5(cfJ)»j»>  shall  be  at 
or  on  any  required  point,  line  or  surraee,  and 

18  Uk  probability  for  n  points  of  the  same  number. 
of  p  is  greatest  when  S(dl)  ^  a  minimum. 

Let  it  be  assumed  that,  in  different  sets  of  n  points  similarly  ol^served, 
tiie  minimum  S(d\)  remains  unehange*!,  or  that  the  total  number  of  points, 
UJ  determining  the  probability  in  (1)  or  (2),  remains  the  same,  which  is 
Marly  true  in  practi«3e  and  more  nearly  so  as  n  is  increased. 

Now  the  number  of  points  which  are  at  the  distance  /  from  any  point  is 
toi?,  therefore,  under  the  assimaption,  the  probability  that  a  mudom  point 
diall  be  at  the  distance  I  from  the  foot  of  any  one  of  the  normals  rfi,dj|,„d^, 


(2) 
Each  of  which  values 


P  = 


4nmnP 


nP 


.(3)     Henoe  / 


=V(«') 


(4) 


47rmS{d\)       S(d^)       '  '  m\     n 

»  the  limit  within  which  erjual  normals  or  errors  are  situated  when  their 
probability  is  p.  p  ^  1,  gives  I  ^=:  i  lS{d^)-Mi] .  .  ,  (5)  ^  what  is  called 
the  mean  error,  that  is,  if  each  error  is  of  the  same  magnitude  it  will  be 
l/l^dD-Mi].  And  p=i,  gives  I  i/[S{d^)-^2n}  . , . (6)  which  is  called  the 
probable  error  of  a  single  observation,  that  is,  if  J  the  errors  are  equal,  each 
wit)  hii  $/[S{dJ)-^2n].  Hence  this  value  should  include  one  half  of  the 
n  errors,  and  a  single  one  is  as  likely  to  be  less  than,  as  to  exceed  it. 


■d  of  1  as  ihe  nnmemtor 
^  fin*  It  ill  ihe  tmtne  formnla  and  in  tlie 


l)  =  di^di^dn     4^rf; 


in  the  fonnula  near  the  bottom  of  p.  183,  Vol.  IV,  read  a, 
ibnnulaa  on  p.  184,  read  4«r. 


rth 


{\mH  iUn  fM  i\m4  mtf  i#^  pn^ttif*  f4 

Mir  ^       V   41 

Mi     '  ,  'n  y^16nm 

Ml^  of  M  iKfn^irfid  bUf^l  li«i  mi  #A»el  ^m  force;  ieoond  cadt  poiDt  <tf  € 

imMJil^  \\\M\^  i\  [l  iitlier  putiek%  the  fmmbci 

jih  .  ^i,i4Ml  Ihrii^tt  ii|^i     i        -^  ,..-.iiek»  ill  directJyat  the  prodnd 

|l<  <«  rtiiil  lMV«'rf<i«flx  iM  Um9  i»t|iiAr«  of  the  diBtanoe  between  them, 

HiHi»waiu  I  («iHtiKi*i|HiniH»  ut  K\w\t  uliiJAtion 


U.  J*  Adocvck* 

I  \^  IV^IMM  \\\  Ml'i   A<l(Hiok,  thii  rilN>V(»  liotf!  ib  re-«tate(l^  a»  amended 
him  Hm(  hHiUMml  lo  Mk  wilh  <htt  'Ynnif"  t<i  whidi  wc  referred  at  fmge  I 

U^  \\\'^\\  \A  Wx^  K\\\'^>^^\^  |tini|ui>ilt[<iii,  atid  im  n  oorreoticm  of  our  aasaii 
\\^s\\  ^\  \y  \^\  Vul.  I  Vi  tUiit  tlick  Htinicaoit  in  im  the  Hum  of  the 
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the  following  extract  from  a  paper  on  the  subject  ftirnished  by  Alex- 
Evans,  E«^,,  of  Elktoii,  Marylantb — Ed.] 
In  PoissofCs  Mechanics,  VoL  I,  Ch.  VII,  Section  242,  ml!  be  found  the 
follomug  :  "Setting  the  sniallness  of  the  sun  and  planets  with  respect  to  the 
distances  which  !^parat«  them^  we  conceive  that  these  attractions  may  l>e 
r^^ed  with  sufficient  approximation  as  those  of  forces  parallel  and  equal 
in  the  whole  extent  of  the  Fame  planet,  their  resultant  is  therefore  equal  to 
their  sum  and   the  distance  remaining  the  same  ^*la  force  motric4^'  of  each 
planet  is  proportional  to  the  product  of  its  njass  and  that  of  the  suu."  *  *  * 
"Let/  be  the  attractive  force  of  one  of  the  two  bodies  upon  the  other,  that 
is  to  say,  tlie  numerical  ratio  of  lis  intensity  to  that  of  the  force  chosen  for 
unity ;  let  also  3/  and  m  bo  the  masses  of  the  sun  and  that  of  the  planet, 
"U  force  molric^*  of  the  planet  will  be  /Mm  at  the  unit  of  distance,  and 


will  become 


fMm 


at  any  distance  r, 


«    ^    #t  4( 


La  force  motric^^  of  the  mass 


if  doe  to  the  attraction  of  m  is  also  represented  by 


fMm 


in  such  a  manner 


thai  the  reaction  of  each  planet  ujwn  the  suo  is  ecpial  and  (^mtrary  to  the 
action  of  the  €tar  upon  the  planet,  but  '*la  force  mofrtce"*^- acting  upon  the 

two  masses  M  and  m  will  impress  upon  them  at  every  instant  velocities 
itifmiti'ly  small  which  are  respe<'tively  proportional  to  these  masses,  or  other- 
wise expressed,  (heir  **force8  accelUitric^^'  are  ^—^  and  ^^.'' 

That  18,  the  forces  of  nature   being  measured  by  the  velocity  acqui* 
f^  ia  the  unit  of  time,  i^  is  necessary  to  divide  each  ''force  nwtrice*^ 

fMm 

— j-,  by  the  respective  masses,  JIf  and  m,  in  order  to  obtain  the  velocity  of 

ttch  body,  which  varies  inversely  as  its  maaa;  these  aoodercdhe  vdodtie^ 

•iwfore  bec-ime  •^  and  J-s- »  these  are  taken  as  the  measure  of  the  cele&- 

^  (as  of  all)  forces,  and  amount  together  to  ^f^ — f— ^>  so  that  the  maflsee 

w  the  two  bodies  may  l>e  supposed  united  in  one  body  for  the  expression  of 
the ew^tr/rratirc  or  velocity  force  (so  to  speak).— And  Poisson  says  further: 
**Ii  is  ncccssarj'  to  conceive  that  we  impress  at  every  instant  upon  the  sun 
if  infinitely  small  velocity  equal  and  contrary  to  that  which  it  receives  from 
ftc  attniction  of  the  planet;  but  in  order  not  to  alter  the  relative  move- 
tombt  of  the  two  bodies  it  will  Ik?  necessary  at  the  same  time  to  impress  this 
velocity  upon  the  planet,  and  this  amounts  to  applying  to  it  a  ^*force  accel- 
wWflB^  equal  and  contrary  to  that  of  the  sun  :  then  in  the  movement  of 
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wliicli  there  is  qtiention  the^'foroe  acf^elerfilriee*'  oi^  i\w  phiuvi  m  will  In^mn- 
staiitly  din^'tinl  towards  the  sun  M  iim]  equal  to  the  mm  of  the  two  fon«» 

'L  and  <^  :  if  then  we  winh  to  express  it  by  ^  as  in  mimber  225  it  b 
necessary  to  take  /x  ^  /{M+my* 


SOLUTION  OF  A  PliOBLFM. 


BY  MARCUS  BAKER,  U.  S.  C?0A8T  SURVEY. 

If  the  centers  of  the  escribed  circles  to  any  plane  triangle  I>e  joined  two 
and  two  a  new  triangle  is  formed,  which  call  ihv  fird  derivcff  triim^le;  if  in 
like  manner  tlic  centers  of  the  csfTibcd  eirclus  to  the  first  derived  triangle 
be  joinetl  two  and  two  another  triangle  is  for  mod,  whidi  c^all  the  second  de- 
ritml-  triangk.  lA^t  this  prociesa  be  continued  till  we  reach  the  n^  derhed 
triangk.  It  is  repuirctl  to  determine  an  exprcj^sion  for  the  area  of  this  «"• 
derived  triangle  in  terms  of  functions  of  the  original  triangle. 

Let  A  a  represent  the  original  triangle,  K^  its  area,  s  its  scmiiieriroeter 
and  TJ^the  radius  of  itht  circtimwrihtng  cir^^le  j  also  let  Am  ^C,  8^  and  H, 
represent  corresponding  functions  of  the  n^^  derivcKl  triangle. 

Let  Af  By  V  represent  the  angles  and  a^  fc,  c  the  sides  of  the  original  tri- 
angle, and  0\  0^\  0***  the  centers  of  the  first  setof  ©bribed  circles;  then  m 
O'M  sin  J4  =«— c  and  0"01  sin  \A  =«— 6  whence  0"0"'=a-f^in  \A\ 


0''0' 


sin  J^ 


=  4iJcosM;  a^'O' 


=  4i?oo8t-B;l 


'sin^if 

-^=4Bfl0fli0f  ■ 
sui^C  *    ) 


(1) 


^   _  0^0^0^^0^^Q^^^0^_  64Jyoo6^^cosPoo6^C 
^^  ^  4Ry  ~  $R 

=  8i?co8i^opsi£cos|G 
But  4J2  cos  Jjl  008  f B  cos  ^C  =  a  and  therefore 

K^  =  2ife.  (2) 

It  is  an  immediate  inference  from  (2)  that  A''^  =  2i2jSj,  or  generally  that 

iC  =2R^,s^,.  '     (3) 

From  an  examination  of  the  figure  we  see  that  the  angles  of  the  first 
derived  triangle  ai^  the  aritbnietie  mt^ins  of  the  angles  of  the  original  tri- 
angle taken  two  and  two.  The  second  derived  taiangle  stands  in  the  same 
relation  to  the  first  derived  triangle  that  the  first  derived  triangle  stands  to 
the  original  triangle,  i.  e.,  it^  anghjs  are  the  arithmetic  means  of  the  angles 
of  the  next  preceding  triangle  taken  two  and  two. 


—25— 


The  angles  of  the  successive  triangles  will  therefore  have  the  following 


dues: — 


A 

A, 

A, 

A, 

A* 

Ab 

Ae 


A 

(J)(    ^-^) 

{J)5(ll^-4) 

(i)«(21jr+^) 


B 

{i)«(ll^-B) 


{\Y{  5ff+C) 

(^)B(ll;r-C) 

(i)G{2l7r+C) 


A.    {\T{gn±A)    {«•(  5"^±B)    (J)-(  ff^iC'). 

The  up;>er  signs  belong  to  e^ea  values  of  n  and  the  lower  to  odd  values  of 
n,  while  g^  the  coefficient  of  ;r,  is  a  number  which  it  is  impracticable  if  not 
impoeBible  to  express,  but  which  is  very  easily  derived  from  the  correspond- 
ing  ooei&cient  in  the  preceding  tei^m  and  therefore  easily  tabulated. 

Letting  g  stand  for  the  coefficient  of  n  in  the  n*''  triangle,  g^  for  the 
oorrasponding  chefficient  in  the  next  preceding  triangle,  g^'  in  the  next 
preceding  ijkc,  then 


=  9i 


2g'±:l,g^  =  2g''^\&^., 
where  the  upper  sign  is  to  be  used  when  g  belongs  to  the  odd  triangle  and 
the  lower  for  the  even  triangle* 
The  following  table  gives  the  value  of  ^  for  all  values  of  n  from  0  to  50. 


1  » 

9       1  « 

9                 n 

9 

0 

0 

17 

43  691  '  34 

6  399  391  061 

1 

1 

18 

87  381  1  35 

12  798  782  123 

2 

1 

19 

175  763  36 

25  597  564  245 

3 

3 

20 

351  526  37 

51  195  128  491 

4 

5 

21 

703  051 

38 

102  390  256  981 

e 

11 

22 

1  406  101 

139 

204  780  513  963 

6 

21 

23 

2  812  203  '  40 

409  561  027  925 

7 

43 

24 

6  624  405  1,  41 

819  122  052  851 

% 

85 

25 

n  248  811  "42 

1  638  244  111  701 

9 

171 

26 

22  497  621  43 

3  276  488  223  403 

10 

341 

27 

44  i»95  243  44 

6  552  976  446  805 

11 

683 

28 

9ft  990  485  45 

13  105  952  893  611 

12 

1  365 

29 

199  980  971  46 

26  211  905  787  221 

13 

2  731 

30 

399  961  941  i  47 

62  423  811  574  443 

14 

5  461 

31 

799  923  883  '  48 

104  847  623  148  886 

16 

10  923 

32 

1  599  847  765  49 

209  695  246  297  771 

1  ^* 

21  846 

33 

3  199  696  631  60 

419  390  492  695  541 
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Referring  now  to  (1)  we  get  by  adding 

^j  =2R  (oosi^  +  eos  J5+oosiC). 
Hencs  s^  =  2i?i[oos  (J)5(;r— ^)+oos(J)»(7r— JJ)+cos{J)^(7r— C)] 


«„_!  =  2i?,.5[cK>e(iri(ir'V±4)+cofl(irH/V±JS)+ooe(ir-i(^''^ 

±0)1  (60 

It  is  well  known  that 
whence 

XV  J  ^  2-B2  =^  2*i2 


R^  =  2R^  =  2^R 


(3) 


iJ.-i=2i2^,=2-iiJ  (6') 

R^     =  2i?^i  =  2-iJ.  (6) 

the  values  of  a^j  and  212^ j  found  in  (5')  and  (8) 


Substitutmg  in 
we  have 

K=2^^^R^WB{:^Y-^(S''^±A)+C08i^)-^(S''^^ 

the  argument  for  g"  being  n — 2,  l| 

Example,  Suppose  it  ib  required  to  find  the  area  of  the  10th  derived  tri- 
angle, the  original  triangle  being  equilateral  and  its  nida^  unity 

We  have  i?*  =:  a'-T-4ainM  =  J;  (/''  =  80  and  the  upper  sign  is  to  be 
used  because  n  is  even ;  hence 

K\  0  =  2'»,cos  (|)»(85;r  + J;r)  =  2^cosf  =  2"  ^3, 

Cbr,  If  we  refer  to  the  angles  of  the  nth  triangle  we  gee  that  as  g  is 
increased  the  angles  differ  lees  and  leas  from  one  another  and  henoe  if  ^  ia 
indefinitely  incrt^sed  the  inef|UaHty  of  the  angles  ia  indefinitely  diminished 
or  the  limiting  triangle  is  equilateral. 


I 


8OL  UTIOm  OF  PROBLEMS  IN  NUMBER  SIX,  VOL.  IV. 


4 

4 


StvLUTiONS  of  problems  in  No.  6,  Vol.  IV,  have  Wn  rec'd  as  follows: 
From  Marcus  Baker,  182  and  183;  Prof  W.  P.  Casey,  182  and  186; 
Prof  A.  B.  Evans,  183;  Geo.  Eastwood,  183  and  185;  Prof  J.  M,  Green- 
wood, 182, 183,  184  and  185;  H.  Heaton,  182,  183,  184,  186  and  186;  W. 
E,  Heal,  182  and  185;  Prof  E.  W.  Hyde,  182, 183  and  186;  Prof.  W.  W. 
Johnson,  18G;  Prof  J.  H.  Kershner,  182,  183  and  185;  Christine  Ladd, 
186;  Prof  D.  J  Mc.  Adam,  182  and  185;  Dr,  A,  B.  Nelson,  183  and  185; 
Prof  A.  T.  Smith,  182;  8.  W.Salmon,  182, 183,  185,  186;  Prof.  Scheffer, 
182, 183,  1 84,  186,  186 ;  E.  B.  Seitz,  182—186,  (for  186  see  Chauv.  Geonu) 
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112 


'If  tan  d  +  sin  0  =  m  and  tan  d  —  sin  0  =:  n,  show  that  m'  —  n* 


SOLUTION  BY  8.  W.  SALMON,  IfT.  OLIVE,  NBW  JERSEY. 

Taking  the  sum,  difference  and  product  of  the  equations  we  have 

2  tan  d  ^  m+n . . .  (a),         2  sin  tf  =  m — n  • . .  (6), 
^a    mn  =  tan*d— sin'/?  =  (sin*/?— cos*(?sin*tf)-Hcos^^  =  sin^fl-^-cos'tf 

=  tan-ffsin^S.        (c) 
Multiplying  (a)  by  (6),  we  have  4tanff  sin^  =  m*  —  n*;  whence  from 
(c),  m*  — n*  =  4  4/(mn). 


^«»' 


183*    *'Show  that  the  altitude  of  the  greatest  equilateral  triangle  that  can 
be  rirtumscribed  about  a  given  triangle,  is  i^[a^+b'' — 2ab  co8(|7r4"C)V 

soLxrriON  by  marclts  bakek,  v.  s.  ooabt  suhvey. 

liitABChe  the  given  triangle  and  upon  a  and  6  dot?cribe  arcs  containing 
60*^  each,  0  and  0'  being  the  centers  of  these  arcs. 
Through  Cdraw  iO/ parallel  to  0<y,  Drawi/.l 
sM  KB  and  prolong  them  to  their  intersecrion  in 
JV;  then  is  KMN  the  maximum  equiUiteml  trian- 
gle that  can  be  circumscribed  about  ABC.  This  is 
evident  since  KM,  parallel  to  00\  is  the  longest 
line  that  can  be  drawn  through  C  and  terminated 
bf  tht  arcs  O  and  0'  respectively. 

New  the  altitude  of  the  equilat*?ral  triangle  K3IN  is  equal  to  ^AMy  S 
=  OO^i/B.  Considering  the  triangle  OO'C  we  see  that  OC=avh  O^G 
=  6  |/i  and  OCO'  =  f  +  C;  therefore  we  have 

00'^     =    i(aHfc'— 2a6cos{f+C)or 
00'  ^3  =  v'[a"+6'— 2^006(5 +C7)]. 


184.    "In  cutting  the  maximum  rectanguar  parallelopipedon  from  a  frus- 
tnun  of  a  cone,  five  pieces  are  cut  off.     Find  the  volume  of  each  of  these 

SOLUTION  BY  E.  B.  8EITZ,  GREENVILLE,  OHIO. 

The  maximum  parallelopipedon  must  have  square  bases,  and  the  vertices 
of  the  npper  base  must  be  in  the  convex  surface  of  the  frustrtim. 


Ijet  Rf  r  =  the  radii  of  the  bases  of  the  fniBtram,  A  ^  its  altitude^  A,  =the 
altitiulcof  the  whole  cone,  p  =  the  vohinie  of  the  fnistrum,  x  =  the  altitude 
of  the  paralk'lopipcdon,  2y  =  the  diagonal  of  its  base,  v^  =:  ita  volume. 
Then  x  :  R~y  i:  h  :  B^^,  or  h{R—y)—{R—r)x  =^  0  (1) 

and  rj  ^  2ajy*  ^  a  maxiinum.  (2) 

Diflerentiating  (1)  and  (2),  we  have  hdy-\-{R — r)dx  =  0  and  2xdy-\-y(ix 
=  0,  whence  ht/—2{R~r)x  =  0.  (3) 

From  (1)  and  (3)  we  find 

kR  ,. ;.       1  8Ai? 

To  get  this  paralleh>pi{*eilon  we  may  first  cut  from  the  top  of  the 
trura  a  piece  whose  vohinie  is 

_7:h{HR^-27r^) 

Two  pieces  from  the  opposite  sides  of  the  frustrum  may  then  be  cut  off. 
To  fiod  the  volume  of  one  of  these  pieces,  let  it  be  in  terser*  teil  by  a  plane 
parallel  to  the  bai^e,  at  the  distanee  z  from  the  vertex  of  the  cone;  the  af€a 
of  the  section  will  be 


RH^ 

U  ^      ,  :.       COS 


A? 
Hence  the  volume  is 


''(*':rvi:v(""-«o- 


+v^.io.(i±^')]. 


The  volume  of  each  of  the  remaining  two  pieces  is 

«'4  =  i(''— «^1— «^2— 2t?3)- 


185,     "Let  the  equation  (ty^  -f  62^  +  <*a^'  +  %  +  <^^*  +/=^0  represen 
parabola  referred   to   rectiingular   axes.     Prove   that   the  latus  rectum  ^ 


SOLUTION  BY  PROP.  J.  M.  GREENWOOD,  KANSAS  CITY,  MO, 

The  general  erj nation  of  the  second  d^ee  is  a  paral>ola  when  the  first 
three  terms  form  a  perfect  Rjuare,  and  may  be  written  thus: 

aV+2aAa^+6y +2jay+2^+c  =  0, 


1 
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Gompariug  the  given  equation  with  (1),  we  have  c  =  t^,  o  =  6*,  g^^, 

/=irfand6  =  2V(a«). 
Salmon's  Conic8|  page  186,  fifth  edition^  the  expression  for  the  latus  rec- 


tum is 


2(/a-g6) 


I 


Wridng  c  =  a*,  a  =  6^,  ^  ^  17^  ^  ^/,  and  b^  =  4ac^  in  the  foriniila 
and  reducing  we  get 

p  =  (6d_2a€)H-[(a+o)|/(4a^+6*)]. 


186.  "-^jjjIj;  JB^jJSj  and  CjjC^  are  three  pairs  of  points  in  a  plane 
mA  Uuit  the  tliree  lines  A^A^y  B^B^,  ^1^2  i^i^t  i*^  ^  oomnion  jmint  O, 
I«t£iC|  and  B^C^  m3et  in  a,  and  determine  in  like  manner  the  points 
i  and  c     Pro  /e  that  a,  b  and  c  are  in  a  straight  line* 

JVbte.  We  have  thus  10  points  situated  3  by  *3  on  10  lines^  eaeh  point 
beiug  the  intersection  of  Z  line^,  so  that  for  each  point  there  are  three  pairs 
of  poiats  eoli near  with  it,  and  three  points  not  joined  to  it  in  the  figure  but 
colinear  with  each  other.  Devise  a  notation  which  shall  express  the  mutu- 
al tektion  of  these  poins  and  lines." 


• 


SOLUTION  BY  PROF.  JOHNSON. 


First  suppose  the  three  straight  lines  OA^y  OB^^  OC^  not  to  be  in  the 
sune  plane;  then,  since  tlie  point  a  h  on  the  line  B^  C|,  it  is  in  the  plane 
^i-BiCj,  and  since  it  is  on  the  line  B^C^f  it  is  in  the  plane  ^i^JSjCj,  In 
like  manner  b  and  c  are  at  once  in  the  plane  A^B^Ci^  and  in  the  plane  A^ 
^aCjj  hence  a,  b  and  c  are  in  the  intersestion  of  theise  two  planes^  that  is 
ia  a  straight  line.  But,  when  the  three  lines  OA^y  OB^  and  OC^  are  in 
*k«8ame  plane,  t>he  figure  may  be  regarded  as  the  projection  of  a  similarly 
fcfmed  figure  in  8{>ace,  and  the  points  a,  5  and  c  will  be  the  projections  of 
*TOe  points  in  a  straight  line,  and  therefore  will  themselves  be  in  a  straight 
fioe. 

The  mntoal  relations  of  the  10  points  and  the  10  Hoes  of  the  figure  are 
pressed  by  the  follo^ving  notation.  Take  any  five  symbols  as  a, b^c^  d, e; 
«i  10  combinations,  two  by  two,  may  be  used  to  denote  the  10  points, 
Mid  their  10  combinations,  three  by  three,  to  express  the  10  lines;  in  such  a 
oumiier  that  the  three  points  on  [a  b  c)  are  (a  b)  {a  c)  and  (i  c\  and  the 
wa  which  pass  through  (a  6)  are  (a  6  c)  [a  b  d)  and  (a  6  e).  Thus  a  line 
piMea  through  a  point,  if  two  of  their  symbols  agree;  two  points  are  joined 
V  a  line  in  the  figure,  if  they  agree  in  one  of  their  symbols;  and  the  three 
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points  which  are  not  joined  m  the  figure  to  the  point  denoted  by  a  given 
pair  of  the  symljols  [as  {a  6)],  are  situated  on  the  line  denoted  by  the  com- 
bination of  the  other  three  symbols,    [as  (c  rf  e).] 

SOLUTION  BY  CHRISTINE  LADB* 

A^BiC^  and  A^B^C^  are  triangles  having  a  centre  of  homology,  0; 

henoe,  as  is  well  known,  they  have  an  axit^  of  homology  a  h  r. 

The  notation  of  an- 
harmonic  ratios  is  the 
simplest  that  has  hith- 
erto been  devised  for 
expressing  the  relation> 
uf  the  points  and  !in^•^ 
of  a  geometrical  net, 
whetlier  plane  or  in 
spaee.  According  to 
that  notation,  the  an- 
harmoai  ccoordinates  of 
any  point  P,  referred 
to  a  given  triangle  A  B- 
Cf  and  a  given  point,  Oy 
are  said  to  be  a?,  i/»  z, 
when  the  following  val- 
ues obtain  for  anhar- 
monic38  of  pencils -(.4. ^OCP)=y^  5,  {B.COAP)^z^Xy  (CAOBP^x^. 
The  point  itself  is  then  denoted  by  the  symbol 

If  the  triangle  i4 , 5,  C\  be  taken  as  triangle  of  reference,  we  have  the 
following  symbols  for  points : — 

A,  =  (1,  0,  0),        £,  =  (0,  1,  0), 
B^  =  (1,  2,  1), 
b     =(-1,0,1), 
O    =  {1,1,1).  _ 

Any  three  points  are  colinear  when  the  determinant  of  their  co-ordinates 
vaoifihes. 

If  the  anharmonic  co-ordinates  of  a  line  are  I,  m,  n,  the  line  itself  is  sym- 
bolically denoted  by 

X  =  [2,  m,  n]. 


A^  =  (2,  1,  1), 
a     =(0,1,-1), 


(7i  =  (0,0,1); 
C,  =  (l,l,2); 
c    =(1,-^1,0); 
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For  the  lines  connected  with  the  figure,  we  have  the  following  symbols:- 
Si  C,  =[1,0,0     ],     C,^,  =[0,1,0     ],     ^1^,  =[0,0,1     ]; 
O^,  =[0,1,-1],     0  £,  =  [-1,  0,  1],     0  Ci  =  [1,-1,0]; 
J8,C,  =  [-3,1,  1],     C^^^  =  [1,  ^3,  1],     ^,B,=[1,1,-;J]; 
abo   =[1,1,1     ]; 
|>jr  three  arc  concurrent  when  the  determinant  of  their  coordinates  van- 
A  point,  P,  is  on  a  line,  i,  if  ?^-|-my+ns  vanishes  identically. 
This  notation  is  especially  adapted  to  reciprocations.     In  order  to  pass 
from  n      '       • »  a  line,  it  is  only  necessary  to  exchange  the  symbols  (  )  and  [  ], 
£Pr.  :-      i  z  Scheffer,  Johnson  and  A.  T»  Smith,  each  answered  the  Query 
blkhed  at  p.  176,  Vol.  IV,  but  want  of  room  compels  us  to  defer  the 
"publication  of  the  answer  to  No.  2.] 


PROBLEMS, 


187.  By  Isaac  H,  Turkell,  Cincinnati,  Ohio.— Six  circles  may  be 
rihed  each  of  which  shall  touch  four  of  the  others.     Prove  that  the 

tb»  jotning  the  centers  of  the  non-touching  pairs,  are  concurrent 

188.  By  Henry  C.  Allen, 
Kew  York  City, — Two  given 
rectangular  planes,  ABFE  and 
EFCD  lie  contiguous,  as  in  the  ! 
figure.     The  plane  BE  is  hard 
gTDund  w^hereon  one  can  tmve' 
at  Uie  rate  2m ;  the  other  is  soft 
gfcmnd  whereon  the  rate  of  travel 
is  m.    Required  the  i)oint  0  of  | 
t^roeaing  EF  so  that  the  time  of  journey  from  A  to  C  shall  be  the  quickest 
possible, 

189.  By  Prof.  J*  H.  Kershker,  Mercersburg,  Pa.— Fi^d  by  Al- 
gdwra  the  series  whose  sum  is  127,  when  the  sum  of  the  squares  of  the  seven 

I  is  5461. 


190.    By  Prof.  Orson  Pratt,  Sen.— Transform  the  equation, 
a*+9aH'+36a:^+86a^-f  132a:»+14]a;H105^+54z^+18x+9  =  0, 
into  an  equation  of  the  third  degree. 
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191,  By  W,  E.  Heal,  —  Compute,  in  the  most  convenient  way,  tlie 
product  of  the  differences  of  the  equation  ar* — aa?*+&a:" — cs?-\-dw—e  =^  0. 

192  By  Geo.  M.  Day,  Lockpobt,  N.  Y.  —  Find  the  average  area  of 
all  the  circles  inscribed  in  a  given  semicircle. 

193.  By  E.  B.  Seitz,  Greekvill,  Ohio.  —  A  triangle  is  formed  by 
joining  three  points  taken  at  random  in  the  surface  of  a  given  triangle. 
Find  the  chance  that  the  circle  circumscribing  this  triangle  lies  wholly 
within  the  given  triangle. 

194.  By  Prof.  D.  J*  Ma  Adam,  Washington,  Pa. — Sum  the  series 

1.1  1       .        1 


1^ 


22  ■  4t^2*     6>.4^2*  ^  8^6^4^2^ 


-&c* 


196*  By  Prof.  J.  Schepfer,  College  of  St.  James,  Md.  — ^A  uni- 
form rod  rests  with  one  extremity  against  a  rough  vertical  wall,  and  with 
the  other  extremity  on  a  rough  horizontal  plane,  such  that  it  is  held  in 
equilibrium  by  friction  alone.  The  beam  is  not  in  a  a  vertical  plane.  The 
coefficient  of  friction  of  the  horizontal  plane  and  vertical  wall  being  respect- 
ively fi  and  fi'  I  find  the  normal  pressure  of  the  rod  ui>on  the  horizontal 
plane  and  vertical  wall,  and  the  exact  position  of  the  rod  with  reference  to 
the  two  latter  planes* 


PUBLICATIONS  RECEIVED, 


A  LiM  of  Wridngn  Melaiing  to  the  MetJiofJ  of  LeuM  Squares^  with' ITistoncal  and  Crttkal  Note*, 
By  MA?fSF£E].p  Mehrimax,  Ph.  IX,  Instructor  in  the  Sheflield  Scientific  School  of 
Yale  College.     82  pp.     Svo.     New  Haven,  Conn.     1877. 

Seience  Ohservrr.    8  pp,  8vo.    Monthly.    SOets,  per  annum.    B<J8ton,  }>Ijx^. 


ERRATA, 


On  page  154,  Vol.  IV.  Hne  12,  for  'i,  before  (     ),  read  J. 
"      ''    190,     »*      "       «      3,  for  t/»  read  xK 
"      "    191,     "      "      "     10,  frnm  bottom,  for  2rMj,  read  2air. 
"      ''      13,  (cuirent  volume)  line  4,  from  bottom,  for  q,  o,  q^ ,  read  q,  f/«,  <f^. 
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OiV^  THE  MOTION  OF  THE  CENTRE  OF  GRA  VITY  OF 
THE  EARTH  AND  MOON. 


BY  G-  W-  HILL,  PH.  D. 

That  the  motion  of  ike  centre  of  gravity  of  the  earth  and  moon  18  sen- 
mbly  the  same  as  if  the  masses  of  these  two  bodies  were  concentrated  at  this 
centre  has  been  confidently  asserted  over  and  over  again.  However  a  little 
scepticism  on  the  matter  may  not  'be  altogether  ill-advised.  Were  this  aa- 
fiertion  true  it  would  follow  that,  setting  aside  the  action  of  the  planets,  we 
shoal d  get  the  sensibly  exact  mean  angular  motion  of  this  centre  alx)ut  the 
siin,  by  first  deriving  the  mean  distance  a'  from  the  elliptic  value  of  the 
nuiias  vector 

r'  =  a'[l+^e'^  Aperiodic  terms], 

I  M 
id  then  n'  from  the  equation  n'  =  \/— ^j    ^  denoting  the  sum  of  the 

i  of  the  sun,  earth  and  moon. 
Let  OS  see  whether  tliis  value  is  sensibly  exact  under  the  conditions  we 
suppose. 

Assume  that  the  masses  of  the  sun,  earth  and  moon  are  denoted  by  m^, 
mj  and  m^,  and  their  rectangular  coordinates  severally  by  f  i,  ly^,  f  ^ ;  f  j, 
5a>  C2  ;  ^B>  ^z>  Cs*  *^<i  '^^  *l^^  rectangular  coordinates  of  the  moon  rek* 
live  to  the  mrth  be  denoted  by  a;,  y  and  z;  those  of  the  1 
relative  to  the  centre  of  gravity  of  the  earth  and 
^cx^n  by  x*,  y'  and  z^ ;  and  those  of  the  centre  of  grav* 
ily  of  the  three  bodies  by  X,  Y  and  Z.  Then  from  ! 
SB  attentive  (K>nsideration  of  the  subjoined  figiu'e, where 
S,  E  and  M  denote  the  positions  of  the  sun,  earth  anil 
iDOoa,  C  the  centre  of  gravity  of  the  last  two  bodies, 
and  O  the  centre  of  gravity  of  all  three,  itwHi  be  seen 
if  we  put 


-^4- 


^      ffls 


we  shall  Iiave 

with  two  groups,  of  three  equations  cikch,  for  the  fj  and  Z>  obtained  from 
these  by  writing,  in  the  second  members,  for  x  and  X,  y  and  Y,  and  again 
2  and  Z. 

If  we  differentiate  the  equations  just  written,  then  square  and  add  the 
results  after  having  multiplied  them  severally  by  m^,  m,  and  nig  we  shall 
get 

mirfc  J  +»i3rf^|  H-wijrff  §  =  m^fi'dx'^  -\-m^fidx'^  +MdX'. 

From  this  equation  it  is  evident  that,  if  3  denote  the  potential  Ainction, 
the  differential  equations,  determining  the  variables  x,  y,  z,  z',  y',  z',  are 


dS 
dx' 

d^v    da 


mifi 


m^fi 


de 


dQ 


d?       dx" 
■^    ,d}y'_dQ 

,d^z'      dQ 


Hence  it  may  be  gatliered  that  the  clistiirbiog  function  for  the  motion  of 
the  SOD  relative  to  the  centre  of  gravity"  of  the  earth  and  moon  differs  from 
the  correspondiDg  function  for  the  motion  of  tlie  moon  relative  to  the  earth 
only  by  a  constant  factor  which  depends  on  the  masses* 

The  expression  for  2  is 


^1.2 


'i.» 


^a.3' 


where  the  J's  are  given  by  the  equations 

^U  =  [^'-(i-;^)^]'+l>'-(i-/')y]'+[^-(i-/'>]'. 

Let  us  put 

H  =  a'+y'+J*,        r«  =  x"+y»+t»,        rr'8  =  xx'-\-yy'+xz'. 
Then 

^?.8  =  r'«-2(l-/i)rr"S+(l-/*)V. 
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Since  the  ratio  —=■  is  only  about  — ;r=,  and  u  about  - -,  it  is  convenient  to 

r  "^  400  80 

expand^  in  Q^  the  reciprocals  of  A^.^  and  Jj  3  in  infinite  series  proceeding 
according  to  ascending  powers  of  — ^.  This,  in  both  cases^  evidently  de- 
pends on  the  developement  of 

(l_2aa;+a*)-^ 
in  poweis  of  a.    By  the  Theorem  of  Lagrange^  in  solvhig  the  equation 
y^-afljf)  ^  X  with  respect  to  y,  we  get 


y  =  ar+«JJIx)+ ^^=:^+ . . . . -f  j^g^g-^ 


d"-'.J|[a;)' 


dar-i 


^vhenoe 


dx        ^      dx  ^1.2     d3? 


d\F{xY 


■  '  1.2.3.. .n     dc-       

Let  OS  suppose  that  we  have  here  -P(y)^i(i/* — 1);  the  equation,  on  which 
y  depends,  becomes  then  y —  \oi^ — 1)  ^  a;,  and  the  resolution  of  this 
quadratic  in  y  gives  1  —  ay  =  |/(1  —  2aa!  +  a*),  and  by  diifereotiation 

^  =  (1— 2aa;+o*)"*.    Consequently 


dx 


,^-2»+^^=l+«4^>+,^,^^gtf+... 


__rf^__rf\(^-l}» 
'  2.4.6... 2n      (ic- 


2.4     ctes 

^    L2.4         1  2.4J 
.  «,r6.5.4^_3  4.3.2    -| 

.r8.7.6.5    ._4  6.5.4.3    ,    4.3  4.3.2.1  H 
^    L2.4.6.8         1  ■  2.4.6.8     ^1 . 2' 2.4.6.8  J 


+ 


The  law  of  the  numerical  coefficients  in  this  series  is  so  plain  that  we  can 
set  down  as  many  terms  as  we  have  occasion  for. 

In  making  the  application  to  the  rec^iprocals  of  J]  3  and  Jj  ,3  we  must 

paty  in  the  first  case,  a  =  — pL~yy  in  the  second,  a  =  (1 — ;i)-^,  and  in  both, 

x  —  8. 

We  obtain  as  the  potential  function  proper  for  the  relative  motion  of  the 
moan  about  the  earth 
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_mj-j-m. 


+m,|[(l-/.)-i+/r»]3 


+ 


+ >■ 

To  get  the  similar  fimction  for  the  relative  motion  of  the  sun  about  the_ 
centre  of  gra\"ity  of  the  earth  and  moon,  it  is  necessary  to  muliply  the  pi 
ceding  expression  by 

The  term  of  the  potential  function  for  the  moon,  factored  by  r*  - 
gives  rise  to  inequalities  in  the  hinar  coordinates  factored  by  a-^o'.  As 
this  term  has  1  — 2/£  as  a  factor,  we  see  the  correctness  of  the  rule  which 
directs  to  multiply  this  class  of  inequalities  by  1  —  2fi  in  order  to  include 
the  effect  of  the  disturlmnce  of  tlie  relative  motion  of  the  snn  about  the  earth 
by  the  lunar  mass. 

In  treating  the  motion  of  the  sun  about  the  centre  of  gravity  of  the  earth 
and  moon  it  will  suffice  to  take  two  terms  of  the  preceding  expression  and 
put 

Let  the  longitudes  of  the  sun  and  moon  be  denoted  respectively  by  A' 
i,  and  neglect  the  latitudes;  then 

The  differential  eqaationS|  determiniiig  r'  and  A',  are 


cos2r4-l 


=  0, 


wherci  it  will  be  noticed,  we  have  put  r  ^^^  a,  and,  after  differentiation,  in 
the  final  small  term^,  r':=a\  M-t-q/^  =  n'"  and  X — K  ^  r  the  mean  angular 
distance  of  the  moon  from  the  sun.    The  integration  of  the  seoond  eq'n  gives 


dX 


—  '^ 


—37— 

o-W    3    »' 


'^A'fl— ;'f4c08  2r, 


dX' 


from  the  first 


eft  ^^    r'*       47t — n''  '       '  'a' 
a^  beiBg  the  arbitrary  constant.    We  can  now  eliminate  -^ 
equation  and  we  get 

Let  us  suppose  that  this  equation  is  satisfied  by 
r'  =  a^+a'ai  cos  2r, 
Qi  being  a  coefficient  to  be  determined.     Substituting  this  value  of  r'  in  the 
difierential  equation  we  get  the  two  equations  of  condition 


M 


a' 


I  _n''ao  +  KVM1-/*)^.  =  0, 


(4n'_8nn'+3n'>i— 1^'2 

Whence  may  be  derived 

^  =  1+^1-/^)^^ 
3 


n — n'  a'" 


a' 

a.  = 


a' 

m^(3— ?yi) 


4{l—m){4—Sm+Sm'')^^^    ^^a'^ 


where,  as  ia  usually  done  in  the  lunar  theory,  we  have  put  nf^n^m.    The 
valae  of  r',  tlius  obtained,  being  substituted  in  the  expression  for  -j-^  we  get 


di 
lutegrating 


^  «l'. 


.a* 


n'^in'  -^  t~o'^tf-2 Ml-rt^ COS 2r. 


i'  =  e'+Ti'e— ^ 


7ft' 


4— 2m+  wi» 


4(1  —  m)2  4— 8m+ 3m*  ^^      '^V* 
The  numerical  values  of  the  constant  quantities,  which  enter  into  these 
fbrmalflB,  are 

^  —,=^0.002687, 


m  =  0.0748, 


f^  = 


82.4869' 


n'  =  1295977".4. 
They  pve  us 

r'  =  o'[1.00000  00200 +0.0U0I30  00003  cx>s  2r], 
r  =  s'+n'<— 0'\0001  sin  2r. 
The  periodic  terms  of  these  ef|uations  are  too  small  for  consideration,  but 
[the  comtant  term  of  r'-=-a'  may  be  noticed.     If  we  should  obtain  the  value 
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of  a'Jfrom  measured  values  of  r',  on  the  assuinptioii  that  the  value  of  the 
conatant  term  is  unity,  it  would  be  too  large  by  the  0.00000  002  part  And 

this  value  substituted  in  the  equation  n'  =  ^-,3,  would  give  n'  too  small 

by  the  0.00000  003  part,  or  n^  would  be  too  small  by  0".03895;  or  the  er- 
ror in  the  mean  longitude  of  the  sun  would  amount  to  nearly  4"  in  a  century, 
a  quantity  which  could  not,  in  the  present  state  of  astronomy,  be  neglected. 
However,  it  is  only  fair  to  state  that  astronomers  proceed  in  a  way  the  re- 
verse of  this;  that  is  they  obser\^e  71'  and  thence  deduce  a',  and  in  this  case 
the  term  0,00000  002  is  without  significance,  since  the  logarithms  of  the 
radii  veetorea  in  the  ephemerides  are  usually  given  to  7  decimals  only. 


A  CASE  OF  SYMBOLIC  VS.  OPERATIVE  EXPANSIO 


BY  A.  8.  HATHAWAY,  CORNELL  UNTV.,  ITHACA,  NEW  YOEK. 

^^l-j— +  «2j — +"•)    i    ^^ 

general  term  of  which  is  A^a\a*^  , ,  (x~  J  \Ai  **>where-4|^  =       ^  , 

r-|-a+  ,  .  ,  =  m;  and  by  (D)"*,  the  operation  D  or  (^^i  j^+^sg-^ — ^  ••*) 
repeated  m  times,  whose  general  term  is 

the  aira  parenthasis  here,  and  in  what  follows,  inclosing  a  symbol  whidi 
combines  opercUivdy.     Then  {Dy  differs  from  IP  in  the  production  of  an 

extra  term  o^  -y—  by  each  portion  (D)a,-y—      fromfoi  --^—  ja^  -^  \  of  the 

complete  operation  (D)  D  or  (D)^ ;  so  that  tlie  complete  (Df  =  2^4-2). 
And  in  general,  [D)!)'^^  differs  from  D"*  by  an  extra  term 

(r+.+...M-.«'.ai...(^)'(^)'... 
derived  from  each  portion 

{D)At^ia\a{^,,J-j—\  (j= — 1  ..,  of  the  complete  operation 

{D)ir-^ ;  so  that,  since  r+s+..  .=m— 1,  (2))2)"^^  =D'^+{vtr-^l)D^K 
.%  D^  =  l{B-in+l)2D^^^i{D-ni+l}2i{I)-m+2)l.l{I)-l^^^  (!) 
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Inversely,  to  find  (Z))"*  in  terms  of  D**,  D"^^, . ,  D,  we  have  m  equations 

linear  in  (D)"*,  {i))"*~^, . .  (D)  (obtained  by  assuming  for  m  in  (1)  the  values 
1, 2,  3,.  *m)  from  which,  if  (m — fc)i=the  sum  of  the  products  of  the  Datnral 
Dombefs  from  1  to  m — k  inclusive  taken  i  at  a  time, 

D*       — (m — l)j  (w — 1)2  ...  =f(w — l)«_i 
l>-i  1  (7n— 2)j  ^       ^' 


(Dr= 


1 
0 


«*— 3)1-3 


D  0  0 

By  another  familiar  proofs  applied  to  the  symbols  D**  [=  (D)"*']  and 
(D)*  we  get  also 

Examples  of  (1). — 1.     To  change  the  independent  variables  in  Z)"*  from 
«!,  a^f.  to  ^1,  &3,.. ,  where  a^^  =^€  \  ot^^^  *  '>**j  ^  ^^^*^ 


d   ^ d  d   ^ d 

beooncB  by  tlie  trausformatioQ 


{{°'sr+''i+-))' 


lal  case  see  Todhunter^s  Dif,  Cal.  Art,  208. 
2.   By  Euler's  theorem  concerning  a  homogeneous  function  ^(^1,  «3,.*)* 
n  dimeniiionfi,  F{{D))<p  =  F{n)f; .  • .  (D)"*'  f  =  riT^f ;  r.  by  (1) 


SOLUTION  OF  A  PROBLEM. 


BY  PBOF.  E,  W,  HYDE,  UNIVERSITY  OP  CINCINNATI. 

Problem. — ^To  show  that  coe^^  sin'^p  can  be  expanded  into  a  series  of  co- 
mn  of  multiples  of  f  when  g  is  even^  and  into  a  series  of  sines  of  multiples 
rf  jp  when  q  is  odd, 

Fiist^  suppose  g  even  and  =  2n,  say.     Then 

cos''^sin^*p  =  cos''y(sin^y?)*  ===  cos'y?(l — cos*^)* 


=  cos'y  —  n  co9^^  i 


n\ 


(n-1) 


2! 


C0S^+*5P J^ 


term  of  this  seri^  can  be  expanded  into  a  series  of  cosines  of  mul- 


Second,  suppose  q  odd  and  =  2n  +  1  say,  and  also  let  p  be  even  and 
=2m.    Then 
oos^ 


ft2"*^sin^'*"*'^f'  ^  (oos^^)**  sin^"'*'*^  =  sin^'*'*'^^(l— fiinV)"* 


Since  each  term  of  the  right  hand  member  is  an  odd  power  of  sin  p,  each 
term  may  Ije  expanded  into  a  series  of  sines  of  multiples  of  ip^ 

Finally  let  q  =  2n+l,  and  p  ^  2m +1  so  that  both  are  odd.  Then,  if  we 
suppose  m  <  Ti, 

4jQg2«»+i^gju2«+i^  ^  (sin^cos^)^'"'^^(sm*p)*"^ 

=  (i)'^-^+i(sin2f?)2'"+i(l— co62j?)*^ 
while  if  we  suppose  m  >  n  we  have 

(>Qg2«H-iygjn2»*+i^  ^  (sin^^cos^)^'*+^(co6Y)*** 

_  (1)1+1+1  (sin  2^^)2"+i(l+oos2y))"^ 
From  the  similarity  of  these  t^vo  forms  it  evidently  makes  no  difference 
whether  m  be  greater  or  less  than  n,  we  Avill  use  then  the  first  expression, 
i.  e.|  regard  m  as  less  than  n, 
.  • .  cos^'^if  sin^-^ip  =  (i)**+*+i(sm  2^)2*+i 

Now  the  product  of  (siii2jp)^**"''^  into  any  even  power  of  cos  2ip  comes 
under  the  second  ease,  and  we  have  therefore  only  to  consider  the  products 
containing  odd  powers. 

The  exponent  of  the  highest  odd  power  will  be  either  n — tn  or  n — m — 1 ; 
call  it  2m'  -|-  1 :  then  treating  tliat  product  as  before  we  have,  supposing 
m'  <  wt, 

(cos  2^)2*«''»-Hsui2v>)2«+i  :^(J)*^'+i(sin  4^) ''!^'^i[l—oos4f ]"—*'. 
Repeating  this  process  successively  we  may  finally  obtain  either 
sin[2>]  [liiioos(2Y)]  =  81^2^^)^  J8in(2'^i^), 
or  sin(2  Y)  cos(2  Y)  =  i  sin  (2*+  ^  f). 

To  show  that  this  will  be  the  result  we  will  find  the  degrees  of  the  suc- 
cessive left  hand  members.     That  of  the  first  is 

2m+l+2n+l  =  2(w+n+l). 
That  of  tlie  second,  supposing  n — m  to  be  odd,  is 

2ffi+l+*^ — ^^^  ^  m*f«+l* 
That  of  the  third,  supposing  m — m'  odd,  is 

«^^_L«.      n—m—l        n+m+1 


I 


—41— 

Thus  tte  degree  each  time  is  half  what  It  was  before.     If  n — m,  m — m', 
!»' — m",  etc.,  be  everiy  we  shall  have  for  the  successive  degees, 
l8t,  2m  +l+2n     +1  =  2(w    +n    +1\ 
2nd,  2m  +l+2m'  +1  =  2(m'  +m  +l)=m+n, 
3rd,  2m'  +l  +  2m''  +1  =  2(m"  +m'  +1)  =  J(m+n— 2), 
4th,  2m"+l+2m'''+l  =  2(m'"+w"+l)  =  i(m+n— 2),  etc. 
After  the  second^  the  degree  is  each  time  half  the  preceding.     If  the  expo- 
nents n — m,  m— m',  eta,  were  some  e/en  and  some  odd  the  result  would  be 
between  tliese  two. 
A  nmnerical  example  is  added. — Let  m  =  9  and  n  ^  14.     Then 

eos^Vsiti'^P  =(i)"(sin    2<i?)»^[l— cos   2^]*, 

(cos  2f)*(8in  2f )^9  =  (iy=(sin    4^)*[1— cos  4pJ, 
(co9  4f )'(sin  4(py  =  (If  (sin   Sff  [1+coe   8f ]  , 
cos  8f    (sin  Sjf^)^  =  (If  (sin  16^)  [1— cos  UtpJ, 
cos  16^5  sin  16y>     =  I     sin  325^. 
If  in  the  expansion  of  the  right-hand  member  of  the  first  equation  we 
^ke  (cos  2ff  instead  of  (cos  2^)*  we  have 

{Qm2ff{Bm2<fy^  =  {iy'{Bm  4v?}«[l— oos  4p]*, 
(cos4v7H8in  4^4^  ==(*)*  (sin  8pp[l+oos  StpJ, 
cosSy?  (sLnSf)*  =  (J)*(sin  16^)  [1— cos  16y?]  , 
•=  (J)'  [sin  16^  —  Jsm  32^] . 


DISCV&SION  OF  AN  EQUATION. 


BY  JOHN  BORDEIT,  CHICAGO,  TLL. 

Ab  equations  of  the  fifth  or  less  degree  are  reducible  to  the  form 

v""  +  P&  +  q  =  o, 

n  being  an  integer  and  positive,  its  discussion  is  of  interest, 

Qt'ESTiON, — Determine  the  number  of  real  roots,  their  limits,  and  sign, 
for  all  real  values  of  p  and  j. 

Answer: — I,    If  n  is  odd  and  p  is  pomtive,  there  is  only  one  real  root, 
sign  is  contrary  to  that  of  q  and  whose  limits  are  q-^p  X  —  0,  and 
C— 1. 
II,    I/nis  odd  and  p  is  negative,  there  are  three  real  roots  when 


9-1  >  (n— l)-^!' 
two  of  which  have  the  same  sign  as  q,  and  become  e<^ual  to  each  other,  and 
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of  the  arithmetical  value  of  n'^(n— 1),  when  p"-^^^  =  n'^-^in  — 
and  become  imaginaiy  for  all  values  of  p  and  q  which  make  p^-f-j**"!  < 
n'*-^{n — l)"~i.  Their  limits  are,  for  one,  q-7-p  X  — n'^{n — 1),  and  q^p  x 
— 1 ;  and  for  the  other,  q-r-px —  n-^{n — ^1),  and  9-Hp  x  — cso.  The  other 
real  root  remains  real  for  all  values  of  p  and  q  and  its  sign  is  contrary  to 
that  of  q,  and  its  limits  are  9-r-pX+O,  and  j-^jpX+co. 

Ill*     Ifuh  even  and  q  h  positive^  there  are  two  real  roots  when 

p"    sr       n" 


both  of  the  same  sign  and  which  is  contrary  to  that  of  p.  They  become 
equal  and  also  of  the  arithmetical  value  of  n-^{n — 1),  when  p'*-^}'^^  =  n* 
-^(n— 1)**~* ;  and  they  become  imaginary  for  all  values  of  p  and  q  which 
make  p^-s-g**^!  <n"-^(n — 1)""^.  Their  limits  are,  for  one,  g-=-pX — n-r 
(n-1)  and  q~p  x  — 1,  and  for  the  other,  q-^X — n-T-(n-l)  and  gn-pX — c<>» 

IV,  Ifn  is  even  and  q  k  luffoiive,  there  are  always  two  real  roots  having 
contrary  signs.  Their  limits  are,  for  one,  q-7~pX — 0  and  q-^-pX —  1,  and 
for  the  other,  q-hp  x  +0  and  q-^pX+00, 

V-     Eq,  (1)  has  no  other  real  roots  than  as  above. 

Proof: — In  Etj.  (1)  make    y  =  ^.ar. 


p"    _         a;** 
If  n  18  odd  J  the  sign  of  the  first  term  of  Eq,  (4)  depends  on  p. 


Then 


which  gives 


Suppose  p  18  pomtiv€f  then  no  positive  value  of  x  can  satisfy  Eq,  \¥fi 
Therefore  a;  must  be  negative*    In  such  case  (4)  assumes  the  arithm*l  form 

(5; 


p**     _     a?" 

Q*^^  1 x' 


Now  any  value  of  x  greater  than  one  is  evidently  impossible.     For 
=  1,  p*-f-9*-i  ~  CO,    For  a?  =  0,  p^'-^f^  =  0.    Therefore  in  Eq.  (3), 
in  this  case,  the  only  real  value  of  a;  is  negative  and  its  limits  are-0,  and— 1* 

Therefore  in  this  case  the  only  real  vahie  of  y  in  Eq,  (1 )  has  for  its  lim- 
its g^X-0,  and  q-r-pX-  K  As  p  is  supposed  to  be  positive,  it  is  evident 
that  the  sign  of  the  real  values  of  y  is  contrary  to  that  of  q*    This  proves  I» 

Next  suppose  p  is  negative — n  still  remaining  odd.  Then  for  a  positive 
value  of  X,  Eq*  (4)  assumes  the  arithmetical  form, 

(1 


u 


¥     - 
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and  for  a  negative  valoe  of  x,  Eq.  (4)  asstiines  the  arithmetical  form 

^1=  =  ^^.  (7) 

Now,  in  Eq.  (6),  for  .t^O,  p^-^j**"^  =0,  and  for  35^=00,  p^-^g^^sOD. 
Therefore  the  corresponding  values  of  y  m  Eq.  (1)  are  5-hpX+O  and  q-^ 
X-fco  As  p  is  here  assumed  to  Ije  negative  this  value  of  y  will  have  a 
jfsgn  contrary  to  that  of  q.    This  proves  one  hniiieh  of  Prop,  II- 

In  Eq.  (7)  x  can  oever  be  less  than  ooity,  because,  for  x  =^  1,  p^-^^^ 

;=^^o;  also,  for  x  ^^  oo,  p'*-9-g^-i^  00,     Now  it  will  be  found,  on  trial, 

tliat  as  the  value  of  ar  increases  above  unity  the  value  ofp''--^'*^*  decreases, 

also,  that  as  the  value  of  x  decreases  from  co  the  value  of  p"^^""^  decreases. 

^lere  then  are  two  values  of  a;  approaching  each  other,  and  it  will  be  found 

tlxat  p^-^j*"^  is  a  minimum  when  —  n''~-(n^lY~^,  and  that,  in  such  case, 

tkxe  two  values  of  x  have  b*ecome  each  equal  to  71-^(71  —  1).     At  this  point 

these  two  real  roots  vanish  and  become  imaginary.     Apply  the  rule  for 

maxima  and  minima  and  this  will  appear.     Therefore  in  Eq,  (7)  there  are 

ii^o  values  for  x,  one  lying  between  1  and  n-^{7i — 1)  and  the  other  between 

»-T-(n — 1)  and  00;  and  th^e  two  negative  value'^i  for  x^  in  the  present  case, 

give  as  the  corresponding  values  of  y;  one,  '/H-p  x  — fi-7-(n — 1)  and  q-^  x 

— 1,  the  otlier  9-^pX — 71-^(71 — 1)  and  q-irpX — co.     As  p  is  here  supposed 

to  be  negative  the  signs  of  these  two  values  of  y  are  the  same  as  that  of  g. 

Thus  is  proved  the  other  branch  of  Prop,  II. 

To  illustrate;  in  ^-\-py-\-q  ^  0,  It  is  well  known  that  there  is  only  one 
wa]  root  when  p  is  positive,  and  that,  when  p  is  negative,  there  are  three 
real  roots  when  p^-^<f  is  equal  or  greater  than  3*-5-2'*  or  3^1, 

So  also  in  ^+P!y+9  =  0>  it  will  be  found  as  above  that  when  p  is  posi- 
tive there  is  only  one  real  root,  and  that  when  p  is  negative  there  are  three 
real  roots  when  p*-i-g*^  or  >  5*-3-4*,  When  p^-^g*  ^  5^^-4*,  then  tw^o  of 
the  values  of  y  are  equal,  such  values  being  y  =  q-^pX — 5h-4. 

Ifnb  even,  the  sign  of  the  first  term  of  Eq,  (4)  depends  on  q.  Suppose  q 
ifpott^'re.  Then  no  positive  valoe  of  ar  can  satisfy  Eq,  (4),  But  for  x  neg- 
ilive  Eq.  (4)  reduces  to  the  arithmetical  form 

J^  =  J^.  (8) 

9^1       x—l  ^^ 

This  is  similar  in  form  to  Eq.  (7),  and  in  like  manner  proves  Prop*  III. 

8nppo0e  q  is  negative — n  still  remaining  even.     Then  for  x  pofiitve  Eq* 
(4)  afisnmes  the  arithmetical  form 

q         x+l 
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Also  for  X  negative  Eq*  (4)  assumes  the  arithmetical  form 

q"       1—x 


(10) 


The  value  of  x  in  Eq.  (9)  can  lie  any  where  between  0  and  infinify;  but 
the  value  of  x  in  Eq.  (10)  can  only  lie  between  0  and  1*  This  proves  IV. 
And  Prop.  V.  also  follow^s  from  the  foregoing. 

Note,  The  cases  in  which  n  is  fractional,  and,  in  which  p  and  q  (both  or 
either)  are  imagioaryj  have  not^  though  they  might  have,  been  considered. 

Also,  an  equation  of  the  form,  s"+i>'«"~^  +?'  ^  0  is  merely  the  recipro- 
cal form  of  Eq.  (1).  For  if  ^  =  ^,  then  y+P-y+-l  =  0,  which  ia  the 
same  as  Eq,  (1), 


THE  CENTME  OF  GRA  VITY  OF  THE  APPARENT 
DISK  OF  A  PLANET. 


BT  FBOP*  A,  HALI.,  U,  B.  KAVAL  OBSERVATORY,  WASHINQTON,  D.  O. 

When  a  planet  is  observed  from  the  Earth  its  disk  will  not  be  completely 
illuminated  except  at  the  time  of  opposition.  At  other  times  it  will  appear 
gibbous  or  crescent,  If  we  assume  the  planet  to  be  a  sphere,  which,  accord^ 
ing  to  the  best  observations  is  the  case  with  Mercury,  Venus  and  Mars,  the 
apparent  disk  will  be  composed  of  a  semi-circle  and  a  semi-ellipse  which 
are  separated  by  the  line  of  cusps.  If  a  right  line  be  drawn  through  tlie 
centre  of  the  line  of  cusps  and  at  right  angles  to  it,  the  centre  of  gravity  of 
the  apparent  disk  is  in  this  line.  In  the  plane  triangle  between  the  Sun, 
the  Earth  and  the  planet  let  tp  be  the  angle  at  the  planet;  let  a  be  the  ra- 
dius of  the  semi-circular  part  of  the  disk,  and  designate  by  m  the  distance 
of  the  centre  of  gravity  from  the  centre  of  the  line  of  cusps.  Then  when 
the  planet  is  gibbous  we  shall  have 

and  when  the  planet  is  crescent, 

where  n  is  the  number  3*1416,  The  angle  f  and  the  radius  a  can  be  com- 
puted from  the  data  given  in  the  ephemerides,  and  the  distance  m  is  knowxi 

therefore  for  any  time* 
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In  order  to  show  the  use  of  the  quantity  m,  suppose  the  angle  of  posi- 
tion and  distance  of  a  satellite  of  a  planet  have  been  observed  with  a  filar 
micrometer  in  the  following  manner.  The  wire  is  laid  across  the  apparent 
disk  of  the  planet  in  such  a  way  that  this  disk  is  divided  into  two  parts  of 
qualarea.  The  wire  therefore  always  passes  through  the  centre  of  gravity 
of  the  apparent  disk,  and  it  is  necessary  before  using  the  observations  for 
oomputiDg  orbits  to  reduce  these  measures  to  the  true  centre  of  the  planet. 
If  we  denote  by  p  and  ft  the  observed  angle  of  position  and  the  distance 
of  the  satellite,  and  by  0  the  angle  of  position  of  the  line  of  cusps,  the  er- 
mrs  of  p  and  b  arising  from  the  unsymmetrical  form  of  the  disk  will  be, 
Js  ^^  m,  sin  (p — tf), 

where  Jp  is  expressed  in  parts  of  radius* 

To  complete  the  solution  we  have  to  find  the  value  of  8.  This  is  given 
from  the  spherical  triangle  between  the  pole  of  the  Equator  and  the  geo- 
centric places  of  the  Sun  and  the  planet.  In  this  triangle  the  angle  at  the 
planet  is  90° — 0;  and  if  we  denote  by  d  the  angular  distance  between  the 
Son  and  the  planet,  and  by  a,  S,  a\  d\  the  geocentric  right  ascensions  and 
declinations  of  the  Sun  and  planet,  we  shall  have, 

cos  d         =  sin  3  sin  3' +cos  S  cos  <5'cos  {a' — a), 
sin  d  cos  6  =  cos  5  sin  {a! — <z), 
sin  d  sin  tf  =  sin  8  cos  ^' — cos  8  sin  S*  cos  {a' — a). 
These  equations  give  the  angle  6  without  ambiguity. 

In  the  case  of  a  spheroidal  planet,  as  Jupiter  or  Saturn,  the  apparent  out- 
line of  the  planet  will  be  composed  of  ellipses,  but  the  determination  of 
tiae  ellipses  though  possible  is  much  more  troublesome,  and  for  these 
lets  the  correction  for  defective  illumiuation  is  hardly  sensible. 


A  PROBLEM  AND  ITS  SOLUTION. 


BY  E.  B.  SEITZ,  GREEKVILUE,  OHIO, 

Olff  the  surface  of  a  sphere,  radius  unity,  three  small  circles,  radii  a,  6,  c, 
are  described,  each  touching  the  other  two;  On  the  sui'face  enclosed  by  them 
three  small  circles,  radii  x^,  y^^  z^^  are  described,  each  touching  the  other 
two  and  two  of  the  first  set  of  circles;  on  the  surface  enclosed  by  the  first 

of  inscribed  circles  three  small  circles,  radii  ar^,  yj*  ^a»  *^^  described, 
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each  touching  the  other  two  and  two  of  the  first  set  of  inscribed  circles;  and 

60  on.     Find  the  radii  x„,  y^,  '^j  of  the  r?  tb  set  of  inscribed  circles. 

Solution, —  We  will  first  prove  that,  if  four  small  circles  each  touch  a 
fifth  in  the  eame  way,  and  t^^t^^  i^t^t  t^t^p  t^t^i  ^i^g,  ^2^4  are  the  arcs  of 
great  circles  which  touch  and  join  the  four  circles,  two  and  two,  we  hare 

sin  |<i^2  sin  J<3^4+sm  ^^3^3  ®^^  i^4^i  ^^  ®^°  ih^s  ^*^  i^2^4* 

Let  Aj  Bf  C,  t>  (fig.  1)  be  the  poles  of  the  four  circles,  0  that  of  the  fiflh, 
a,  bf  c,  d  the  points  at  which  the  four  circles  touch  | 
the  fifth. 

From  ^j,  ^2  draw  arcs  of  great  circles  through  A,  I 
B,  and  produce  them  till  they  meet  at  N;  then  JVi^ 
and  Nt^  are  quadrants. 

Put  arc  Oa  =  i^,  Aa  =  rj,  Bb  ^~r^,  AB  ^  d,  | 
Then  in  the  spherical  triangle  Oab  we  have 
%\ji\ab  =  sin  iJ  sin  |a06, 

In  the  triangle  A  OB  we  have 

Bin^  Ja06  =      eos(r,-r,)-(gsd 
^  2sin(i?+ri)sin(i?+r3) 

In  the  triangle  ANB  we  have 


(1) 

(2) 


sin»  i<i<2  =  sin'  i  A"  =  coaf^— ^a)— oosd 


(3) 


2cosri  coer^ 
From  (1),  (2),  and  (3)  we  readily  find 

sinioi  =  sin  lUU  sini?^l  f    _^   ^^>-^ ^:i  t^o^ ^2  1 , 

In  like  manner  we  can  find  the  value  of  sin  JAc,  sin  Jod,  etc..  But  since 
the  chords  joining  the  points  a,  i,  c,  c?,  form  the  sides  and  diagonals  of  an 
inscribed  quadrilateral,  and  each  chord  is  twice  the  sine  of  half  the  corres- 
ponding  arc,  we  have 

sin  ^ab  sin  Jcd+sin  \ad  sin  ^c  ^  sin  ,  ^ac  sin  \bd.  (4) 

Substituting  the  values  of  sin  ^i6,  sin  \hc^  &c.,  in  (4),  and  omitting  the 
common  factor 


srn>i?^[- 


COS  Ti  COS  r^  cos  rg  cos  r4 


d- 


_sin  (ii  +  r J )  sin  (i2  +r2)  sin  (iJ+fg)  sin  (ii+r4 
we  have 

sin  \t^i^  sin  ^gf^+sin  l^lt^  sin  -^i^i^i  =  sin  ^^t^  sin ^2*4.  (5) 

Let  A^  B,  ^^(fig*  2)  be  the  poles  of  the  small  circles,  radii  a,  6,  c;  O,  Q, 
R  the  poles  of  the  small  circles,  radii  x^,  1/1^  ^i>  3/A' the  arc  of  a  great  cir- 
cle which  joins  the  circles  A  and  0.  From  M  and  A"  draw  arcs  of  great 
oircles  through  A  and  O^  and  produce  them  till  they  meet  at  P, 
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Let  «|,  fj,  i,  be  the  lengths  of  the! 
arcs  of  great  circles  which  touch  the 
circles  A  Biid   0,  B  and  Q,  Cand  r\ 
respectively. 

Pttt  arc  .4^  ^  a+  b,  AC=a-\'  cA 
SC=b+c,BO=b-{-x^,  CO=e+x^,\ 
A0  =  8,MN  =  t^,  ZCBO  =  0,  £A 
B0  =  ^,  AABC^  ?. 

Bioce  each  of  the  circles  0,  Q,  II,  is  I 
tooched   by  four   circles  which    touch 
eadi  other  consecutively  we  have,  by  (6),  | 
msi^iWm^^^\/\{\jeknaiVLnb){tdin ir^  tany^)]+i/[(taiiatan^j)(tanfitana;i)] 

s=  2j/(tan  a  tan  6  tan  Xj  tan  ^i),  (6) 

sin  ^i  sin  ^^3  =  2i/(tan  a  tan  c  tan  x^  tan  s^),  (7) 

sin  \t^  sin  ^3  ==  2^  '(tan  b  tan  c  tan  y^  tan  2^),  (8) 

m  (6),  (7)  and  (8)  we  find 

sm  ^(j  =  y/(2  tan  a  tao  a;^),  (9) 

cos    <j  =  1^ — 2sin'^<i  ==  1 — 4tanataD:z;|,  (10) 

111  the  spherical  triangle  A  OP  we  have 

$  =  sin  a  BID  :r^ -f  COS  a 00s  a;^  cos  ^j  ^  00s a  cos  x^ — 3sin  aEUix^»  (11) 
the  triangle  -450  we  have 

^  C08« — cos(a+6)  cos{6+a;i) ^ 4eosec?6 

sin  (a+fc)  81^  {b-\-Xi )  (cot  a  cot  &)(cot  ar ^  oot  b) ' 


y: 


-    jr i/2.coaeo6 

Bm^tp  —  y^^^^  a+cot  6)(cot  x^  +cot  6)]* 

ularly  we  find 

•    ,/,  oo6ec6 

^         |/[(cot  6-|-cot  c)(cot Xi  +cot  6)]' 


(12) 


n]i^^  = 


cosec6 


(13) 

(14) 
(15) 


l/[(cot  a+cot  6)(c*ot  b  +cot  c)]' 

<  ^  /  Pcot  a  cot  6+cot  a  cot  c+cot  b  cot  c — 1"! 

*^tP  --  \|_  (cot a+cot  6)(cot  A+oot c)  J* 

rin  1^0  +  f )  =^  sin  ^^,  whence  by  developing,  transposing,  squaring, 

mod  reducing,  we  find 
k  liin^  i^ +sin^  ^y?— sin=  ^^+  2  ooe  J^  sin  ^6  sin  |f  =  0,  (16) 

^L^UH|||niing  the  values  of  sin  ^0^  &c.,  in  (16),  clearing  and  reducing,  we 
Pim^^lttion  of  the  first  degree,  whence  we  readily  find 

^ot;r^=cota  +  2cot6+2coto+2|/(2cotacot6+2cota  ootc+2cot6cotc — 2), 


dis- 


similarly we  have 

oot  £^ = 2oot  a  +  2cot  b  +  cot  o + 2|/^2cot  a  cot  6 + 2cot  a  eot  c  -f  2eot  6  cot  c — 2), 
Put  p,»  =  2ootar^+2coty^+2oot2^+2|/(2cotir^coty„+2cota?„cot^ 

+2coty.cot«»— 2)  ^ 

and       q^  =^  2cot  ir^-f2€ot  y«-f  2cot  2„.     Tlien  we  have  j 

cx>tari^p — cota,    cotyjS=p — cotfi^     cotzj  ^  p— ootc.       (1^!^| 

By  substitution  we  find  pj  -^  lip  — 2g,  ^j  =  Bp  — g,  and  similarly,        j 

P2  =  lip  J — ^Qi^q^^  6pj — ryj.    From  these  !^«i^^ 

latlons  we  find  pj    — 10pi+p      ^0, 

and  similarly,  p^    — ^IC^Pa+Pi    =0,  (&^ 

Pi    — lOpa+Pi    =Q.  (e,> 


ie^^ 


p„+,— lOp,  +p,-i=  0.  (^^ 

From  (17)  we  have  cotx^+cota  =  ootyj+cot  5=c5ot«i+coto  =p, 
and  similarly  ootayj+cota?!    sscoty^+^tyi    =oot23+cot2i    ^=Pir 

cotx„  +cotar„^i  =  cot t/^  +ootif/„_,  =  cot2„  -f  cot 2^^i  =  p..^. 
Subtracting  the  fiii-at  of  these  equations  irooi  the  second,  the  resulting 
equation  from  the  third,  and  m  on  to  the  last,  we  find 
cot a:^±cot  a  =  cot  j/^±cot 6 1=  cot  z«±oot  o  —  p,._i  -pn^2+p„-8~*  •  •—  P>  (^8) 
the  double  sign  being  taken  plus,  when  n  is  odd,  and  rainus  when  n  is  even. 
Let  u^  ^  cotx„±cota  ^=  coty^±cot6  =  cot2„±:cotc.     Then  we  have 
«*    =  p.^1— p^j  +P-S—  "^±p,  (19) 

«*!+!=  P«      — P.^l+Pn-2— •••=tpi±p,  (20) 

««+2=Pn+i— P«        H-P.-I— .*.±P2±Pi±p.       ^  (21) 

Adding  (19)  and  (21),  subtracting  (20)  x  10  from  the  resulting  equation, 

and  substituting  from  (cj),  (eg),  (cg) .  • ,  (e,»),  we  find 

«,+a— 1  Ot*„^  1  +  w^    =  ±  2^,  (22) 

and  similarlf  we  get    u^^^—lOu^^^  +**ii+i  =  Hp2y  (23) 

Adding  (22)  and  (23),  w.^^ -  9u^^  +9t*„+i— w,  =  0,  (24) 

an  equation  in  Finite  Differenees. 

Integrating  (24),  w.  =  C,{5+2y'6Y+C^{6—2p'6Y+C^{-l)\      (25) 

Whenn  =  0,  u^  =  C^  +  C^  +  C^  ^  0,  (26) 

**     n  =  1,  Wi  =  Ci(5  +  2|/'6)+<72(5— 2/6)  — C3=p.  (27) 

*'     n  =  2,  ti,  =  Ci(5+2i/6)*+Ca(5^2v  6)HC3=10p^27.(28) 

From  (26),  (27),  and  (28)  we  find  C\  =  ^py/G—^{y^Q—2), 

^3=  -^p^6+^(i/6+2),  and  C,  =  ~^q. 
Substituting  in  (25)  we  find  cotar„±cota  =coty«±cotA  ^  cotz,^d:ootc 

^i[(5+2v/6)*+(5— 2|/6)''±2](cota+coti+coto) 

+k(5+2/6)'*— (5— 2|/6)*      ]i/ (3cotacot6+3cotaootc+3oot&ooto-3). 
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Note,  by  the  Editor* — As  the  answer  {p.  127,  Vol.  III.)  to  the  qufiry, 
"Which  is  the  most  effective;  a  brake  applied  at  the  top,  or  side  of  a  ear 
wheel  in  motion?^*  has  been  called  in  question,  and  a  demonstratioa  is  de- 
manded, the  following  argument  is  gubmittcd. 

If  the  velocity  of  a  moving  train  is  diminished  by  the  pressure  of  a  brake 
on  the  verge  of  a  wheel,  the  force  apfJicd  by  the  1>rake  is  manifested,  either 
in  the  friction  developed  between  the  peri|>hery  of  the  wheel  and  the  track 
or  as  presBtu-e  against  the  head  of  the  piston,  through  the  medium  of  a 
cmnk,  or  both.  Hence  the  action  of  the  brake  in  arresting  the  motion  of 
the  train  may  be  regarded  as  that  of  a  lever,  either  straight  or  bent. 

Let  A  represent  the  center  of  the  w^heel,  or  , 
ailc,  R,  any  point  on  its  circumference  ivhere 
tlte  brake  is  applied,  and  also  =  the  friction  ; 
jiroduced  by  the  brake;  F,  the  point  of  con- 
between  the  wheel  and  track,  and  also  ^  I 
fte friction  at  that  point;  AC—  c,  the  length  j 
of  the  crank,  ^i^^^lA*=r,  the  radius  of  the 
i^beel,  and  f  =  the  angle  which  the  crank  ] 
nmkes  with  a  vertical  through  A* 

Then,  if  [the  force  applied  through  the  bmkc  is  manifested  by  the  friction 
(fcvdopod  at  F,  we  have  a  bent  leyer,  BAF,  of  the  first  &rder,  A  bcdng  the 
fultToni,  Fj,  the  power  and  7?,  the  force,  or  resistance.  Now,  when  the  power, 
fuWum  and  resistance  ai'e  7iot  in  the  same  straight  line,  the  power  and  re- 
ai^ajK^  are  "as  the  straight  lines  drau^i  from  the  iulcnim  jierpendicular  to 
Hijpe  respective  directions  in  which  the  power  and  resistjmce  take  effect," — 
"Tlfaodo,  Therefore,  because  AF  and  AR  are  the  stniight  lines  dmwn  from 
lb*:'  ilikTiun  at  right  angles  to  the  resjioetive  directions  in  which  F  and  i2 
**l«ke  effect",  when  these  forces  are  in  equilibrium  we  must  have 

tR  =  rF,Q.ndr,R  =  F,  (1) 

If  the  force  applied  to  the  brake  is  manifestetl  in  pressure  on  the  head  of 

tbe  piston,  it  may  also  be  considered  as  that  of  a  lever,  the  axle  lieing  the 

fiiltTnm,  the  force  exerted  horizontally  by  the  piston,  the  power,  and  the 

fiiction  prcKluce*!  by  the  brake,  the  resistance.    In  this  case,  as  the  crank  is 

iJtemately  above  and  below  the  axle,  the  lever  is  atteniately  of  the  first  and 

thifd  order;  and  because  the  power  acts  horizontally  and  is  applied  at  the 

distance  e  from  the  fulcrum,  when  the  power  and  resistance  are  in  equilib- 

ritim,  we  shall  have 

Pceos^  =  rB.  (2) 

Now  if  we  substitute  ^  for  iJ  in  (2),  because  R  represents  any  point  on 
I  periphery  of  the  wheel,  the  equation  will  still  be  txue;  so  that  in  this 


—so- 


cage also,  R  =  F*  But  for  the  same  tmck  and  train,  F  may  be  consider 
constant;  therefore  It  is  constant,  that  is,  a  brake  is  equally  eflective  whetli 
applied  at  the  top  or  side  of  a  wheel. 

But  our  correspondent  has  proved,  by  experiment,  that  a  force  \ 
|>ouuds  at  A,  in  the  direction  AF,  is  held  in  equilibrium  by  a  force! 
pound  at  G  ill  the  direction  GTI;  of  two  pounds  at  /,  in  the  directio 
and  of  about  four  pounds  at  i?,  in  the  direction  EL;  whence  he  oonelu 
that  the  effect  of  the  bi-ake  to  arrest  the  motion  of  the  train  must  depej 
on  its  position  relative  to  the  point  of  coutact  l>etween  the  wheel  and  ni 

lu  the  first  of  the  experiments  above  named  we  have  a  lever  of  the  fl 
ond  order;  resistance  at  G,  power  at  A^  and  fulcrum  at  F;  the  experiin^ 
tlierefore  does  not  apply  to  the  case  under  consideration,  for  no  amount 
pressure  at  G  can  prevent  a  force  at  A^  in  the  direction  AF,  from  produdj 
rotation  about  the  point  F, 

In  the  second  experiment  we  have  a  lever  of  the  first  order,  fulcrum 
A ;  consequently  if  the  weight  of  the  wheel  and  the  power  at  /are  suffidfi 
to  develop  two  pounds  of  friction  at  Ff  the  forces  will  be  in  cquilibrii] 
shown  by  the  experiment,  but  not  otherwise. 

In  the  third  exj>eriraeut,  we  must  again  regard  F  as  the  fulcrum, 
consequently  the  lever  will  be  of  the  first  order;  therefore,  when  the  fort 
at  ^1  and  R  are  in  equilibrium  they  most  have  the  proportion  of  FL  to F. 

An  analysis  of  the  experiments  therefore  shows,  that  the  frst  h  not  d 
plicahlc;  that  the  second  confirms  Eq,  (1)  for  the  point  7,  and  that  the£ft4 
proves,  what  is  otherwise  apparent,  that  a  brake  applied  at  F  would  bai 
1^8  if  applied  to  prevent  rotation  about  the  point  F.     It  is  apparent 
ever,  that  if  rotation  abont  A  is  prevented,  no  rotation  al>out  F  can 
and  hence  the  brake  is  only  used  to  prevent  rotation  about  A ;  and  fqj 
puqjosCj  it  has  been  shown,  its  position,  with  respect  to  the  poinl 
immaterial. 


briu^ 
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A  q  UESTION  AND  ITS  SOL  UTIOK 


BY  GEORGE  EASTWOOD,  SAXONVTLLE,  MASS, 

Question,  —  When  only  the  four  sides  of  a  quadrangle  are  gi^ 
may  it  be  known  that  the  iigui'c  can  lie  circumscribed  by  a  circle? 

Solution. — Let  ABCD  be  a  quadrangle  whose  sides  AB^  BQ  CD^  Di 
are  known  by  measurument*  Produce  the  opposite  sides  AB,  DCj  to  m^ 
in  the  point  E^  and  the  opposite  sides  D-4,  CB,  to  meet  in  the  point  F.  \ 


—Si- 
Draw  ERmd  FI  to  biaed  the  angles  E I 
tod  F^  and  let  0  be  the  point  of  their  in-  [ 
terndion.     Draw,  also,  the  diagonals  ACA 
BD.    Then,  evidently,  we  have 
Z  A£C  =  BFd+FOE+  OEB 
=  \lF-\-FOE+\lE, 
lADC=  OIC-^lF 

=  FOE—^E^F 
/•   /:  ABC  +  ADC=2F0E =twonght\ 
juigles  when  FOE  is  a  right  angle,  and  the  points  A,  B,  C,  D  will  be  on 
the  circumference  of  a  circle*     Hence  this  criterion : — 

Prolong  the  opjxjsite  sides  AB,  DC  and  DAj  CB  to  meet  in  E  and  F, 
Draw  the  bisectors  EH^  FI^  and  join  JJT,  EF,  upon  which  describe  semi- 
drdes.  Then,  if  tliese  semicircles  toneh  each  other  in  the  point  of  inter- 
^Bction  (0)  of  the  bisectors,  FO  will  be  perpendicular  to  -EO,  angles  ^+-8 
Trill  =  angles  JS+D,  and  the  quadrangle  can  be  circumscribed  by  a  circle. 


ON  THE  ROOTS  OF  EQUATIONS. 


BY  PROFESSOR  WORPITZKY,  BERLIN,  PRUSSIA,* 

Suppose  a  portion  of  an  area  2  to  be  ascertain e<:l  which  contains  a  single 
toot  of  the  equation  ^z)  —  0;  the  root  itself  2  ^^  c  being  unknown. 

Morover,  the  funcUon,  /{z),  is  supposed  to  be  monogen  in  all  parte  of  the 
irea;  finally  determined ;  and  with  the  exception  of  3  =  c  to  be  nowhere 
«<lQaIto  zero. 

lhmj{z)^={z—c)f(z)  may  be  substituted,  in  which  equation  the  function, 
?(:),  possesses  exactly  the  same  attributes,  except  that  if{z)  ^  C;  that  is  a 
finite  value  different  from  c :  and  after  the  w^ell  known  formula  of  Lauch 
coooeming  marginal  integrals  we  obtain 

c      J  Azy 

Hence  C  may  be  ascertained  without  knowing  the  \iilue  of  c* 
On  the  other  hand ; 

f{z)  =  f{z)  +  {z-ey{zy, 

f{o)  =  9{^)=a 

At  tlili  iW|)cr  from  Pro£  Worpitxky,  in  Gerraan,  vrm  acx^orapanied  hj  a  letter  to  AIgx. 
Etm^  Kbij^  of  Elkton,  Md.,  referring  to  bis  tnmslfttjon  at  yt,  00,  VoL  IV»  Axaly^  the 
<»*f™  WW  mni  W  HB  Iq  Mr.  Evans,  to  whom  we  are  indelitcd  for  thi»  tnmstation.— £d. 
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Hence  every  mngh  root  c^  of  the  equation  f(z)  ^  0,  is  also  a  root  of  (he 
equation  r(z)— C  =zO,tfthe  true  valutj  viz,, 

2Ki 


c= 


be  suhatiiuled  for  C. 

The  fencing  in,  {einhegung)^  or  determination  of  each  single  root  c,  and 
the  numerieal  calculation  of  the  marginal  integrals  around  the  areas  in 
which  they  lie,  need  not  be  explained  here,  as  th eii'  practical  admissibility 
{mmfwrbarkeit)  is  theoretically  unquestioued* 

Nor  need  the  train  of  consequenees,  which  might  be  drawn  from  the  fore- 
going, be  enumerated  here,  the  following  only  need  be  taken  into  consider- 
ation, {plahfiiiden,) 

The   processes  {miUd)  are  known   by   which  to  reduce  one  algebraio  ' 
equation  to  another,  to  wit,  to  f{z)  =  0,  which  contains  all  the  roots  of  the 
former  as  single  roots;  we  also  know  how  to  determine  (ehizithegm)  each 
one  of  the  latter. 

Whenever  this  is  done  our  formula  in  question  presents  the  root  s=r=  o  as 
a  root  of  the  equation  y (2) — C=  0,  which  is  lower  than  the  former  by  one 


This  equation  may  then  be  treated  in  like  manner  as  the  former,  and  then 
we  arrivey  by  a  finite  nuviber  of  entirely  definite  and  practical  operatioTkSf  ai  an 
equation  of  the  first  degree,  viz,;  z  ^  c,  in  which  the  value  ofcis  composed  of 
the  margmal  integrals  in  a  form  similar  to  a  continued  fradion. 

Moreover  we  obtain  z^-c  m  a  common  divisor  of  f  (z)  and  of  f '(z) — C. 


RECTIFICATION  OF  THE  HYPERBOLA. 


BY  ARTEMAS  MARTIK,  M,  A,,  ERIE,  PA- 

The  equation  to  the  hyperbola,  in  rectangular  coordinates  referred  to  its 

center,  is  6V — oS^  ==  €?b^.  (1) 

Denoting  by  11^  the  arc  whose  abscissa  is  a:, 

where  e,  the  eccentricity,  =  ^ — — — i-,  and  av  =  x* 


Pttt  e  ^    ,  and  i>=  I  - — ^^^  )^,  then  by  suhstitutioii, 

€  \    1^ Vi    I 


dH, 


_       a{l-^\)dv^ 


m 


(8) 


Let  il  =  t,,(^^l^?)*,  then 

where  E{e^^v^)  denotes  an  elliptic  arc,  semimajor  axis  unity,  eccentricity 
ty^  and  abscissa  v^. 

-2a(l+.,)C--^')**,.     (4) 

H,  =  aA+2ae^v^+aE{e^,  v^)—2a{l+e^)E{e^,v^).  (5) 

Wrights  SobUmia  of  the  Cambridge  Problems,  vol.  ii,  pp.  148 — 9, 


A  PROBLEM  IN  LEAST  SQ  UARES, 


BY  R*  J.  ABCOCK,  MONMOUTH,  ELI., 

FlKP  the  most  probable  position  of  the  straight  line  tletermined  by  the 
BMBsared  coon^linates,  each  meajsiire  being  equally  good  or  of  eqnal  weight, 
(^l»  yi)i  (^2>  yi)f  •••  (^»»^y*»)  ^f  *^  points,  that  is  find  a  and  6  in  the  e*|ua- 
Cloo 

y  =  aaj+6^  (1) 

Since  Vi^^^i — 6,  ^2 — ^^2 — ^j  *••  Vn — ^^n — b  3ire  the  distances,  parallel 
tji  the  axis  y,  frora  the  n  points  to  the  required  line, 

(^(y,-a«^i-fi)'+(i^3-a^,-6)'+.-.+(y,-^.-&)']j:p^  =  ^d?)  =  «,  (2) 

m  the  sum  of  the  squares  of  the  normals  from  the  n  points  to  the  required 
Inie,  which  sum  by  the  principle  of  least  squares,  Analyst,  p,  183,  Vol. 
IV,  mast  be  a  minimum.    Therefore 


1  +  Ct'* 


(3) 


where  5(3/ 1 )  =  2/ 1  +3^2  +  -  -  +y--     ^^ 
fft^ ^  2a8{xl)—2S{x^yy^)+2bS{xj) 
da  l+a^ 

or     a^%^3^i)— a%%i)+a[%J)— %;)]— 7j^^+i^fa:;)+2a&^^^^^  ■ 

-5(^i2/i)  =  0,  (4)     * 

where  ^?(a:ji/i)  =  x^y^  +^2^/2  +  •  ■  *  +^nyn- 

Eiiminating  b  from  (3)  and  (4)  and  solving  for  a, 
S{y\)-S{xlH[_S(x,)y-[S(y,  )J 
.2[S(xiy,)-%i)%i)]    ""' 

Equation  (3)  shows  that  the  line  passes  through  the  centre  of  gravity  of 
the  n  poinis,  and  therefore  by  1 2)  it  must  be  a  principal  axis  of  them.  And 
by  (5)  there  are  two  positions  of  the  line,  at  right  angles  to  each  other,  which 
make  S{dl)  a  minimum.  The  first  value  of  a  which  gives  the  least  raini- 
mmn  is  the  one  which  the  problem  re^iuires. 

^1  =  1>  yi  =  h  ^2  =  ^j  y2  =%^%  =  ^y  Vz  =  4,  gives 


a^^ 


a 


_  1-1-4+16— 1—9— 25+(l+3+5)=H^+2+4)^ 
2[(l+6+20)-(l+3+6Xl+2+4J] 

=  — }±i  ^17  =  .78078  or  1.2808, 


-V( 


1+. 


Note  on  the  Quantity  g^  page  2o,  by  Prof,  Johnson. — ^The  val 
of  this  quantity  is 

ff.  =  J(2"±l); 
for,  beginning  with  g^  =  0,  we  have,  from  the  given  relation 

g^y  =  2g,±l, 
9i  =  h  <73  =  2  - 1,  ff3  =  2»— 2+1,  and  in  general  <?.  =  2^i  — 2- 
2*"'  ....,  whence 

2"±1 


5'.= 


2+1' 


In  the  table  an  error  occurs  in  the  value  of  ^'j,  which  introduces  a  cu- 
mulative error  in  the  subsequent  values,  and  another  error  was  made  ii 
forming  g^ii  ^^  ^^^^  value  should  l>e 

5.50  =  375,299,968,947,541. 
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KoTE,  BY  E.  B.  Seitz, — The  value  of  g^  m  Mr.  Baker's  solution^  p,  25, 
nmy  be  found  as  follows: 

Let  ^  ==  «,;  then  «»  =  w„_x±l  •  .  .  (1),  and  «„_i  =«^_2=f  1, ...  (2) 
the  upper  sign  being  used  when  n  is  odd,  and  the  lower  wlien  n  is  even. 
Adding  (1)  and  (2),  we  have  u^ — m^^ — 2w„_jj  =  0,  an  equation  in  Finite 
Differences,  whose  solution  gives  %t^=  Ci.'2r-\-C^{ — 1)".  ,  .  .  •  (3) 
When  n  ^  1,  ttj  =  2Q — C^  ^  1 , . .  (4),  and  when  n  ^  2,  ti^  ^  4C| 
4^2  =  1  .,,(5).  From(4)and(5)wL>find  C^i=i,  and  C^=—^y  there- 
fore ^  ^  «*  ^  j(2'*±l)j  the  double  sign  being  used  as  above.  Hence  the 
Jjingles  of  the  nth  triangle  are 

i7:±{ir{ln-A\     ^n^{lf{^^-Bl    Jr±(|r(J;r-C). 
[Mr.  Baker  has  sent  a  ''Revised  Solution"  of  the  quostionj  in  which  he 
represents  g  by  the  same  formula  obtained  above,  and  also  notices  the  error 
in  the  table,  pointed  out  by  Prof.  Johnson,  but  our  spaoe  will  not  permit  its 
publication.] 


^^FRC 


ANSWER  TO  QTJKEY  (SEE  P,  176,  VOL*  IV),  BY  THE  EDITOR. 


OM  the  fixed  point  J?  draw  a  line  ^-li?  perpendicular  to  the  fixed  line 
C'/and  intersecting  it  in  B^  at  any  dis- 
tance a  from  the  point  jF,  and  let  A  I 
represc^nt  the  middle  point  of  EB, 
^_      I^et  FGH  be  any  position   of  the  I 
^Hligbt  angle,  the  side  GH  intersee'ting 
^Hthe  line  C/in  X,  and  let  the  fix^d  length  I 
^^■■of  GF  ^  a;  then,  to  find  the  locus  of  I 
I       P,  the  middle  point  of  GF,  dmw  PQ  | 
I       perpend^olar  to  AB^  intei-seeting  the  side  [ 

I  C-ETin  m;  draw  Gn  perpendicular  to  C/,  and  put  AQ  :=  x  and  PQ  ^  y^ 
^^  Because  AE  =  ^,  EQ  =^^+  a:,  and  BQ  ^=  ^a-^a  +  a;  =  x — Ja;  .  • , 
■  Cn  =  2{x—yjL)  and  JVVt  =  |/  ^  o2_[2(x_ia)]-  }  ^  :h2i/{x'—ax). 

Hence,  from  the  similar  triangles  FnG  and  EQM,  and  FnG  and  PGm, 

Fn  :  GniiEQ  :  Qtti,  or  2|/(ar^-aa;)  :  2{x-ia)i:x+^  :  Qm=  ^T^-,. 

y(ar — ctxy 


Pn:  FG::PG  :  Pni,  or  2i/(a:*-ax) :       a      i:     ^a    :  Pm  = 


K 


But  <?„.+i^^=y=_^r^^^  +  _^  ...  y.=  . 


l/(a?* — cLx)* 


l/la^-axy  i/it^'ax)     |/(^-a^)'  '  '  ^  ~a?  —  a' 
which  is  the  equation  to  the  ci^oid. 


5-    m 

[This  query  was  also  answe^ed^  differently,  by^Mr.  iSeite,  of  Greenville, , 
Ohio,  Prof.  T.  A,  Smith,  of  Beloit,  Wisconsin,  and  by  Professors  Schefl^j 
and  Johnson.     Prof  Johnson,  besides  liis  own  demonstration,' has  sent  i 
follwiug,  taken  fi*om  Boot  and  Bouquet] 

A  being  the  fixed  point  and  BC the  fixed  line,  and  ADB  the  right  \ 
of  which  the  side  BD  =  AC  =^  2a.     Jj^i  P  x 
and  O  be  the  middle  points  of  BD  and  A  C. 
Draw  a  circle  with  centre  Cand  radius  a  and  I 
draw  a  tangent  at  Q  parallel  to  £C;   also 
draw  the  line  BR  parallel  to  A  Q.    ABD  and 
j-liJCare  e<|ual  right  triangles,  hence  if  AC\ 
and  BD  meet   in  L^  ABL  is  an  isosceles 
tiraiigle  and  A  0  being  equal  to  BPj  OF  \h  ■ 

parallel  to  AB  and  P  lies  on  the  line  OR.  Let  this  line  cut  the  circle 
S  and  join  SCy  BPR  and  OCS  are  then  equal  isosceles  triangles;  henoe  i 
^  PR  and  P  describes  a  cLssoid  according  to  the  usual  definition. 

To  this  is  addefl  the  following  coni^truetion  for  the  tangent  to  a  cissoid. 

Draw  BI  peqiendicular  to  I>Cand  A I  to  AD^  then  their  intersection  I 
is  the  "instantaneous  centei*"  of  the  motion^  and  IP  is  normal  to  the  patli 
of  P  that  is  to  the  cissoid. 


SOL  UTIOm  OF  PROBLEMS  INNmfBER  ONE, 


Solutions  of  problems  in  number  one  have  been  received  as  followa; 

From  Henry  a  Allen,  188;  George  H.  Bangs,  188,  189;  Marcus  Bake 
188;  George  Eastwood,  195;  A,  S.  Hathaway,  189, 190, 191 ;  W*  R  He 
190,  191;  Dr.  David  S.  Hart,  189,  190;  Prof.  J.  H.  Kershner,  187,  188 
189  J  Christine  Ladd,  187;  Prof.  H.  T.  J.  Ludwick,  192;  Prof  D.  J.  Mc. 
Adam,  188,  194;  Artemas  Martin,  192;  Prof  Orson  Pratt,  190;  P<  Ric 
ardsou,  189;  PmL  J  Scheffer,  188,  189,  190,  194,  195;  K  B,  Seitz,  1%% 
188,  190,  192,  193;  I.  H.  Turrell,  187. 

[In  proposing  188  it  shonld  have  l>een  stated  that  the  proix)ser  desired  I 
solution  which  should  be  independent  of  Calculus,] 


187*  *'Six  circles  may  be  described  each  of  w^hich  shall  touch  four  of  the 
othei's.  Prove  that  the  lines,  joining  the  centers  of  the  non-touching  pairs, 
are  concurrent.'* 


iii^b 


iiii 


■^Mk 


iB. 
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SOLUTION  BY  ISAAC  H.  TUBRELL,  CINCINNATI,  OHIO. 

aidard  case  will  be  when  the  contacts  are  all  external;  for  instanoe 
wbeo  three  circles,  touching  one  another  extemilly,  are  inscribed  within  the 
ijnoe  encloe^  bv  three  others,  also  tangent  to  one  another  externally,  each 
dide  of  either  groap  touching  two  of  the  other  group,  and  con  v  ersely. 

DeootiDg  the  circles  of  the  outex  group  and  their  centers  by  a,  6,  c^  and 
inner  by  x,  y,  r,  there  will  be  three  pairs  of  non-touching  circles,  viz; 
u  ^ij  i>y^  eij  and  it  is  to  be  shown  that  the  lines  ax^  hy^  cz  arp  concurrents 

Let  P,  P%  P",  O,  O',  O'',  be  the  external  centers  of  sinailitude  of  the 
pairs  a &,  ac,  be,  ax,  6y,  cs,  respectively;  and  since,  when  two  circles 
toadi  m  the  fiame  way,  another  pair  of  circles,  the  external  center  of  simil- 
itncle  of  either  pair  lies  on  the  radical  axis  of  the  other  pair,  the  \mntB 
0^%  0\  P",  lie  on  the  radical  axis  of  a  x,  and  O",  O,  P',  lie  on  the  radical 
txk  of  by;  similarly  ihe  points  O',  O,  P,  lie  on  the  radical  axis  of  cz. 

Again,  the  radical  axis  of  two  circles  is  perpendicular  to  the  line  joining 
their  colters,  and  these  radical  axes  form  the  triangle  OO'O'^ ;  hence  (since 
the  perpendicuUrs  of  a  triangle  meet  in  a  point),  the  lines  joining  the  (in- 
ters of  the  non-touching  circles  are  concurrent. 

In  case  of  interna!  contact  among  any  of  the  circles,  the  same  method  of 
will  apply,  if  the  corresponding  internal  centers  of  similitude  are  em- 

yed  instead  of  the  external  centers. 

N«:mi- — The  foregoing  properties  of  circles  in  contact  combined  with  the 
**TheoreDi  of  Pascal  applied  to  the  Circle/'  affords  a  simple  and  remarkably 
elegant  solution,  by  pure  geometry,  of  the  following  noted  problem,  namely: 

Within  the  space  enclosed  by  three  circles  which  touch  one  another  ex- 
tenkally^  to  inscribe  three  circles  tangent  to  one  another^  each  of  which  shall 
tooeh  two  of  the  given  circles, 

[M»  Ladd  has  submitted  an  elaborate  and  very  el^ant  solution  of  this 
question  which  we  hope  to  publish  in  a  future  number,] 


^Poya 


*Two  given  rectangular  planes  ABFE  and  EFCD  lie  contiguous^ 
m  die  figure.     The  plane  BE  is  hard  ground  whereon  one  can  travel  at 

the  lale  2ro ;  the  other  is  soft  ground  whereon  the  rate  of  travel  is  tn* 
Beqnired  the  pobt  0  of  crossing  EFm  that  the  time  of  journey  &om  A 

to  Cahall  be  the  quickest  possible.'' 


SOLimON  BY  THE  EDITOR. 


TaiEe  a  point  O  on  the  line  EF^  join  AO' and  O'Cand  draw  O'g  and  Oh 
ij  perpendicular  to  ^  0  and  CO',  then  is Z  00 'y  =  Z  OAE. 
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Suppose  00'  to  be  diminished  to  infinity,  then  will  the  ultimate  ratio  of 
Ag  to  AO',  of  Ch  to  CO,  and  of  Z  O'Oh  to  /  OGF  be  a  ratio  of  equality; 
and  therefore  the  time  in  ^4^  will  e*iual  the  time  in  A0\  and  the  time  in 
Ch  will  equal  the  time  in  00,  there- 1 
fore  the  time  in  Og  must  equal  the 
time  in  O'A;  but  the  rate  m  Og  \'^\ 
2m  while  the  rate  in  0*h  \&  m^  .  * , 

0g=20'h  (1)1 

And  because  of  the  equality  of  the  | 
angles  0^£and  00%  and  OCi^' and  O'Oh,  if  we  put  00' =  r,  we  shall 
have  Og  —  r  sin  OAE  and  O'A  ==  r  sin  OCF;  .  •  .^  by  (1), 

sin  OAE  =  2&in  OCR  (2) 

Put  ^0  =  ii  and  CO  =  E%  then  we  have  OE  =  i2sin  OAE  and  Of  J 
=  JJ'  sin  OCF  =  R  |sin  0^£  by  (2),  =  IRf  sin  OAEi  ^ 

RxOF^^R'xOE.  (3) 

If  we  put  J.E'  =  Gj  ED  =^  6,  J?i^  =  e  and  £^0  =  a',  we  readily  get 
R  =  y/{a^-i-x^),  and  Ii'^y'lb^+{c—xy},  which  values  subetiM  in  (3)  givo 

an  equation  of  the  fourth  degree  trom  which  the  value  of  a?  may  be  found. 

80I-TJTION  BY  GEO*  H,  BAKGS,  KEW  YOmL  CITY.  fl 

Let  the  route  AOC  be  that  of  the  least  time,    Produce  AO  to  H  and  CO 
to  G.  (G  being  a  point  in  DA  produced.)     Then  if  the  rate  on  OH  ~  the 
rate  on  OA  the  line  AH  will  give  the  least  time  from  A  to  H  ;  and  if  the 
rate  on  OG  ^^  the  rate  on  DC  the  line  CG  will  give  the  least  time  from  C 
to  G.     Now  it  is  plain  that  the  lines  AH  and  CG  may  be  taken  as  the  rep-« 
,  resentatives  of  times  for  units  of  space.     Therefore,  io  this  case,  AH  ;  CG« 
::  iw  :  m;  or  AH  ^  ACGj  whence  it  readily  appears  that  OH  =  |OC  and 
OA=iOG.     Hence^  putting  AE=a,  DE=6,  EF=c  and  EO—a:,  we  get 
Vix'^a^)  (x—c)  =  i|/[a?2^(a;— c)]x. 
[TMr  Seitz  also  gave  a  solution  of  this  question  without  formal  applica- 
tion of  Calculus,] 


189.     "Find  by  Algebra  the  series  whose  sum  is  127,  when  the  sum  of 
the  squares  of  the  seven  terms  is  5461/' 


SOLUTION  BY  PROF.  J.  H.  KERSHNERj  MERCERSBERQ,  PA. 

Let  x  +  xif +  xf+xf'\-xy*+xf +  3^  =    127,  (1) 

x^+xY+sch/^+xY+x^f+T^^^+xY^  =  5461.  (2 
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Dividing  (2)  by  (1)  we  get 

x  —  xy  +  xif—  :»y>+  xy^—  xf-^-  a^*  =  43; 
^diBg  (1)  and  (3)  and  taking  lialf  their  sum,  we  have 

+  ay  r^xy^  +^  =  B5. 

Subt  (3)  from  (4),  xy  -\-xf  +xf  =  42. 

Mnltiplv  (5)  by  y  and  subtract  the  product  from  (4)  and  we  get 

X  =  85— 42y,  or  y  =  2+[(l— a:)^42].    . • .  «  ^  1,  and  y  =  2, 


(S) 

(4) 
(5) 


190.     ''Transform  the  equation,  iF»  +  9a:«  +  36a:^+  85«*  +  132a!*  +  141a?* 
+  1052*  +  54a:=.  +  18ir  +  9  =  0,  into  an  equation  of  the  third  degree.^' 


(2) 


SOLUTION  BY  DA  VXD  S.  HART,  A,  M.,  M.  D,,  8TONIKOTON,  CONN. 

Subtract  (ar+l)®  =  0  from  the  given  equation,  and  there  remains 
aJ»+6a:*+15a^+21a^+18a?^+9a?+8  ^  0. 
Subtract  (a;+l)®  ^=0  from  (2)  and  there  remains 

^j^^^^j^ZxJrl  ^^;  (3) 

and  from  (3)  subtract  (ar+1)^  ^  0  and  there  remains  6  =^  0. 

Therefore  (a?+l)^+(a?+l)H(a?+l)^+6  =  0,  or,  putting  (a?+l)5  =  y, 

y'+y'+y+e  =  o, 

which  15  an  equation  of  the  third  degree. 


191,  '^Compute,  in  the  most  convenient  way,  the  product  of  the  dif- 
lerences  of  the  equation  s? — i:tx^-\-bix?' — cai^+cte — e  =  0." 

SOLUTION  BY  A*  8.  HATHAWAY,  ITHACA,  NEW  YOBK. 

The  product  of  the  differences  of  the  roots  is  equal  to  the  square  root  of 
Ihe  product  of  the  squares  of  the  differences,  but  this  last  product  is  the  dis- 
erunlDant  of  the  equation, 

I#et  X  2=  y-^-z,  then  multiply  by  2*  and  we  obtain 

j^—ay^z+bfz^—ef^+dy^ — e^*  =  0.  (1) 

Differentiate  with  respect  to  y,  and  also  with  respect  to  z; 

5f—4afz+3by^z'—2m/^+dz*  =0,  (2) 

—ay*+2bfz—Scfz'+4dy^—5e:^  =  0.  (3) 

ilultiply  (2)  by  — a,  (3)  by  5,  subtract,  and  divide  dy  z; 

(106— 4aV+(3aA— 16cVz+(20d— 2ac)ys*+(ad— 25ey  =  0.       (4) 
Again,  multiply  (2)  by  — ay +262,  (3)  by  5y — 4a3,  subt,  and  divide  by  z*; 
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Now  multiply  (2)  bj  —ay"-+2hyz  —  Zc2\  (3)  by  5/— 4ayaj+36r,  subtract, 

and  divide  by  2^,  and  we  obtain 

(20d-2ac)i/'+{4U^Uad-2rye)fz+i20ae-W 

Lastly,  multiply  (2)  hy— a f+2bfz—2ci/zH ^ds?,  (3)  by  5/— 4ay*2+ 

— 2cr*,  subtract,  and  divide  by  2*,  and  we  get 

(arf— 25e)y'+(20ae-2W>/z+(3e(f— 156%2*+(lOc€— 4cZV  =  <^-  ( 
Kow  the  diseriminant  of  (1)  is  the  resultant  of  (2)  and  (3)  which  is  tl 
determinant  of  the  coeffieients  of  (4)^  (5),  (6),  (7);  but  this  discriminant  U* 
equal  to  the  product  of  the  squares  of  the  ditlerencesi  of  the  roots;  therefore 
for  the  product  of  the  differences  of  the  roots  we  obtain  the  following  ex* 
pression : 


106— 4a2  3ab  —15  c 

Zab—lbc  20d  -j-lQae-Sb'^ 

20d—2ac  4b  e  —ldad—2&e 

ad  —25c  2Qae—2bd 


20d  —2ac 

4b  c  — ISarf- 25e 

200  6+ 106e?— 6o« 
3cd  —Ube 


ad   —2be 
20ae—2bd 
3cd  —166c 
lOce— 4rf2 


k 


192     "Find  the  average  area  of  all  the  circles  inscribed  in  a  given  semi- 
circle." 

SOLUTION  BY  FllOF.  H,  T.  J,  LUDWICK,  MX.  PLEASANT,  N.  0. 

Let  0  represent  the  center  of  the  giv- 
en semicircle  and  C  the  center  of  an  in- 
scribed circle.     Put  AO  =  a,  OD  — ^ 
andDC=y. 

The  locus  of  C  is  x^-i-2uy  ^  «^,    Area  | 
of  circle  =  ny^  =  7T{a'^  —  ^2)2  ^  4^2 

Length  of  arc  A  KB  ^  -J  {a^  +  a;^)-*dir.  Denoting  by  A  the  average  area, 
A  =  ^f'  ia'—a^)\a^+a^^dx^f\a^+x')^dx 


^  7ra^  1 39  Iog(l  +  v/2)  —  5|/2\ 
96\     i/2+log(l+i/2}     /• 


m 


193.  "A  triangle  is  formed  by  joining  three  points  taken  at  random  in 
tlie  surface  of  a  given  triangle.  Find  the  chance  that  the  circle  circumscribe 
iug  this  triangle  lies  wholly  within  the  given  triangle.*' 

SOLUTIOK  BY  E.  B.  8EITZ,  GREENVILLE,  OHIO. 

Let  ABC  he  the  given  triangle,  PQR  the  triangle  formed,  0  the  ceni 
of  the  inscTibed  circle  of  ABC,  and  Jfthe  center  of  the  circle  circ'bing  PQiS 
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Draw  the    triangle  DJEF,  making  its* 
parallel  to  tbose  of  ABC^  and  at  a| 
ice  from  them  equal  to  3IP,  and  draw  | 
ONS  and  MH  perpendicular  to  AB  and 

Now  while  PQ  is  given  in  length  and 
direction^  and  the  angle  FliQ  is  given,  if 
MP  is  less  than  the  radius  of  the  inscribetl 
circle  of  ABQ  the  area  of  the  trian.  DEF  | 
represents  the  number  of  ways  the  three 
pQiDts  can  be  taken^  m  that  the  eireumsc^g  I 
circle  will  lie  wholly  within  the  given  A* 

Let  PQ  s=i  2j:,  OS  =  r,  perimeter  of  ABC  =  s,  area  of  segment  FMQ 
=  £,  area  of  sector  PMQ  =  v,  area  of  l\PMQ  =  u,  area  of  l\ABC  —  J, 
/^PMH  =  tf,  ^  =  sin"^(a;^-r),  and  <}■  ^the  angle  which  FQ  makes  with 
some  fixed  line.  Then  we  shall  have  PM  ^  x  cxjsec  d^  ON  ^  r — x  coseetf, 
area  DEF  =  (r — x  cosec  &f{J-^r^)^  v  —  (fircosec^tfy  u  —  ar'cot  ^,  i  =  t»^ — u. 
An  element  of  the  triangle  at  Q  is  4xclxd^',  or  4r^in  c>  cos  ^  df  d^t,  and  at  R 
it  is  <2.  The  Jim  its  of  t/f  are  0  and  tin;  of  ^,  ^^  and  t^—c;  and  of  x,  0  and 
r,  or  of  f,  0  and  ^-.  Henee,  doubling,  since  E  may  lie  on  either  side  of 
PQ,  we  have  for  the  required  chance 


T.-i      "Sum  the  ^ries  l-^.+^2^-^:^-i-^,4^,,~^" 

SOLUTION  BY  PEOP.  J,  SCHEFFEB, 

If  hy  ni^ans  of  the  formula 

fsin'^j;  dx  =  — sin'-^a?.cosa'+(^— l)/8in''-aa?  dx 

we  develop  the  sucocasive  integmlg  /j  sin*a:  dx^^  Bm^xdxy/^sin^xdic,  etc., 
[we  find  that  the  given  series  is  equal  Jto  the  definite  integral 


-J    cos  (sin  x)dx. 


The  series  converges  rapidly.    Eight  terms  suffice  to  obtain  the  sum  cor- 
for  at  least  10  decimals.     The  sum  is  =  .7651976865. 
Ii  iot^rals  as  the  last  are  always,  and  without  difiiculty,  obtained  by 


iTectlv 
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195-  "A  uniform  rod  rests  with  one  extremity  against  a  rough  vertical 
wall^  and  with  the  other  extrenuty  on  a  mugh  horizontal  plane,  such  that- 
it  is  held  in  equilibrium  by  iriction  alone.  The  beam  is  710^  in  a  vertiml 
plane.  The  coefficient  of  friction  of  the  horizontal  plane  an3  vertical  wall 
being  respectively //  and  /i';  find  the  normal  piv?xsure  of  the  rml  u{K)n 
the  horizontal  plane  and  vertical  wall,  and  the  exact  position  of  tlie  rod 
with  reference  to  the  t%vo  latter  planes,- ' 

SOLUTION  BY  GEO,  EASTWf>OB  SAXOXVTT^LE,  MAS8, 

Let  the  plane  XCZ  represent  the  vertical  wall  and  the  plane  XCY  th< 
horizontal  plane* 

Let  PQ  he  a  position  of  the  rod 
when  it  is  bordering  on  motion.  Draw 
PS  perpendicular  to  CX^  and  join  SQ. 

If  we  suppose  for  a  momcntj  to  iix 
our  thoughts,  that  P  is  a  fixed  point, 
the  loeus  of  the  point  Q  will  be  a  semi- 
cirsle  CQX,  having  the  point  S  for  its 
centre.  Let  G  he  the  centre  of  gra%'ity 
of  the  rod,  PHV  the  projection  of  PQ 
in  the  plane  of  XY,  H  and  V  lieing 

the  projections  of  the  points  G  and  Q,     Draw  IIK  piinillcl  to  C-V,  whici 
will  evidently  be  at  right  angles  to  PS,  and  join  KG,    I^et  W  be  the  weigl^ 
of  the  rod,  ft'  the  coefficient  of  friction  between  the  rod  and  vertiail  wal 
and  R*  their  mutual  pressure;  then  the  force  fi^R  will  act  in  the  tangent  t:i:zzj 
the  locus  at  the  point  Q^  that  is,  at  right  angles  to  SQ  and  in  the  plane  CQy^^ 

Put  PG=  GQ=i9,  Z  QP^^  =  «,  I  QSV=  0,  J2=reaction  of  horizoi:^^ 
tal  plane,  and  fiR  =  the  force  of  friction  at  P, 

Now  the  horizontal  forces  acting  on  the  rod  are^  /tR  at  P,  and  fi'M' 
at  §;  .-.  ^R  =  }i'W^md.  C 

The  vertical  forces  acting  on  the  rod  are  22  at  P  and  TFat  G^  and  /i' 
Xoos  fl  at  Q;  .  • .  R+fx'R'ms  6  =  TF,  C  ^) 

Next,  conceive  a' line  to  be  drawn  perpendicular  to  PS^  and  let  momei:^t8 
be  taken  about  these  two  ljn*is.     Then 

WMK^fi'R^SQ,  C^} 

W.  PK  =  R\  Q  V+fi'R'  cos  9,  C^) 

Geometrical  relations  give,  HK^  GK cos  ?=/9  sin  a  cos  9^  5<?==2^sin  ^ 
PjScob  6  —  2/3 cos  acos  6,  PK  —  /3  oos  «,  Q  F=  SQ  sin  /?  =  2/9  sin  a  sin  0^ 

Making  these  substitutions  in  (3)  and  (4),  the  latter  equations  become 

W'/9 sin  amsO  =  2/?/i'P'  sin  «,  (5^ 

lF/3  cos  a  =  2^R'  sin  a  sin  <? + 2/9/i'iJ'  cos  a  cos  ff.  (S) 


V 
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Dividing  (6)  by  (5),  and  reducing,  we  finally  obtain  tan  a^  [t'  tan  (?. 
From  «i's(l)  and  (2), sin  (?=.tt7?^,«'i2'..(7),  co8tf=(TF-iJ)-^//'i2'.  (8) 
Hence  tan  a  =  fi'iiR-^l  W — 11),  and  tberefore 

The  substitution  of  ^8)  in  (5)  gives 


W. 


fi'R' 


2i^R',.-.  w-R=  W. .(11), ^d R=  TP-yy 


In  (6),  siihstitute  tlie  values  of  sin  8,  cos  <?,  sin  a,  cxtsa^  as  found  in  (7), 
(8),(1*)  and  (10)  and  reduce;  then 

}(•(  ir—i^)  =  2//i?+2(  FF— ii)*.  (13) 

By  means  of  (11)  and  (12),  equation  (13)  becomes 

^R'y=2f^{^'-f^"^y+^p,  which  reduces  to 
The  reeolution  of  equation  (14)  gives 

p.  _  ^  J«'  r(4H:i)±(ii^8^~|  J 

This  value  of  the  reaction  of  the  vertical  plane,  substituted  in  (12)  deter- 
mines the  reaction  of  the  horizontal  plane,  and  by  means  of  these  values 
and  the  given  coeffi's  /i'  and  «,  the  angley  a  and  0  am  be  readily  found. 


PnOBLEMS, 

196.  By  p.  M.  Mg.  Kay,  Looxah(jma,  Miss. — The  sides  of  a  triangle 
are  respoctively  «*  +  a?  +1,  2a?+l  and  x* —  1,  x  being  any  number  greater 
than  one;  prove  that  the  angle  opposite  the  side  oc^+x+l  is  equal  to  120**, 

197.  By  Lieut.  Fred.  Schwatka,  Spotted  Taxi.  Ag'y,  D.  T. — AB 
is  the  diameter  of  a  circle  whose  center  is  C,  D  is  the  middle  point  of  CJS, 
asd  is  the  cjenter  of  a  circle  who.se  diameter  is  CB^  and  E  is  the  middle  p't 
of  vl  CI  SF  is  perp.  to  AB  and  intersects  the  circle  C  in  F^  and  EG  is  tan- 
gent to  the  circle  D  at  G,    Prove  that  EFG  is  an  equilateral  triangle. 

1 98.  By  Ar tem as  Martin,  M,  A,,  Erie,  Pa. — Find  the  average  dist, 
between  two  points  taken  at  random  in  the  surface  of  a  rectan.,  sides  a  &  6. 

199.  Bv  Ajmateur. —  Find  an  infinite  series  the  sum  of  which  is  a 
square^ — -the  sum  of  «  terms  of  which  is  a  square, — and  the  sum  of  the  re- 
mainliig  terms,  after  the  n  terms  are  taken  away,  is  a  square. 


4 


200.  By  R.  X  AiKJOCK.  —  Prove  that  the  locus  of  points, 
the  sum  of  the  squares  of  their  distances  from  fixed  points  ooi 
surface  of  a  sphere. 

201.  By  Prof.  Asaph  Hall. — ^Given 

y  =  a  sin  A  ±:  r2, 
where  r^  and  r^  are  the  probable  errors  of  a;  and  y.    Kequire^ 
errors  of  a  and  A.  f 

Query,  by  Christine  Labd. — Which  of  the  two  followin 
is  correct? 

"The  point  x'i/*z'  is  a  multiple  point  of  the  order  kj  if  all  th 
coefficients  of  the  order  k  — '1  vanish  for  that  point."  (Salr 
Plane  CurveSy  Art.  73.) 

*'I1  s^ensuit  que,  pour  un  point  multiple  de  Fordre  w,  il  es 
fnaw  non  su^aanif  que  les  de'rive'es  parti  ell  es  de  la  fonction/c 
fe'rieurs  a^  n  s"aunulent  tontes  pour  les  oo-ordonnees  du  point : 
C^htiL  JJiffereniial,  Art.  18G.) 


FUBLICA  TIONS  BECEIVED. 
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The  Naticmal  Qmirkrhj  E^ricm.  (.Tao,,  1S78.)  David  A.  GoKTON  &  Co.,  Pi 
Besideg  the  vigortius  unci  Bcholnrly  literary  art  teles  which  thia  period!* 
tain**,  thia  No,  oootaiDa  an  interesting  review  of  The  Progress  of  Modem 

The  M<ith:vuttlc(il  Vmtor^  No,  2.  Abtemas  Mabtix,  M.  A.^  Editor  and  I 
Pa.  4to.  H8  pp.  Tliis  m  an  annual  publication,  devoted  excliwiively  tc 
problems,  and  uoatuini^  a  s  arlety  of  problems,  and  many  elegant  eolutloi: 


ERMATA. 


On  pige  161  (Vol  IV),  Une  15.  for  ff^  e^\  Q^^\  read  0«,  «",  ^"^ 

"  *^  "  "       2,  from  bottom,  for  48,  at  end  of  line,  \ 

"  "  ^<52,  "       5,  read  A  =  -  ^-^^,-1—^  ~r^A  =  f  j- 

*'  **  *•  **    14,  for  i/(l+«!>Hin3^),  read  |/(1- 

"  "  7  (Vol.    V),  *'     12,  fur  thirty,  read  Biitv, 

"  "  "  «    15,  for  tables,  rea«Hotak 

"  "         9,  '^      %  from  bottom,  for  A«^V'i  read  ^  A#. 

*'  *'  11,  "      3,      "        •'        for  v'^^in «,  read  |/6.ti 

"  "  lo,  «      3,  for  the  fiiclor  2Tr--^,  read  4-!-.l. 

*'  "  47,  "      S,  for  i',  read  ^. 

"  "  "    line  22,  for  (w>taei»t6)(cotjCiL'ot6),  read  (cota-f  oot6)(a: 

**  "  48,  in  (20),  for  ±ip  read  =Fp,  and  in  (21),  for  i  /jj,  read,  q: 

"  "  63,  line    1,  for  e\    read  e^,  and  in  line  4,  from  hot.,  for  1- 


line,  row 
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May,  1878. 


No.  3. 


ON  REPEATED  ADJUSTMENTS,  AND  ON  SIGNS  OF 
RESIDUALS. 


BY  E.  L.  I>E  FOBEST,  M.  A.,  WATEHTOWN,  CONN. 

LiET  any  consecutive  terms  in  a  series  be  denoted  by 

....  U—j,  U_^,  Uq,  Uj,  Mg,  ...  (SC 

ippt»e  them  to  be  adjusted  by  the  formula 

"O   ='o«0+^(«X+«-l)  +  ^2{«2+«-a)+^8(«8+«-8)+^4(«4+«-4).   (1) 

and  let  the  adjusted  terms  be  again  adjusted  by  tbe  formula 
By  tbe  first  operation,  five  consecutive  adjusted  terms  irill  be 

«'o       =  'o"o    +'l{«l     +«-j)  +  i2(«2+«-j)  +  ^3{W3+«-s)  +  ^4("*+"-4) 
«i       =  /o«l     +^l(«a     +«0    )  +  ^j(«s+«-lH^3(«4+W-a)  +  ^4("6+«-s) 

"'a     =  ^o«a  +^(«3  +«i  )+'2(«4+«o  )+^s("5+"-i)+^4(««+«-a)» 
sad  hy  tbe  second  operation,  a  readjusted  term  will  be 

«';  =  Xou'o+iiK+«Li)+i3K+wla)- 
Substituting  in  this  the  values  of  w'^,  u\,  &c.,  as  above,  we  get 


Ufl  = 


+ 
+ 


(Wj  +W_j 


(3) 


+  (/.o/4  +  X,f3  -{-L^lj){u^  +U_J 
+  (ix^+-^a's)K  +«-j)+ia^4(«6+«-6)- 
It  thus  appears  that  tbe  re-adjusted  term  u'^  is  a  linear  function  of  the  ori- 
ginal terms  Uj,  Uj,  &c.,  and  that  the  expression  (3)  may  itself  be  regarded 
as  an  adjustment  formula  which  replaces  and  is  equivalent  to  the  two  form- 
nlas  (1)  and  (2)  used  successively.    Furthermore,  if  the  order  of  procedure 
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isrevers^,  mid  the  original  Beric^  is  tidj  listed^  first  by  (2),  and  thb  again 
(1),  it  will  be  found  tliat  the  rc-adjustcd  term  is  given  by  precisely  the  same 
forinula  (3),  The  operations  of  successive  iidjnstment,  then,  are  of  such  a 
kind  that  the  order  of  operation  is  immaterial .  This  ha^  already  l:>een  re- 
marked by  me  in  the  Smithsonian  jRepori  of  1873,  p,  337,  though  coupled 
with  an  erroneouB  intereneo  about  the  probable  en'^r  of  such  an  adjustment, 
for  correction  cf  which  see  Analyst  for  May  1877,  p,  84.  The  fact  that 
(3)  replaces  (1)  and  (2)  without  regjird  to  tlie  order  of  their  application  is 
one  which  holds  gomi  for  jmy  vahies  we  please  to  assign  to  the  cocfficienta 
loflif  &c.,  and  L^^L^^  &c.,  and  also  holds  good  •without  regard  to  the  na- 
ture of  the  series  t/^,  u^,  <fec*  The  coefficients  in  (3)  are  functionn  of  those 
in  (1)  and  (2),  and  may  be  computed  when  these  are  given.  If  (1)  and  (2) 
are  adjustment  formulas  each  of  which  gives  an  exact  refiuU  when  applied 
to  a  series  of  equidistant  terms  of  an  order  not  higher  than  the  third,  that 
is,  a  series  whose  tliird  diderenees  are  constant,  tlicn  the  terms  of  such  a 
serios  adjusted  by  (1)  will  be  the  same  as  the  origiual  terms,  and  these  re- 
adjusted by  (2)  will  still  remain  the  same,  so  that  (3),  which  is  ctpiivalent 
to  (1)  and  (2)  together,  will  be  also  an  adjustment  formula  which  gives  exact 
result*^  %vhen  applied  to  such  series.  Its  coefficients,  therefore,  will  be  such 
as  to  satisfy  the  tw*o  relations  (2)  given  at  p.  80  of  the  Analyst  referred  to^ 
these  relations  being  s:itisfied,  in  the  case  supposed,  by  the  coefficients  of  the 
component  formulas  {!)  and  (2). 

Results  similar  to  the  above  will  be  obtained  when  formulas  other  than 
(1)  and  (2),  that  is,  formulas  uichiding  some  other  numbers  of  terms,  are 
successively  used.  We  may  generalize  them  as  follows,  I^et  the  two  com- 
ponent formulas  lie 

«i  =  ^0^0    +'l    (*^l+«-^)  +  ^2    (W3+«*-2)+ +'•*   («>i+«-J      (4) 

and  for  convenience  let  the  second  one  be  the  shorter,  or  n  <  or  =  m.     A 
comparison  of  (3)  shows  that  the  rcsultuut  formula  will  be 


<  :=  rVo+J^i(^+^i)+i3('2+^)+--+^j'.  +^. 


+ 

+ 
+ 


(Uj  +  U.j) 

(Wg  +  ti-s) 


•  .  .  (6) 

The  mode  of  construction  of  this  expression  is  easily  seen.  The  coeflScients  I 
are  arranged  in  columns  from  the  top  downward,  in  the  order  in  which  they 
stand  in  the  series,  l^,  U^^ ,  Z^.^, ,.J^^  f^,  /^,  ?^,  /^,  f^,  Z^, , . .  4,^,  l^. 
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It  must  be  remembered  that  all  values  of  ?  beyond  l„  arc  zero,  and  also 
tfaat  wherever  the  expression  gives  to  /  a  negative  index  figure,  it  must  be 
diaog^  to  pjeitive,  since  i_<  =  /^. 

In  this  way,  by  taking  m^4  and  n  =  2,  we  find  that  (6)  reduces  to  (3). 

If  a  series  is  adjusted  twice  by  the  same  formula,  then  (5)  is  identical 
with  (4),  and  (6)  is  somewhat  simplified,  because  we  now  have 

so  that  (6)  may  be  written  as  follows. 


+  I 

■  + 

■  + 


+ 


(7) 


/j  =  —.08572. 


'2 'a* 


+  2/»_iUWj„-i+M-(2,-i))  +  /J„(tta«+«-2»). 

the  successive  products  ti  in  the  horizontal  lines  of  this  formula,  the  se- 
qaenoe  of  the  indices  of  the  first  I,  and  also  ot'  those  of  the  second  I,  is  easily 
seen.  Let  us  apply  this  to  a  simple  case.  The  5-tcrm  formula  of  Table  A. 
(AxALYST,  May  1877,  p.  81),  in  exact  numbers  is 

<  =  ^[17u, +r2(«j  +«_0-3(«»  +«_a)]  (8) 

I  that  the  coefficients  I,  m  decimals  of  five  places  are 

Iq  =  .48572  (i  =  .34286 

Formiiig  the  products 

'o'oj         'o^i>         ^0^2*         'I'li         'I'ai 
patting  m  =  2^  we  get  by  formula  (7) 

<  =  •48572«o+.27430(«i+«„i)+.03427(w2+w_2) 

— .06878(^3 +w_3)+.O0735(w^+ w_ J.    (9) 

TbiB  is  an  adjustment  formula  such  that  if  a  given  series  is  adjusted  by 
it  oooe^  the  i*esult  is  the  same  as  thougli  it  had  been  adjusted  by  (8)  twice, 
Again^  if  we  suppose  a  series  to  be  adjusted  by  both  (8)  aad  (9)  successively, 
the  equivalent  single  formula  is  found  by  designating  their  coefficients  by 
L  and  /  respectively,  forming  all  the  products  of  every  L  by  evcrj^  l^  and 
patting  m  ^  4  and  n  =s  2.  Formula  (6)  then  gives 
«7  =  .41814UoH-.20305(Ui-fu^i)+.04827(w2+i*_jj)— .03780(w3+«.3) 
—,01952(u^+«_4)+.00756K+w_5)—.00063(Ue +«_/), 

(10) 

and  this  result  is  denoted  by  wJJ'  because  one  adjustment  of  a  series  by  this 
{bmiula  is  equivalent  to  three  successive  adjustments  by  the  original  formula 
(^8).  la  the  same  way  we  may  combine  (10)  Mnth  (8),  (9)  or  (10),  and  thus 
gei  the  equivalents  of  four,  five  and  six  applications  of  (8).    The  process 


has  indeed  been  extended  much  fartlier.  It  is  not  m  difficult  or  tedious  i 
'might  be  supposcfl.  for  it  hm  been  found  that  the  cncfiiciente  of  the  ejctreo 
terms  of  the  formula  soon  iKK^Jine  m  Braall  as  to  disappear,  that  is,  they  d€ 
not  affect  the  first  five  places  of  decimals.  Thus  in  (10)  the  coefficient  ol 
t*g  is  only  seen  in  the  fourth  phiexi.  At  the  successive  Fteps  of  the  procesd 
the  correetncijks  of  the  work  is  readily  tested  by  the  condition  that  for  everyj 
formula  obtained  we  must  have  I 

lof2(l,+l2+l3-f«&<;.)  =  l,  1 

within  such  narrow  limits  of  error  as  are  to  be  expectetl  from  the  use  ol 
logarithms  in  forming  the  products.  And  at  each  step,  before  pmceetling  farJ 
ther,  it  is  best  to  make  the  formula  satisfy  tliis  condition  exactlvj  by  altc'riog 
one,  two  or  three  of  the  cocflicients,  if  necessary,  to  the  extent  of  a  gingla 
unit  in  the  fifth  dwimal  place.  The  various  products  have  been  carried  td 
five,  and  sometimefi  to  six,  places  of  decimals.  The  resulting  coefficient* 
are  shown  in  tlie  accompanying  table  I,>  to  three  places  only.  The  num*^ 
bers  of  Buccea^^ive  appHeations  of  the  original  formula  (8)  are  found  in  the 
upper  line  of  the  table,  and  the  corresponding  coefficients  are  in  the  columns 


'11 


1 


.486 
.343 

■.086 


.697 
.297 


.486 
.274 
.034 

-.059 
.008 


.629 
.102 


.418 
.293 
.048 
.038 
.019 
.008 
,001 


Table  I. 


5 


.696 


.396 
.280 
.077 
— 034 

-.024 
,000 
,004 
—.001 


.574 
.0513 


.372 
.277 

.090 
-.023 

-.030 
-.004 
.004 
,001 
-.001 


.558 


6 


.354 
.271 
.102 
.014 


8 


.330 
.261 
.110 

.0(J2 


.032  -.031 

.009 -.017 


12       16       32 


.003 
•002 

-.000 


.544 
0331 


.000 
.003 
.001 


.524 


.296 
.246 
.131 
.026 
-.024 
-.024 
-.008 
,002 
.003 


.497 
.0160 


.274 

.234 

.139 

.042 

-.015 

-.026 

-.014 

-.002 

003 

,002 


.479 


.230 
.205 
.146 
.072 
.014 
-.017 
-.022 
.014 
.004 
.002 
.003 
.001 


.488 

.0058 


r 
P 

below.  The  coofficicnts  in  tlie  last  column,  for  instauro,  are  those  of  an  ad- 
juatment  formula  such  that  if  a  given  series  is  adjusted  by  it  once,  tlie  result 
Ib  the  same  as  if  it  had  been  adjusted  by  the  original  formula  (8)  thirty-tww 
times  in  succession,  or  by  (9)  sixteen  times.  This  32-fold  formula,  if  given 
exactly,  would  include  no  less  than  129  terms,  with  65  difterent  coefficients, 
but  only  12  coefficients  arc  large  enough  to  appear  in  the  third  decimal 
place,  and  only  four  more  would  affect  the  fourth  place.     At  the  bottom  of 
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he  table  are  given  the  ratios  of  error  and  of  irregularity 

Xh^  ratio  r  diminishes  slowly  as  the  number  of  repetitions  is  increased,  while 
p  diminishes  much  faster^  For  any  large  number  of  repetitionSj  the  form 
of  the  series  of  values  of  I  approximates  somewhat  to  that  of  the  formulas 
of  Table  B.  (Analyst,  p.  82.)  For  instance,  the  large  coefScients  of  the 
12— fold  and  32-fold  formulas  of  Table  I.  approach  very  near  to  those  of  the 
1 1 -term  and  15-term  formulas  of  Table  B,,  and  their  ratios  r  and  p  are  also 
neaj:'^'  alike. 

A  similar  process  of  repetitions  has  been  applied  to  the  5-term  formula 
I  of  Table  B.J  which  in  its  exact  form  is 

liihonian  Report  of  1871,  p.  333.)  The  resultant  coefficients  are  given 
in  the  first  half  of  Table  II,  The  second  half  contains  similar  results  of 
tepetitiona  of  the  formula^  found  at  p.  289  of  the  licpart, 

«'o  =  tV[4K  +"i  +"-i)-("a  +"-2)]-  (12) 


Table  II. 


r 

1 

2 

4 

6 

12 

1 

2 

4 

6 

12 

1'. 

.570 

.500 

.416 

.374 

.310 

.400 

.600 

.392 

.344 

.284 

'. 

.287 

.285 

.285 

.276 

.253 

.400 

.240 

.264 

.261 

.239 

'. 

-.072 

.001 

.059 

.089 

.125 

-.100 

.080 

.101 

.115 

.136 

', 

-.041 

-.0:J8 

—.023 

.015 

-.080 

-.037 

—.008 

.035 

U 

.005 

-.019 

—.029 

—.028 

.010 

-.022 

-.030 

—.019 

'. 

.003 

—.004 

—.021 

^.008 

—.016 

—.026 

'. 

.002 

.003 

—.004 

.008 

.004 

—Oil 

'r 

.001 

.00:5 

-.002 

.002 

.000 

. 

.002 

.001 

.003 

/. 

—.001 

.001 

r 

.707 

.645 

.588 

.558 

.508 

.707 

.625 

.563 

.532 

.486 

P 

.229 

.122 

.0622 

.0411 

.0195 

.446 

.239 

.0829 

.0365 

.0134 

It  will  be  seen  that  although  the  coefficients  /  of  the  two  original  formu- 
la (11)  and  (12)  differ  from  each  other  very  coosiderably,  yet  after  12  ap- 
plications they  approach  pretty  nearly  to  each  other  and  also  to  those  of  the 
12-fold  formula  of  Table  I.  The  idea  is  thus  suggested,  that  when  any  5- 
ttini  formulas  similar  to  (8),  (11)  and  (12)  are  applied  a  lai^e  number  of 
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times  in  guocessioti^  the  resultant  coefficients  approximate  to  a  common  form, 
and  that  they  resemble  the  coefficionts  of  Table  B.  a  good  deal  more  closely 
than  those  of  Tables  A,  or  C.  This  may  perhaps  be  regarded  as  an  argu- 
ment in  favor  of  the  nse  of  the  formulas  of  Table  B.  for  purposes  of  adjust- 
ment. It  h  reiniorecd  by  tlic  fact  that  wlicn  other  formulas  are  repeatedly 
used,  they  take  a  similar  outline.  The  9-tcrm  formula  of  Table  A.,  in  ex- 
act numbers,  is 

<=Tk[S9«o  +  '54(u,+«-i)+3%a+u^2)+H(t*3+«-3)-21K^ 
and  if  it  is  used  four  times  in  succession,  tho  coefficients  of  the  equivalent 
formulas  are,  to  three  places  of  decimals, 

•202        .185        .141         .086        .035    —.001     —.018 
_,018     —.011     —.004         .001         .002         .001. 
Those  differ  but  little  from  the  coefficients  in  the  17-tcrm  formula  of  Table 
B.     Again,  the  13-term  formula  of  Table  A.,  in  exact  numbers,  is 

<  =  Tiir[25wo+24{ui+w^,)+21(u2+«--2)+l<^(**3+«.a) 

and,  after  four  successive  applications  of  it,  the  resultant  formula  is  found 
to  have  the  following  coefficients : 

,138         .132        .117         .095         .0B9         ,043         .021 
,004    —.008     —.013    —.013    —,010    —.006 
—.003    —.001         .001         .001        ,001        .001. 
tChoro  is  no  very  great  difference  l^etween  these  and  tho  coefficients  of  the 
25-term  foramla  of  Table  B. 

A  comparison  of  tho  values  of  r  and  p  in  Tables  I.  and  II,  affords  some 
rather  unexiKK»tcd  results.  Although  the  original  formula  (12)  gives  values 
to  r  and  /^  as  large  as,  or  larger  tlum,  cither  of  the  original  formulas  (8)  and 
(11)  do,  yet  after  twelve  suecesfcive  application.^^  it  givey  smaller  valu<s  than 
the  others  do.  In  other  words,  formula  (8),  which  was  found  by  the  method 
of  least  squares,  and  makes,  when  the  conditions  assumed  are  fulfilled,  a 
more  accurate  feiogic  adjustment  than  any  otlier  5-term  formula,  is  not  the 
one  which  gives  the  greatest  accumcy  when  the  adjustment  is  rei>eatcd  sev- 
eral times,  or  even  when  it  is  repeated  once  only.  Likewise  formula  (11), 
which  under  the  tiame  conditions  makes  the  smoothest  single  adjustment  of 
any,  is  not  the  one  which  gives  greatest  smoothness  when  the  adjustment  is 
repeated. 

Other  calculations  have  Ixxjn  made  for  the  purpose  of  learning  what  the 
results  will  be  when  tlie  25-tcrm  formulas  of  Tables  A.,  B,  and  C.  are  used 
in  succession,  that  is,  when  any  one  of  them  is  used  twice,  or  when  any  two 
are  used  one  after  the  other,  Eacli  of  the  complete  iTsiiltant  formulas  in- 
dudes  49  terms,  with  25  different  coefficients,  and  from  17  to  25  of  these 
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lie Iwge enough  to  affect  the  third  decimal  figure.  It  is  thought  unnecessary 
to  give  any  of  them  here  in  full,  but  the  ratifjs  r  and  p  for  all  of  them  are 
sliown  in  Table  III.  For  instance,  wlien  the  25-to.rm  formulas  of  Tables 
A,  and  B.  are  use<l  in  succf^ssion,  no  matter  which  is  used  first,  the  error- 
ratio  and  irregularity  ratio  of  the  resulting  adjustment  will  be 
r  =  .281  p  ^  .0001 9  L 

Table  III. 


Values  oi 

•r. 

Values  of 

P- 

A 

B 

C 

A 

B 

C 

A 

.260 

.002649 

B 

.281 

.313 

.0^X1191 

.000324 

C 

.272 

.291 

.279 

.0(.)0301 

.000185 

.000313 

When  the  25-term  formula  of  Table  C.  is  applied  twice,  the  ratios  for  the 
raeiilt  will  be  r  =  .279  />  =  .OrX)ai3, 

and  so  on.  As  all  the  values  of  r  in  Table  III.  are  larger  than  .250,  it  will 
obviously  be  difficult,  if  not  impossible,  ever  to  adjust  a  series  by  these 
methods  so  as  to  reduce  the  error-ratio  lielow  ^*  It  diminishes  but  very 
slowly  with  ea<!h  repetition,  the  ratio  for  the  second  application  of  A.,  for 
inslance,  being  ,266,  while  for  the  first  application  Table  A.  shows  it  to  be 
*300,  and  we  have 

■266         <j^^ 

that  the  probable  error  of  the  second  adj  ustment  is  little  less  than  nine 

iths  that  of  the  first  one. 

M*e  also  see  that  the  smallest  value  of  p  in  Table  III.  is  not,  as  might 
nave  been  expected,  that  which  results  from  two  applications  of  the  B  for- 
*>iuJa,  Smaller  values  are  given  not  only  by  two  applications  of  the  C,  but 
*Jso  by  eithei'  A  and  B,  A  and  C,  or  B  and  C. 

Sioxs  OF  Residuals. — In  the  Analyst  for  Jan.  1878,  p.  3,  it  was 
wown  by  me  that  when  a  series  has  been  adjusted  by  a  formula  whose  error- 
*^o  r  19  small,  a  safe  limit  being  r  <  |,  the  probability  that  the  signs  of 
I  any  two  adjacent  residual  errors  will  l>e  alike  is  approximately 

6  a  eonsequenee  of  this,  that  the  most  probable  number  Jf  of  signs  fall- 
^8  In  groupe  of  only  one  or  two  signs  each,  in  a  periodic  series,  is  given  by 

vhf^re  A*  is  the  whole  number  of  terms  in  the  series.     The  probable  num- 
^^  fulling  in  groups  of  more  than  two  is 

if'  =  N—M. 


mm 
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Tlie  nljovc  will  answer  also  for  non-periodic  scries,  if  N~^  is  put  in  place 
of  JV,  in  whicFi  case  the  first  and  last  signs  of  the  scries,  and  as  many  adja^ 
oent  ones  tu  happen  to  be  like  tbem,  are  not  counted.    If  wc  write 

M'  =  aN±b  VJV, 
th«  values  of  o  and  6,  for  different  values  of  r,  will  be  as  here  given  in 
Table  IV. 

Table  IV. 


r 

a 

6 

«i 

&i 

.8S 

.460 

M 

.467 

.34 

jam 

.436 

M 

.451 

.34 

JSi 

.896 

M 

.430 

.33 

.40 

.369 

.67 

.406 

.33 

.46 

.314 

.68 

.375 

.83 

.60 

.S69 

.68 

.833 

.33 

The  proeon  by  whkli  (14)  was  obtained  asBames  that  aoj  fnor  oonaecii- 
Ihre  wqfm  najr  ba  nganlcd  m  ioAtfeuAeat  of  caek  other,  except  as  adjaocDt 
«iiMB  IM  oomwetad  If  tba  rafataoa  (13).  TUs  it  only  afiproxiooatdj  troa. 
fVir  the  pturpQS*  oT  Imtaiig  aa  adjustment,  h  nay  bt  better,  and  is  ampler, 
to  eoaaUhr  vafy  Iht  UBmbar  of  perDamen  «f  ajgn,  that  i%  the  nnmber  of 
«Maa  vhcra  a^MOik  a^pia  ar»  iJtk^  in  pnMg  akag  the  aorieB  of  rendnab 
ftwM  oae  ««d  to  the  «lW.  ThenoetpRilHbleMmlMrol'peniinicweBwiU 

P=fir±.6745vts(l-t)^  (16) 

MKltka«BMiiraBoo-perio(fieamcs,oiifyp«ltmg.^h— 1  m  th«  pfaseof  JT. 

Xf(I6)itWTttlCB 

i«f «,  «id6,«fiir  <iafa«nt«alHB«f  r,«in  be  fbwd  in  TablelV. 

the  abw««i  «t«m  ^  s%K  at  pu  5  «f  the  AXALTSr  nAr- 

Micuvwvh*^    r=JS%    y=^Ti    aad  by  iiiti  i  y  ihilii«  «  TAle  IV., 

•  vJfcSOv    *«.67,    «,  ».il9s    6|«^    aadtiiiiatirtiiiriia  givfls 

JT  » .3S0  X  €^M^.St^fSiJS^  »  9SJ:«r6j^ 

^    ». 419x0    :t^Sit/\f»  )»S&»±^7. 

W  CSH^BRB  ■■■■■B^  wUm  IBS  BlV^^i^B  9  'OB  wSm  mm 


EQUATIONS  OF  THE  THIRD  DEGREE. 


BY  PEOP-  I*.  G.  BABBOtJK,  RICHMOND,  KY. 

In  the  equation  X^±AX^±BX^C=  F,  A,  B  and  C  will  bo  consid- 
ered as  representing  real  and  not  imaginary  quantities,  Ijet  A"  be  any 
absctssa  and  Y  the  ordinate  corresponding  to  it.  We  shall  then  have  a 
curve  of  which  X^:^AX^ ±BX±:C^=Y is  the  equation.  The  origin  can 
be  so  taken  as  to  reduce  the  equation  to  the  form  T^±px:tq^y-  This  will 
not  alter  the  form  of  the  curve  at  all.  Again  the  constant  5,  the  absolute 
tisrro,  can  be  omitted  without  changing  the  form  of  the  curve.  Hence  we 
need  cjonsider  only  such  equations  jks  j(^±:px  =  y. 

Case  L     a?-{-px  =  y.  The  curve  will  be  of  the  general  type  seen  in  fig,  1, 

1.  It  will  pass  through  the  origin. 

2.  It  will  have  two  infinite  branches. 

3.  For  every  +  value  of  x^  there  will  be  a  corresponding  +  value  of 
y ;  and  for  every  equal  —  value  of  x  there  will  be  an  equal  —  value  of  y. 
fience  every  chord  passing  through  the  origin  is  bisected  there,  and  the  or- 
igin may  be  called  the  centre  of  the  curve* 

4.  Since  -^  =^  3^+P,  when  a?  =  0,  the  trigo- 

dx 

nometrical  tangent  of  the  angle  the  curve  tangent  I 
makes  with  the  axis  of  abscissas  =  p.  .  As  the 
Biga  of  this  is  +>  the  angle  is  less  than  90^,  so 
long  as  p  is  finite. 

The  tangent  to  the  curve  at  other  points  than 

tli«Mrigin  will  approach  a  vertii^al  direction,  i.  e. 

«  direction  parallel  to  the  axis  of  ordinates,  ^heth- 

cri'be-j-or — ,  Ijccause  in  either  case  7?  will  be+. 

Since  3a^4-p  increases  with  every  increase  of  a;,  the 

<?ur\'e  is  concave  to  the  axis  of  ordinates  both  be- 
low and  above  the  origin. 
0.    It  is  evident,  even  without  a  second  differentiation,  that  the  minimum 

^alae  of  3^+i>  18  p;  • '  •  there  is  a  point  of  inflexion  at  the  origin. 
Points  of  inflexion  mark  maximum  and  minimum  values  of  angles  where 

^^  trigonometrical  tangent  does  not  change  its  sign.     The  ordinary  meth- 

H  bowever,  is  very  simple;  ^-^  =  6x  =  0, . ' .  a;  =  0.     As  6a?  is  of  the 

^  lUf  ree  there  can  be  only  one  point  of  inflexion,  and  there  must  be  one 
^«i  though  p  were  im^inary  since  p  disappears  at  th^  2nd  differentiation. 


'^•^'"*-^ 


■^^-"- 
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6.  As  p  > 0,  the  minimum  angle  of  inclination  is  >0;  *•  *  the  aiin?« 
never  becomes  parallel  to  tbe  axiB  of  abscissas, 

7,  An  indefinite  number  of  curves  may  be  drawn  of  this  class. 
Case  II*     I^et  p  =  0,  then  a^  =  y.     (See  fig,  2.) 

1.  As  p  has  only  one  vahie  here,  only  one  curve  can  be  described* 

2.  ^  =  3a;*  =  0  when  x^O;  .  • .  the  curve  is  parallel  to  the  axis 
das 


abscissas  at  the  origin.    The  point  of  infiexion  is  there,  also.    In  most 
particulars  the  curv^e  resemble?  those  of  the  1st  class. 
Case  III*    x^—px  =  y.    (See  fig.  3.) 

1,  -f-"^  3^^ — T*    Therefore  at  the  origin  the  curve  makes  with  the  a^ 

of  abscissas  an  angle  whose  tangent  =  — p.  As  x  increases  on  the  +  sU 
or  on  the — ,  it  will  reach  a  point  where  3a:'  ^  p,  or  3:^* — p  ^=0;  • " .  th< 
are  two  points  at  which  the  curve  is  parallel  to  the  axis  of  abscissas,  onei^^^^ 
-f  X  ^  j/iip),  and  the  other  for  —  x  =  y(ip).  For  greater  values  of  ^i 
either  positive  or  negative,  ^x^  —  p  is  positive,  and,  as  before,  the  curve  ^ 
concave  towards  the  axis  of  ordi nates. 

2,  The  point  of  inflexion  is  at  the  origin,  making  a  maximum  value  ^^^^ 
the  tangent. 

3,  An  indefinite  number  of  lines  of  this  class  can  be  drawn 

Transformation  of  Co-okdinates. 

1.  The  origin  can  be  placed  higher  up  the  page  by  annexing — q  to  th^^ 
left  hand  member  of  an 
eq'ion,  or  lower  by  annex- 
ing+5.  Thus  if  theeq'n 
be  a^dr  px  ^  y  the  origin 
is  at  the  point  of  inflexion- 
It  may  l>e  moved  6  spaces 
higher  by  making  the  eq'n 
3?*+  px — S^=y^  or  6  spaces 
lower  by  3^±:px  +  6  3=  y. 
The  origin  remains  on  the 
axis  of  ordi nates. 

2.  The  origin  can  be  removed  to  the  right  by  substituting  x'+a  for  x^ 
to  the  left,  by  substituting  x'—a  for  ar.    Or  the  same  result  can  be  obtained^ 
by  Horner's  method  of  detached  coefficients,  dividing  by  +a,  or 

EOOTS  OF  THE  ThREE  FoRMS. 

1,     The  form  ii^-\-px  ^  y  has  only  one  real  root,  and  can  have  no  moi  ^^ 
real  roots  when  the  origin  is  removed  by  any  of  the  transformations,     Thi--^ 


root  is  found  by  making  y  =  0.     The  curve  at  that  point  touches  or  cuts 
axis  of  abscissas*     The  root  may  be  found  by  Cardan's  Rule, 

2.  The  2nd  form,  a^  =s  y  =:  0,  has  three  equal  roots  so  long  as  the  ori- 
gin remains  on  the  axis  of  abscissas. 

z*  ^^  0  has  3  roots,  each  =  0,  {x^af  ^^  0  has  3  roots,  each  =  -fa,  and 

-i-  af  =  0  has  3  roots,  each  =  —  a.  But  ar'ig  —  0  has  one  real  root 
two  imaginary  ones;  however  the  origin  may  be  changed  to  right  or 
left,  the  number  of  the  real  and  the  imaginary  roots  will  be  the  same,  one 
real  and  two  imaginary. 

In  the  former  case  5  =  ^cf;  .*-  the  distance  to  the  right  or  left  of  the 
origin  at  which  the  curve  cuts  the  axis  of  abscissas  is  equal  the  cube  root  of 
the  distance  above  or  below  the  origiu  at  which  it  cuts  the  axis  of  ordioates. 

In  a!*±g  ^  0^  x  =^  f^^9  giv<^  the  one  real  root.  The  imaginary  roots 
can  be  obtained  by  the  ordinary  methods, 

3.  The  3rd  form,  a^ — px  =  0,  and  its  transformations,  will  always  have 
tt  least  one  real  root*  It  will  have  3  real  roots,  2  of  them  being  equal, 
when  the  origin  is  removed  from  the  point  of  iflexion  to  e  or  dj  or  to  any 
pos'n  on  the  line  kef  or  cd/,  these  lines  being  parallel  to  the  axis  of  abscissas 
and  tangent  respestively  to  the  max*  and  niin.  points  of  the  curve. 

We  have  already  found  Oa  ^  Viip)f  01  =  — i/(|p)-  If  9  >  Oe^  or 
— q  >  —  Ody  numerically,  there  will  be  only  one  real  root.  If  ?  <  Oe,  or 
— g<  Orf,  numerically,  there  will  be  3  real  and  unequal  roots*  If  9^=0, 
one  root  will  be  0,  one  will  ^=  v^(Jjj),  and  one  will  ==  — V{\p)* 

JBaDOmpk.  iE»—  12a;  =  0.  The  roots  are  0,  +  i/(12),  — 1/(12),  It  is 
Teqiiired  to  ascertain  what  absolute  term  shall  be  added  or  subtracted  so  that 
tiiere  shall  be  two  equal  roots.  Here  p  ^  12, .  • .  Viip)  ^=  2.  Substitu- 
ting  this  in  a:*— 12^?,  we  get  8—24  =  —16*  .  • .  a^—  12a?+16  =  0  has  the 
rootB  +  2,  +  2,  and  — 4*  a^  —  12a;— 16  =  0  has  the  roots  —2,  —2,  +4. 
In  general  a? — px-\-  i^{^p^)oT2^ — pa;+fp|/(Jp)  will  have  the  roots  + 
l/(ip)>  +V^(ip)j  ^^^  — 2|/(Jp);  and  a^ — px — i^'i^p^)  ^'iH  have  the  roots 
— |/(Jp), — Viip)}  +2|/'(Jp)-  These  roots  are  identical  with  those  ob- 
tained by  Cardan's  Rule,  wliich  applies  to  all  cases  in  which  there  is  only 
one  real  root,  and  also  to  thoi^e  in  which  there  are  two  equal  real  roots.  But 
it  has  no  sway  over  the  charmed  area  between  the  lines  kef  and  cdl.  Just 
licre  the  "irreducible  case"  lies. 

1  Oar  attention  must  now  be  directed  to  the  curve  kcofL  But  as  this 
curve  is  symmetrical,  it  will  be  sufficient  in  most  respects  to  consider  only 
one  half  of  it,  as  fteo. 

There  Is  no  trouble  in  finding  the  roots  when  the  origin  is  at  0,  or  at  d; 
u  we  have  seen.   But  suppose  it  is  placed  at  n,  any  point  between  0  and  d 


{1  +  a+ay      {a+a^)'i' 


'J 

nT 
the 
ie  be- 

1 


Then  we  are  to  determine  the  lengths  of  the  lines  nT,7i8  and  tU,  Let  nT 
^  r,  7i«  ^=  8 J  nt  ==  t  Thenj  by  general  theory  of  equations,  r+s — £  =  0, 
rs — rt — st  =  — p  and  r^i  =  q.  When,  then,  the  ec| nation  is  a? — px+q  =  0 
and  there  are  three  unequal  rootji,  two  of  them  will  be+,  and  the  other — • 

It  is  readily  seen  that  if  the  origin  be  removed  to  p  in  the  figure,  the 
curve  will  cut  the  axis  of  ordinates  below  the  new  origin;  .  * .  j  is  negative. 
Therefore  in  the  equation  a^  — px  —  9  =  0,  if  there  are  three  unequal  real 
roots  two  of  them  are  —  and  the  other  +. 

If  the  axis  of  abseissajB  l>e  removed  Irom  n  upward,  n*will  gradually  dc 
crease  to  zero  and  nT  increase  to  Ob;  therefore  the  ratio  a-r-r  has  for  one 
its  limits  zero.     If  the  axis  be  removed  downward,  ns  will  increase  and  nT 
will  diminish  until  they  both  bei-'ome  dc;  therefere  the  other  limit  of  the 
ratio  s-T-r  is  unity.     Let  a  denote  this  ratio.     It  may  have  any  value  be- 
tween 0  and  1.     8  =  arf  r+a^i;  ,'.  <=r4-ar,  ar^-r^-a/r^-ar^'-c^  = - 

We  may  now  form  a  table  taking  the  different  values  of  a  from  ,001  by 
intervals  of  one  thtjsandth  up  to  1 .    Asp  and  q  are  known,  j?-^<f  is  knowo^ 
and  .',  (14-a+a^)'-^(<x4-«''')'i'5  known,  and  we  ean  find  the  value  of  a  ju6t 
as  from  a  given  natural  sine  we  find  the  corresponding  arc     Then 

=  ar,  and  t  =  r-f ar.    Or  r  =  iff     ^    ^-U 

A  better  mode  of  procedure  is  to  take  the  logarithms  of  both  tneml 
Thus  3  logp— 2  log  7  ^  3  log  (1  +a+a=)— 2  log  {a-^-a^). 

Before  illustrating  by  an  example,  it  may  be  well  to  get  the  maximom 
and  mininmm  values  of  (l-f  a+a^/-i-(a+a^)*  or  of 
3  log  (1 +a+a*)— 2  log  (a4-a^, 

We  find  2a'+3a'— 3a— 2 ^ 0,  or  a^-^^^—^a—l  =  0.  Evidently  oi 
of  the  roots  is  1.  The  othei-s  are  — 1  and  —2.  Taking  both  the  abscissaa 
on  the  right  of  the  axis  erf,  we  interpret  a  =  1  by  (/c  =  cfc;  a  ^  ^-  J 
brings  in  the  negative  ef  =^  iekj  and  a  —  — 2,  dl^=^  2dc,  Confining  oar- 
eel  /es  to  the  case  in  whieli  a= 1,  we  reach  the  lowest  point  of  the  curve  at  c 
Then  (^  +  ^+ff  ^  27  ^^^^^^  .^  ^^  smallest  admissible  value  also  of  £, 

when  there  are  3  real  roots.     This  corresponds  precisely  with  the  results 
Cardan's  Rule, 


If  a  >  1|  which  is  contraiy  to  the  supposition,  we  merely  exchange  9  for 
t  and  r  for  s.  The  substitution  of  — J  or  —2  for  a  will  give  the  same  val- 
ue of  the  fraction  ^. 

It  is  plain  then  that  our  present  methotl  is  applicable  within  the  parallels 
kef  and  cdl,  as  Cardan's  is  without  tliem,  while  they  both  give  the  same  roots 
for  the  points/ and  c  on  those  parallels. 

Zjet  lis  now  take  a  common  example,  a? — 7a: +7  =  0.    Here  — p  =  — 7, 
+  9=7,  log  ip^^q")  =  log  7  =.8450980.     Kefeiring  to  the  table  we  see  that 
when  a  ^  .801,  log[(l+a+a')»'^(a+a-)^  ^  .84526633. 
When  a  =  .802,  log  ^  .84508693, 

therefore  .802  is  a  pretty  close  approximation.     But  we  can  come  nearer  by 
a  proportion:  ,84626533     .84526533 

.84508693     .84509800 

17840  :         16733   ::  .001  :  .000937948. 
a  =  .801937948. 

To  find  r  =  jL^       ) ;  because  logr  ^  |(log;)— log(l  -j^a  +  a?)^ 

it  is  necessary  to  square  a;  but  as  a  is  too  large  when  obtained  by  the  pro- 
in  fbll,  we  multiply  as  follows : 

,801937948 

>801937948 

640 
3204 

72171 

561351 

2406811 

72174411 

80193794 
.64155035S40 


Logp  = 

log(l+a+a^)  = 

*'.21ogr         =- 
logr         ^ 
By  Sturm  and  Horner 


,64310447222 
l+a-fa^=  2.44504242. 

=  .8450980 
3882862 


.4568118 
,2284059; 


.  r  =  1.692021484. 
r  =  1.692021471, 
error    .000000013. 
This  IB  more  exact  however  than  we  can  ordinarily  be. 

As  a  convenient  test  we  may  take  r^  =  g-=-(a4-a'),  . • .  3  logr  =  logy — 
log(a+a*);  ,  •.  r  ^  1,6920212,  not  so  close. 

One  marked  advantage  of  the  method  is  the  ease  of  finding  the  2nd  root,  $, 
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.8  =^  L356896250; 
1,356895867 


Logr  =  0,2284059 
*'    a=  i;9041407 
J325466. 
by  Sturm  aud  HorDer 

error      ,000000383. 

The  3rd  root  is  negative  and  is  equal  to  the  numerical  sum  of  the  other 

two  roots.    The  error  is  about  .0000004.    It  should  be  observed  that  if  a,  as 

actually  found,  is  too  large,  r  =i  p-T-(l  -f  «  +  ^^)  is  too  small;  but  thenot^ 

tends  to  right  the  second  root,  and  not  to  increase  the  error ;  and  vice  versa- 

For  another  ejtample  take  a^ —  3x — 1=0.     Log  p* — log  5*  ^  log  27  = 

1.4313638,  log  9  being  0.     Two  roots  are  negative. 

a  =  .226  gives     L43345238; 

a  =  .227  gives     1,43039080. 

By  proportion  we  get  a  =  .22668219; 

l+a+a"=  1.27806700. 

Logp  ^.4771213, 

log  (1+a+a*)  =  .1065536, 

.3705677  ^2  =  J8528385;  .  • 


—1.532088886 
^  =  —1.532088516 

error  .000000370. 


Ajs  before,  I  compare  with  the  value  found  by  Sturm  and  Horner,  whick- 
I  have  not  verified  but  suppose  to  be  correct.     The  log.  of  1.632088886  i» 

.18528305, 

.18528385, 

error  .00000010. 

—.347297000; 

—.347296355, 


Value  of  8^  (d  is 
by  Sturm  and  Horner 


r  =  8+t 
by  Sturm  and  Horner 


error  .000000645. 

^  +L879385516; 

-1-1.879385242, 


error  .000000274. 

By  comparing  in  this  way  w^ith  the  results  of  Horner  more  particularly, 
we  can  learn  how  to  improve  this  method  practically.  Since  a  as  rigorously 
found  is  always  too  large,  and  I  have  been  using  Vega's  7-place  logarithms, 
it  will  be  observed  that>  in  subtracting  in  the  first  example,  .8460980  firom 
.84526533  the  last  3  is  retained  in  the  remainder  16733.  The  effect  is  to 
diminish  a  slightly.  The  abbreviation  in  squaring  .801937948  makes  aj 
little  too  small.     Squaring  in  full  gives 

logr  =  ,228405763262. 
Employed  above  .2284059; 

by  Sturm  and  Horner  .228405896576. 
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% 

^^M 

^^B 

Tabi>e. 

^^^^^1 

^ 

3  log  a— 2  log  j9 

a 

3  log  a— 2  log /9 

a 

Sloga— 2Iog^ 

■ 

■   .01 

4.0044504 

.34 

1.1719586 

.67 

0.8807489 

^H 

■   02 

3  4070508 

35 

1  1553623 

68 

0  8770654 

^^^1 

■   03 

3  0597325 

36 

1  1395263 

69 

0  8735639 

^^^1 

H   04 

2  8149164 

37 

r 1244086 

70 

0  8702383 

^^^H 

■   06 

2  6263477 

I  38 

1  1099713 

71 

0  8670826 

^^^1 

■   06 

2  4734207 

39 

1  0961787 

72 

0  8640913 

^^^1 

■   07 

2  3451407 

40 

1  0829978 

73 

0  8612582 

^^^1 

■   08 

2  2349420 

41 

1  0703975 

74 

0  8585783 

^^^1 

■   09 

2  1385877  |  42 

1  0583499 

75 

0  8560465 

^^^H 

■   10 

2  0531836 

43 

1  04(58278 

1  76 

0  8536580 

^^^1 

■ 

1  9766634 

44 

1  0358067 

1  77 

0  8514079 

^^^1 

^^_,12 

1  9075000 

45 

1  0252636 

78 

0  8492921 

^^^1 

^^■13 

1  8445332 

46 

1  0151758 

79 

0  8473057 

^^^1 

^^^14 

1  7868588 

47 

1  0055233 

,  80 

0  8454444 

^^^H 

H   16 

1  7337605 

48 

0  9962871 

81 

0  8437049 

^^^1 

■   16 

1  68465Sfi 

'  49 

0  9874490 

82 

0  8420827 

^^^1 

H 

1  6390794 

50 

0  97K9914 

83 

0  8405743 

^^^1 

H    1^ 

1  5966287 

61 

0  9708992 

84 

0  8391764 

^^^1 

H   19 

1  5569765 

52 

0  9631565 

85 

0  8378848 

^^^1 

■   20 

1  5198427  1 

53 

0  9557489 

86 

0  8366967 

^^^1 

H 

1  4849.S72 

54 

0  9486628 

87 

0  8356087 

^^^1 

^^^22 

1  4522036 

55 

0  9418858 

88 

0  8346182 

^^^1 

1  4213126 

56 

0  9354055 

89 

0  8337214 

^^^1 

1  3921466 

57 

0  9292099 

90 

0  8329157 

^^^H 

1  3645979  1 

58 

0  9232884  : 

91 

0  8321983 

^^^1 

^^26 

1  3385138 

59 

0  9176304 

92 

0  8315668 

^^^1 

■ 

1  3137961    60 

0  9122259 

93 

0  8310183 

^^^1 

■  29 

1  2903471  ^  61 

0  9070654 

94 

0  8305504 

^^^1 

^^^29 

1  2680795 

62 

0  9021398  1 

95 

0  8301607 

^^^1 

1  2469152 

63 

0  8t»74405 

96 

0  8298465 

^^^1 

^^E^ 

1  2267826 

64 

0  8929597 

97 

0  8296059 

^^^1 

1  2076173 

65 

0  8886889 

98 

0  8294366 

^^^1 

^^38 

1  1893606 

66 

0  8846212 

99 

0  8293367 

^^^M 

1 

.00 

0  8293038 

^H 

This  tal 

lie  has  been  carefiilly 

prepared  by  the 

aid  f] 

f  the  50th  edition  of   ^^B 

the  Bremi 

ker — Vega  tables.  I 

f  any  mistake  s 

lould 

be  found,  please  ad-   ^^^| 

dnfis  me  $ 

it  Richmond  Kentuck 

y- 

^^H 

[In  the 

heading  of  the  above 

table,  <x  =  (l  + 

a  +fl 

I*)  and  ^  =  (a+a*).]   ^M 

PROOF  OF  THE  THEOREM  THAT  EVERY  EQUATION 

HAS  A  ROOT, 


BY  JOHN  MACNIEj  A.  M.,  NEW  YORE. 

Let /(a?)  be  a  rational  integral  algebraic  function  of  the  nth  degree,  where 
n  IS  an  even  number;  itf(x)  does  not  vanish  for  any  real  value  of  a?,  it  will 
for  some  value  of  x  of  the  form  A -{-By/ — 1,  where  B  is  not  zero* 

Inf(x)  putting  y-\-2y^ — 1  for  ^r,  we  have: 

Now  "|/ — 1,  aB  is  proved  independently  of  this  proposition,  must  be  of  the 
form  A-\-Bi/ — 1,  equal,  say,  a^+^ii/' — 1;  its  powers  mast  also  be  of  the 
same  fcTm,  say,  a^-\-b^y—l,  a^+b^i/—l^  ,  .  ,  ,  .a^i+6«_i|/ (— 1) — 1, 
where  a|^  a^,  .  .  .  6|,  fr^,  .  .  .  are  positive  or  negative,  but  not  both  zero  in 
the  same  power  of  "|/  —  \,  Substituting  these  values  {oi^\/ — 1  and  its 
powers  in  [1]^  we  have: 


^./^.(y)^--.- 


(n-l)! 
=  P+$2|/-1;  or 


: 


^^ffcfr/--^^^^"" +(fc%-^-''(2/>""' + 


4-/»(y>+T/i(y)- P] 


What  wc  have  to  prove  is  that  there  must  be  some  values  of  y  and  z  for 
which  [2]  and  [3]  will  vanish  simultaneously, 

— P,  being  a  function  of  even  degree  with  it3  final  term  negative, — since, 
by  hypothesis, /(^)  cannot  be  negative  for  any  real  value  of  i/, — must  van- 
isli  for  some  real  positive  value  of  z,  whatever  real  vahie,  positive  or  negative, 
is  given  to  yi  but  these  values  cannot  iuehide  either  infinity  or  zero,  since 
neither  the  first  nor  the  last  ccfficieut  can  be  zero*  (See  Note  1,)  These  pos- 
itive values  of  z  for  which  — P  can  be  made  to  vanish,  vary  continuously 
with  y.     For  suppose — P  =  0  when  y  ^  c,  s  =  ^ ;  then 

-P(c,«)  =  r-  ^3^/._j(c)r-i- ....  ?ji  A(o)<-/(c)  =  0. 
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When  y  becomes  e-\-h  we  have 


+'^(/,(c)+&c.)(+(/,(o)+&c.)] 


As  the  difference  between  — P(c,^)  and  — P(c+A,  <)  may  be  made  as 

ill  as  we  please  by  taking  h  small  enough,  — P{c-\-h^  z)  will  vanish  for  a 
v'altie  of  2  differing  from  i  bj  an  indefinitely  small  quantity,  if  A  is  indefinite- 
ly smiillp  For,  regarding  e-\-h  as  constant  and  z  as  variable,  we  know  that, 
corresponding  to  an  indefinitely  small  change  in  the  value  of  2  there  will  be 
US  indefinitely  small  change  in  the  value  of  the  fiinetion  — P(c-f  A,2;), 

<?,  again,  is  a  function  of  even  degree  in  z  with  its  final  term  negative  for 
every  value  of  y  that  makes  /^(j^)  negative,  if  fij  is  positive;  or  for  every 
value  of  y  that  makes  fiiy)  {wsitive,  if  &i  is  negative.     But  /i(y),  being  a 

action  of  odd  degree  in  y,  can  become  zero  for  at  least  one  real  value  of 
}f,  and  positive  or  negative  for  an  indefinite  number  of  such  values.    When 

I  assign  to  y  that  value  for  which  fii^f)  vanishes,  then  Q  will  vanish  for 
[»=0;  and  when  we  assign  to  y  that  value  for  which  /«_i(y)-a  function  of  the 
first  degree- vanishes,  then  Q  will  vanish  for  s:=cso,  (See  Note  L)  that  is, 
by  assigning  appropriate  values  to  y,  Q  may  be  made  to  vanish  for  positive 
iTalnes  of  z  indefinitely  small  or  great.  That  the  values  of  %  between  these 
limits  for  which  Q  may  be  made  to  vanish  vary  continuously  with  y  may 
be  shown  as  in  regard  to  — P. 

Now  %vhen  we  assign  to  y  in  both  — P  and  Q  that  value  (0^)  that  mdses 

/iCy)  vanish,  the  value  of  2  (^j)  for  which  — P  will  vanish  is  greater  than 

that  (i.e.  zero)  for  which  Q  will  vanish;  while  if  we  assign  to  y^  in  both 

P;— P  and  Q^  that  value  (c^)  for  which  /„_i(j)  vanishes,  the  value  of  z  {i,|) 

for  which  — P  vanishes  will  be  less  than  that  (i.  e,  infinity)  for  which  Q 

vanishes^     If,  therefore,  we  contrive  y^  in  l>oth  — P  and  9,  to  pass  through 

all  values  from  Cj  to  c^,  y  must  reach  some  intermediate  value  (03)  at  which 

the  value  of  5?  (^j),  causing-P  to  vanish,  ceases  to  be  greater  than  that  which 

k causes  Q  to  vanish;  that  is,  +P  =  0  and  Qz  V — I  =^0  simultaneously  for 

.  y=  c,,  «=  <8,  otJ[x)  =  0  when  x  —  C3+^-g(a,  ±61/— 1)  =  {c^+a^i^) 

:i:6i<5l/ — 1,  a  quantity  of  the  form  A+By^ — 1,  in  which  A  and  B  are 

real  finite  quantities  since  f^i,  61,  C3,  <s*  ^^^  ^^  ^^^  finite. 

Note  1.  The  theorem,  that  the  equation  having  for  coefficients  those  of 
a  proposed  equation  taken  in  reverse  order  has  for  roots  the  reciprocals  of 
the  roots,  if  any,  of  the  proposed  eqation,  is  independent  of  the  property  of 
eqnations  here  discussed.  From  this,  in  connection  with  the  obvious  prin- 
eiple  that  for/(s)  to  vanish  for  2  ^  0  it  is  necessary  and  sufficient  that  the 
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absolute  term  be  zero,  follows  the  principle  here  employed,  that  for  f{z)  to 
vanish  for  s  :=  co  it  is  necessary  and  sufficient  that  the  coefficient  of  its 
highest  power  be  evanescent. 

Note  2.  We  have  found  that  a  pair  of  rootfl  of  /(a?)  =  0  may  bo 
expressed  by  y^+^f^^itAv^ — ^\  where  we  shall  suppose  ap±(ip\/ — 1  to 
denote  the  values  of  "  v" — 1  given  by  the  formula 


cos 


(2^+lK^.,:.(2^+l).T. 


dt  sin 


I 


n  91 

where  Jl^^p,  p  being  any  integer  from  0  to  n  inclusive,     A  pair  is  also  ex-^ 
pressed  by  y^  +  z,J,a,j  ±  ^^y' — 1),  %vherc  a,,  ±  j%\/ — 1  denotes  the  values  oC^ 
*|/ — 1  given  by  the  above  trigonometrical  formula  when  ^  =  q,  g  bein^ 
any  integer,  except  p,  from  0  to  n.     The  ipiestion  arises:  does  y^  +  2^(a^±r 
p^l/ — 1)  necessarily  represent  a  different  pair  of  roots  from  that  represented 
by  yj,+z^(fltpdii3^v/ — 1),  by  different  here  meaning  not  equal.     This  conclu— 
sion  seems  necessary;  since,  otherwise,  there  would  be  more  than  one  ex- 
pression for  some  pairs  of  roots,  and  none  at  all  for  others,  there  being  but 
in  pairs  of  vahies  of  "y^ — 1.     If  we  can  assume  this  result  we  are  led  to 
an  interesting  generalization  respecting  the  roots  of  all  equations  of,  at  least, 
even  degree,  which  could  then  lj€  expressed  by  the  formula 


X  ^^  y  +  z\  cos 


D 


(2^+l);r 


±sin  i^ — ' — '- 


V-i]. 


n  n 

In  this  when  t^  ^  0,  s  =  ""i^^,  we  have  the  well  known  formula  fori 
roots  of  ir**  +-4  ^=0,  when  n  is  even;  for  s==0,  the  formula  represents  real 
roots;  if  Zjfip  ^  s,^/9,,  and  yp-j-Zpflp  ==  y^  -[-  z^a^^  there  are  two  pairs  of  equal 
imaginary  roots,  or  one  paii*  of  et[ual  real  roots  if  2=0.  The  subject  seems 
worthy  of  further  investigation. 


A  COLLECTION  OF  PROOFS  OF  THE  RELATION 


BY  MARCUS  BAKER,  U.  8.  COAST  SURVEY,  WASHIKGTOK,  D.  C. 

If  R  is  the  radius  of  the  circle  circumscribed  about  a  plane  triangle,  r 
the  radius  of  the  inscrilMKl  circle,  and  if  r\  r^\  r'"  be  the  radii  of  the  escri- 
bed circles,  then  is  the  above  relation  true.  The  earliest  appearance  of  thi 
relation  in  print  that  I  have  seen  is  in  .L  H.  Van  Swindeu's  Elemente  de 
geometric  von  C.  F.  A,  Jacobi:  Jena,  1834;  though  the  relation  was  doubt- 
less found  earlier  than  this.  The  collection  here  made  is  not  the  result  of  a 
special  effort  to  get  all  the  proofs  known  of  it  but  rather  to  put  together^ 
snch  as  have  been  met  with  incidentally  in  mathematical  reading. 


The  relation  in  the  sixth  proof 

^+7"  =  x+y- 

iB  older  than  the  relation  di&cussed  in  this  article  and  was  first  giveii  by 
Oamot  in  his  Geometry  of  position,  thf*  german  tmnslation  of  which  by 
Schtunacher  appeared  in  1808.  This  incidentally  answers  in  jmrt  the  query 
by  the  editor  at  p.  122,  Vol.  IV,  of  the  Analyst.  For,  tliongh  Carnot 
does  not  prove  tliat 

2(jB+r)  =  a  cot  A+b  cot  B+e  cot  C 
lie  does  prove,  and  by  the  same  method  as  the  editor  of  the  ANAiiYST,  page 
123,  Vol.  n^,  that 

FlBflT  Proof.^ — K=  ST  —  abc^^R  =  2iPsin^  sin  i?  sin  C, 
r    2B  sin  ^*sin  ^.sin  C , 

ajcid  since  a  :=  212  sin  -4,  6  =  2iJsin  B^  c  =^  2J2  sin  C 

r  2      ^"^  -4.sin  JS-sin  C      __     sin  -A.sin  -B*sin  C 

J2  "^     sin  ^  -f-  sin  jB  +  sin  C 


r'  o      sin^.sio  £.sin  C 

R  -sin  jl-j-sin  ^+sLn  C 


r^'  rt     sin  j4.sin  5.sin  C 

R  sin  A — sin  B  -\-  sin  C 


r" „      sin  -4, sin  ^.sin  C 

R  sin  A  +sin  B  —  sin  O 


2co8  i-A.cos  iJS.eos  JC 
=  48in  JJ..8in  |£.sin  iC;         (1) 
^      sin  ^.sin  5.sin  C 

2  cos  ^^.sin  ^^.sin  J  C 
^-  4sin  i^.cos  l^.cos  J C;  (2) 

___      sin  jl.sin  5.sin  C 

2  sin  i^Leos  ^£*sin  }C 
=  4c^  M.sin  J  JS.cos  J  C;  (3) 

sin  j4.sin  JS.sin  C 

^  2  sin  J^,sin  J^.eos  JC 
^  4oos  J-4,eos  J^^sin  |  C.  (4) 

But    sin  1^1,000  JJS,co8  JCH-cos  ^^.sin  J£,oos ^(7+cos  ^^.cos  ^5.sin  ^C 

— sin  |^.sin  J-B  sin  ^(7=  1 ;  (5) 
fore  subtracting  (1)  from  the  sum  of  (2),  (3)  and  (4)  and  clearing  of 
£^onB,  we  have 

rf-\-r"+r"'—r  =  4i?. 

Sboqkd  Peqof.^ — Because  r'  =  s  tan  ^Ay  r"  =  s  tan  ^B,  r"'  =  a  tan  JC 
and  r  =  « tan  ^^  tan  ^£  tan  IC; 
.•.  f^-l-r^'+r'''— r  =  «(tan  l^^+tan^^+tan  ^  C— tan  ^A  tan  ^5  tan  JC), 

,  [Chanv^s  Trig,  p,  39  (177).] 
[Chauv's  Trig,  p,  76  (286),] 


cos  JJ,  cos  ^jB  COS^C 


=  4i2. 
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Third  Proof. — Let  0',  O",  O'"  represent  the  centres  of  the 
circles,  then  is  0"  0"'  =  2iJ'sin  \{B+C)  =  ARooa^A; 

0"  0"'  =  {r"-\-r"')sea\A', 
therefore  r"+r"'  =  4B  cos*^A ; 

similarly  r"'+r'   ^4i2co8*^£; 

r'+r"=4iJooe*ia 
Adding         r'  +r"+»-"'  =  2i?(co8'J^+co8*i54-ooe»iC), 

=    i?(3+cos^+coe-B+cosC), 
^  47^(1 +sin^^  sin  ^£  sin  JC). 
But  r  ^  422  sin  \A  sin  ^5  sin  ^C,  by  (1 ),  and  therefore 
r'4-r"+r"'— r  =  4iJ. 

FoTTRTH  Proof. — ^The  circle  which  circumscribes  the  triangle  ABC  bl^H 
sects  00'  and  therGfore  ^| 

i(r'— r)  =  B^R  cofl  ^,  or  r'  — r  =  4/2  ein'J^ ;  (9) 

r"— r  =  4J?8in45,  (10) 


(7) 
(8) 


similarly 
Adding 


r'"— r^4iJsm=iG 


=  2B(3— COS  ^— <>os  i?— COS  C), 
=  2^(2— 4sm|^.smiJS.BmiC) 
=  2R{2—{r^B)\ 
=  4iJ— 2r; 

r'+r"+r"'— r  =  4  A 

FlPTH  Proof* — From  the  third  and  fourth  proofs  we  have 
r"+r'''  =  4i2co8'*|^ 
r'— r     =4i28m3iA 
Adding  r'+T''^T**'~T     =  412. 

Sixth  Proof. — By  Ptolemy\s  Theorem 

cy+b2  =  aRj  (12)1 

az+cx=bE,  (13) 

6a;+ay^  ci?,  (14) 

and  fl^+iy+<?«  ^  (a+6-t-c)r.        (15) 

bidding  and  rejecting  the  factor  a+6+c, 

r+ii  =5  X+I/+Z.  (16) 

Again  ax+by+cz^  ( — a+6+c)r^  (17) 

^  =(    a— «+c)r"         (18) 

=  (    a+6— cV" 
Replacing  (15)  with  (17)^  (18)  and  (19)  respectively  and  subtracting  from 
the  sum  of  (12),  (13)  and  (14)  we  obtdn 

r'—R  =  —x+y+z  {20),  r''—B  =  x.^+z  {21),  r"'— U  =  T+y— 2,  (22). 
Snbt  (16)  from  the  fiiim  of  (20),  (21)  and  (22),  r'+r''+r'''—r  =  UL 


BiVBKTH  Proof,— 

R  =  ^M-  =  J^  =    ^ 
sin  A        sin  B        em  C 

—  i<^^tii j^oot  J3 -^cot  C 

"     oosJ.  cobJS  oos  C  ' 

^Q  OQt  jj+fc  cot  J?+c  cot  C7) 

eosjl+eos -B+C50S  C       ' 
_  |(a cot  ^  +b  cot ^-fc opt  C) 

a?+3/+2 

•  *.  r+iZ  ^  a?+y+2*  Similarly  we  obtain  the  rest  and 

Thence  r'+r''+r'"— r    =  4K 

Eighth  Proof.— [See  Chauveoet's  Ttig.,  7th  ed.,  p,78  (298),] 
X  ^^  Rco&A,  y  =  RcosBf  z  ^  RcmC; 
b'Giiee  r+R  =  a?  +  J  +^  =  iZ(cosJ.+cos-B+co8  C), 


Sunikrly 


R 


^  COB  -4+eos  5-fcos  O — 1. 


T 

-^=^  — COS  j44-coe£+co8  C+l, 
It 

-^z^  oos  A oos  5+C06  C+1, 

r" 

==  cos^+cos  JJ— C)9  C+1. 
H 

Subtracting  (23)  from  the  sum  of  (24),  (25)  and  (26)  we  obtain 

Ninth  Phoof, — K  ^  ^=(«— a)r'  =:  {s — fc)r"  =  (d— c)*^''; 

r'^.r"+r"'— »*=A^f^— +^+^ -) 

_  j^i  abc  \ 

\8{s—a){8—h)(8—c)r 

Tests  Proof.— {«—a)r'+(«—6)r"+(«—c)r'"  =  3«r. 

ar'+fcr"+cr"'+2^=  2ir, 
or  or' -^br" -\-cr>"  =  4i28— 2r«. 

Adding  (27)  and  (28) 

»(/+/'+/")  :=  4iJ»+nr, 
Of  /^./'+/"_r  =  4Jf. 


(23) 
(24) 
(26) 
(26) 


(27) 

(28) 
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Eleventh  Proof.  —  The  circle  whieh  circumscribes  the  triangle  ABC 
is  the  nine  point  circle  of  the  triangle  GO"G"  and  consequently  bisects 
O'O"  and  also  00\  {0  denoting  the  inter&ectiou  of  the  lines  AC/^  BtT^ 
C(y'\)     Because  3/ is  the  middle  point  of  0"(7" 

and  because  Nib  the  middle  point  of  00' 

NP  =  i(r'  —  r). 
Adding  MF+NF  =  212  =  ^(r'+r"-hr'"— r), 


A  PROBLEM  WITH  SOLUTION. 


BY  A,  S.  HATHAWAY^  CORNELL  UNIV.,  ITHACA,  N.  Y. 

Let  « ,  w", ,  * . ,  v\  v\ ...  be  such  functions  of  x  that  each  vanishes  when 
ic  ==  a;  and  also  the  derivatives  of  eat^h,  up  to  {but  not  including)  those  of 
«' I  «", . . . ,  f ,  ^', .  • .  order,  respectively.    It  is  then  required  to  find  the  limit 

as  X  approaches  a,  of     j-jt^* 

We  proceed  to  find  the  order  and  value  of  the  first  non-vanishing  deriv- 
ative of  each  product. 

Since  differentiation  always  produces  expressions  which  are  homogeneous 

with  respect  to  the  introduced  -^-,  the  a'+^^'-f  . . .  •  derivative  of  wV  . . .  ^ 

-p  J    ^'  I  ;t-  I    h"  . .  •  *  which  does  not  vanish ;  and  be- 

aidefij  other  terms  of  equal  order,  cannot  be  without  a  vanishing  deri%'ative, 
and  are  all  zero,  unless  some  other  derivative  of  not  greater  than  order  t^ 
+«"+  . . , ,  is  infinite.  This  indeterminate  case  we  will  exclude;  and  then 
all  terms  of  less  order  also  vanish. 

We  find  A  =^  ^ — ^,-77^-— -^j  ^^^  ^  repeated  differentiations  of  a  product, 

the  combinations  of  partial  derivatives  are  the  same  as  in  the  case  of  powers  1 
of  a  multinomial  algebraic  expression;  as  is  evident  on  considering  that 

^ tiV . , ,  =  (^  +^'+  •  -  )'^^*'    (See  Note.) 

Similar  results  hold  for  vv"  • .  • . ,  with  the  restriction  that  no  derivative 
of  v'  pT  v'  * .  •!  of  not  greater  order  than  ^'4-C+  ••  •  is  infinite;  and  the 00- 

efficient  of  the  term  whidi  does  not  vanish  =      /r>T  *"   '-* 

rib  1  *  •  • 
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Therefore,  using  D  for  ^  ,  and  a'  b  for  a  or  6, 

onling  as  «H^'+  .•>,==  or  <  «'+^"+  •  *  -  (1) 

A  special  case  of  this  problem  is  to  find,  dropping  the  accents,  limit  —  , 
wh^%  m  and  n  are  any  quantitit?s. 

We  have  the  identity  lini  -^  ^  lim  [— r) '  ^^^^  **    '     j  ^^^  ^^  ^  *f  °o 
derivative  of  w  or  f  of  not  greater  order  than  d  is  iniinite, 

0^  Hmr(^rH-  (^TT  ~,  according  as  m«  >,  =  or  <n^.       (2) 
Note. — We  may  find  ^4  induf^tively,  using  Leibnitz^s  Theeorem.    Thus, 

s  I  9  Is    ! 


«'" ! 


Ex  ampl.es. 


p  fiinnq— l)pCQS^T«  +  "(a— I)][2C06(<I— 1)— C08^(g— l)  +  |(g— 1)*] 

-'p^^^?*  =  («=1)  ttv^^^^J  ^^  ^^'  ^**^P-  10'  Tod,  Dit  Cal. 


D£MONSTRA  TION  OF  THE  PROP,  AT  PAGE  8. 


BY  PROF.  D,  J.  MC,  ADAM,  WASHINOTOK,  PA, 

Let  B  CD  Ahe  B,  semicircle,  diameter  AB^  ABCD  being  any  inscribed 
rium,  to  prove  that  the  sides  AD^  DC  and  CB  may  represent  the  re- 
ciprocals of  the  lines  a,  i,  c  if  AB  represent  the  reciprocal  of  n 
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Draw  A  C    Thcji  is 

AE*  =  BC*+AC*  =  BC*+  Ciy+AD*-~2ADx  CDoosD 
=  5C+DC*  +  AB"  -{-'lADx  DCs\n  CAB 

=  BC*4-DC*  +  AD*  +  2  -^-Px-P^x-gg  /^ 

In  a  triangle  with  tho  given  notation, 

J^^8in»Jvl      1  _8in4iJ      1  _  sm»JC 

i+P^^  =  ^(8in»M4-8in'ifi+sio»iC) 
==  i  (l-2sin^^8in  JiJsioic) 

Substituting  values  of  sin  ^^4  &c.^ 

Comparing  (!)  with  (3)  we  find  l^r*  correspouds  to  AE*j  l-^-a'  to  J?C 
&€.,  hence  the  values  of  these  reciprocals  might  be  mode  the  sides  of  a  tnir. 
pezium  npoii  AB, 

[A  demonetration  of  the  abov  prop,  was  also  sent  by  Mr.  E,  B*  Scitz,] 


SOLUTIONS  OF  PROBLEMS  IN  NUMBER  TWO. 


SoLtTTioNS  of  problems  in  No.  2  have  been  received  as  follows: 
From  Amateur,  199 ;  R,  J,  Adeoek,  200,  201 ;  Mart-us  Baker,  196, 197j 
Prof.  W.  P.  Casey,.  196,  197,  200;  Prof.  P.  E.  Chase,  197,  200;  Gw.  M 
Day,  196,  197;  E,  L,  Do  Forest,  201;  Capt.  J.  L.  de  Fremery,  196,  197 
W.E.Heal,  196;  H.  Heaton,  196,  197,  19H,  200  j  Prof.  E.  w' Hyde,  201 
Chas.  H,  Kummell,  198,  201 ;  Prof.  J.  H.  Kershner,  196,  197 ;  W.  V, 
Me,  Knight,  196,  197;  Prof  D,  J.  Me.  Adam,  196,  197,  200;  Prof.  H 
T.  J.  Ludwick,  198 ;  Art^mas  Martin,  196,  197.  198 ;  K.  S.  Putnam,  196, 
197;  P.  Rif-hardsoo,  197;  Prof.  J.  Schcffer.  196,  197,  199,  200;  Prof.  T. 
A.  Smith,  196,  197;  E.  B.  Seitz,  196,  197,  198,  200;  .Vnna  T,  Snyd 
197;  T.  P.  Stowell,  197 ;  C.  A.  Van  Veker,  196,  197,  200. 


»     I 

i 


196.     "The  sides  of  a  triangle  are  respectively  £C*H-iB4-l*2a?  +  l 
ar*  —  IjX  being  any  nnmljer  greater  tlian  one;  prove  that  the  angle  oppc^' 
site  the  side  a^+x+l  is  equal  to  120"*.'* 


SOLTTTION  BY  GEO.  M-  DAY,  IjOCKPORT,  N-  Y. 

Let  y  denote  the  angle  opposite  the  side  a^-f  a;+l,  then  we  have 
^^3ii^x+ly  =  (2x+lf +(a:»— 1)^— 2(2ar+l)(a?— l)cosy. 
Expanding  and  reducing,  we  get 

cosy  =  — I;  r.y=  120^ 


197.  "JB  is  the  diameter  of  a  circle  whose  center  is  C,  D  is  the  middle 
point  of  CjB,  and  is  the  center  of  a  circle  whose  diameter  is  CJS,  and  E  is 
tbe  middle  p't  of  jIC.  EF  ib  perp*  to  AB  and  intei'sects  the  circle  Cm  F, 
^LKx^  EG  is  tangent  to  the  circle  jD  at  G.  Pruve  that  EFG  is  an  equilateral 
tx-iangle.*' 

I  DEMONSTRATION  BY  ANNA  T.  SNYDER,  ORANGE,  INDIANA, 

^ith  center  C  and  radius  CI)  describe  the  semi-cicle  ED.  Then,  because 
tho  angle  DGE  is  a  right  angle,  G  is  a  point  in  the  semi-circle.  Draw  CG 
a^d  CF.  Then  is  CG  =  CD  =  DG  =  radius  of  tlie  ciixlc  D  =  r,  say; 
Au<i  CF  =  CB  =  ED  =  2r  =  radius  of  the  cir-  i 

INow  because  CD=CG  =  DG  =  r,  the  trian- 
gle CDG  is  equilateral;  .  • .  Z  CDG  ^  60°,  and  I 
tho  complementaiy  angle  DEG=W^ ;  therefore  | 
^  G£F=60^ 

Because  £D==CF^2r,  CE  =  DG^r,md\ 
tlxo  angles  at  E  and  G  are  right  angles,  .  • ,  EG  \ 
=  -EF,  and  the  triangle  GEF  is  isosceles;  but  it  | 
h^A  been  shown  that  the  vertical  angle  GEF  =  60"^,  hence  the  triangle  is 
^uiangular,  and  therefore  equilateral* 

[In  the  announcement  of  this  proposition  we  should  have  stated  that  the 
^'^uired  demonstration  must  be  independent  of  trigonometrical  functions,] 


198.    "Find  the  average  distance  between  t^vo  points  taken  at  random  in 
ttie  sur&oe  of  a  rectangle,  sides  a  and  i." 

SOLUTION  BY  E,  B.  BETTZ,  GREENVILLE  OHIO. 

TVom  A  draw  AP  to  any  point  P  in  the  triangle  ABC, 

Kow  if  ^P  is  the  distance  and  the  direction  of  the  second  point  from  the 

first,  the  area  of  the  rectangle  PECF  represents  the  number  of  ways  the 

two  points  can  be  takeiL 
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I PAB 


Let  AB  =  a,  BC=  6,  AC  =  c,  AP  ^  z,  AH  =  t} 
ICAB  =  fl',  area  PECF  =  «,  J  =  the  requ'd 
average,  d\  4'*  =  the  average  distancje  between 
the  two  ]>oiots  when  P  is  in  the  triangles  ABC\ 
ACD  respectively. 

Then  a:' =  a  sec  fl,  6'  =  1^11-1(6-^0),  «  =  (a— 
X  008  fl)  {b^  X  sin  6) ;  an  element  of  the  rectangle 
at  P  is  xdddx;  for  J'  the  liniita  of  0  are  0  and 
fl';  and  of  i",  0  and  x\ 

By  symmetry  we  have 


c      2a» 


15o» 


+ 


■•'-^-^-'^=K^^^M^-4-^yS^<'V) 


+ 


2a 


'»«(-!-)]• 


199.     '*Fiod  an  infinite  series  the  sum  of  whieh  is  a  square,  the  snm 
n  terms  of  which  is  a  square,  and  the  sum  of  the  remaining  terms,  after  tl 
n  terms  are  taken  away,  is  a  square." 

SOLUTION  BY  THE  PR0PO6EB. 

Let  8S  ^  sum  of  n  terms,  and  JS^.^^  =  sum  of  remaining  terms.     Then 

and  the  series  is 

S?+(S3-S?)+(SS-Sl)+(6'J-«i)+...  =  fi»,  (2) 

of  which  the  general  term  is  if{n)^=8i — 82^-^ :  if  its  first  term  follows  the 
same  law  as  the  others,  it  would  be 

y(l)  =  S f  =  S ?-Sg  ;  .^.81  =  0.  (3) 

In  any  scries 

••=(::t?)"+(J".)^  (^) 

.  • .  if  Sl«  =  1,  jS„  =  1  when  n  is  infinite*     In  (4)  when  n  =  eo, 

^^  =  h  and  ^^  =::  0;  .  •  w9,  must  be  taken  =  ^:^ 

But  (3)  is  not  satisfied  by  this  value  of  8  because  it  vanishes  when  n=r 
and  not  when  n  =  0. 
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In  (4)  substitute  n-f  r  for  n,  and  it  becomes 

U=  (    "'+2m     \^     /  2r(n+r)  \' 

which  the  first  term  of  the  second  member  vanishes  when  n  =  0; 
.    *  _      "'+2ni  .     „        _     2r(n+r) 

Substitute  this  in  (2)  and  the  required  series  h  found. 

Bfjecting  the  factor  4  because  it  is  a  square,  the  series  is 
3.1.3      5,5J      7,11.13     9.19.21  (2ti  +  1)  {n'-hn—l){n^+n+l)^ 

2».5»"^6^6^"^10'.17a"^17>.262'^  *  "  '  "^        (7i^+l)^[(n+l)*+lJ        "*" 
The  sum  of  this  series  is  J,  a  square.     The  sum  of  n  terms  is 

4l{n+ 1)^  +  1/  * 
square;  and  the  sum  of  the  remaining  terms  is 

SOLUTION  BY  PKOP,  J.  SCHEFFER,  CCJl^LEGE  OP  ST.  JAMES,  MB. 

luttiDg  a-4-(l  —  q)  =  2^^  a{l  —  g*)-^(l  —  q)  =  y^i  ^ — ^  =  ^,  which 
[loations  express  the  three  conditions  required,  we  obtain  from  the  third, 
getting  y  =  x—p, 

pM-^  ^^-^ 

6ab6tituttng  in  the  second,  we  get  1 — 5*  =?  z*-^^,  whence 
from  the  first 

'.     .      .  -(^'C'-(?¥-.)-]- 

**^  '^ivhida  expression  2  and  p  can  be  arbitrarily  chosen* 


200.     *'Prove  that  the  locus  of  points,  which  have  the  sum  of  the  squares 
^  tlieir  distances  from  fixed  points  constant,  is  the  surface  of  a  sphere/* 

BOLtrnON  BY  H.  HEATON,  SABULA,  IOWA, 

Taking  the  center  of  gravity  of  the  fixed  points  as  the  origin,  let  a^,  b^, 
^i  I  Oj,  6j|  03, .  •  •  Oh,  ftui  On  be  their  co-ordinates,  and  a?,  y,  z,  the  co-ordinates 
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of  the  points  whose  locus  is  required.     Then  we  have 

.  •  •  TO*+V+Tis'— 2(fZi  +a^  . .  ajar— 2(6j  +b^  , .  &Jy— 2(ci  +^2  •  •  <3»i> 

+  aHiHc?.,,.+a2+M+e?  =  C  (2) 
But  since  the  center  of  gravity  is  the  origin,  ai+a^  ..  a«,  6i  +63  -  *&•  fl^d 
^1  H"*^2  "  •  ^nj  <^*^'*  otjuals  notliitjg,  .  • , 

the  equation  of  the  siirfaoe  of  a  sphere. 

SOUmON  BY  PHOF.  P,  E.  CHASE, 

The  fixed  poiutis  are  at  the  extremities  of  a  hypothsniise,  . ' .  the  locoa  in 
any  possible  plane  is  a  eirele;  and  in  all  possibl  planes,  a  sphere  of  which 
the  fixed  hj'pothenuse  is  a  dianictcr. 

[Miss  Ladd  writes,  **Qiiestion  200  is  a  well  known  proposition.  It  is 
given  by  Catalan,   Theorc^mm  et  Probk^mes  de  la  Geomeirie  ElemerUaire^ 


20 L    "Given  x  =  aomA±T^, 

tj  =  asm  A  ±i  r^, 
where  r^  and  r^  are  the  probable  errors  of  a?  and  y.   Kequired  the  probable 
errors  of  a  and  A'^ 


SOLUTION  BY  E.  L.  BE  FOREST,  WATERTOWN,  OOKN. 


n 


From  the  approximate  relations 

a:r^acos-4  y=:ctsin^ 

we  have  a':=  x^  +,V^j  ta^  ^1  =  y-Hr. 

Actual  errors  may  be  regarded  as  finite  diflferenecs,  and  if  these  are  small 
they  may  be  found  in  the  same  way  as  differentials,     Henoe, 

4a    ^    fxJx+3/%]  ^A^^—JxAy — yJx\ 

Since  Ax  and  Ay  are  independent  of  each  other,  and  their  probable  values 
are  r^  and  r^,  we  have^  by  a  well  known  rule, 

(Prob.  Error  of  a)  =  ±    ^  J  (a;^ r f  +  y  V|  V 

(Prob,  Enw  ofA)  =  ±\AU^Tl^y'^T\\, 
and  these  may  also  be  written 
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(P.  E.  of  a)  =  ih  ^/[rf  eo8=^+r|  sinM], 
(R  K  of  ^)  =  ±-^(r2  cjosU+rJ  sinUV 

SOLUTION  BY  PROF,  E.  W.  HYDE,  CINCINNATI,  OHIO, 

If  we  have  z=/(zi,  z^j  z^  &c.)  in  which  Zj,  z^  &c.  are  independent  ob- 
ations^  and  If  r^Vifr^  &o,  are  the  probable  errors  of  the  quantities  z, 
,  I3  &c.,  then 

'=V{['.|]'+['4.]'-^[-a'+-}- 

From  the  given  relations  x^=  a  cos  J.,  y  ^  a  sin  ^  we  find 
a  =s  |/(ic^+y^±'*  f  ^  ^  tan"  ^±r    ; 

---   .[P^...^.:=,.  =  {  (^"S)'  +  ('4r  P=VW}*■ 
SOLUTION  BY  CHAS.  H.  KUMMELL,  BETROIT,  MICH. 

■We  have  a  =  ^/lix±r  J +{y±r,y  =  V{a^+y'}±^0^+  .... 

lot  in  applying  the  method  of  least  squares  to  non-linear  functions,  small 
qrEantities  like  probable  error,  mean  error,  corrections  to  obeerv^ed  quanti- 
ties &c,  are  considered  as  difierentials,  i.  e.,  they  are  considered  small  enough 
to  oinit  their  higher  powers,  therefore  (see  Anal.,  Vol.  Ill,  p.  140) 


TOLtmON  OF  188  (see  p.  57)  by  p.  RICHARDSON,  BROOELl'N,  N.  Y. 

I-iCt  AOC  be  the  route  of  quickest  travel  from  -d  to  C,  Jf  be  any  point  in 
0-4.  produced,  then  is  MAO  C  the  route  of  quickest  travel  from  Jf  to  C 

X-#ei  AO'C  be  any  other  route  from  ^1  to  C;  then  the  time  in  AOC=^ 
AO-H2m  +  OC-i^  and  the  time  in  XO'C  —  ACy^2m  +  O'C^m.  By 
l^Pothesis  AO-i-im  +  OC-=-m  <A0'-i-2m  +  O'G^m,  and  if  we  add  tlie 
*">ae  in  MA  {MA-^2m)  to  both  sides  of  this  inequality  the  inequality  will 
^U  exist;  •*,  if  ^OC  is  the  route  of  quickest  travel  from  A  to  Q  MAOC 

» tli€  route  of  quickest  travel  from  ^  to  C 
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Take  any  pomt  O  in 
EK  Draw  0/=0C, 
and  through  /  draw  IIL 
perp,  to  OE  produced. 

Take /if  =  OCaud 
draw  OK  and  KL  each 
equal  to  OC  The  rate 
of  travel  may  be  regard- 
ed as  2  and  1. 

The  time  in  KOC  at 
rate  1  =  0C at  ratcl+ 
MO  at  rate  2,  and  time 
from  K  to  Cat  rate  1  Avill  In*  legist  wiieii  KOC  is  a  straight  line,  and  when 
it  is  least  its  half  will  be  least  likewise.  The  time  from  X  to  0  at  rate  2 
will  be  least  when  LKO  is  a  straight  line,  and  at  rate  2  it  is  equal  half  the 
time  in  A'OC'at  rate  L  KO  Is  common  to  KOC  and  LKO,  ,  • ,  LKOC_ 
must  be  a  straight  line;  • ' ,  because  LO  =;  20C,  HO  =  20R 

In  the  triangles  OIH  and  OAE  we  have  OI  :  OH  ::  OA  :  OE.    Sul 

stituting  CO  for  01  and  20F  for  OH  and  multiplying  extremes  and  means, 

COxOE  ^  20FXOA.  (1) 

Putting  AE  =  CE,  CF  =  6,  EF  ==-  c,  EO  =  a?  and  FO  =  c—x,  we  get 
X  i^lb^+ie—xf]  =  2(c— ic)  Vl^+a*}^ 


i 


ij^mST 


Query.     'TVTiich  of  the  two  following  statemens  is  correct  ? 

'The  point  ar'j^V  is  a  multiple  point  of  the  order  k,  if  all  tlie  differentia 
coefficients  of  the  order  k  —  1  vanish  for  that  point.''     (JSalmon,  Sigh^^ 
Plane  Carves,  Art.  73.)  ^ 

^H  s'ensuit  que^  pour  un  point  multiple  de  Tordre  n,  il  est  iieceasairej 
mais  non  auffisant^  que  les  de'rive'es  partielies  de  la  fonction/des  ordresin- 
fe'rieurs  a^  n  s^annulent  tontes  poor  les  co-ordonne'es  du  point  m/  (S 
CahuL  Differmdial,  Art.  16.)" 

[Cbas.  H.  Knmmell  writes,  '*Mr.  Serret  evidently  means  real  molt 

points,  viz.,  the  case  where  the  equation  of  the  nth  degree  for  ^  has  more 

iiian  one  real  root,  in  which  case  we  have  a  visible  multiple  point." 

A.  S.  Hathaway  writes,  ''Salmon  and  Serret  differ  as  to  what  is  the  order 

of  a  multiple  point  whose  coordinates  x^^  y^  make  the  partial  derivatives  o€ 

/,  below  the  nth  order  vanish. 

Serret  reckons  by  the  number  of  real  branches  at  the  point.     ^     ^     ^ 
Salmon  means  by  a  multiple  point  of  order  n,  a  point,  every  line  througl] 

which  meets  the  curve  there  in  n  coincident  points."    ^    «     ik 
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PROBLEMS. 


P,  M.  Mc  Kay,  — If  r-r-d  reduces  to  a  repetend,  prove  that 
'  =  Ji-i-9,  wliere  s  is  the  sum  of  the  remainders  occurring  in  the  divi- 
sJon,  and  Jt  is  the  sum  of  the  digits  of  the  repetend. 

I       203.     By  L.  Regak,  BoonsbohOj  Iowa, — ^Two  lines  Am  and  An  make 

^^■iven  angle  at  A^  and  D  i?  a  jwint  given  in  postion  between  Am  and  An. 
PVrow  a  straight  line  ^C  through  D  m  that  BDkDC  —  a  given  quantity, 
B  aad  C  being  points  in  the  lines  Am  and  An,  respectively. 

204,  (Selected)  By  Prof.  M.  L.  Comstock,  Galesburg,  III. — Find 
the  locus  of  the  intersection  of  normals  to  the  ellipse  which  are  perpendicular 
to  each  otlier. 

205,  By  Prop.  W,  P.  Casey,  8an  Franciscx),  Cal.  —The  distance 
between  the  centres  of  two  circles  is  given,  and  the  mdius  of  one,  fiind  the 
tBdiufi  of  the  other,  when  the  length  of  the  endless  band  which  passes 
aroond  them  is  given. 

206,  By  R.  J.  AiKiYjCK,  MoKiiiouTHj  III, —  Determine  the  position  of 
a  plane  from  the  measured  rectangular  cooi'dinates  of  n  points,  each  meas- 
ure being  equally  good. 

207*  By  E.  B*  Seitz,  Greenttlle,  Ohio.—  If  M,  N,  P,  Q  are  four 
ranilom  points  in  the  surface  of  a  circle,  find  the  chance  that  Ej  the  inter- 
section of  the  straight  lines  through  3/,  N  and  P,  Q,  lies  between  Jf,  N 
Mid  between  P,  Q. 

208.  By  Prof.  J.  H.  Kershner. — When  the  tangent,  QT^  to  a  fixed 
parabola  is  of  constant  length,  and  one  extrerait}%  7\  moves  along  the  axis 
to  the  origin^  what  is  the  curve  described  by  the  other  extremity,  Q2 

209,  By  S.,  New  Yore  City.  ^  C  is  the  center  of  a  circle  of  known 
^ins,  DB  is  a  diameter  produced  and  AB  is  an  inflexible  rod,  of  known 
length.  One  end,  A,  moves  continually  in  the  circumference  of  the  circle 
^aile  the  other  end,  B,  slides  to  and  fro  upon  DB. 

Required  the  equation  of  the  curve  described  by  any  point  P,  in  the  rod. 

210.  By  Artemas  Martin,  M.  A.,  Erie,  Pa.  —  Find  such  integral 
^nes  of  x^  y  and  z  as  will  satisfy  the  conditions 

aj*+6a?z -I- z*=n, 
f+  oyz+z^  =  Q, 


Query.    By  Prop.  D.  J.  Mc  Adam. — In  works  on  Practical  Geometry, 

the  following  method  of  inscribing  a  regular  polygon  of  n  sides  isjgiven : 

Let  AB  he  a  diameter  of  a  circle.  With  A  and  B  as  centers  and  radius 
AB  describe^arc«  intersecting  in  jD.  Divide  AB  into  n  equal  jmrts.  Draw 
DE  through  the  second  point  of  division ;  the'arc  J  J5^  is  one-»ith  part  of  the 
circumference.     Is^there  a  general  demonstration  published? 

Query  (by  request). — On  page  59  of  Prof,  Peirce's  *^Linear  Associa- 
tive'Algebra",  tinder  the  head  of  **Quadruple  Algebras",  the  algebra ''^4" 
is  said  to  have  for  its  multiplication  table  the  following  table  and  to  be  also 
a  "form  of  quaternions". 


9* 

i 

3 

k 

I 

t 

t 

i 

0 

0 

i 

0 

0 

I 

• 

J 

k 

k 

I 

0 

0 

I 

0 

0 

k 

I 

Explain  by  an  example. 
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MierumdricGl  Measurement  of  517  Ihttbk  Siavf^^  at  tlie  Cincinnati  Obflervatoiy^  Duiiog  the 
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ERRATA. 


On  page  173^  Vol.  II,  commenciug  in  last  line,  cancel  the  sentence,  **As  to  the  double 

sign  before  theise  facton*,  the  upper  or  Iowct  is  taken  according  as  t^'^  la  even 

or  odd,'*  And,  on  page  174,  for  ih,  read  ■}-, 

On  page  39,  line    6,  for  (m — 2)  ^  read  — (m — 2)i* 

"      "    51,  line  26,  for  Laii4;k,  read  Cduchy, 

"      "    67,  fonuala  (7),  insert  bracket  {  ]  }  before  (wa-N-i)  ^^^  before  (W44-W-4). 
"      "    79,  line  17,  for  16,  read  15. 
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EVALUATION  OF  ELLIPTIC  FUNCTIONS  OF  THE  SECOND 
AND  THIRD  SPECIES,  ANAL  YST,  VOL.  V,  PAGES  18  &  19. 


BY  CHAJB.  H.  EUMHELL,  ASSIST,  tr.  8.  LAKE  8DBV.  DETROIT,  MICH. 

4.     For  the  second  species  and  ascending  scale  of  moduli  we  assume  the 
fundamental  form: 


From  (11)  follows: 


(21) 


tanf7 : 


sin  p  ^ 


a8in2y^ 


l/[c^+2ckJcos2y'+a^ 
ashiip^  cos  ip' 


)ueQtly  r^arding  (12) 


'(fT 


(23) 


=  -'AfW+ii'^-'^),^^+Ma'-'^f^-  (24) 
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Ditfiereiitiating  (22)  wc  have 


iW«*-cT 


#'     _ 


a'J'lf'yif' — c  COS  ^d^. 


a'»J'(f')* 
Adding  this  to  (24)  and  integrating  we  obtain 

At  the  next  higher  step  in  the  scale  of  moduli  we  have 

*^'<(^)  =  2V'<'(^:)  +  2a'V-0.„V,^r(^;)-2c'su.v.'.(26') 
Finally  when 

o(.)  _<,(-)_  b|„  +   cUj    we  have 


I 

'4 


Adding  (26),  (26'), 
oW 


2»aWii^  "'(1)  =  2'a»8in  <p<'K 
. .  (26<"')  we  have  regarding  (13) 


— iV*[2V"8in^<'>].  (27; 
This  IB  the  leugtli  of  an  arc  of  an  ellipse  thi-  equation  of  which  is 

between  a?  =  0  and  a:  =  o  sin  ^ . 

5.     For  the  second  species  and  descending  scale  we  take  the  form : 

fUnX^^'coB'^V+bhrn^f]  =fy4{f)d<p  =  aE^^yj  (l-^I)-     (28) 

Consistent  with  (15)  we  have  also 

mn  {2tp — fi)  =  --rj  sin  if  I  =  cos  y?i(ttin  2f — ton  ^i  ooe  2^);      (29| 

.fop  if  we  add  and  then  subtract  the  identity 

£iin  fi^  sin  f^ 
and  divide  the  difference  by  the  sum  (16)  resulte. 
Solving  for  cos  2f  we  have 
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006 


2y  = 


i—b 


sinYi  ±008  ^  J  J  J  (^1 ) 


(30) 


If  ^tCf'i)  =  |/  "!  ^  —  [1  —  (^>i '^*^i)]sin%''i  }  is  always  taken  of  the  same 
mgn  as  oos^j  =  |  [1  —  ^ii%^i]  oii'y  the  upper  sign  can  be  used;  for  if 
6  =  0  we  mu8t  have 

cos  2<p  ^  — sin^fi  +006^1  ^  eos2f ,  or  ^  ^  tp^. 

We  have  then      sin'f^^     l-f-^tl^sinYi — <^os?^i^i(?'i)  (31) 

aod  a*J{iff  =  a=— (a*— &»)  sinV 

=^  a^ — J(a — 6)[a+6+(a — ^tjsin^i^ — ia^cmfi^ii^^ )] 
=  2aJJj(^if — ab+{a — fc)ci,cosf  ^  Ji(j?j),  (32) 

consequeDtly  regarding  (IB) 


_^ 


=  .,.,(„M„-!*i^_*i-, 


+J(a-*)dy!iC09^,.      (33) 
IntegratiDg  we  have 

+|(a — 6)8in  f  j.        (35) 
Similarly  we  have 

+J(ai— 6,)siu^j,  (35,) 

«.A^-x//  1— ^||=a.£V)=««^.,  where  a,=6.=.|U(a+6)^|L(35,) 
Adding  (35),  (SS^),  .  .  .  (35^)  we  obtain  regarding  (19) 

+ J(o— 6)siD  f  1  +  J(ai— 6,)sm  ^j  +  . . .  ^(a^i— 6,_i)ein  f , 

=J6.f.-g-^r*{2=^  }+J-:[(«'-i-*-i)sinpJ-   (36) 
Iffi=|n- then  f,=3r;^j=2ff,..y,=2""'ff  and  sm^j=siD^2=..siii^,M}, 
alTa'^  1 1-^.  }  =  2-»6„;:-|.iVi  [S^-aj?].  (36') 
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Formula  (34)  might  have  beeu  also  derived  from  (26)  by  regarding  tli^^e 
following  relations,  which  exist  between  the  quantities  with  primes  an^t:! 
those  with  subscripts  if  each  series  is  continued  in  both  directions*  We  hai^-^e 
then  the  amplitudes 

iP«">  =  f_.; . .  .ip'  =  ip_^;f  =  <p;  f,  ==  fi  ;¥>,,  =  Va;  ••  •  f(n)  =  fn ;  (3'"'^ 
also  the  moduli 


whence 

.•-4-)(¥')=^.(f).  {■ 
By  (12)  we  have 

p'">     d<p ^  p""*'       rfy        _      rr _d4p_  _  r*  _d^: 

J  ^    a("M^-J{y)       Jo        af"-i>#"-"(p)       ■  ■  ■  i  D  o' J'(y>)       J  0  ^  C; 
while  by  (16)  we  have  ^ 

f^"^_    <¥. =  r»-.+i         #  r-i___#___Ji 


Joo#      ^0  2011,(5*)      "Vo  2X^.(if')*     ^ 
We  have  then  regarding  (37)  and  (39) 
aW  =  2^a_,;  a<-i'  =  2-+>a_,+i;  ...a'  =  2->o_i;  o  =  o;  a,  =  2c«:- a.' 

. . .  (!(,,  =  2ra,.    (-=^^  2) 
These  relations  enable  us  to  derive  (34)  from  (26)  and  vice  versa. 

We  have  by  (26)  for  the  next  lower  step  in  the  modular  soale  ' 

But  ^,  =  4,,;a,=^  2a,  •dl4>)  =  J,{<^>);  aj^oj  =  46f ;  c,  =  2^/{a\-'^T^ 

=  a-b  and  P^^  =  r'-^^T-n  b?  («). 

J  0  aJ{i/^      J  0  2aj  Ji(jf)    ^  ^     ^' 

which  is  (34). 

[*For  want  of^OTiB,  ^  iB  here,  and  thni^hout  the  rest  of  tl»is  article,  ii»ed  for  f. — Ooum-'^'^ 


These  relations  are  also  vei-y  nseiiil  for  the  invej*se  proljlem  of  determin- 
ing tlie  amplitude  to  a  given  integral*  It  is  not  my  purpose  however  to 
show  this  DOW. 

6,  For  the  third  species  and  ascending  scale  we  lake  the  fundamental 
form: 

d^ 


J  a( 


We  hxv%  substituting  (22) 
1 


^1       ^0  aP{iP){\{^)       ap    0  W  pi ' 


(43) 
(44) 


P{{}f)       o/'p + a(ar— cp)siB  Y ' — aVsinY'' 
Assume 
a'y-faa'^p(ar-<?p)sin*5^'-a*a'*pfsinY'''=  (c&'^p  +  am'sLn*^')(a*jp-l'am^sinYO 


whence 
mud 

Now  let 


m'—tfi^  =  i/'[(p+r)(ar^+cp*)]. 


> 


(45) 
(46) 


1      ac    .  ',f 
p    g^p 


By  comparison  and  regaixiing  (45)  we  have 


r'  =r  ?!?LV  = P_' 


rhencse 


p  p'        p^ 


P'= 


m 


^ar; 


,^=  ^p[  =_p1 


ay 


m' 


ar. 


m   ,  m' 


~  ;)^"*"p' 


m' — m' 


m' — m' 


(47) 
(48) 

(49) 


Pi  P       •        P' 

m'+cp  m^'^cp'^ 

Thus  jo',  j»'  and  r',  r'  are  known,  and  placing  P'ii/')  =p'  -f  r'sin'^;  P\^) 
^  p' +r^8iii*j&  we  have  regarding  (12)  or  (41) 

rr      dip 


0( 


^J  Oa'PY 


(50) 


)aP(iJ)A(^)  

At  the  next  higher  stop  in  the  modular  scale  we  have  besides  (11')  the 
iormuls 

m"+m"  =  aV— c'p',  m"+m"  =  a'r'—c'p\        (46') 

«"•_»"  =  ,/[(p'+r')(a'V+c"p')].  m"-m"=i/[(p'+r')(o'V'+c'*p')],  (46') 


P' 


!»' 


+  cV 


m'    ,      „      m' 


•«''^/  .V. 


m"  +  c'p' 


P  P 


■m"  +  c'p 


x::^P'P 


m' — m 


7^>P    / 


m"+c'p 
.  .  .(49') 
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=  -PZ 


ar 


=-^ 


ar      r^' ^ 


p; 


ar 


TO"  m  m'  TO' 

and  ifP"(vS)  =  p"+r"BiiiV';  P"(ifr)  ^p'+i-'^sinV;  P''{^)  =  p" +r''Bin*^ ; 
r\if,)  =  |j"+r"9inV  we  have 

p" dl 

/r      d4>  p"__  # 

Oai'(sf)AW  ,   r»^         d^  p"  d^ 


J  Ofl 


(51) 


J  0  a'jP'VV>) 


PurBiiing  the  ascending  scale  of  mcwltili  until  a**^=ic^**^  =   i{a    o)^    and 
consequently  A***^^''^)  "  ooe  jf,  we  have  finally  2"*  integrals  of  the  form: 


0  W^pm^ 


^^•^^dll^cos^^/ 


+  - 


1 


logtan}(i;r+4f«'»>).  (51) 


These  reductions  are  very  troublesome  if  p',  p\  *  *  *  r\  r\  . . . 
<|uaiitities.     In  this  case  and  if  a  |iroblern  leads  to  the  form 


are  complex 


/>■"«„*- 


A((») 


(/  denoting  a  rational  fiinction  of  sinY)  which  might  1x3  expressed  by 
means  of  some  of  the  three  species  of  elliptic  functions  and  elementary  forms, 
it  is  perhaps  iK'tter  to  express /(si  n\'^)  sucx'essively  in  terms  of  sin\'/,  sin  V 
. , .  sin^^**^  so  that  if/(sin%''),  /'sinY)i  .  -  *  ^ire  Uie  resulting  fornaa  we  have 


[A{^) 


'A'V) 


7.     For  the  third  species  aud  descending  scale  we  take  the  form : 


i 


d^J 


o(p coaY + 9 ainV)  v'[«*oo8Y + ^^si n Y']     "^  i)aP(y')A($ft) 


n      J  0 


d^J' 


"''IIVO^).?-'}-^ 


Substituting  (31)  we  have  regarding  (16)  or  (41) 


«pa'')A(^) 


<¥i 


p+Mv-p)[i +^  «"'Vi-««  ^1  A,(^0]'^"' ""  ^^^  ^ 
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P+i(9-p)[l  +|=^smV'i+«3B»45iA,(l*)] 


_  t^q'—by 


_q—p_ 

{a+bf 


(a*9-i'p) 


sm'^j 


#1 

■2«,Ai(^.,) 


4(a'9-6»p)-p^^^^^,^^/a9+6p\>  ^.^,  ^.^  «,  Ai(i*i) 


V  a+i  / 


a' 


'— 6» 


dv'' 


.ts. 


dj^'jcosj^i 


4{a'</— 6Vy  «i Ai(v'',)'      4a,  "j^j^jj.^  _^  /o^-f^v 


aF^b*p' 


sni 


Vi 


ffl' 


Pi  = 


m. 


We  have  then  if  Pi(^j)  =  p,cosYi  4-'/jBijQVi 


(54) 

(.5) 
(56) 

(57) 


J  <XlP(7)zS(»'      We  «,i'i(</')Ai(y-)'*"a'<j^6V  o  a,Ai(i*) 

_i  9~P  r^i  •iy'*  coe  ji  \ 


w  if  we  put 

we  have  r 


?— P  =  *•;  7i—P(  =  '■i 


(68) 


a*q — 6'»       1  a' — 6*         (o  —  b)r        , 

4afmi  arq — b'p      aaim^r^ 


J  oai^^)A(t&)     *  W  0  a,i>,(^)A,(i-'')     2o,m,riJ  o  a.C^if) 

Por  the  next  lower  step  ia  the  modular  scale  we  liave 

1  r».  d^  _  1   f   r»»  djfr (a,- fci)ri  r»,     rf^ 

i*'  0  o,P,(i*)A,(i*)     4n  J  0  a2AWAa(j&)      2a,m,r3  -^  "  <h£^^W') 


wkere  we  have  besddes  (17) 


„.    -  «Ml=*iP? 

Ti*<>    - —    — irvT" — 1 

«i7i-0iPi 
Pa  =  ^Pit 


(5&i) 
(56,) 
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?j   = 


_  (aig,+6i7i,)' 


4a2i» 


a '"a 


o?(7, — 6?n, 


(57,) 


(58,)C'  ) 


Desceuditig  the  modular  scale  imtil  <:r„  =  6^  =  ||  J(a  J  6)**  ||  we  hav^  — ^e 
finally 

Adding  (69),  (59 1), . . .  (59.)  we  obtain 

J  oaP(v&)A(i*)     4Xt/(p,9.)  UpJ         ^    i^il      2'*+»a^.»-^ 


But 


J  0  o,A.(i*)  /  "^""i  \  22'a.m,J  0     />.(v«)    / ' 
•^  0  o,A.(^)      2^o^ 

/r«=7(??:)-"'{(|:)'»'"M- 


and 

consequently 

fV-        #  ^  tan-'[»^(g.^p,)tani/i.]      ^-^  (  (a.,^— 6._,)r^i  l^*!— - 

J  0  oP(5f)A(jf)  2»Xi/(P»9,)  il      2-+-n«,m.r.      /  tt.^ 

+  -M9a.    '"V,       ,tan-'r(:^f  sin^l  I.  (^^  ^) 

It  is  hardly  necessary  to  state  that  if  p^  has  the  opposite  sign  to  q,  or     "^^*i 
the  tan~*  must  be  replaced  by  logarithms. 

If  ^  =  ^71  then  ^1  =  ?r;  ^2  =  2;r  j  .  . .  ^^  =  2*^i;r ;  himoe 


for 


r 


'^d^ico8^_^ C' d^ COS ij> 

PTifV  ~  J . 


•  P.{^>)         "       J ,     P.(v.)  ' 

because  the  elements  of  tliis  integml  from  0  to  |^?r  are  equal  and  opposite     *^ 
sign  to  those  from  |?r  tu  r. 

Equation  (59)  could  be  inverted  by  means  of  the  relations  (38), , . .  (^^.'* 

I  have  not  yet  succeeded  however  in  reducing  the  relation  between  th^     V^ 

q  and  r  to  a  coavenient  form.     The  retluction  by  ascending  the  moduB^J^'^ 

f  scale  as  made  under  No.  6  seems  to  be  preferably 


THE  SECULAR  ACCELERATION  OF  THE  MOON. 


BY  G,  W.  BTLL. 

Ik  the  Philosophical  Transactions  for  1853,  Prof.  J.  C,  Adams,  of  Cam- 
bridge University,  England,  showed  that  the  values  of  the  secular  acceler- 
ation of  the  mean  motion  of  the  moon,  obtained  by  Plana  and  Damoiseau, 
^^r-^re  erroneous,  for  the  simple  reason  that  these  authors  liad,  inadvertently, 
n^fide  the  solar  eccentricity  constant  1;hroiighout  a  certain  portion  of  the  in- 
vestigation. This  statement  of  Prof.  Adams  gave  rise  to  an  animated  and 
prx)longed  controversy,  the  historj-  of  which  w^ill,  no  doubt,  always  possesB 
lOLUich  interest. 

1  propose  to  obtain  here  the  coefficient  of  the  term  in  the  moon's  mean 
motion  Involving  the  square  of  the  solar  eccentricity,  supposed  variable,  to 
€]^i33ntities  of  the  order  of  the  square  of  the  sun's  disturbing  force,  when  the 
lunar  eccentricity  and  inclination  of  orbit  are  neglected.  The  method  em- 
ployed has  DO  novelty,  having  been  used  before  by  Mr.  Donkin.  But,  at 
the  end  of  the  investigation,  I  have  found  that  it  is  possible  to  do  without 
an  explicit  development  of -K  In  a  periodic  series,  and  thus  the  treatment  is, 
to  a  considerable  degree,  abbreviated. 

Xiet  C  denote  the  mean  longitude  of  the  moon  as  affected  by  this  secular 
inequality,  and  n^  the  mean  motion  at  a  given  epoch  taken  as  the  origin  of 
iime^  we  propose  to  prove  that,  in  the  equation 


k 


^  =  „  =  n,[l+If(ei-0], 


le  true  value  of  H  is 


2\nJ         64    \nj  * 


Employing  the  method  or  variation  of  the  elements,  we  have,  for  deter- 
ttiining  the  four  elements  n,  f,  e  and  at  of  the  lunar  orbit,  these  equations 
dn  _  ^^3^  AR  de na  dR 

df (vtui^  dR  ,  jjme  dR 

Ib  writing  them,  all  terms,  multiplied  by  higher  powders  of  e  than  the  first, 
ive  been  neglected,  as  they  are  not  needed  in  obtaining  H  to  the  degree  of 
•ocoracy  we  propose.    It  may  be  noted  that  R  is  taken  with  such  a  sign 

Ail   ,—  denotes  the  forc«  tending  to  increase  x. 


di~' 

fie  dii}^ 

d(0 

na  dR 

fie    de  " 
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a 


Since  wc  iicetl  not  I'^tain  any  terms  multiplied   by  the   nitio    -^, 


value  of  Ji  is 


►  a' 


/s. 


R^W'r^^ll+^icm2{l-X% 


vfhe^  i  and  /'  are  tlie  true  longitudes  of  the  moon  and  suu.     The  ooe 

imrt  of  iZ  is  evidently  the  same  as  that  of  \n^^a^-j^  when  we  rgect  c^,  that 

IS,  it  is  equal  to  In'^a^il-^^'^). 

Considering  first  those  terms  in  R  which  are  independent  of  e  (we  nee<i 
those  multiplied  by  e  only  when  taking  account  of  the  effects  produced  by 
tlie  variations  Se  and  <5m),  we  see  that  the  only  terras  in  R  which  produce 

ta'ms  in-T-,  and,  consequently,  can  give  rise  to  terms  independent  of  siiicH 

or  cosines  of  arguments  in  -^,  have  ai-gumtoits  of  tlie  form  2^4-j/^,  where 

denotes  an  angle  dejiending  on  the  sun's  mean  motion.  Hence,  denoting 
any  one  of  these  terms  of  iJ  by  n'^a^^coB(2{^-(-^),  where  A  is  independent 
of  the  lunar  elements,  but  will  generally  contain  c'^,  and  regard  being  had 
to  this  term  alone,  the  equations  determining  the  elements  become 

J  =  6n'M9in(2C+}S), 

wliere  fx  has  been  eliminated  by  using  the  equation  //  =  nV.  Integrating 
these,  and  considering  ^'  as  constant,  since  its  variability  affects  only  the 


n' 


/6 


terms  in  fl*  multiplied  by  — ^,  but  regard  being  had  to  the  variability  of 


n 


rfya 


A  through  c'^,  where  we  may  consider  --^—  as'  constant^  we  obtain 


dt 


*/» 


**r  7n'*  .    .    /„- ,   ,v     6n'^dAd,e*      /„*  .   /\ 

This  being  only  a  first  approximation  in  which  we  have  had  regard  oulj 
tt>  quantities  of  the  order  of  n'*,  we  proceed  to  a  second  approxiniatioi] 

And  first,  in  the  expression  for  -^ ,  we  substitute  for  Zf  Z^^Zf  *^^  ^^  Sod, 

for  that  part  of  the  increment  which  is  independent  of  the  sines  or  ooeuiGB 
of  arguments,  the  expression 


I 


dn 


dA 


*  an  .  c«    A  «-A 


di 


d.e' 


iJ.e'2. 


Xnt^;Rtting  this  and  putting  e'^ — e'J  ^  d.e!"^, 

^A^iiij  in  the  expression  for  -^,  increasing  n  and  C  by  their  variations 
^  and  5j;, 


'•i=-^'^"^'---«">-»?>- 


»i^ 


n« 


con- 


H'ow  the  eonstaQt  part  of  this  value  of  5,^  goes  to  form  part  of  the 
slant  n^i  hence,  desiring  to  retain  only  the  varying  part^  we  may  write 


^a:^ 


5.e"  iovA',  and  thus  obtam 


.  dr  55n'*rf.A'  ,  ,, 


(1) 


In  the  next  place  let  U8  consider  the  terms  in  R  multiplied  by  e;  they 
are  all  of  the  form 

n'^€?eA  cos  (ft>+feC+^)* 
^^here  A  and  tp  possess  the  same  quality  as  before,  and  k  may  be  —  3,  —  1 
^^  %    Representing  cj  +  jfe^  +  5^  by  S,  the  equations  determinijig  the  ele- 
^^ents  are,  r<^rd  being  had  to  this  terra  alone, 


==3ibi'-^esin<?, 


dn 

a 

^  =  n — i— j4ecos  6. 
dt  ^  n  ' 


«« 


de 
di 

dd      n'»     1        ^ 
-jT  =  — A    cos  u. 

dt        n     € 


^^*^  the  last  equation  we  have  WTitten  only  the  term  divided  by  c,  since  this 
^onc  can  produce  terms  in  S.^^  of  the  kind  we  seek*  Integrating  the  last 
^^^^o  as  we  integrated  in  the  former  case,  we  obtain 

oe  =  — J  -jjI  cos  /?+ jT^  --  ^^^  -Ti-  sin  tf. 


jfc3  n»  d.e"*    <ft 


JS  =    -  ,  -A  SID  <?  +  ,  5-  —3  -r-/!^  -i-    cos  fl. 

^^^menting,  in  the  expression  for  -^,  e  and  /?  by  these  quantities,  we  ob- 

^'^in,  regard  being  had  only  to  the  terms  which  are  independent  of  sines  or 
^^*<*iu^  of  angles, 
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dn,       ^  W*  d.A^  d.d* 


^.— = 


cU      2kn^  d^    dt 


Integrating  this  we  have 


3»  = 


3  n'*  d.A'> 


ay*. 


Increasing  in  the  expression  for  ->^,  the  elements  n,  e  and  0  by  their  varia- 
tions in,  M  and  dd,  and  preserving  only  the  terms  independent  of  the  siiUB 
or  cosines  of  angles,  we  get 

^■~s~2ki^'d:^     +2itp  • 

In  like  manner  as  before,  rejectJog  the  constant  part  of  this  which  coales- 
ces with  Ttg,  we  obtain  < 

When  formulfiQ  (1)  and  (2)  are  applied  to  all  the  terms  o(  Rto  which 
each  is  applicable  and  the  results  added  we  shall  have  the  complete  value  of 

5.-J^i  since  it  is  plain  that  the  combination  of  two  different  terms  in  i2will 

always  produce  terms  in  d.  ^  involving  the  sines  or  cosines  of  angles. 

Denoting  the  mean  anomalies  of  the  moon  and  sun  by  f  and  f,  and  the 
mean  angular  distance  of  these  bodies  by  r,  the  part  of  aR  which  is  inde- 
pendent of  e  may  be  written 

aiJ  =  ^o+^ico«2r+^2cosf'+^3co8(2r—f')+i440os(2r+f'). 

Formula  (1),  applied  to  this  series,  gives 

"We  can  obtain  the  terms  in  R  multiplied  by  e  from  the  aeries  just  given 
by  using  the  equation 

dR  _    dRdAogr_.dRdi 


de 


dr      de 


dX  de 


Whence 


=-2Bco8f-f2^/-8inf. 


d.aB 


de 


=  — 2ilpC0Be— 34iCos(2r— f  )-f  ^i0os(2r-|-f ) 

—  A^COSI  c— f')— ^,C06(  $-f-f) 

— 3^jCOB(2r— f— f)+-48O06(2r — f-|-< 
— 3^4C08(2r-|-f— e)+^4C06{2r+e'4-^: 


Applying  formula  (2)  to  this  series  ^ves 
*•§  =  "  ^JL-Hi-Ul+Al+AD-^Al  +AI+AI) 

+5{9Al+QAl+9Al)-]d.e'^ 
=  n  ^„|^*|Vj  +Al+Al)-10{2Al-]-Al)jd.e'K 
Adding  this  to  the  expression  given  by  formula  (1), 

Sat,  denoting  the  constant  term  of  a*I?  by  K,  we  have 
jr=  Al  +  i{A}+Al+Ai+Al). 

A\+AU^l  =  2K-{2Al-i-Ati\ 


Or 

and 


But  we  have 
a' 


11  n'*  a'* 
s  K  is  equal  to  the  constant  term  of  ^  ^  -^.      In    consequenoCj 

.  a'* 

leBoting  the  constant  term  of  -j^  by  i,  we  shall  have 

Also  we  evidently  have 


and  thus 


Substituting  this  value 


4  n»  r'* 


=  Aq+A^C08^'j 


1^:l=2ahai 


dr  d  r245  n'*  rl  ;i 


/2 


Bat  the  constant  tenn  of  -^  is  known  to  be  1+^'^ ;  hence,  in  fine, 

dt         64    n» 

To  obtain  -^  we  must  add  to  n  both  this  term  and  that  which  arises,  in 
at 


the  first  aporoxlmation,  from  the  term  — 


2na'AR 


ill  the  difibrential  equation 


—110— 

for  -^,  which  i&  therefore  eqoal  to  the  oonalant  term  of — —  —  that  is,  t^^ 
at  n    r'^ 

-^(1^^^     Thus 

We  could  have  added  to  the  first  two  terms  of  this  equation  a  term  B  'i-^  e"^  JT 

where  B  is  a  numerical  coefficient,  equal  to  the  aggregate  of  the  constaMr:*^ 
we  ha%' e  virtually  neglected  whenever  we  \\Tote  J .  c'*  for  c^*,  but  it  will       "he  I 
easily  seen  tliat  this  would  not  change  the  fiual  resiJt.     We  evidently  li^^.-'vel 

"0  ="-¥>+!  "")• 

From  which^  to  a  sufficient  degree  of  approximation, 


Subfitituting  this  value  of  n,  we  get 


DISCUSSIOIf  OF  THE  GENERAL  EQUATION  OF 
THE  THIRD  DEGREE. 


BY  JOHN  BORDEN,  CHICAGO,  IIX. 

X*  +  Ax^  -If  Bx -{■  C  =  y,  C*) 

dx 

and  if  fl  =  0,  then,  in  (3),  a;  =  — ^  •  t^^ 

dor  f5 

i^rs^  Ccwe;  ^  and  £  positive  and  J?<  JJ.^.— The  form  of  the  cunr^  ^ 
i\&  in  the  Fig* ;  its  locus  being  taken  for  C  =  0, 


—HI— 


L    The  curve  has  an  inflexion  at  p;  a  d  =  —  ^A.     And  from  p  to  the 
right  the  curve  is  concave  to  the  line  cZ,  from  p  to  the  left  it  is  concave  to 
the  line  qm.     Revolve  the  left  hand  branch  on  the  point  p  and  it  will  coin- 
cide with  the  right  hand  branch,  q  falling  ffti  L 
2,    The  form  of  the  curve  1 

IS  not  dq)endent  on  the  term 

C   Move  the  curve  up  and 

down  so  that  the  point^i  9 

and  I  follow  the  lines  em  & 

ti  and  C  will  vary.     For  C 

poiitire  all   the  roots  are 

ncgslive;  and  for  C  nega- 

atiTe^  one  of  the  roots  is 

poejtive.  When  7  cxjincides 

with  e  a  case  of  equal  root« 

occoi^  the  third  root  being 

oA,      When  I  coincides  with  c  another  case  of  oqual  roots  occurs,  the  third 

root  being  af.     When  d  and  ef^  are  bcvth  negative  the  only  n^l  vmt  i-efers 

to  the  curve  from  h  upward.     When  d  and  eq  are  both   positive  the  only 

real  root  refers  to  the  curve  from  n  do\\Tiward* 

3,  The  values  of  a:,  in  (4),  are  ac  and  ae,  Sul>stitute  these  values  in  (1) 
mad  cl  and  eq  are  found  for  any  assumed  value  of  C  If  the  results  give  the 
flune  sign  there  is  only  one  real  root,  if  different  signs,  there  are  three  real 
roots*  If  the  values  of  a-  in  (4)  arc  real,  and  when  substituted  in  {1)  give 
coatrniy  signs,  there  are  three  real  rootvS,  otherwise  only  one  real  root. 

4,  To  find  ab,  substitute  ae  in  (1 )  and  make  C  such  jls  to  reduce  y  to 
tlie  third  root  is  ab,  so,  to  find  a/,  substitute  ac  in  (1)  and  make  C 

as  to  reduce  y  to  zei'o,  and  the  third  root  is  of.     Or  denluct  t^^ce  ae 
from  A  and  the  result  is  oA,  so  also,  deduct  twice  ac  from  A  and  the  result 

6.  When  all  tJie  roots  are  real,  one  lies  between  ah  and  ac,  one  between 
#9  and  a€  and  one  between  ae  and  uf* 

To  find  the  middle  root,  suppose  C  in  (1)  to  have  such  value  that  rs  will 

'  ttiseide  with  the  axis  of  a:,  then  ae  —  rs  would  be  the  fii-st  approximation, 

md  rs  =^  (mlxqr)-^qm,  all  of  which  are  known,  for  qr  is  what  eq  becomes 

I  ID  such  case.    The  line  rsy  if  above  the  point  of  inflexion,  is  too  little  as  the 

shows.     The  tangent  to  the  curve  at  the  point  wliere  the  ordinate  at 

r  cats  the  curve  makes  an  angle  with  rs  whose  tangent  is  found  by  substitu- 

[ting  €ie — rs  for  x  in  (2).     The  vertical  line  of  the  triangle  is  the  value  of  y 

7l^  wheD    ae  —  rs  is  substituted   for  x  in  (1).     Hence,  by  proportion 
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we  reach  a  formula  for  the  base  of  the  triangle  which  is  the  same  as  Hoi 
net's  rule*     This,  if  added  to  r«,  evidently  makes  it  too  much  when  r$ 
above  the  point  of  inflexion.     An  approximation  for  the  real  root  betw< 
ae  and  ab,  and  for  the  one  between  ae  and  af  can  be  found  by  proportioi 
The  curve  is  distorted  in  the  figure  to  show  the  curvature,  it  in  fact  ap- 
proanhes  more  nearly  ti^  a  straight  line. 

If  C  is  positive  and  d  and  eg  are  both  native,  the  only  real  root  lies 
between  zero  and  aft,  which  can  be  found  in  the  same  manner.  If  C  is  neg- 
ative and  d  and  eq  arc  both  negative,  the  only  real  root  lies  between  men 
and  — C-T-B.  If  C  is  positive  and  cl  and  eq  are  both  positive,  then  the  on- 
ly real  root  is  greater  than  «/. 

To  find  the  other  limit  of  this  root,  substitute  a/ for  x  in  (2)  and  we  thus 
find  the  tangent  of  the  angle  which  the  tangent  to  the  curve  at  the  point  n 
makes  with  the  axis  of  abscissas.  The  curve  in  such  cases  cuts  the  axis  of 
9  to  the  right  of  the  point  where  this  tangent  cuts  it;  and  by  preportion 
we  find,  when  the  tangent  cuts  that  axis,  the  vertical  of  the  triangle  wboee 
base  we  seek  ^  (7  —  qm, 

Secod  Case;  A  negative,  B  positiv,  and  jB<  J^l', —  In  this  case  substi- 
tnte  — x  for  a:,  and  we  have  the  previous  case. 

Third  Case;  B  negative, — In  this  case  the  axis  of  y  lies  between  cl 

Fourlh  Case;  B  jxjsitive  and  JS  >  §j4^, — In  tliis  case  the  values  of  xiu 
(2)  are  imaginar)\  The  points  q  ajid  /  have  met  at  the  point  of  inflexioo 
and  the  curve  from  p  to  the  right  is  concave  to  the  line  rfjo,  and  from  p  to 
the  left  it  is  concave  to  the  extension  of  that  line  below  the  point  p.  There 
can  be  only  one  real  root,  whose  locus  can  be  fixed  in  the  manner  above  in- 
dicated. 

The  higher  equations  can  be  treated  in  the  same  way*  Take  the  biquad- 
radto 

7^^A^+Bx^+Cx+D  =  y,  (6) 


i 


43^+5Az'+2Bx+C=% 


123?+6Ax+2B  = 


_  d»y 


dr' 


(7) 
(8) 


If  (7),  for  -f-^Of  has  only  one  real  root,  then  (6)  cannot  have  more  than 


dx 
two  real  roots. 


But  if  J^  =  0  gives  three  real  values  for  x  in  (7)  which 

when  substituted   in  (6)  gives  consecutively  contrary  signs,  then  equation 
(6J  has  four  roots  for  y  ^0, 


— IIS— 
PROPOSITION  IN  TRANS  VERSALS. 


BT  PEOF.  E.  W,  HYBE,  CINCrNIf  ATI  UNIVEESITy,  CIN.,  OHIO. 

Let  any  transversal  OF  be  drawn  to  the  triangle  ABCy  cutting  its  sides 

in  P^f  P2  and  P^:  from  any  point,  O,  on  the  transvereal,  lay  off  distances 

OP,  OP"  and  OP'''  snch  that  OP^  X  OP'  =  OP^  X  OP"  =  OP^  X  OP'" 

=^  Ojy*  =  c',  say:  also  lay  off  distances  0Q\  &c.,  in  the  opposite  direc^ 

tfon  from  O,  such  that  OP^  x  OQ'^  OP^xOQ"  =  OP^yOQ"'  =  c^: 

then  P'A,  P"B  and  P"'C  wiF 

meet  in  a  point  0',  and  Q'A^  Q' lA 

aod    Q"'C  will  also   meet   in 

point,  O". 

The  distance  OD  may  be  of  aoyl 
length. 

Through  O,  draw  OX  perpen-l 
didular  to  OFand  take  these  line?^l 
for    th«i    axes   of  reference,     Thc| 
equations  of  BC,  CA  and  AB  wil 
be 

y  =  miT+6j,  (1)1 

y  =  m^x+b^,  (2) 

y  =  m^x+b^,  (3  i 

that  6j=  OPi,  63  =  OPa  and  1 
i^=(?p3.  The  equations  of  lines] 
throQgh  A^  B  and  Cwlll  be 

ff^m^x^b^  ^  ^'i(y— ?^3^— *3)»  (4) 

y — fWiX— 61  =  i'jCy— wigx— 6a),  (6) 

Now  if  these  lines  are  to  be  AP'y  BP"  &c.  of  the  figure,  we  must  have 


I 


^^^> 

V 

1 

i>    /             -■.     1 

1 » 

4'- 

■  "t            J. 

1 J 

their  intercepts  on  F  equal  respectively  to 


— c 


3     _o3 
i 


and 


57' 


thus  from 


6-  '  b, 
(4)  we  ahall  have 

fei-^i6«  -,-c'    whence  it  ^°'+^'^^ 
___ _,  whence  *,,_^,_^^^^^. 

To  obtain  the  lines  -A§',  BQ"  &c,,  we  shonld  have  to  make  the  intercepts 


and  i^  which  will  give  k,  ^  —= — t^-A- 
5j  *^         *       0^— 6|6t 


If    we   write 


^114— 


kr  = 


±c^—b.h 


l"3 


±0^—6561 
we  shall  cover  both  cases  at  once.    Substituting  this  value  of  fc|  and  valuta 

of  tg  and  k^  simihirly  obtained,  in  (4),  (5)  and  (6),  we  have 

[±c^(m^-m,Hb^{m,b^-m^b,)']x-b^{b^-b^)y±c^(b^^b,)  =  O-     (9) 
If  (7),  (8)  and  (9)  be  added   they  vanish  identically,  showing  that  the 

three  lines  represented  by   {hem   pass  through  a  single  point.     Thiis  the 

proposition  is  proved. 

The  following  is  a  special  case  of  this  proposition. 

Let  the  triangle  ABC  be  inscribed  in  a  conic:  take  any  point  f*  «.sa 

pole,  and  find  its  polar,  say  i;  from  the  points  P^,  P^,  P^,  where    *hc 

sides  of  J^Ccut  L,  draw  lines  through  P,  and  find  their  poles,  which  -^Vill 

of  course  foil  on  L:  vrII  these  poles   P',  P"  and  P'':  then  P'A,  J^^'B 

and  i^'"C  meet  in  a  point- 
To  prove  this,  draw  the  diameter  through  P,  cutting  L  in  O;  then     ^^ 

have  only  to  show  that  OP^XOF'  =  OP^XOP''  ^  OP^XOP'''  =» 

constant* 

L  IS  parallel  to  the  diameter  conjugate  to  OP;  referring  the  conic  to  '^^^ 

|kair  of  conjugate  diameters,  let  its  equation  be 


then  that  of  its  polar  for  the  point  (xj,  y^)  is 


1. 


For  the  point  P,  3/1  ^  0  and  x^  =  a,  say;  then 


1*1 
X  =  ^. 


CIO) 


Cii) 


(12) 


Take  any  line  through  P,  as 

To  find  the  pole  of  this  line  compare  (13)  with  (11),  the  conditions  that 
they  shall  represent  the  same  line  are 

±b'ix.        ,                 zbi? 
?— L  and  — ma  ^ K 


m^- 


Theee  conditions  give 


«? 
^i=i> 


±b\ 
Vi  =  — -^ 

— ma 


Kovr  let  as  find  the  portion  of  L  intercepted  between  the  line  of  (13)  and 
OP;  •• .  in  (13)  let  x  =  of-f-a,  and  call  the  intercept  y,,  therefore 

Multiply  together  the  values  of  y^  and  y^,  therefore 

VxV'k  =  — ~^~\^^ — ^^ )'  ^  constant. 

Hence  OP^  X  OP'  ==  OP^  X  OP''  =  OP3  X  OP'''  =  a  constant.  Thia 
>rove9  the  proposition  for  the  hyperbola  and  ellipse,  and  it  may  likewise  be 

3ily  prov*ed  for  the  parabola.     If  P  bt^  a  focus,  of  course  X  is  a  directrix. 

If  we  eliminate  e  between  any  twu  of  ecjnations  (7),  (8),  (9),  we  shall  find 
iie  equation  of  the  locus  of  0'  and  0"  when  c  varies.  Solviug  for  dz  c^, 
Uid  placing  for  brevity  6j — b^  ^  /Sg,  fcj — b^  =  j9j,  ^^~^\^^2j  '^i — "*2 

/X3,  &c»,  and  wijij — wi^ij  =^  ^3  ^^*i  ^^  '^^^^^ 

^8+^8^  i^l+^^l^  ^i+f^2^ 

Taking  either  pair  of  these  values  of  ±0^  we  shall  arrive  at  the  same  re- 
luU  after  expansion  and  collection  ot  terms,  viz. ; 

{m^h^3^+m^b^3^'}-m^b^S^).T?—{fi^b2b^+fi2b^bi+fi^b^br^)xy 

+(61^,  ^  6^.52 +^1^3  )^+i?wM5y=o- (14) 

ThU  equation  is  perfectly  symmetricjil  wiih  respect  to  the  three  sides  of  the 
Iriftflgle,  as  it  should  be;  and  it  represents  a  hyperbola.  If  we  substitute 
Af  B,  C  and  D  for  the  coefficients,  so  that  the  equation  becomes 

Ax'+Bxy+  Cx-^Dy  =  0, 

we  Hnd  for  the  equations  of  the  asymptotes 

D  A    . AD-BC 

^=-F  ^/=-        " 

hence  the  coordinates  of  the  center  are 


a?  =  — -g  and  y  = 


2AD—BC 


If  the  co-ordinates  of  the  vertices  of  the  triangle  ABC  which  are  r^ 

spcctively 

/'i  t^i  Fa  /'a 

^mhetituted  in  the  equation  of  the  h}i)erbola,  they  will  each  be  found  to 
^i^U^  k;  beoce  the  hyperbola  passes  through  the  vertices  of  the  triangle. 
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ON  SOME  PROPERTIES  OF  FOUR  CIRCLES  INSCRIBED  IN_ 
ONE  AND  CIRCUMSCRIBED  ABOUT  ANOTHER. 


BY  CHRISTINE  LADD,  UNION  SPRINGS^  N.  Y, 

Let  the  circles  Ay  B,  C,  Dhe  taDgeot  to  the  circle  R  iuternally  and  to 
the  circle  /externally, 

L  The  circles^,  5,  C, 
D  have  a  common  axis  of 
similitude;  for,  R  ami  I 
being  a  pair  of  tangent 
droleSy  their  radical  axis  is 
coincident  with  the  axis  of 

aimilitudo   of  any   thn>e,  ^^^^^^^^^^^^^^^^^^^^^^M-^ 
and   tlierc^fore   all   of  the  ^^^^^^^^^^^^^^^^^^^^^^^'  "'^ 
circles  J,  J8,  Q  D.     (Sal- 
mon's Conic  Sedhns,  page 
109,  note.) 

If  E,  F,  (?,  H  are  the 
points  of  contact  of  these 
circles  with  each  other, 
then  ^jEand  GF  intersect 
in  S'f  the  external  oenti-e 
of  similitude  of  the  circles 
A  and  Q  and  HG  &  EF 
intersect  in  *S'%  the  exter* 
nal  centre  of  similitude  of 
D  and  B, 

IL  Thecirtdes  A,  B, 
C,  D  have  a  common  radical  centre;  for  the  perpendiculars  to  the  sides  of 
the  quadrilateral  ABCD  at  the  points  £,  F^  G,  H  intersect,  each  two,  on 
the  line  i?/ (Salmon,  loc.  cit.)  and  therefore  all  four  in  the  same  poiot^  0. 
The  common  orthogonal  circle,  0,  is  then  inscribed  in  ABCD,  touching  it 
in  the  points  E^  F^  (?,  B, 

111*     Since  tangents  to  A  and  D,  at  the  points  H  and  F  respectively, 
meet  on  the  radiml  axis  of  A  and  D  (namely,  in  the  point  0),  it  follows 
that  -ffand  i^are  antihomologous  points  on  the  circles  X>and  A^  and  henctei 
the  line  J?J^  passes  through  <S'^'.     In  the  same  way  it  may  be  shown  tha^ 
QE  passes  through  &^,     This  is  the  essential  i|uality  of  the  qnadrilateral^^ 
ABCD  and  EFQH. 
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IV.  The  diagoDals  of  A  BCD  and  EFGH  meet  in  a  point,  V,  the  polar 
cf  ffS'^  and  therefore  on  the  line  BI  (Booth,  New  GeomdricaJ  3Idhods, 
Vol  1I-,  Art.  245).     This  inchides  Problem  187  of  the  Analyst, 

V,  If  KLMN  is  the  quadrilateral  formed  by  joiuiog  the  points  of 
ooDtact  on  the  circle  Ry  its  sides  and  diagonals  pass  through  the  points 
already  determined  on  the  line  S^S^'^;  for  iVand  iT  being  centres  of  aimil- 
itode  of  the  circles  A^  D  and  J?,  NK  passes  through  the  external  centre  of 
similitude  of  A  and  D,  The  sarae  is  true  for  the  corresponding  circuna* 
soribed  quadrilateral,  fTL'^PN^  and  the  diagonals  of  these  two  quadrilat- 
erals meet  in  a  point,  §,  which  with  the  points  S'S^""  forms  a  triangle  self* 
eoDJugate  with  respect  to  the  circle  J?,  In  the  same  way  it  may  be  shown 
tiiat  5'  VS^""  is  self-conjugate  with  respect  to  the  circle  Z 

VI»  The  points  iS''',  S',  S*'\  S^''  form  an  harmonic  range  (Catalan,  771^'* 
ofsN«w»  €t  Proble'meg,  IIL,  49). 

VIL  Since  BG^  BL  and  CG  =  CM^  L'  is  the  centre  of  an  exscribed 
circle  to  the  triangle  BRC  and  that  circle  is  tangent  to  CB  at  G. 

VIII,  The  circles  about  L%  M\  iV,  K^  as  centres,  and  tangent  to  the 
sides  of  A  BCD,  form  another  set  of  four  circles  circumscribed  about  one, 
ibe  cirt'le  0,  and  inscriptible  in  another,  since  the  quadrilaterals  UM^N'IC 
and  LMNK  have  the  diagonals  of  each  passing  through  the  intersections  of 
pdes  q(  the  other,  and  are  corresponding  circumscribed  and  inscribed  quad- 
ribtemU  to  the  circle  i?( Propositi nn  III). 

The  points  A^  B^  C\D  are  evidently  on  an  ellipse  to  which  the  points  R 
uid  /are  foci.  They  are  concyclic  only  when  0  and  F(and  therefore  R 
and  /)  coincide,  for  only  then  is  V{^*\  or  HF^  perpendicular  to  EG. 

IX,  To  inscril)e  in  a  given  circle  four  circles  tangent  to  each  other  and 
to  anotlier  circle : — 

Take  any  triangle^  as  S'^S"",  self-eonjugnte  with  respect  to  the  given  cir- 

f,  A     At  A',  i,  3f,  iV,  the  points  where  its  sides  cut  the  circle,  i?,  draw 

igenta  to  /?,  and  wiih  their  intersections  as  centres  describe  arcs  orthogo- 

oil  to  A     From  the  points  where  the  diagonals  of  KL3IN meet  S'S'""  draw 

f='.'*jf'nt8  to  these  arcs;  their  intersections  will  be  the  centres  of  the  required 

ir:l<^.     The  proof  of  this  construction  readily  follows  from  the  properties 

aheidy  obtained. 


CUBIC  EQUATIONS, 


BY  HEKBY  HEATON,  SABDLA,  IOWA.  ^ 

1p  a  imd  b  be  supposed  to  be  either  positive  or  n^ative^  it  is  well  known 
^  ^very  cubic  equation  may  be  reduced  to  the  form 

a?*  — 3aa-^26,  (1) 
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Pnttiog  X  =:  i/(a).y  and  dividing  by  a\/a  we  get 


/S_ 


a\/a 


PuttiDg  y  =  €<^|/— 1  -|-  *r-^/— 1  =s  2co8<?,  this  becomes 

e3fl/-l  ^^B0y^^l  =  2  COS  3ff  ==  2c,  (3 

fl  =  Jcos*^r%  y  ^  2co8(icoB"*c),  and  x  ^  2|/(a)co8(JoOB"^c), 
a  general  expression  for  the  roots  of  €«|uation  (1). 

If  we  restrict  c-os'^c  to  any  one  of  its  values  the  three  roots  are 
x^  ^  2j/(a).co8(Jeo8*'*c), 
Xj  ^  2|/(a).cos  (J;r+jjcos~io), 
:r3  =  2| /''(a).cos  (fn'  +  ^cos'^r). 
If  a'>6%  c  is  legs  than  unity  and  the  three  roots  are  real,  and  their 
ues  may  be  readily  found  from  a  table  of  cwiines. 

If  fi*  <  //,  0  is  greater  than  nnity  and  eonsecjuently  cos^^c  is  imagina 
yet  the  vahie  of  x^  h  rt*al  and  might  readily  be  found  from  such  a  table  i 
the  one  given  on  p.  37,  Voh  II,  Analyst,  if  it  were  sufficiently  extended. 
Pat  n  =  cx)s  (J<!os*"^e),     Then  is 
Xj  =  2n\/ay 

X,  =  -2,/(aM  in  +  iK  [a(l-n')]  }, 
X3=-2v/(«).^Jn-J,   [.•J(l-«')]^. 
Since  n  is  greater  than  unity,  x^  and  Xf^  are  imaginary. 

If  rt  be  negative  c  is  imaginary  nnd  the  expressions  for  the  roots  seem  ' 
be,  but  we  shall  see  that  one  of  them  is  real.  * 

Because  eos-'o  =  Jr:— sin'^c, 
j?j  =  2i/(a).cos(|n'-isjn'"^o)=  2i/(a).[J>/(3),coB(i8in"^c)+|8in(jRin~5cj 
a?j  =  2|/(a)xofi(|;:-j8in'^c)=-2v'(a),[Jv''(3)xos(^sin-^c)— -|8in(Jsin"^c)J" 
a?3  =  2i/{a).eos  (f  r-M^si  «-'(?)= -2  i/(n).sin  (Jsln"*  c). 
The  expse,*sion  for  x.^  is  real  and  its  value  might  readily  be  obtained  firoB 
the  tiible  above  referred  to. 


SOLUTION  OF  AN  INDETERMINA  TE  PROBLEM, 


BY  DB.  DAVIT)  ft.  HAKT,  STONINGTON,  COXT?. 

To  find  general  values  of  x  and  y  to  solve  the  problem 

liCt  ^  be  a  non-quadrate  number  =  the  *^um  of  two  squares  =^  r^ 
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then  w«  shall  hav« 

and  by  traDspoBition, 

x'-ry  =  «»y»-l  =  («y-l)(«i^+l); 
whence 

Let  rV+ (sy — 1  )(^^/  + 1 )  =  [jy — ^(»»-^«)(sy — 1  jf'     Red  ucing  this  we  get 

fj  ^—  _  __^ 

fim* — 2Hrrn — sn*' 

Here,  in  order  to  have  y  integral^  put  sm^ —  2nrm — «n*  =  ±1 ;  whence, 
tniiBposmg  and  dividiug  by  «,  we  have 

?7i' —  —  m  ^  , 


iod  bjr  quadratics 

^  ni±|/[(r*+On*^«] 


m: 


;V  =  ±(m^+n*). 


In  the  general  value  of  m,  r  and  8  may  represent  any  numbers  one  of 
which  is  even,  and  the  other  any  odd  number  except  1,  and  n  can  be  found 
^T  trial^  or,  if  large,  by  the  solution  of  the  formula  P^ — {r^+^n^  =  ±«. 
{See  Barlow's  Theory  of  Numl>ers,  prop.  XI,  p.  302*) 

Having  found  the  values  of  x,  y  as  above,  we  can  find  x,  y  in  the  equa- 
tion 3^ — Ay^^l  by  putting  x  ^  2p^+l  and  y=^2pqy  p,  </,  l>cing  the  values 
*^f  Xf  y,  already  found*    (See  Vol.  XX,  p.  64  of  Reprint  iirom  Ed,  Times.) 
Let  r  =  2,  «  =  3,  n  ^^  1,  then  m  =  2,  using  the  plus  signs.     Whence,  to 
aolve  x^—  13/  =  —1,  x  =  lb,  y  =  5;  to  solve  2r~l3f  =  l,x  =  649, 
|r  =  180. 

liet  r  =  2,  «  =  5,  n  =  2,  then  m  =  3,  using  the  plus  signs*  Whence,  to 
Kilve  ar»— 29/  =  —1,  x  =  70,  y  =  13;  to  solve  x'—tdf  =l,x=  9801, 
r  ==  1820. 

X*et  r  ^  8,  »  =  3,  n  ^  2,  then  w  ^  11,  using  the  second  minus  sign* 

Ea  solve  ar— 73/  =  —1,  x  =  1068,  y  :=  125;  to  solve  x*— 73/  =l,x  = 
281249  and  ^4  267000. 
Xet  r  =  6,  s  =  5,  then  m  =  ^[6n±i/(61n^  +  5)],  and  P^— 61n*  =  5. 
developing  v'61  into  a  continued  fraction,  we  find  the  partial  quotients,  7, 
*  4,  3,  1,  2.     Here  tJie  complete  quotient  corresponding  to  2  has  5  for  its 
Lenominator,Mn  an  even  place,  and  the  converging  fractions  are  |,  f,  ^^ 
^^,  ^,  ^-;  .  • .  n  ^  58,  P  =  453,  m  =  -r-  21,  using  the  minus  sign, 
ice,  to  solve  ar— 61/  =  —  1,  x  =  29718,  y  ~  3805;  and  to  solve 
1/  =  1,  ar  =  1766319049  and  y  =  226153980- 
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SOLUTION  OF  PROBLEMS  IN  NUMBER  THREE. 


Solutions  of  problems  in  No.  3  have  been  received  m  fallows: 

From  Marcus  Baker,  203,  209;  Geo.  M.  Day,  204,  209;  Prof,  W.  W. 
Hendrickson,  204;  H,  Heaton,  202,  207,  208;  W.  E.  Heal,  208,  209,  210; 
Prof.  J.  H.  Kershner,  202,  203,  204,  ^05,  208,  209;  Prof.  H.  T,  J.  Lud^ 
wck,  204;  Prof.  D.  J,  Mc  Adam,  205,  209;  W.  V.  Mc  Knight,  202,203, 
205,  209;  Artemas  Martin,  203,  204,  206,  208,  209,  210;  R  Richardson, 
209;  E.  B.  Seitz,  202,  203,  204,  205,  207,  208,  209;  Prof.  J.  Sehcffer,  202, 
203,  205,  206,  208,  209. 

By  an  oversight,  in  No.  3,  we  failed  to  credit  Prof.  Kershner  for  a  solu- 
tion of  problem  200.     His  solution  was  substantially  the  same  as  the  pub^j 
lished  solution.  ^| 

Thi*  query  by  Prof.  Mc  Adam  was  answered,  in  nearly  the  same  way,  hj    i 
the  querist,  and  by  Prof,  ydieffer,  Mr.  Mc  Knight,  and  Mr.  Seitz. 

No  answer  to  the  second  query  on  p.  96  has  been  received. 


202.  *'If  f  H-d  reduces  to  a  repetend,  prove  that  «-^d  =  ^-i-9,  where  t 
IB  the  sura  of  the  remainders  occurring  in  the  division,  and  R  ift  the  sum 
of  the  digits  of  the  repetend." 


I 


SOLUTION  BY  PHOF.  J.  8CHEFFEE. 


4 


Denoting  the  successive  figures  of  the  circulator  by  ir,  y,  z, .  . .  u,  and  the 
suooeasive  remainders  by  m^,  m^,  mj^^.^.m^,  we  obviously  have  the  rebitioQ: 

d~         10        ' 
d  10        ' 

d  10        ' 


Adding  we  have 


d  lU         * 

rf  = 10-  -^•'^^T^^'^'rf^T" 


203.     "Two  lines  Am  atid  An  make  a  given  angle  at  j4,  and  D  is  a  poii 
riven  in  position  between  Am  and  An.    Draw  a  straight  line  BC  thruogh 
D  so  that  BDxDC  =  a  given  quantity,  B  and  C  being  pnints  in  the  li 
Am  and  An,  r^pectively." 
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SOLUTION  BY  E,  B.  SEITZ,  GREENVTLLE,  OHIO, 

Draw  jDJB perpendicular  to  Aifi ;  troni'  I 

1>  draw  DB  parallel  to  Aitiy  and  let  the 

square  of  the  length  of  DH  be  equal 

ta  the  giveii  quantity.    Draw  UK  per- 
pendicular to  HE)  meetiog  ED  produetHl 

lA  JT;  on  DK  3A  diameter  describe  a 

circle,  cutting  An  in  C and  C^.  Through 
D  draw  BCaud  B^C,  either  of  which 

*»  the  line  required. 

For,  in  the  similar  right  auglcd  tri- 
angles BDE,  CDK  and  EDH,  HDK,  we  have  BDxDC=  EDxDK 
HJy  =  the  given  quantity.     The  proof  for  B'O  is  similar. 


EatW.     **Find  the  locus  of  the  intersection  of  normals  to  the  dlipee  which 
B  perpendicular  to  each  other,*' 


SOLUTION  BY  PROF.  W,  W*  HENBBICKSON,  ANNAPOLIS,  MB, 

The  equation  to  the  normal  is 

^  ;^  jnx — — _L_-^-_^JL  ,  whence 


/ 


(1) 


«r         „j*  +  Pm^  +  Qm^  -i^  Em  +  S  —  0. 

^iuce  the  product  of  two  roots  of  this  equation  is  — 1,  one  of  its  quadrmtic 
Actors  may  be  assumed  as  m*-\-Am — 1,  and  the  other  asm'-f -Bm+C;  then 
*i>«  equation 

TO*  +{A  +  J5>A«  -f  (^jBH-  C—iym^  +{A  G—B)m—C=^0 
***  identical  with  (1),  hence 

C=  —JS,  AC^B  =  iJ,  A+B  =  F  (2) 

AB+C—1  =  Q.  (3) 

Substituting  in  (3)  the  values  of  A^  B  and  C\  obtained  from  (2),  we  find 

(§+^>l)(5^1)^-f(P+iJ)(/2+P.v:^_0;        • 
1,  repliidng  P,  §,  R  and  S  by  their  valu^,  we  have,  after  reduction, 


"The  distance  between  the  centres  of  two  circles  is  given,  and  the 
i  vf  one,  fiind  the  radius  of  the  other,  when  the  length  of  the  endleai^ 
^**«id  which  pussei  around  them  is  given.'* 
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WOLUTIDN  BY  K  B.  SKITZ. 

Let  a  equal  the  dibtaui^e  between  the  cent^rB  of  the  circleB^  b  equal  the 
length  of  the  endless  band^  r,  the  mdios  of  the  given  circle,  Xj  the  unknown 
radius,  and  0^  the  angle  formed  by  the  line  joining  the  centers  and  the 
radius  of  the  given  circle  drawn  to  the  point  of  contact  of  the  common 
external  tangent.     Then  we  have 

2a  8iii  tf  +  2r<7r— ^)  -f  2(r— aooe  «)  d  =  6,  (I) 

X  ^  r — aco80.  (2) 

From  (1) 

siji  e  _  «oos  0  =  (6— 2rr)H-2a.  (3) 

From  (3)  by  mean^^  of  a  table  of  natural  sines  and  ooe^ines  we  can  find, 
by  the  mellrod  of  approximation,  the  value  of  0,  and  tlien  from  (2)  we  can 
find  .r. 


206.     '^Determine  the  {>o«ition  ot  a  plane  Irom  the  meai^ured  rectangular 
eooixlinates  of  n  |K>iiits,  each  meaisore  being  equally  good.*' 


SOLUTION  BY  PROF.  J.  SCHEFFEK,  COI>LEGE  OF  ST-  .lAMES,  MI>- 

We  denote  the  co-ordiuatesj  of  the  n  given  points  by  x\  y,  r';  x'\  y", 
2"  ;,  x'*\  y'",  s'^j  etc:  and  the  equation  of  the  plane  by 

AsB  -t  By  -^  Ck  -j-  J}  =  0, 

in  which  the  coefficients  A^  B,  Cand  D  are  to  be  determined  by  means 

the  method  of  leiust  squai*es.     By  substituting  the  above  values  we  have 

Ax'   +By'  +Q'   +jD  =  0, 

Ax"  +%"  +Cfe'^  +i)  =  0, 


. 


Now  we  multiply  the  first  of  tliese  equations  by  z\  the  second  by  x**, 
the  third  by  .r'^',  etc.;  and  add  up.  Then  we  again  multiply  tlie  first  by 
j/'j  the  second  by  tf'\  ihe  third  by  y'",  etc.,  and  add  up.  Again  multiply 
the  first  l>y  s',  the  second  by  s",  the  third  by  2'",  etc.,  and  add  up;  and 
again  multiply  the  first,  second,  third,  etc  by  1,  and  atld  up.  Whence  we 
get,  denoting  lor  the  sake  01  brevity, 


x«  +*"•    +«'"-     +  .  .  . 

byS^x*), 

xy +a:'y'+x"y"+  . . . 

by  5(ay), 

x'z'  +x"z"  +x"y"  +  .  .  . 

by  S(«), 

yV+yV'+»"V"+... 

by%r). 

x*    +x"     +x"'       +... 

by%), 

y'  +y"    +y"'     +••• 

by%), 

7!  +«"    +«"'     +... 

by  &^\  the  final  Bquatioius 

A.S{xy)+B.S(y^)+C,S{yz)+D£(if)  =  0, 
A.S{xz)+B.s(i/2)+aS(z^)  +  D.6{z)  ^  0, 
.4,%  HB,S(y  )+aS{z  )+Dm      =0; 
whence,  bj'  elimination,  we  can  derive  the  values  of  A,  B,  (7  and  D. 


207,  **lf  Jf,  N,  P,  Q  are  four  random  points  in  the  surface  of  a  circle, 
find  the  chance  that  -B,  the  intersection  of  the  straight  lines  through  Jtf,  N 
And  P,  Qf  lies  between  M,  N  and  between  P,  QJ- 

SOI-UTION  BY  HENRY  HEATON,  SABULA,  IOWA, 

Put  p  =  the  required  probability,  and  9  =  the  chance  that  the  point  Jf 
will  fall  within  the  triangle  MPQ.     Then  47=1 
chance  that  one  of  the  four  point*  will  foil  [ 
ilhin  the  triangle  formed  by  the  other  three. 
If  no  one  of  the  points  fall  within  the  triangle  | 
tbrmed  by  the  other  three,  either  JfiV  will  intcr- 
jMCt  P§,  MP  will  intersect  NQ  or  Mq  will] 
Dtcfsect  PN^  either  of  which  events  i.^  ctinall) 
probable*     Henoep  =  J(l — iq). 

In  the  figure  pot  CM  =  z,  MQ  ^  y,  MP-z, 
/,  CMq  =  /?,  and    /  CMP  =  if.     Then  the  area  of  the  triangle  MPQ  = 
;stQ(f^— ^),  and 


f  = 


Sff 


»X  J^"  •eM6«**''— 2<»8^+6#co8»fl6m(l'— 3n^cofl»fl9mff)<iwffl 


35 


Hence  p  =  -^ 


1       35 


367r» 


S08«     ''When  the  tangent,  ^r,  to  a  fixed  parabola  \b  of  constant  length, 
woA  one  extremity,  T,  moves  along  the  axis  to  the  origin,  what  is  the  curve 
iImkJ  by  the  other  extremity,  §?" 


— *S4- 


SOLUTION  BY  PROF.  J.  H.  KKRSIINER,  MERCBROlSBQi  TA, 

Let  the  rectangular  eoordinates  of  Qhe  (xj^y^)f  of  P,  {x^,  ^jjt  and  le^^j^js 
I  be  the  length  of  QT^  the  given  tangent. 

By  the  similar  trianglee  TPR,^,  TQR^,  TR^  :  PR,,  ::   TR^  :  QRi, 
9.^_  ^  ,y,   ::  /^- 


'^ilj!/!] 


■7/? 


y?- 


Putting  2^  ^^  /' — yl,  squaring,  and  substituting  2px2  for  y^,  we  get 


2a?5  :  p  ::  2^ 


y?- 


yj,  or  22— a?,  :  p  :: 

tg  the  equation  recjuirecl,  and  the  locus  is  one  represented  by  an  equation  rf 
the  6th  degree. 


209.  **C  18  the  center  of  a  circle  of  known  radius,  DB  b  a  diameter 
produced  and  AB  is  an  inflexible  rod,  of  known  length.  One  end,  A^ 
Hiovee  continually  in  the  circumference  of  the  circle  while  the  other  end,  J?, 
slides  to  and  fro  upon  DB,  Required  the  equation  of  the  curve  deathbed 
by  any  point  P,  in  the  rod*" 


4 


SOLUTION  BY  E.  B.S  EITZ. 


S 


Draw  AN  and  PM  perpendicular  to  7>Jf?,  and  put  j4C=  7%  AB  ^n, 
BP  =  b,  C3f=x,  /W=:y/and  /ABC 
=  6.    Then 

X  ^  {a—b)  cos  /^  i  I   (t^—a^sln^t^),  (1 ) 

y^bsinff.  (2) 

Substituting  the  values  of  mn^  and  oos^ 
from  {2)  in  (1)  we  have 

fc^.  =  (^a.—b)i{b^—if)±l.^(Pr—ay), 
the  reiiuired  equation,  ihc  dfmblcsign  be-  I 
ing  taken  -f  when  A  is  in  the  fiast  or  fourth  quadrant  from  E,  and — when 
A  is  in  the  second  or  third  quadrant.  The  curve  18  doad ;  its  area  ia  nbf^-^a. 
[Mr.  Baker,  who  obtains  a  similar  equation  to  the  above,  remarks:  '*It  i» 
evident  from  this  equation  without  further  change  that  the  curve  i»  not  a 
conic  section,  ♦  ♦  *  It  is  readily  traced  by  a  simple  mechanical  device,  and 
the  curve  so  traced  resembles  a  longitudinal  section  of  a  hen's  egg."} 


210. 


**Fiiid  such  integral  values  of  .t,  y  and  z  as  will  satisfy  the  conditions 

^-^-axy+f  =  Q 

y  +  eyz+z'  =  a." 
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then        ^  ^  w^ 
Aaome  now 


POTION  BY  ARTEMA.S  MARTIN,  M*  A.,  ERIK,  PA- 

le  T  ==  on' — 2mnf  y  ^=  m^^n^^  z  ^  en^+2mn:  then 
j^+a37/+^  =  (m' — amn+ri?)\ 

Bot  tlie  second  condition  is  not  satisfied  hj  tFte  asmtmed  valuer  ofx,  y  and  as. 
Let  us  p»t  an— 2m  ^  r,  (1) 

cn+2t7t  =  »;  (2) 

r  =  i(p3  _  9*),  (8) 

s  =  i{b^+2pq),  (4) 

we  have  r^+6r«+s^  =*^(p*+*'P^+gO'?  ^""^^  t'onsequently 

IVorn  (1),  (2),  (3)  and  (4)  we  have 

an— 2m  =  i{p^—  g«),  (6) 

on  +  2m  =  t{bg^ + 2pq) ;  (6) 

which  give 

if  we  take  /  =  2(o+c);  where  p  and  g  may  be  any  numbers  that  will  give 
x\l  positive  or  all  negative.   See  Laybournh  Mathematical  Rtpomtory^ 
^♦•ries,  Vol.  3,  Part  I,  pp,  161 — 164,  for  elaborate  general  solutiona 
problenu  *  ^  - 


V 


Query.     "In  works  on  Practical  Geometry,  the  fofewing  method  of 
nficrtbiog  a  regular  polygon  of  n  sides  is  given : 

Let  AB  be  a  diameter  of  a  circle*  With  A  and  B  as  eentere  and  radiim 
Aff  describe  arcs  intersecting  in  D,  Divide  AB  into  n  equal  parts.  Draw 
DE  through  the  second  point  of  division ;  the  arc  AE\b  one-7tth  part  of  th« 
etrcomierenoe.     Is  there  a  general  demonstration  published?'' 

ANSWER  BY  E.  B.  SETTZ. 

The  method  is  strictly  correct  only  for  regular  polygons  of  3,  4  and  6 
liileSy  which  is  shown  as  follows: 

Let  Cbe  the  center  of  the  circle,  F  the  seetmd  point  of  division;  draw 
fijf  perpendicular  to  i>Cproduced,     Lei  A  C^r^  CM—x,  and  Z  A  CE^^f. 


— IBS— 


Then  CD  =  ry%  AF=  4r-^,  FC=  r— 
(4r-4-R),  and  ri/3 : 3:-|-r|/3 ::  r—{4r^n) :  EM 
=  (Mr— 4)(aT/3+3r)-j-3»;  therefore 

^  ^  nr  4^[3(n'+16n— ;52)]— (n-4)V  4/8 
4(n»— 2n+4) 

and  f  =  sin     T  j. 

The  following  table  shows  the  valuta  of  <f 
fromn^sS  to  n=10,  togather  with  their  erroi^. 


«. 

f. 

Error. 

s 

120°00'(¥1" 

f/on" 

4 

90  00  00 

0  00 

6 

71  57  12 

2  48 

« 

60  00  00 

0  00 

7 

51  31  06 

5  22 

8 

45  11  15 

11   16 

9 

40  16  39 

16  39 

10 

36  21   21 

•21  21/ 

[By  request  of  Mr*  Adcock,  who  eoiiteiidB  that  the  publifihed  solution 
problem  195  is  erroneous,  we  insert  the  following  ,«olution  of  that  problem 
by  Mr.  Adcock,  From  a  hasty  examination  of  both  solutions  we  have  not 
been  able  to  perceive  any  conflict  between  them  t  Mr.  Eastwood  has  deter- 
mined the  normal  pressure  at  both  ends  of  the  rod,  while  Mr,  Adcoek  findb 
the  locus  of  the  upper  end.] 

Let  l^  length  of  the  rod  ED  resting  on  the  horizontal  plane  HBR  at  R 
and  against  the  vertical  plane  HBK  at  />.     IIB  ^  a*,  77/?  ^=  y^  BD  ^  r, 

th0D  T}+f'{-T-P  (1)1 

Through  jB  and  in  the  vertical  plaup  RBD 
draw  RFK  making  the  angle  CRF^  tan"* 
(1^-m),  and  through  <?,  the  centre  of  gmvlty 
of  the  rod,  draw  the  vertical  line  CGFy  join  I 
FD,  draw  FL  parallel  to  RB,  and  Fr  par- 
allel to  RH.     Theji,  from  the  figure,  EC  = 
CB  =  FL=h/{x'+f),  CG  =  hBD  =  Jr,  I 
CF=i/{x'+f)'^2m,  RF^FK^{x^+i/^'^\ 
X(l+m')^-^2m,  2FG  =  KB  ^  1/(3^+ f)\ 
-^m  — «,  M>  =  i/l{FC—BDy+BC'}=\ 
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N6W  if  2FG  =  DK  represent  the  weight,  w,  of  the  rod,  FB  will  be  the 
'  rtiiiltaftt  of  pressure  i^C  and  iViction  iiC  at  i?,  and  FP  and  PB  will  rep- 
jment  the  pressure  and  friction  at  2),     Hence 

FF'~  |z  —  w. 

Elimiiiatuig  y  from  (2)  by  (1), 


(2) 


which  i»  the  equation  of  the  locus?  of  the  tipper  end  of  the  rod  in  all  its  po- 
Ejitions  of  equilibrium  on  the  supposition  that  the  lower  end  is  always  in 
I  axis  of  y. 


PROBLEMS. 

211.  By  W.  E,  IIkal. —  Prove  that  every  number  is  either  a  triangu* 
lar  number  or  is  the  sum  of  two,  or  of  three  triangular  numbers, 

212.  By  E.  B.  Opdycke,  Puulski,  Ohio.  —  One  half  of  a  circular 
of  land  is  cut  oft*  by  an  arc  of  a  circle  whosse  center  is  in  the  circumfer- 

Qoe  of  the  circulm*  ti-act.     Find  the  radiui*  with  which  tlie  arc  is  described. 

21:J.  By  Gko.  H.  Harvill,  Bonnek,  La.  —  Upon  the  thi*ee  sides  of 
liny  trianirle  cnnstnict  equilateral  triangles  and  join  their  centers  by  right 
lint^     Prove  that  the  triangle  bo  formed  is  equilateral* 

214.     By  G.   Sbaw,  Kjembue,  Ont.,  Canada. — Prove  that 

^1  :>,  By  Pnor.  Bemak*  —  A  harbor  J.  is  bO  situated  with  reference  to 
two  hea<l!andi?  B  and  (',  that  the  angle  BAC  is  a  right  angle.  A  shipsaik 
in  a  cour&e  making  an  angle  of  55*^  with  AB,  to  1>,  when  DB  ==  DC:  she 
then  sails?  forward  on  the  same  counse  15  ms,  to  Ey  when  BECiB  a  straight 
tine*     Required  AB,  AC\  DB,  EB  and  EC. 

218L     By  Pkof.  8c:heffeb.     Through  three  given  points  to  describe 
I  mixixnnin  ellipse. 

217.  By  Prof.  W.  W.  Hesdricksok.  — The  hypothenuse  of  a  right 
imiigle  ts  fixed,  and  squares  are  described  upon  the  other  two  sides:  it  is 
raqaired  to  hnd  the  equation  to  the  locus  of*  the  interbeetion  of  two  straight 


--128— 

lines,  drawn  from  either  extremity  of  the  hyp.  to  the  most  distant  oomer  of 

the  square  upon  the  opposite  side.     Find  also  the  area  of  the  curve. 

t 

218.  (Bv  Request)— Itequin^d  the  separate  rates  of  dividend  of  two 
insolvent  estates  connected  actually  as  follows: 

John  Doe's  Estate.  Dii^ect  liabilities  $33,425.61^  also  endorsements  for 
Richard  Roe  $34,949,16,  leas  primary  dividend  to  be  paid  from  Roe's  estate. 
Net  proceeds  to  be  divided  ^12,395.76.  ^J 

Richai-d  Roe's  Estate.     Direit  liabilities  §46/2r2.W,  also  endonsemeaoB 
for  John  Doe  -^9,500.00,  less  primar)'  dlvinend  to  be  paid  from  Doe'«  estate. 
Net  proceeds  to  F>e  divided  §;9yl9:i.25,  augmented  by  dividend  on  ¥4,796.65 
aecouat  dne  from  John  Doe^s  estate. 

219.  By  Prof,  Kershner. —  What  is  the  locus  generated  by  the 
vertex  of  a  right  angle,  including  sides  given,  sliding  between  the  branches 

of  a  given  parabola? 

220.  By  Artemajs  Martik, — Through  a  given  point  in  the  surfaoe  of 

a  circle,  a  chord  is  drawn  at  random.     If  another  chord  be  drawn  at  right 
anglet!  to  the  tii-i^t,  what  is  the  probability  that  they  will  intereet^t? 

Query*  By  Geo.  M.  Day,  1^h:kport,  N.  Y, — It  is  stated  by  Prof, 
Jevons  in  his  **Frinciples  of  Scieiiee''  that  Prof*  CliflTord  has  found  a  func- 
tion wbieh  approaches  infinity  as  the  variable  appniaches  a  certain  limit  i 
yet  at  the  limit  the  function  is  finite.     What  is  the  function? 


PUBUCA  TI0N8  REVEJ  VED. 

The  Ob»ervatmy,  (May  md  Juiiy  Nm.^  A  Mootlily  Review  of  Ajtronomy.     GcBtad  by  W. 

H.  M,  CHaiHTIE,  M.  A..    T«ylor  urwi  Froncnis  London,  Englfind. 
Thr  EUciric  ComtUution  of  Our  iktfur  Sif^irin.     By  Javou  Ennik.     8vo.     19  pp.     FhiiAAlet- 

phia.     1878. 

ERRATA, 


ihi  piiKV  93«  fine   10,  tin*  l^iitcu,  whirh  ini'hideki  iUv  imnicnilor  aiicl  denuminator  of  tht 
lti«t  tenu^  Klioiild  only  inclutte  tlic  itninorator;  and  on  Mine  fUg^  Unm  10  and  11  fmm 
IxiUoin  Hhuuld  read  ua  uii  page  9*1,  line*i  2  and  3  fmm  bnttotu. 
thi  p«H5t^  102,  line  'S  from  bottom^  aHvt  =,  iniHjrt  }-i~np. 
'*      **     112,      '*     10,  for  when,  rend  whem 
*'      **        "     17,  for  :^,  read  being* 

'      lam  line,  for  four  roots»  read,  four  real  rtxrt*, 

*•      ••     11  a,  hr  tj,  y,  ou  woods?ai,  road  E.  h\  O. 


THE  ANALYST. 


Voi^  V 


Septekber,  1878. 


No.  5. 


ON  THE  LIMIT  OF  REPEATED  ADJUSTMENTS. 


BY  E,  L.  DE  FOREST,  M.  A.,  WATERTOWN,  OONN. 

It  has  been  sho\^m  by  me  (Anat.yst,  May  1878,  p.  70)  that  when  a  se- 
ries is  adjusted  by  a  given  fbriDula  several  timiis  in  succession,  the  process 
is  precisely  equivalent  to  a  siogle  adjustment  made  by  a  certain  resultant 
formula,  and  that  the  ^efficients  in  such  resultant  formulas,  considered  as 
temiB  in  a  series  or  ordinatcs  to  a  curve,  follow  outlines  which  appear  to  re- 
^mblc  each  other,  no  matter  what  the  outline  of  the  original  formula  may 
have  been* 

We  will  now^  investigate  the  form  of  the  curve  followed  by  such  coeffi- 
cients at  the  limit,  when  the  lumiber  of  repetitions  becomes  very  large,  or 
iniiDite* 

Propomiion*     It  a  series  is  adjusted  k  times  in  sixooession  by  the  formula 

and  if  the  equivalent  or  resultant  formula  is  denoted  by 

<*=  hu^+hiu,  +W-i)+/2(«2-f  t*~a)+  • .  -  +  W«*«+W-*^),  (2) 
Ibeo  any  coefficient  (^  and  the  2m  other  coefficients  nearest  to  it  will  be  con- 
Bccled  by^  the  relation 

This  property  has  been  reached  inductively,  by  proceeding  from  some  very 
siniple  cases  to  more  complea  ones,  and  I  am  unable  to  offer  any  general 
proof  of  it,  but  it  has  been  tested  in  such  a  variety  of  ways  that  there  can 
be  DO  doubt  of  its  generality.     Take  for  example 

By  the  method  given  in  the  Analyst  referred  to,  it  is  found  that  three 
fnoQeseive  applications  of  this  formula  are  exactly  equivalent  to 


(3) 


u'o"  =  ^x[2617«o+2232(tii+ii_i)  +  1278(u^+u,^)  +  276(u3+w_3j) 

Now  take,  for  instaooe,  t  =  2,  and  (3)  becomes 

6(276— 2232)+2x3f— 171— 2()17)+3x-2f— 234— 2232)  _  —2 
7  X 1 278  H-  6(276  +  2232)  +  3(- 171  +  26 1 7 )— 2(— 234 +2232)  a  +  1 ' 
in  which  both  members  redufM3  to  the  same  value  — }.  By  such  trials,  an 
one  can  satisfy  himself  that  formula  (3)  is  true,  no  matter  what  the  valu' 
oft,  Af,  ^Q,  ^j,  <Sro.  may  be.  If  any  /  beyond  l/^  shouhl  be  induded,  its  value 
ia  zero,  and  any  negative  8ub-index  of  /  is  the  ^ame  as  i^ositive-  The  re- 
sultant coeflicients  shown  in  Tables  I,  and  II.  of  the  Analyst  article  citeci, 
will  not  afford  exact  tests  of  the  present  proposition,  because  they  are  only 
correct  to  three  places  of  decimals. 

Now  let  J|,  ^3,  &c.  denote  the  finite  difTcrences  of  the  series  4,  4+i>  &<^-# 
so  that  we  have 


'Sf 


/,^.2-24+i  +4  -  J„         /,^,^4/,+  3+6f,^.2— 46+1  +/.  =  ^41 


'H6-'^A+4  +  10/.+,-in/.^,  +  5/,+  i-/,  =  J,, 
and  for  conventencMS  let  differencei^  hij^luT  tlian  J^  he  neglected,  so  that  J^ 
ifi  regarded  lu?  c<»nslant  ibr  any  six  consecutive  coefficients  L  Thus  we  get 
l^,=l,+  J,,  /^^=/-J,+     J,-     J3+     J^-     J„ 

4+2=A+2Ji+  J„  /,_,  =  /^2J,+  3J,-  4J3+  6J^-  6J„ 

4+»-/i+3J,+3J,+  i„  i*-a=/-3J,+  6V10J3+15J,^21J„ 

«r+4='i+4^i+<5^a+^^a  +  ^4.  4,^  = /,-4J,+10J3-20J3+36J^-56J^, 
&c.  Ac. 

By  subtracting  and  adding,  we  find  in  general 
4+.-/i_.=2nJ,-nJ2+Jn(nH2)J3— i^(^Hl)^4+iA^(n<+35n»+24)J,, 
4+,+/*-.=2/,+n^(J,-i3)+^jnV+ll)f4— K(n'+5 
These  expresBions  would  remain  the  same  if  diflerenoes  higher  than  J^  hat! 
been  taken  into  aceouut,  only  terms  containing  Jg,  J^,  &e.,  would  be  added. 

Substitute  the  above  in  (3),  and  write,  for  brevity, 


I 


h     +2(ix+Aj+....+A„)=6   ^ 
l^J, +2% +  ..... +m»^.  =  6j 

l«Ai+2*;,+ +m«^.  =  6^  \ 

l«;,+2%+ +m«^,  =  6e 


(4) 


Ac.  Ac.  J 

then  (3)  becomes 


— i 


(s) 
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Bot  if  (1)  IS  an  adjustment  formula  of  such  nature  as  to  give  exact  results 
when  applied  to  a  series  of  the  first  order,  that  is,  one  who.se  first  diifereuces 
are  constant,  we  shall  have  &  ^  1.  If  it  is  exact  in  the  ease  of  a  series  of 
the  third  order,  we  shall  have  Imtli  6=1  and  i^^  ^  0,  If  exact  for  a  se- 
ries of  the  fil\h  oi^er,  then  6~1,  ij  =^  0  and  6^  =0;  and  so  on  for  higher 
orders.  This  has  been  shown  by  Schiaparelli  in  his  essay  on  empirical 
carves,  Sul  modo  di  ricuvare^  etc.,  as  remai-keil  by  me  in  the  Smithsonian 
Meports  of  1871  and  1873,  pp.  335  and  342.  It  can  also  be  proved  some- 
wluit  differently,  as  follows.     Equidistant  oixlinates  to  the  curve 

form  a  series  of  an  order  equal  to  the  degree  of  the  curve,  and  terms  in  such 
series  can  always  l>e  expressed  by  such  an  equation,  the  origin  being  taken 
at  any  term  we  please,  while  the  constant  interval  between  the  terms  may 
be  the  unit  of  x.     Thus  we  have  y^  =^  ^^,,  and 

y^^=AQ+  A^+    ^j+&c.,  y_^^A^~  A^+    A^—   A^+&c,, 

y^=A^+2A^+2'A^+2'A^-\-&c.,y^^  =  A,-2A,-t2'A^-2'A^+&c., 

Ac.,  &c*, 

and  the  adjustment  formula 

becomes  by  substitution 

y;  =  ^,[^0+2(^1  +  ^2  +  •  •  ^  •  +X^)]+2A^{l'X,  +2%  +....  +m=U 

which  by  the  notation  of  (4)  is  equivalent  to 

y'e  =  A^b+2{A^b^  +  A^b^+A^b^+&^.). 

In  the  case  of  a  series  of  the  first  order,  A^,  A^  &€,  will  be  zero,  and  we 
cannot  have  y'©  ^  y^  ^^  -^o  without  having  6  =  1.  For  a  series  of  the 
second  or  third  order,  A^,  Aq,  &c.  will  be  zero,  and  since  A^  and  A 2  may 
be  supposed  to  have  any  values,  we  cannot  have  y^  =  y^  without  having 
both  6=1  and  6^  =  0.  Likewise  for  a  series  of  the  fourth  or  fifth  order, 
we  nmst  have  6  =:  1,  63  =  0,  6^  ^  0;  and  so  00  for  series  of  higher  orders. 

Reverting  now  to  equation  (5),  let  us  see  what  becomes  of  it  in  each  of 
the  foregoing  cases  at  the  limit,  when  the  number  of  repetitions  of  the  ad- 
jiisling  process  is  very  great,  so  that  A  is  a  very  large  number,  or  infinite. 
Tlie  successive  values  of  I  become  consecutive  ordiuates  to  the  limiting  curve, 

90  that  4  =  y,     ^1=  dy,    ^2  =  ^^!f>     ^3  =  ^>  &<^' 

Difiereotials  of  higher  orders  are  to  be  neglected  in  comparison  with  those 
of  a  lower  order,  and  all  differentials  are  neglected  in  comparison  with  y. 
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Taking  Iq  ns  the  axis  of  Y,  the  abeciasa  corresponding  to  any  y  will  be  a;  = 
iJx^  which  beoomes  x  =  idx  at  the  limit  Thus  in  the  first  case,  with  only 
the  condition  6  =  1,  (5)  reduces  to 

2&jd!y  ___     — X  ,    d^  ^_       — ^ey 

y     ~(JE+l)da:'  '    '  dw       l^k+J)(dxf' 

With  the  two  conditions  6  ;=  1,  and  6^  =  0,  (5)  becomes 

^b^d^y — X  ,    d^y — 3xy 

y       ^  (Jt+l)^'  *    '  ^«  ""  fc^^+lpzj*' 

and  with  the  three  conditions  6  =  3,  6^  =  0,  64  =0,  (5)  is 
^gcf^y  _      — iP  .    ci^y  _       —60xy 

y  (JE+lld^  *   'da?*       l>t{H^)<M^f 

It  IS  to  be  presumed  tliat  if  orders  of  difierenoes  higher  than  the  fifth  were 
taken  into  account,  four  or  more  of  the  conditions  would  give  difierential 
equations  of  the  seventh  and  higher  orders  ainiilar  to  the  above*  We  may 
say  then  in  general,  that  the  limiting  curve  sought  will  be  characteriaKed  by 
the  linear  differential  equation 


(«) 


(7) 


C«) 


^_ 


dx' 


=  oay, 


(9) 


where  n  is  an  odd  number,  and  has  the  values  1,  3,  5,  Ac,  aooording  as  the 
original  adjustment  formula  is  exact  in  the  case  of  series  of  the  first,  third, 
fifth,  <fec»  orders.     The  simplest  case,  n  =  1,  gives 


^  =  dxdZf 


y  =  Cfe 


}az« 


The  constant  of  integration  Ccao  be  determined  by  the  condition  6  =  1, 
for  this  is  satisfied  not  only  by  the  original  formula  (1),  but  also  by  the  i-e- 
sultant  formula  for  any  number  of  repetitions.  (Analyst,  p.  6G.)  At  the 
limit,  the  condition  becomes 


i>  =  ''      ■■■"-^v 


Formula  (6)  shows  that  a  is,  in  general,  essentially  native. 
a  ^  — 2A*,  we  get 

1 


Writing 


A:»: 


the  well  known  equation  of  the  probability  curve,  which  is  thus  seen  to  be 
the  limiting  form  of  the  loefiiciente,  for  adjustDient  furmulas  which  satis^ 
the  single  condition  6  =s  1.    Such,  for  instance,  nrc  the  simple  mean 

2mVi  {  "•+(«! +«-i)+(Wa+«-j)+  ■ .  • .+(«-+«—)  } , 


« 


» — 
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and  tills  other  which  has  some  times  been  used, 

All  sucli  formulas  give  exact  results  only  when  applied  to  arithmetical  pro- 
grcsBions,  that  is,  to  series  which  follow  not  a  curve,  hut  a  straight  line. 

Since  the  differentials  of  x  and  y  bear  to  eacli  other  nearly  the  same  rela- 
tions as  their  finite  differences  do,  provide*!  these  are  small,  it  follows  that 
tiie  equation  (10)  expresses  pretty  nearly  the  outline  of  the  resultant  formula 
for  any  finite,  but  tolerably  large,  number  of  repetitions,  and  the  larger  the 
number,  the  more  accurate  is  the  representation.     Take  for  example  sixteen 
applications  of 

for  which  b^  =  1%  =  J  and  i+l  =  17.     For  dx  put  Ja;  =  1.     Then 

h  =  .21004,  log  t^  =  L07374-.019160x=, 

ftcd  Table  I.  shows  the  values  of  y  for  suooessive  values  of  x. 


0 


Table  I.    {h  =  .21004,) 


8 


10 


11 


&c. 


y    .119  .113  .099  .080  ,0591,039  .024  ,014  ,007  .003  ,001  ,001  &c. 
They  oome  quite  near  to  the  true  coefficients  .121,  .115,  ,101,  .081,  ,059, 
.039,  .023,  .012,  ,006,  ,003,  ,001,  .000,&c.,as  found  by  repeated  use  of  for- 
mula (7),  Analyst,  p.  67. 

Instead  of  y,  it  would  have  been  more  strictly  correct  to  use  the  finite 
diflTerenee  of  the  area,  having  Jx  =^  1  for  its  base  and  y  for  its  middle  ordi- 
nate; but  the  numerical  value  of  such  a  portion  of  the  area  is  very  nearly 
the  ssune  as  that  of  y. 

As  is  well  known,  all  probability  curves  are  similar  figures  in  this  sense, 
thai  any  increase  of  the  probable  error  gives  a  proportionate  increase  to  all 
tlie  abeciaBad,  while  all  the  ordinates  are  diminished  in  the  same  ratio,  so 
that  the  whole  area  of  the  curve  remains  constantly  unity.  The  probable 
error  varies  inversely  as  h  and  V — «>  and  is  shown  by  (10)  to  vary  directly 
as  |/&j  and  y'{k-^l).  Hence  we  can  find  approximate  values  of  3^  for  any 
number  of  repetitions  of  any  formula,  from  similar  values  which  have 
already  been  found  for  some  other  number  of  reijetitions  of  some  other  for- 
mula.    Take,  for  example,  eight  applications  of 

«o  =  K^o  +«i  +«^i  +^3  +w-  2)1  (12) 

where  £+1  =  9  and  65  =  PAi-h2'il2  =  |+f  =  1,  so  that  A=  |.  Let 
each  X  in  Table  I.  be  multiplied  by  the  number  ^^.21004^^.7935,  and  let 
each  corresponding  y  be  found  by  interpolation  in  that  table,  thus; 
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z 

0      .79  1.69  2.38|3.17  3.97  4.76  5.55  6.35  7.14 

7.93  8.73 1 9.52  lol^ 

y 

.119.114 

.105 

.092  .076 

.058 

.044 

.031 

.020 

.013 

.007 

.004 

.002 

.001 

OOlJ 

ooofl 


MultipyiDg  each  y  liere  by  •7935  wc  get 

,094  .091  •083  .073  .060  .046  .035  .025  .016  .010  .006  .003  .002 
which  is  not  far  from  the  true  series 

.098  .095  .087  .075  .061  ,047  .034  .023  .014  .008  .004  .002  .001 
and  the  approxunation  would  be  closer  if  i  were  greater.    If  jfe  were  inftni 
all  the  terms  of  such  a  series  would  be  infioitesimalsj  but  the  relation  be- 
tween them  would  be  of  the  form  (10). 

We  come  now  to  the  case  of  chief  interest,  that  in  which  the  adjustment 
formula  satisfies  the  tw^o  conditions  6  —  1  and  63  =0,  so  that  it  gives  exact 
resultij  when  applied  to  a  series  of  the  third  or  any  lower  order,  and  is 
adapted  to  the  adjustment  of  series  which  follow  not  only  straight  lines^  but 
curved  ones.  Here  (7)  gives  for  tlic  differential  equation  of  the  limiti 
curve 

—^  _  ^y^ 

The  integration  of  equations  of  this  kind,  under  the  general  form  (9),  is 
treated  of  in  various  text-l>ooks;  see  for  instanoe  Price's  Oalculua,  Vol.  II., 
pp,  652 — 6 ;  but  I  am  not  aware  tliat  it  has  ever  b^n  discussed  under  the 
peculiar  conditions  imposed  by  our  present  problem.  The  simplest  way  of 
getting  the  value  of  y^  and  jx^rhaps  the  only  way  adapted  for  numerical 
computation,  appears  to  be  by  means  of  a  series,  using  the  method  of  inde 
terminate  coefficients.  Since  the  curve  is  symmetrical  on  both  sides  of  the 
middle  ordinate  or  axis  of  F,  we  take  only  even  powers  of  z,  and  assume 

which  gives 


=  axy. 


'J  — " 
iting    I 

(isP 


2.3.4  Cte+ 4.5.62)«»+ 6.7.8  JEr»+&c, 


These  are  equal  to  each  other,  so  that 

{2.SAC—Aa)x+{4.'j.6D—Ba)!i^+{^i.7.»E-  Ga)ar»H- {i.9.10F—Day 

-j-«tX!.  =  I 

The  coefficients  of  each  power  of  x  being  separately  zero,  give 


,10' 


^  ~  2.3.4' 

4.5.6' 

6.7.8      2.3.4.6.7.8' 

„         Da    _         Ba* 
8.9.10"     4.5.6.8.9 

<fic, 

<tc, 

E=  „^  = 
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'  and  the  equation  of  the  cttrve  is 


ax^ 


(a:t*y 


^2.3.4^2.3.4.6.7.8^2.3.4.6.7.8.10.11.12^ 


^  +  ~+ 


i^*)l 


iox*y 


•] 


(14) 


L.      4.5.6  '  4.5.6.8.9.10  '  4.5.6.8.9.10.12.13.14 
^'^e  may  write  it  thus 

aid  exhibit  in  Table  II.  the  logarithms  of //,  and  h\  for  the  first  14  terms 
I*  each  series. 


Table  II. 


log  H^.   I    log  a;. 


logi/.. 


log  a;. 


]2.61 97887 
J.0934493 
JB.9728755 
11.4465362 

15  6114802 
19.5271184 
23.2336233 


J.9208187 

j5.U634861 

9.7242336 

12.0343922 

16.0687204 
21.87551^56 
25.4889183 


8 
9 
10 
11 
12 
13 
14 


28.7599903 
32J  281410 
37.3552326 
42.4550623 
47.43H9654 
52.3104218 
57,0954772 


130.9337755 

:  34.2294878 

139.3913946 

44.4319716 

1 49.3615644 
54.188HB14 
60.9214004 


Ft  sight,  equation  (14)  seems  to  oontain  three  arbitrary  constants, 
y  there  is  only  one,  for  the  two  eonditions  6  =  1  and  b^  ^^  0  are 
ied  by  the  resultant  formula  as  much  aa  by  the  original  one,  and  can 
"•  used  to  find  A  and  B  in  terms  of  a,  bb  the  single  condition  6  =  1  was 
^^^^1  to  find  the  constant  of  integration  for  the  probability  curve  in  terms 
^^  A,     At  the  limit,  (4)  shows  that  the  two  conditions  become 

r»  /•go 

ydx  —i,  j    'j^ydx  =  0. 

"*it  it  is  not  necessary  to  integrate  up  to  x  =  <x>,  for  we  have  seen  that  for 
^r  moderate  values  of  x  the  value  of  y  becomes  so  small  as  to  be  hardly 
la     (AlfALYST,  p.  68.) 
a?j  be  the  finite  limit  employed,  and  integration  gives 

+  £xll^+lK\(ax\)+^K,{ax*y+Ai:.l  (15) 

+Bx\[\-i-\K,{a^*)-\.^SK^iaxt)*+Acl  (1«) 
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enoting  tlic  sums  of  the  series  by  Si,  Sj,  (S'g,  S^,  we  have 
Ax^Si  +Bx3S^  =  i,  AS^+BxlSt  =  0, 

and  consequently 

With  any  given  value  of  a,  assuming  some  sufficiently  large  value  of 
we  can  compute  *S'j,  X^,  ti*c ,  and  conscqiieotly  ^1  and  B.     Any  inci 
value  of  a^i ,  up  to  infinity,  ought  to  give  sensibly  the  same  values  of -4 
B,    Since  8j ,  S^,  A-v.  are  fimt^ions  of  n^},  they  remain  constant  so  long 


axf  is  cx)nstant,  though  a  may  diminish  and  xf  inci*ease. 
and  (17)  becomes 


Tak 


e  dxi 


A^ 


B  =  —  (  ^^)Ai,'a. 


vrebg 


It  thuR  appears  that  ^4  and  B  vary  as  a^  and  a^  respectively, 
assume  a  sutliciently  large  value  of  t%  and  compute  A  and  B  in  terms  ( 
This  practical  difficulty  arises,  that  the  expression  for  A  contains  in  the  i 
nominator  the  difference  of  two  large  nunil>ei*9,  S^S^  and  S^S^,  aad  thiC 
are  so  nearly  equal,  that  if  computed  by  logarithms  to  seven  figures,  thg 
difference  contains  only  one  or  two  figures,  and  the  value  of  A  is  not  foi^l 
corrct3tly  enough.     Another  computation,  therefore,  has  been  made  witbrr^ 
using  logarithms,  taking  c  —  lOOOO,  and  the  work  was  carried  to  twc 
figures.     It  gave 

A  =  .40803a^  B  =  — .3379H91^ya. 

This  value  of  B  is  the  same  as  found  by  logarithms  with  smaller  valiL-^ 
of  Cf  while  A  is  a  little  different,  so  that  the  ratio  of  ^4  to  B  is  known  mota 
accurately  than  the  absolute  %^aliie  of  A.  Putting  a  =  ,001,  and  calculi 
ting  the  area  of  the  curve  up  to  a  certain  point,  x  =  36,  and  allowing  fc: 
the  area  of  the  rest  by  the  help  of  the  32-fokl  coefficients  (Analyst,  p.  68^ 
carried  to  five  figures,  I  found  for  the  total  area  ,99896  instead  of  the  pro^ 
er  value  unity.  The  above  value  of  A^  therefore,  ought  to  be  increased  l 
the  ratio  of  .99896  to  1,  so  that  the  values  finally  adopted  are 

A  =  .4084oa'^,  B  =^  —  .3379891  A|/a.  (iS 

The  ordinates  to  the  curve,  as  computed  by  (14)  and  (19),  are  shown  i^ 
Table  III,  to  four  places  of  decimals.  fl 

From  what  w*e  know  of  resultant  formulas,  as  discussed  in  the  Aj^ALtW 
already  cited,  it  is  evident  that  the  present  curve  consists  of  an  infi 
number  of  undulations,  lying  alternately  above  and  below  the  axis  of  j 
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Table  m.    (a  =  ytW-) 


X 

» 

X 

y 

X 

* 

X 

y 

0 

.0726 

10 

.0196 

20 

—  .0068 

30 

.0010 

1 

.0719 

11 

.0133 

21 

—  .0059 

31 

.0010 

2 

.0696 

12 

.0077 

22 

—  .0048 

32 

.0009 

3 

.0659 

13 

.0029 

23 

—  .0037 

33 

.0008 

4 

.0610 

14 

—  .0009 

24 

—  .00126 

34 

.0006 

5 

.0560 

15 

—  .0038 

25 

—  .0016 

35 

.0004 

6 

.0483 

16 

—  .0058 

26 

—  .0007 

36 

.0002 

7 

.0412 

17 

—  .0070 

27 

—  .0000 

37 

&c. 

8 

.0338 

18 

—  .0075 

28 

.0005 

38 

9 

.0265 

19 

—  .0074 

29 

.0008 

39 

I 


Only  three  of  these  appear  In  our  table,  because  as  x  increases,  y  becomes 
8o  very  small  as  to  be  hardly  sensible,  and  is  only  oompoted  with  great  la- 
bor, sinoe  (14)  gives  it  as  the  difference  between  two  large  numbers.     If 
plotted  on  paper,  the  curve  beyond  these  limits  would  not  be  distinguish- 
able by  the  eye  from  the  axis  of  X*     It  presents  striking  analogies  to  the 
probability  curve-    Since  it  has  only  one  ai*bitrary  constant  a,  and  its  area 
IB  always  unity,  the  curves  for  different  values  of  a  are  similar  figures  in  the 
same  sense  as  all  probability  curves  are  similar.    The  dimensions  in  the  direc- 
tion of  X  vary  inversely  as  those  in  the  direction  of  y,  and  since  the  latter 
Vary  as  A  and  therefore  i\s  a'%  it  follows  from  (13)  that  the  x  dimensions 
vary  dii^ectly  as  the  fourth  root  of — 6^,  and  also  as  the  fourth  root  of  i+1. 
Table  III.  can  be  used  as  Tabic  I.  was,  to  compute  approximately  the  co- 
wBcients  for  any  given  number  of  rcpctiticms  of  any  given  adjustment  for- 
ttiula.    Take  for  example  the  32-foId  use  of  the  formula  (Analyst,  p»67), 

<  =  ^[17i*o  +  12{i*i+t*-i)-3(t*3-hu.3)], 
^herc  we  have  from  (4), 

^bile  it  ^  32  and  for  dx  we  put  Jx^l^so  that  (13)  gives  a  ^  ^^* 
V^Tien  ar^O,  then  y=^Af  and  we  have  seen  that  A  varies  as  the  fourth  root 
^  a,  80  that  any  coefficient  in  the  formula  now  sought  may  be  found  by 
**fcuig  the  corresponding  y  from  Table  III*,  and  multiplying  it  by  the  ratio 


(fe-I^)*  =«•»««• 


Theabi 


found  by  multiplying  this  ratio  into  0,  1,2,  3,  &c.,  are 
6.13,     9.20,      12.26,      15.33,      18.40,     21.46  &c 
">e  oorwsponding  ordiitates,  by  interpolation  in  Table  III.,  are 


0,     3.07,     6.13,     9.: 


Xn26,    .0656,    .0474,    .0251,    .0064,  —.0045,  —.0075,  —.0064  Ac. 


and  multiplying  these  by  3.066,  we  have 

.223,  ,201,  .146,  J)77,  .020,  —.014,  —,023  —.017,  —.006,  ,001,  ,003 

.002,  .000,  Ac 
which  approach  pretty  nearly  to  the  true  eoeflScienta  for  32  appHcatiaK 
(An'alyst^  p,  68), 
.230,  .205,  .145,  .072,  .014,  —.017,  — ,022,  —.014,  —.004,  .002,  .OC 

.001,  .000,  &^ 
and  the  agreement  would  be  closer  if  k  were  a  greater  number.     Taking 
=  64,  we  get  .188  for  the  first  coefficient,  the  true  value  being  .192.    If^ 
were  infinite,  all  the  ooeflScients  would  be  infinitesimals,  but  the  relati« 
between  them  would  be  of  the  form  (14). 

By  a  process  quite  similar  to  the  foregoing,  we  can  discuss  the  third 
in  which  the  adjustment  formula  satisfies  the  three  conditions 

6^1,  63  ^  0,  64  =  0, 

and  gives  exact  results  when  applied  to  series  of  the  fifth  or  any  lower 
der.     Such  a  formula,  for  iuBtance,  is  the  one  at  p.  292  of  the  SmUhsoihic 
Bepori  of  1871, 

<  =  M15(**o+^i+«-i)—6K+^-2)+{^3 +'*-«)] 
For  an  infinite  number  of  repetitions,  the  differential  equation  of  the  1: 
iting  curve  is  given  by  (8), 


t9 

I 


a  = 


—60 


d'y_ 


=  asi)y. 


imd  by  the  method  of  uidetermlnatc  coefficients  we  find 


1.3.4.5.6 


1+ 


caf 


\      4.5.6.7.8 


'  2.3.4.5.6.8.9.10.11.12 
'"2.3.4.6.6.8.9.10.11.12.14.15.16.17.18 


+  <tC5! 


-fCa;«(l 


<w* 


4.5.6.7.8.10.11.12.13 


14 +H 


6.7.8.9.10  '  6,7.8.9.10.12.13.14.15.16 
There  is  only  one  arbitrary  constant  here,  for  A^  -Band  Care  give 
terms  of  a  by  the  three  conditions  named,  whic^  as  (4)  shows,  become] 
at  the  limit 

ydx  =:  I,  I    a^dz  =  0,         J    x^ydie  =  0. 

Considering,  as  in  the  previous  case,  that  it  is  not  necessary  to  intqgrat-^ 
up  to  infinit)^^,  we  suppose  a?!  to  be  a  sufficiently  lai^i 
after  integration, 
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*  J^'  :,^dx  =  AS^+BxlS,  +  Or*S,  =  0, 
1  P*  a!«jdc  =  45, +Ba;?S,  +  Gcf  5^  =  0, 

irliere  Sij  82J  &c^f  are  tlie  emns  of  series  involving  powers  of  asf . 
tbree  equations  determine  A,  By  Cb&  follows. 


These 


►(22) 


I 


A£3iimtng  a  suitably  large  number  c  ==  oxf ,  we  can  compute  the  numerical 
vaJues  of  jS|,  jSj,  ifcc,  and  so  find  A,  B  and  C  in  terma  of  Xi  or  of  cu  The 
above  formulaa  show  that  A,  B  and  C  vary  inversely  as  a;^  a;f  and  a:f  re- 
spectively, that  is  to  say,  they  vary  directly  as  ( — a)i,  ( — a)l  and  ( — a)4, 
^■^eep^ctively,  since  ax\  is  supposed  constant,  and  a  as  found  by  (20)  is  es- 
sentially negative.    We  therefore  have 

A  =  Ai{— a)4,  B  =  h^A{~a)i,         C  =  h^A{—a)h       (23) 

The  analogy  with  (19)  is  apparent.  Since  y^A  when  a?  ^  0,  the  y  di- 
ssensions of  the  curve  vary  as  ( — a)i,  so  that  the  x  dimensions  vary  directly 
*s  tlje  sixth  root  of  6g  and  also  as  the  sixth  root  of  A+1.  I  have  not  ta- 
ken the  trouble  to  compute  the  numerical  values  of  A^,  h^  and  A^,  and  to 
*^iistruct  the  cur\*e  for  a  particidar  case,  but  there  seems  to  be  nothing  im- 
P^^sible  about  it 

Analogy  leads  us  to  presimie  also,  that  a  similar  method  might  suffice  to 
*^^termine  the  limiting  cur\^e  for  repeated  adjustments  with  formulas  of 
higher  orders^  satisfying  four  or  more  of  the  conditions 

tb  =  1,        62  =  0,        64  =  0,         6^  =  0,  Ac- 
-AJl  such  curves  will  resemble  each  other  in  having  but  one  arbitrary 
^Sstant  or  parameter,  while  the  area  of  the  curve  is  always  unity* 
It  may  be  noticed  that  the  limiting  value  of  263, 
the  definite  integral  which,  in  the  probability  curve,  expresses  the  square 
of  the  mean  error,  or  the  mean  of  the  squares  of  all  the  errors.     LikevYise 

Eit  of  264,  in  the  same  curve, 
264  =  2 J^a^ydar, 
express  the  mean  of  the  fourth  powers  of  the  errors;  and  so  on. 
^  •  --'- -  -         -     ■  --  —  - --  - 
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Nc/rE,  Throughout  tlic  foregoing  investigation  it  has  been  assumed  tliai 
the  Bigns  of  A3,  64,  tuiJ  b^  in  Furnmlas  (6),  (7)  and  (S)  will  be  +1  —  and  + 
respeotively,  m  that  the  signs  of  the  constant  a  will  be  *— ,  +  and  —  re- 
s|iectively.  This  is  true  fnr  any  ajyii^traeot  formula  likely  to  be  used  iit 
praetii'*?,  but  others  (tin  be  constrocted  eo  that  b^^h^  and  6^  will  have  signs 
contrary  to  the  above.  In  Bueh  cases,  the  suceossive  coefficients  of  Uie  ro- 
sultant  formula  tentl  to  diverge  from  ear^hother  as  k  incrooaee,  and  in  paj^ing 
to  tlic  limit  from  («^)  we  cannot  neglect  differences  of  a  higher  order  in  cam- 
|Nuri0on  with  tho«o  of  a  lower  one*     Take  for  example 

^0  =  i[3«a+(«*i+«-i)iv(t<3+«_j)], 
for  which  h^  —  — L     The  following  table  Hhows  a  few  of  tiie  coeflScients 
of  the  resultant  formulas  for  2,  4,  8  and  IG  applications,  as  found  by  fbi 
mula  (7),     (Anai^yst,  p.  67,}     It  is  evident  that,  at  the  limit,  some  of 
coefBcients  will  become  infinite  and  poBitive,  others  infinite  and  negati 
and  the  excess  of  the  sum  of  the  positve  over  the  sum  of  the  negative  om 
will  be  uni^.     The  series  will  be  discontinuous,  and  there  can  be  no  limit- 
ing  curve.     Thus  in  (10),  when  fej  is  negative,  h  becomes  imaginary;  and 
in  (13)  and  (1 9),  if  b^  is  +,  then  a  bectimes — ,  and  A  and  B  are  imaginary. 


mis 

i 


1 

2 

4 

8 

16 

*0 

1.00 

1.44 

3.22 

21.1 

1297 

'1 

.33 

.44 

.99 

5.9 

341 

3 

—  .33 

—  .65 

—1.73 

—14.6 

—1014 

*3 

—  .22 

—1.04 

—10.3 

—  765 

^4 

.11 

.43 

4.8 

433 

t|5 

.36 

6.7 

717 

^a 

—  .07 

—   .4 

—      4 

<£o. 

&G. 

«&c. 

&c. 

NOTE  ON  THE  CORRESPONDENCE  OF  MATERIAL  FOl 
WITH  MATHEMATICAL  RELATIONS. 


BY  THE  EDITOR, 


Life,  sensation  and  consciousness  are  conditions  found  only  in  connc 
tion  wnth  definite  material  forms  which  L^onstitnle  a  part  of  the  universe  <, 
matter;  and  the   names  used  to  denote  the  sensations  experienced  by  tl 
oonadoufl   individual  are  a  representation  of  the  external    world.     All 
knowledge  is,  therefore,  hut  ex|K!rienoe  of  impressions  made  by  the  world 
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» 


of  matter;  and,  therefore,  all  mathematical  relations  should  have  tneir 
analogue  in  the  external  world. 

We  have  heretofore  (see  Popular  SdeTiee  MontJily  for  February  1874,  p. 
494)  attempted  to  represent,  by  mathematical  forms,  the  actual  condition  of 
the  universe  of  matter,  as  here  quoted :  "There  is,  therefore,  as  I  conceive, 
abeolutely  no  limit  to  the  division  of  matter,  physically  as  well  as  mathe- 
matically;  but  our  organization  is  such  that,  of  the  infinite  series  of  terms 
in  which  it  manifests  itself,  we  can  know,  experimentally,  only  two;  viz., 
thG  stellar  universe,  constituting  the  first  ai^der^  of  which  the  stars  and  the 
plaJiets  are  the  units;  and,  secondly,  the  chemical  molecules,  which  cx>nsti- 
ttitj^  the  second  order. 

**According  to  this  view,  the  material  universe  might  be  represented  in 
awr€M^B  by  the  following  series : 

<!"-??, .  .  .  rf"'a?,  d-^x^  d-^x,  d^x^  dx,  d^x,  d^Xj  .  ,  •  d^-^x,  dTx^ 
in    xyhich  X  is  the  unknown  quantity,  called  matter,  and  m  and  n  are  both 
iii finitely  great.    In  this  series,  d^x^  or  simply  x,  would  represent  all  tangi- 
ble matter;  and  da:,  which  is  the  next  term,  descending^  would  represent  the 
clm^fliical  molecule.'* 

"Whether  the  mathematical  forms  here  presented  are  correct  representations 
of  "tie  natural  divisions  of  unorganized  matter,  or  not,  each  individual  will 
dc^oSde  for  himself,  as  no  demonstration  is,  perhaps,  possible;  but  that 
«li^5i3iical  combinations,  and  vegitable,  and  probably  animal,  organizations 
^J^''^  represented  in  thought  by  algebraical  forms,  is,  not  only  probable,  but, 
^  demonstrated  fact;  so  that,  in  the  language  of  Professor  Sylvester,  **Chem- 
^^itMry  \b  the  counterpart  of  a  province  of  algebra,  as  probably  the  whole  uni- 
^ei'se  of  feet  is,  or  must  be,  of  the  universe  of  thought,"  (See  ATnerican 
^<>9M^9^ntU  of  Maihemaitic8f  Vol  I,  p,  83.) 

kFIND  THE  EARTH'S  DISTANCE  FEOM  THE  SUN  AT  ANY 
GIVEN  ^niE. 


BY  AflTEMAS  IIABTIK,  M.  A.,  ERIE,  PA. 


i^r  AEP  represent  the  orbit  of  the  Earth,  and  let  8  repr^ent  the  Sun 

1'^  otie  of  the  focn. 
I-*ct  a  and  6  be  the  semi  axes  of  the  orbit,  E  the  position  of  the  Earth  n 
^ys  from  the  i>erihelioo,  r  =  the  radius  vector  SE^  f  =  PSE,  the  angular 
~stanoD  of  the  Earth  from  the  perihelion,  and  c  ^  the  area  daily  passed 
V^<v  by  the  radius  vector. 
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The  polar  equation  of  the  orbit,  if  c*  =  (o* — 6')-i-o*,  is 

^_    a(l-e»)_ 

The  differential  of  a  polar  area  is  JHp; 


f  ^  - 


2ne 


(1  +  ecosf  )2       a*(l— ^'j^* 
Tu  iDt^rate  .^  ,  '^ ^,  assume  oo6  cp  =  ^    ~f : 


then 


or 


dtp  _  {l~ecoBe)d0 

(l+ceo6f)«  (1— c*)i     ' 

/(I— g  006  0)dd  _  g— e  sin  g  ,  . 
(1— 6»)l  (1— e^)|  "^^ 

When  ^  ^  0,  fl  =  0  and  C=  0;  .  r. 

<? — e  sin  fl 2iw 

2no 


0— €sin  fl  =  -~ ^Ti7- 

oAtt aV]/(l — fl*) 

r  T       ' 


iV) 


where  J*  is  the  periodic  time,     .  • . 

a  •     a       27Wr 

But  ff  =  8in^+j9in*l?+^^iii*^+yf3jam^tf-f  &c.,  therefore  by  sub^*^ 
tion  and  dividing  by  1 — e, 


sin®^- 


6(1 — e)  40(1 — €) 

Reverting  this  series, 
-    a  2n7t  1       /    2n7T    \»  , 

^^=  (T=i)T-6Ui-i}l(i^::i)r)  ^ 


^       ^8in^fl+&a=,  ^**^^ 


112(1-6)""-"  ■^^-    (1-^ 
l+9e 


120(1— e)^ 


f   2rm   Y 
1(1=^/ 


^040(1— €)8  Ml— e)r/  ^"""^^ 

COS  tf  =|/(1 — ain'fl).    Substituting  in  (2)  we  have  oosf ;  and  then  si*  ^ 
stituting  the  value  of  cos  ^  in  (1)  we  have  r,  the  distance  sought. 
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BIBLIOGRAPHICAL  NOTE  AND  QUERY. 


BY  KABCU8  BAKEK,  U-  8,  COAST  SURVEY,  WASHINGTON,  D.  C, 

Ik  Tht  Mathematical  Diary  etc*,  cond acted  bv  James  Byarif  A,  M*,  12^, 
New  York,  1832,  volume  IT,  No,  13,  p.  311,  we  fiud  the  following:— 

"QuisnoN  XXVI.  (269.)  or  PRIZE  QUESTION.— %  Scieniifio  Siff- 
nui^  Esq,,  New-  York 

'*lt  is  required  to  describe  upon  the  same  plane,  three  circles  touching 
emch  other,  each  of  which  shall  touch  two  given  circles, 

*Tor  the  best  solution  to  this  qustion,  a  handsomely  bound  complete  set 
of  the  Diary  in  two  volumes,  is  offered." 

Now  this  number  of  the  Diary,  March  1832,  was,  according  to  Dr.  Hart, 
the  last  that  appeared.  See  Analyst,  Vol.  II,  p,  134.  And  since  it  was 
the  last  no  solution  could  have  appeared  in  Ryan's  Diary.  Can  any  reader 
of  the  Analyst  tell  whether  it  has  ever  been  taken  up  since  then  and 
fsolved,  and  if  so,  when,  where  and  by  whom? 

It  may  be  added  that,  before  it  was  here  proposed  as  the  Prize  Question, 
it  had  been  solved  by  Prof.  Jacob  Steiner  of  BerlLa,  whose  solution  may  be 
fotmd  in  Crdle's  Journal,  Vol,  I,  pp.  180 — 181.  No  proof  of  the  solution 
I  given  by  Steiner  and,  so  far  as  I  am  aware,  none  has  ever  been  given. 


Pboblem.  By  W.  E.  Heal,  Wheeling,  Ind.  -  ''I  have  a  circular 
fi&fa  pond,  radius,  r;  a  duck  is  swimming  around  the  edge  and  my  dog  starts 
from  the  center  in  pursuit  of  the  duck,  swimming  always  directly  towards 
it.  Required  the  equation,  and  length,  of  the  curve  described  by  the  dog, 
siippoeiDg  that  he  swims  n  times  as  fast  as  the  duck. 

[The  foregoing  is  substantiaLly  the  same  question  which  was  published, 
together  with  the  following  solution  by  us,  in  the  School  Friend  for  Aug., 
1851.  Though  our  solution  is  here  submitted,  if  any  of  our  readers  should 
fed  suffieieDt  interest  in  the  question  to  obtain  a  different,  or  more  elegant^ 
solatioQ,  we  will  be  pleased  to  insert  it  in  a  future  number. — ^Ed.] 

Solution.  Let  S  represent  the  center  of  the  pond  and  J.CJ5  one  fourth 
of  its  rircumference,  and  let  D  denote  any  position  of  the  dog  and  C  the 
GOfrespondtng  position  of  the  duck;  then  must  curve  SD  =  nxarc  AC. 

Draw  7?  tangent  to  the  curve  at  D  and  Tt^  tangent  to  the  circle  at  C 
Draw  Sa  and  Ds  indefinitely  near  SD  and  DC,  respectively,  and  draw  Db 
ind    Ck  respectively  perpendicular  to  Sa  and  Da* 
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Join  8C.  Then  is  8C  porpondicular  to  I 
Tt\  and  becaase,  at  the  limit,  Zi^'Cfe  is  al 
right  angle,  tlierefore,  because  /  8(k  is  com- 1 
raon  to  the  two  right  angles,  DCe  and  SC^A 
Z8CE  ^^  /_itCe,  And  l)ecause  the  angles] 
SEC  and  seC  are  right  angles,  therefore 
Z  E8C  =  Z  esC  and  the  triangles  CKS  and  [ 
Ceg  are  similar. 

Put  8E  =  X  and  8D  —  y,  then  is  DE  =  \ 
^iS^ — ^)'     Also,  put  curve  8D  ^  nu,  then  will  Da  ==  ndu  aud  O?  =  dti^ 
and  by  the  similar  triangles  EC8  and  €Ck  we  have 

xdu 


r :  a? 


du 


es  === 


Also,  (End.  47, 1.)  £C  =  i/(r^ — a^),  and,  consequently, 
DC  =  y^lf^^)-^(f^^)^ 
the  differential  of  which  is 

— xdx       ydij — xdx 

Now,  while  the  dog  moves  over  the  space  Da  the  diiek  moves  from  Cto  ^ 
and  therefore  the  line  DC  is  increased  by  the  distance  cs  and  diminishetl  b^-< 
the  distance  Da,     Hence  the  differential  of  the  line  DC  is  — Da+«8j  or 

Equating  this  value  of  the  differential  of  DC  with  that  found  from  (1 

we  have 

/^— »r\  ,   _     —xdx   _ydy—xdx  ^ 

— rxdx  rydy — rxdx 


)du^ 


=  differential  of  DC. 


or 


du  ^  " , 

{m — nr)|/(r*— a;')     {x — nr)\/{ij^—3^) 

Again,  by  the  similar  triangles  Dab  and  8DE  we  have 

ndu  :  dy  ::  y:  ^/{fs?)^ 


whence 


du=-fy^, 


Eqtiating  the  right-hand  members  of  (2)  and  (3)  we  have 
— rxdx  rydy — rxdx       ydy 


whence 


{x — nr)\/  {f^ — 3^)     (x — nr)  \/  {y^—  o?) 
— nn&    ntdx  +  ydy 
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Equation  (4)  is  the  differential  equation  to  the  curve  sought;  but,  as  the 
ieoQiiid  member  is  not  an  exact  differentialj  it  Is  doubtful  whether  the  equa- 
tido  can  be  intc^mted  in  finite  terms* 

^  If  any  4»f  our  readers  will  effect  an  integration  of  (4),  by  series  or  other- 
^  80  as  to  obtain  the  value  of  n^  in  functions  of  y  suitable  for  substitution 
to  (3),  and  will  calculate  the  numerical  value  of  u  for  any  given  values  of 
fi  and  r  we  will  insert  the  dii^ussion,  in  detail,  in  No.  6  of  the  Anaxyst. 


THE  POLYNOMIAL  THEOREM. 


BY  MIBS  CHRISTINE  LABD,  POQUONOCK,  OONK. 

Fob  the  exi>ansion  of  the  Tjtli  power  of  m  quantities  the  ordinary  Alge- 
bras offer  no  better  way  than  to  apply  the  Biuoraial  Theorem  m — 1  times* 
The  prcx^ess  is  laborious  and  the  result  is  not  easily  brought  into  a  symmet- 
rical form. 

Let  OS  write  down  the  sum  of  m  quantities  n  times,  and  see  how  the 
actual  inuliiplication  is  performed : 

a+i+c+d+  •  •  •  • 
o+&+<J+d+  •  •  •  • 


m* 


It  is  evident  that  the  terms  of  the  product  will  consist  of  every  possible 
bination  of  one  or  more  of  the  quantities  with  different  exponents  in 
stich  a  manner  that  tlie  sum  of  the  exponents  is  equal  to  n.  The  only  dif- 
fiooltjr  is  to  determine  the  coefficients. 

The    coefficient  of  a  term  expresses  the  number  of  ways  in  which  that 

term  can  be  formed,     a**,  6**  &c.  can  be  formed  in  only  one  way,  therefore 

tbeir  coefficient  is  1.     The  term  a'*~^6  is  formed  by  taking  the  b  of  any 

tow  and  multiplying  it  by  the  a  of  every  other  row,  but  as  any  one  of  the 

It  ft's  can  be  taken  thej^  are  n  terms  a^^^b,  or  the  coeificient  of  a"~*6  is  n; 

and  all  terms  of  the  same  form,  b^'^^dj  a^^^c^ .  . .  have  the  same  coefficient 

To  obtain  the  coefficient  of  a'*^^b^  we  observe  that  the  number  of  ways  in 

which    two  i's  can  be  selected  out  of  n  6's  is  Inin — 1).     Take  the  form 

a*^^b^c^.     We  can  take  the  tw^o  c^e  in  Jw(n — 1)  ways.     Having  taken  a 

certain  combination  of  2  e's  we  have  n — 2  i's  out  of  w^hich  to  select  3  b^s* 

v^  A     .  •     (n— 2)(n— 3)  .  .  .  (n--2— 3  +  1)  4       , 

can  be  done  m  ^ i^ —  ^         '^ ■ — ^  ways,  and  only  one 
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combiuRtion  of  tLe  n — 5  o's  remains.     Hence  the  coefficient  of  a*~^\f&  is  -*^ 

n(w— 1)  (n— 2)(n— 3)  .  . .  (n^2— 3+1) 
2!      '  3! 

In  general,  for  the  coefficient  of 

j^-fi—y—s  a  y  i 
a  oca 

we  have  the  prmluct  of  the  combinations  of  n  things  d  at  a  time  by  lliej 

combinations  of  n — 3  things  j-  at  a  time  by  the  comliiuations  of  n — i—Ti 

things  ^  at  a  time,  which  is 


n(w— 1) .  ■  •  (n— 3+ 1)  ^  {n—d)(n—d    1)  ■ . .  (n— ^-r+1) 
^  (n— 3-yXn— 3— r— 1) .  . .  (n--^— r— /9+1) 


n(n-l)...(n^^-r-a+l) 

Write  ^^ — /? — ;' — i  =  a  and  multiply  numerator  and  denominator  of  thiij 
by  a  I  and  wc  have 

TO(n— 1)  . . .  {a—l)a{a—l )(«— 2) .  .  .  1 

^__ 

a    /3   y   tJ    . 

for  the  coefficient  of  a  ft  c  d  ,  in  which  a-\-^-\-y-\-d  =  n. 

From  the  manner  in  which  this  coefficient  is  obtained  it  is  evident  ihat 

all  the  terms  of  the  form  a  c  d  b  ,  b  c  de,  and  so  on,  that  is  to  say,  ^ 
the  terms,  formed  by  aSecting  any  four  quantities  by  these  four  exponent^ 
have  the  same  coefficient. 

For  example,  in  the  expansion  of  (a+ft+c+d)***,  the  coefficient  of  a*ft^^ 

'"^  41^21  =  ''''^' 

We  may  then  write 

<«+'+«+•••■'-= '[ilTJ^^P''')]- 

where  the  2*  within  the  brackets  indicates  the  sum  ol  the  terms  formed  ^y 
all  possible  combinations  of  the  m  quantities  with  a  given  set  of  exponetit^ 
and  the  2:  without  the  brackets,  the  sum  of  all  the  sets  of  terms  obtai«^ 
by  giving  to  the  exponents  all  possible  values  such  that 
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The  number  of  different  coefficients  in  the  expanded  form  is  mnch  lees 
IhaD  the  number  of  terms.  In  the  ninth  power  of  nine  quantities  there  are 
24310  terms,  but  only  30  different  coetlfieients. 

The  abt>ve  demonstration  becomes  imaginary  when  n  is  fractional  or 
Illative, 

AxswEE  TO  Query  at  p.  64,  Vol.  iv,  by  Prof*  Kershner. —  "The 

Paction  of  the  square  root  of  a  +  by — 1  is  an  operation  to  which  Eii- 
6  geometry  is  competent ;  it  requires  only  the  bisection  of  an  angle  and 
the  determination  of  a  mean  proportional  to  obtain 

I  {/(a'+b%  it^'^l  \  from  I  i/{a'+b^),  tan"'*  I. 

Hence  it  follows  that  wherever  n  is  a  prime  number,  and  n — 1  is  a  power 
:©f  2,  the  formation  of  the  fith  roots  of  unity  is  a  geometrical  operation,  in 
the  ancient  sense.  This  is  the  discover^"  of  GauRs,  and  is  the  most  remark- 
able addition  to  the  power  of  constructioD  which  the  ancient  geometry  has 
retseived  since  the  time  of  Euclid.  Euclid  mastered  the  cases  n  =  3,  n  =  5; 
the  next  one  is  n  ^  17,  and  the  next  n  ^  257.'* — See  De  Morgan's  Trigo- 
wvffm^try  and  Double  Algebra, 


Gjsdmetricax  Solution  of  Prob.  125,  by  Pbof.W.  P.  Casey. — AO^ 
BO  and  DO  are  given  to  tind  the  side  of  the  square. 
Join  A  C,  BD  and  CO  and  draw  Om^  On,  i 
rpendtculars^  and  also  C^  perpendicular  to 
dO  produced. 
It  is  well  known  that  .40*+ CO'  =  DO^  I 
-  BO*,  i.e.,  the  sum  of  the  squares  of  the 
drawn  from  any  point  to  the  opposite 
pigles  of  a  flqiiare  or  re<'tinglc  —  the  sum  of  I 
squares  of  the  two  lines  drawn  from  the  [ 
le  point  to  the  other  two  opposite  angles, ' 
ind  therefore  A0^  +  00^  is  given,  and  ^ 0  is  given,  *  * .  CO  u  a  given  line. 
Again,  DG^—BO^  =  Dn^—Bn"  =  2BDxpn  =  2ACxOm.  But  2AC 
<i)m=2A0xa,hence  DO^—Ba'  =  2AOxC8*,  .'.2A0xCkiB  given 
AO  is  given, .  • .  O  is  given ;  and  CO  is  given,  by  the  above,  , ' .  CO^ 
— Cfc^^O^'is  given,  and  . ' .  0«  is  a  given  line  and  j40  is  given,  hence  As 
given  and  so  is  Ci,  hence  AC  is  a  given  line,  and  .  • .  AC^  =^  2AB^  is 
iven  and  hence  AB  is  a  given  line. 
[The  above  solution  is  here  given  because  it  is  purely  geometrical,  whereas 
solution  published  at  p.  188,  Vol.  HI,  contains  trigonometric  functV] 
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ON  THE  ANGLE  BETWEEN  TWO  LINES  GIVEN 
B  Y  THEIR  EQ  VA  TIONS, 


BY  W.  E,  HEAI,^  WHEELING,  INDIANA* 

Works  on  analytic  ge<jmetry  ^\ve  ihv.  following  expressions  for  thearig'^^^ 
y,  between  two  right  lines  wlnise  equations  are 

A  x+B  y+C  =0, 
A,x^B^y+C^=0. 

gin  ^  ^ ^  U 1  B—ABjYin  0)    ^ ^^ 

^       y'{A^+B^-~2ABciMm)p^(Al+Bl~2A^BiCosojY 


cos  if 


AA^+BB^—(AB^  +AjB)cosjo 

l/{A^+B^—2ABocm  w)i/{A\  +£f  -  2A^B^^my 


AA^+BB^—{AB^+A^B)coBto' 

Therefore,  say  these  anthurs,  the  lines  are  parallel  if  (A^B — AB^)si*^^ 
=  0,  since  the  tagent  then  becoraes  zero*  Likewise  the  lines  are  perj^"^^' 
dirular  if  AA^+BB^~(AB^—AiB)cm  m  —  0,  because  the  tangent  tt^^ 
beeomes  infinite* 

This  reasoning  is  not  conclusive,  since  it  is  not  proved  that  these  exf>^^^^ 
Bions  may  not  both  be  zero  for  the  same  values  of  A^  A^  B^  B^^  and  t^fc*"* 
the  tangent  be  indeie muriate. 

1  think  a  better  proof  of  the  above  proposition  might  be  given  as  foUc^"^^'^ 
The  equation 
l{A^B—AB^ymwf-{-lAA^'i'BB^—{AB^+A^B)(ma}J 

=  {A^-\-B'—2ABqo^w){A^+BI—2A^B^co6w}      CX 
is  identical. 

If  the  lines  are  parallel,  cos  ^  =^  cos  0°  —  1.     ,  *  • 
AA^+BB^—{AB^+A^B)co8a)  =  i/{A^—B^—2ABco8to) 

X  i/{Al+Bl—2A^B^i^a»).       C^ 
Sc^uaring  (2),  subtracting  from  (1),  extracting  the  square  root  and  (L*- 
dipg  by  sin  at,  we  obtain  for  the  condition  of  parallelism 

A^B—AB^  =0. 
If  the  lines  are  perpendicular,  sin  ^  =^  sin  90°  s==  1 ;  ,  • . 
(AiB—AB^)sinm  =  i/{A^-i-&'^2ABmBm)y/{Al+Bl—2A^B^txm  ^ 

,  *  -    (^) 
Squaring  (3),  subtracting  from  (1)  and  extracting  the  square  root  we    S^ 
for  the  condition  of  perpendicularity 

AA^+BB^—{AB^+A^B)coBai  =  0, 
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SOLUTION  OF  PROBLEM  206. 


by  b.  j.  adoock,  monmouth,  illinois, 

Editor  Aijalyst: 

Having  given  at  pages  183-4,  Vol.  IV,  Analyst,  a  correct  de- 
moiistration  of  the  principle  of  Least  Squares,  and  at  pages  21-*22,  Vol. 
V,  the  derivation  of  formuW  for  mean  error,  probable  error,  &c,»  and  on 
pages  53-54,  the  solution  of  an  example  according  to  this  corrected  meth- 
od, and  not  having  made  a  single  dis^^iple,  as  appears  from  the  publ't^hefi 
aottstioQ  at  p,  122,  of  my  second  ex.,  problem  20G  :  I  therefore  propose  to 
send  you  a  correct  solution  of  that  example,  206,  for  publication  in  No.  5, 
if  yoQ  will  insert  it,  and  will  atate  my  objection  to  Prof.  S's  solution* 

R.  J.  Almxick, 

[As  Mr.  Adcock  has  nowhere,  so  far  as  we  know,  explicitly  pointed  out 
the  error  which  his  treatment  of  the  subjecft  is  intended  to  correct,  we  have 
given,  above^  his  communication  in  full,  and  subjoin  the  solution  and  objec- 
^BS  referred  to. — Ed.] 

Sohiiion* — Let  ar^,  y^,  ^j,  x^f  yj,  z^,  .  .  -  ar«,  y„,  r„  be  the  coordinates  of 
the  n  points,  and 

z  =  (xx+di/+g,  (1) 

the  equation  of  the  re<iuired  plane,  in  which  the  quantities  c,  d  and  g  are 
to  be  determined  when  the  plane  is  in  its  most  probable  position. 

Now  it  is  demonstrated  at  page  183-4  Analyst,  Vol,  IV,  that  any 

it^  line  or  surface,  to  be  deter mineil  from  the  measured  coordinates  of  n 

its,  has  its  most  probable  position  when  the  sum  of  the  squares  of  the 

upon  it  from  the  n  points  is  a  minimum. 

By  Analytical  Geometry,  the  normal  from  the  point  a?i,yi,3ii,  to  the 

plane  whose  equation  is  (1)  is 

Hence,  writing  S(N\)=  N^  +  Nl+  ,. . -^N^.&Cj  and  J^x^  y^) 


^„,    _   €FS(x^)+tPS{yl)+^z\)+ng'+2odS{x,y,) 
^^O—  l+c^+d» 


,2cgS(x^h-2dS(y,z,)  +  2<igSiy,)-2c»(x^z^)~2g8(z^)  ... 

Tben,  from  (3),  o,  d  and  p  are  to  have  such  values  as  make  5(JVf )  a  min- 
imum.     Therefore 

D^Uri)  =  0 . .  (4),      D^N\)  =  0 . .  (5),      I},S{Nl)  =  0,  (6) 
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art»  lli(^  efjuations  wliicli  determine  e,  d  ami  f/;  the  solution  of  which  can  be 
performed  by  e<^uations  of  the  second  degree,  by  first  transferriDg  tlie  ori- 
gin of  coordinates  to  the  centre  of  gravity  of  the  n  points. 

My  obiection  to  Prof,  8cliefFer*s  solution  is,  that  it  does  not  recognise  the 
proposition  in  relation  to  normals  above  referred  to,  nor  tlie  necessary  and 
fundamental  definition  of  the  error  of  a  point  witli  resj>eet  to  a  line  or  sot*  1 
iaee,  which  definition  is,  that  the  error  is  the  normal  from  the  point  to  thftj 
line  or  siirfuee. 


SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  FO  UR. 


Soi.uTioNS  of  prohlcms  in  No,  4  have  Ijeen  received  m  follows: 
From  Prof  W.  \V-  Beinaii,  215;  Marcus  Baker,  213,  215,  217; 
a  Comstock,  215;  Geo.  M.  Day,  212,  213,  214,  215,  216,  217,  21D;  Prof. 
A.  B,  Evans,  213;  Geo.  Eastwood,  218;  Henry  Gunder,  212,  213,  21-lf 
217;  W.  E.  Hetd,  212,  213,  214;  Wm.  Hixiver,  212,  213,  214;  HeDl 
Heatou,  212,  213,  214,  215,  2KJ,  217,  219,  220;  George  H,  Harvill,  2l!^ 
Prof  W,  W,  Johson,  217,  220;  Prof.  J.  H.  Kershner,  212,  213,  214,  2lJ 
216,  217,  219;  Prof.  D.  J.  Mc  Adam,  212,  213,  214,  217;  L,  W.  Meeel 
218;  Artemas  Martin,  220;  Prof.  J.  Scheffer,  212,  213,  214,  215,  21  < 
217;  E.  B.  Seitz,  212,  213,  214,  215,  216,  217,  219,  220. 


211.     **  Prove  that  every  number  is  either  a  triangular  number  or  fe  tJ 
sum  of  two,  or  of  three  triangular  numbers.*' 

[No  demonstration  of  this  proposition  has  L>een  received*  Prof,  Schefl^^ 
writ^is:  **Th!s  theorem  is  a  special  case  of  a  more  general  one.  As  to  t-Hi^ 
case  and  the  following  one,  viz.:  Evert/  mimher  is  either  a  square  or  tM  /rtx"* 
of  two,  three  J  or  four  squares^  the  demonstiations  have  been  disco  ven^cl,  l>^^^ 
as  to  the  pentagonal  and  higher  numbers,  the  attempts  of  the  greatesit  niat:J^* 
ematicians  at  a  demonstration  have  thus  far  proved  futile." 

The  writer  of  the  article,  number,  in  Johnson^ s  New  Enctfciopadia,  saV^ 
*lt  is  a  general   principle,  though  not  capable  of  rigorous  demonstratiol 
that  any  whole  number  is  equal  to  the  sum  of  1,  2  or  3  triangular  numbe* 
or  to  the  sum  of  1,  2,  3  or  4  square  numbers,  or  to  the  sum  of  1,  2,  3, 
or  6  pent^onal  numbers,  etc."] 


212.     "One  half  of  a  circular  tract  of  land  is  cut  off  by  an  arc  of  a  cir 
whose  center  is  in  the  circumference  of  the  circulai*  tract.     Find  the  radii 
with  which  the  arc  ia  described." 
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SOLtTnON  BY  PKOF,  D.  J*  MC  AI>AM,  WASHINGTON,  PA. 

Let  A£  =  x,AD  =  r  and  angle  CAB  =  ip,    Tlie  part  cut  off  =  sector 
ACf'-i'2  eegment  ANC,  =  sector  ACF  + 
2imxstor  DAC—trmngle  DAC)i  *»r 

i^nr*  =  sc'p  -f  2[J{;r — 2if)r^ — ^rx  sin  c)  .(1 )  I 

But  x^2rcos  f.    Substituting  this  viil- 1 
tie  of  a:  in  (1)  we  have 
i:rr*  ^  4*^^  oo^f + tij^ — 2r*^ — ^2r^in^''  fos<r,  I 
wlience 

_  r^in  2y— |;r  _  sin  2y— LfjIOH     ,^  . 

*"  ~  4HcQs"f— 2i^  2(1-  2  sinV)  *  ^ "'  ' 

From  eqtiation  (2),  by  the  use  of  a  table  of  natural  sines,  the  value  of  tp 
i  fotind  to  be  64*=^35'39";  ,  • ,  a?  =  2r  cos  jf.  =  lJ5872r. 


213.     "Upon  the  three  sides  of  any  triangle  construct  equilateral  Irian- 
glee  ftod  join  their  centers  by  right  Unas.  Prove  that  the  triangle  so  Ibrnied 
\  equilateral/* 

fiOl-UnON  BY  MARCUS  BAKER,  U.  S.  COAST  SURVEY. 

If  circlee  be  circumscribed  about  the  three  equilateral  triangles  these  three 

]eB  will  meet  in  a  common  point  P,  such  that,  A^  B  and  C  being  the 

rertioes  of  the  triangle,  APB  =  BFC~  CPA  =  120^.     Moreover,  the 

joining  the  centers  of  the  circles,  two  and  two,  are  perpendicular  to 

se   eoramon  chord  of  two  intersecting  circles,  viz.,  Pj4,  PB  and  PC, 

[enoe  these  lines  by  their  intersection  form  an  angle  of  60*^,  and  the  result- 

ig  triangfle  is  therefore  equiangular  and  hence  equilateral. 

Note  : — This  is  apart  of  Ex.  47  of  Chauvenet^s  Geometiy. 

[The  following  demonstration  of  this  proposition  is  the  earliest  we  ha^^e 

I,  and  was  made  by  us  and  published  in  the  Ohio  Journal  of  Education 

August,  1857,— Ed.] 

JDeMumjilra^Mm. —  Let  -4£C  represent  any  tri-  | 

[angle,  and   ADB,  BEC  and  AFC  equilateral 

[irijuigles  descril)ed  on  its  three  sides;  and  let  G,  I 

\B  and   I  represent,  respectively,  tlie  tjenters  of  j 

I  llie  three  equilateral  triangles. 

Join  AG,  AI,  BH,  BG,  GH,  HI,  IG,  and 
CD.     Then  is  Z  GAB  =  /  GBA  ^  IJBC=  \ 
lIAC=SO'';  and  therefore  /  CSD=  Z  HBO 
being  equal  to  iHBD—W). 
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In  like  manner  we  may  prove  that  angle  CAD  •=  lAG.     Then,  becaose 
BD  :  BC  ::  BG  ;  BH,  (Eucl.  6,  IV)  ZBOH  =  £  BBC.    And  in  like 
manner  we  prove  that  lAGI  =  I  ABC     Hence  AGI+BGH^  60°- 
But  AGB  =  120°,  therefore  HG1  =  120^—60°  =  60°.     In  precisely  tU 
same  way  we  may  prove  that  GHI  and  HIG  eacli  equals  60° ;  tliercfot<? 
the  triangle  GHI  is  equiangular,  and  oonsequeutly  equilateral- 


214.    "Prove  that 
1 

tan  A+1 


ili/{se^A+3)— tan  Ay 


tan  A-\-&c, 

BOLUTION  BY  HENHV  GTJNIlER,  KORTH  MANCHESTER,  IND- 

_L.  1 

Put  a?  =  'tan  j4  +  1  Then  x  = 4— j— ,  or  z*  +  x  tanJ 

^  .  o  tan  A4-x^  * 

tan  .4+&C. 

Therefore  x  =  §[— tan  A+i/(tan^J[+4>     Now  tanM+4 

=    —5-7+4== ^ j-^^- —     -    =8ec»^-f3. 

.  • .  a;  =  JQ/(sec=^+3)— tan  A]. 


215.     '^A  harbor  j4  is  so  situated  with  reference  to  two  headlands  ^      ^"  j 
C,  that  the  angle  i?^C  is  a  right  angle*     A  ship  sjiils  in  a  course  ma.^*^^°p 
an  angle  of  55^  with  AB,  45  ms.  to  D,  when   DB  ^  BC:  she  then      ^^^ 
forward  on  the  same  course  15  ms,  to  E,  when  BEC  is  a  straight  line. 

Iteqoired  AB,  AQ  DB,  EB  and  EC'' 

SOLUTION  BY  PBOF*  BEMAN,  ANN  ARBOR,  IflCH. 

lj^iAC=X)  AB  =  y;  CB  =  DB  =  m;  AD^a;  DE^b;  DAB  =====' 

From  -Edraw  £i^ perpen<licular  to  AC     By  similar  triangles, 

CF:  FE  ::  CA  :  AB,  or  a;— (a+6)sin  a  ;  (a-hfc)cosa  ::  x  :  y, 

((2+i)cosaar  il 

X — (a -f- 6)  sin  a' 

m^  =  ,iT*-f  a^ — 2a  sin  a  .t,  '^ 

m'  ^  Ty*+a^ — 2a cos  ay. 
Subtracting  (3)  from  (2),  and  substituting  values  of  y  m  given  10  (  ^  7  "^^ 
easily  obtain 


—153— 


^_2(2a+6)sm  a^+((z+6)[3a— (2a+ft)(X)s  2a]  a?— 2a(a+6)%m  a=0. 
I^l^^iere  a  =  46,  6  ==  15,  and  a  ^  55*^,  this  Ijeoomes 

a:*— 21Osin55V+90O(9-f7sm20^)a?— 324a()08in55°  =  0, 

rving  found  x,  y,  and  m,  we  can  get  CE  and  EB  from  the  relations 
C£^  =  a?^[a+bf—2{a+b)Binax, 
^<J  BE^  =  f4-{a^hf—2{a+b)Qmay. 


UM<M 


BOLUnON  BY  HENRY  HEATON,  SABULA,  IOWA. 


The  problem  may  be  constructed  as  accurately  as  may  be  desired  by  the 
folloirmg  method. 

^'ith  0  a«  center,  and  any 
i^iditia  as  OJy describe  a  circle! 
^OAGPi  draw  diameters  GHl 
ind  PR  at  right  angles  to  each 
other;  lay  oft'  the  arc  IIF  =^\ 
110^  and  6n  OR  lay  off  OS^ 
^iOR;  draw  FS^  and  pro- 1 
long  it  until  it  cuts  the  are  HRl 
in  iii  draw  A^T^  perpend ic- 
«/ar  to  OR,  lay  offOiS'^  ^1 

Tpdraw  FS2  and  prolong  it  until  it  cuts  the  arc  HR  in  A^,    Continue 
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until  A^i  is  as  near  ^1,,  jis  may  be  desired.     Then  A^,  T^  and  S^^  are 
^,  T  and  S  of  the  figure.     On  Ji^  lay  off  AD  =  45ra.  and  DE  =  15m.; 
through  ^draw  JSC,  parallel  to  GH^  meeting  AH  and  AG  prolonged  in 
^  and  C;  then  A^  B,  C,  D  and  E  are  A^  B^  C^  D  and  E  of  the  problem. 
The  demonstration  is  obvious. 

To, make  the  calculation  indicated  by  the  construction,  we  have  OF==r^ 
OS^  =  ir,  and  angle  FOS^  ^  160^.     iVngle  POA  =  20°  -  the  sum  and 
OA I  ==  the  difference  between  the  otlier  two  angles. 

;eDoetanJ/?OJi=ftanlO^  .-.  i20ili  =  12^13'12^     OS^=iOT^ 
C=Jcc»  12^13^2"  =  .241835. 
Prooeediog  as  before  we  geiZROA^  =^12^13'26",  ROA^  =  12°13'26" 
kc     Hence  angle  ROA  =  12°13'26".     .  • .  AOB=  77^46'34";  AGS 
,  38*>S3'17";  . '.  ABC=  5P06M3^ 
Fh>m  the  triangles  AEB,  ^£Cand  ADB  we  find 
AB  =  74.0559  miles. 


^C=9L8179 
EB  =  63,1433 
J5C=  54.8177 


and  BD  —  60.7155  miles. 
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216*    'Through  three  given  points  to  deBciibe  the  minHMum  ellipeew^ 

SOLUTION  BY  E.  R.  8EITZ,  OREENTILLE,  OHIO. 

Let  .1,  J5,  C  l>e  tlie  three  given  points,  and  let  ^J5  —  a,  -4C=  6,  angle 
JiAC  =  /?,  and  ftjva  oi'  triangle  ABC^^  J, 

Then  the  iHjuation  to  the  ellipse  through  A^  B,  C,  referred  to  AB  snd 

ACy  18  of  the  torrn 

mr^  4^  ny* + ;ty — amx — bny  =  0.  (| 

From  (1)  we  reiulily  find  the  area  of  the  ellipse  to  be 

27mm  (ahn + 6Sx — oA)  sin  ^ 

"  l/(imn—lf         ^' 

Hence  we  must  have 

(4mn—lf 
Piirerentiating  (3)  with  respect  to  m,  we  have 

(2mn-\-\){ahn-\'b^n — ab)  ^  ahn{Amn — !)• 
Differentiating  (3)  with  respect  to  n,  we  have 

(2mn+l){a'm+6=Vi-a6)  =  6^n(4mn— 1). 


a  miDimum. 


(5) 

From  (4)  and  (6)  we  find  m  ^  ^,  and  »  =  t-    Substituting   the   values 

of  m  and  n  in  (1),  we  have 

b^x*+a^jf+abxy — ab^x-^a^by  —  0, 
or  fci(a:_Ja)»+a%-J6)Ha6{^-ia)(y-J6)  =  JaV; 

hence  the  eentroid  of  the  triangle  ABC  m  the  center  of  the  minimum 
lipse  through  A^  B^  C. 

Substituting  the  values  of  m  and  n  in  (2),  we  have 


m  el-    1 


fff|/3.ci6sini9^^-i; 


u  :  J  ::  4jr :  3|/3. 


The  maximum  inseribetl  ellipse  and  the  minimum  circumscribed  ellipae 
of  the  triangle  are  eoaxial  and  Himilar,  the  axes  of  the  latter  being  twice 
those  of  the  former. 


217,  **The  hypothenase  of  a  right  triangle  is  fixed,  and  squares  are 
deseribed  upon  the  other  two  sides:  it  is  required  to  find  the  equation  to 
the  locus  of  the  intersection  of  two  straight  lines*  drawn  from  either  extr^o- 
ity  of  the  hypothenuse  to  the  moat  distant  corner  of  the  square  upon  the 
opposite  side.     Find  also  the  area  of  the  curve." 
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BOLVnO^  BY  PKOF.  W.  W-  JOHNSON,  ST.  JOHN^S  OOL*,  ANNAPOIiIS,  Ml>. 

TakiBg  ihe  hypotheouse  (^2a)  as  axis  of  ar  and  its  middle  point  as  or 
let  ff  denote  the 
^COA  in  the  fig.; 
the  triang's  HCA  and 
DAF  are  equal,  and 
80  are  the  triangles 
EGB  and  J5i?C; 
hence  the  coordinates 
af  i)are  (o-f  asiu  ^,  a — aeosi?)  and  those  of  £  are  (—a— a  sin  ff,  a+acostf) 

Therefore  the  equation  of  BD  is 

Ik                                                  ,  1 — cos  6  f    ,    X 
aad  that  of  AE  is 
^^ l+COB  d 
(T 


y  = 


j(x— a). 


2+sinfl' 

These  equations  give  for  the  point  of  intersection  P, 

^       J  a  sin'ff 

a;  =  a  cos  0  and  y  =  ^^— — r-n. 

•^       2  +  sm  ff 

(Ifce  value  of  a^  showing  that  the  point  F  is  on  CH)     Eliminating 


(1) 


(2) 


(3) 


or 


*       2a+v/(a'— a;*)' 


(4) 

The  curve  is  reatlily  tracsed  by  means  of  eq'ns  (3).  It  consists  of  two 
branches  meeting  in  cusps  at  A  and  B^  the  tangents  at  which  make  angles 
of  45**  with  the  axis;  the  lower*  bmneh  corresponding  to  values  of  tf  be- 
tween 0  and  180°,  as  in  the  figure,  has  a  vertex  on  the  axis  of  y  distant  \a 
fiom  the  origin,  the  upper  branch,  corresponding  to  values  of  d  between 
180*^  and  360°  {the  squares  Wing  described  on  the  inner  aides  of  the  lines 
AC  and  BC)  has  a  vertex  on  the  axis  of  y  distant  a  from  the  origin* 
For  the  area  we  have  the  integral 

'sin^flcW 

2+sintf* 

Since  dx  is  negative  from  ff  =  0  to  fl  =  180°,  the  integral  between  these 
limits  will  give,  n^atively,  the  area  between  the  lower  branch  and  the  axis 
of  «;  while  between  the  limits  180^'  and  360°  it  will  give,  positively,  the 
between  the  upper  branch  and  the  axis  of  x\  hence  the  req'd  area  is 


/y<&  =  -o2/5 


^Hke  Teriejc  of  the  upper  branclii  as  repre^nted  by  tbe  figure,  is  dlstatit  |a  from  the  ongiD, 
wkila  tliat  of  the  Umsr  bmneh  ie  distant  a,— Ed. 
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a  *^  0  '^  0  -^  •  2  +  wnr 

The  value  ^^  j^^^d  ^  ^^^'^^'^^^)'^^^^*  as  the  arc  §« 

from  0  to  ;r  it  ia  evident  that  this  invei'se  tangent  also  paaBM  from  0  to  ir; 
henoe  the  area  is  (^  ^3— 9);ra^,  approximately  *24;ra'. 


iblen^H 


Note,  ey  the  Editor, — Equation  (4),  in  tlie  above  solution  of  probl 
217, obviously  represents  two  real  and  unequal  values  of  y  for  each  value  of 
X,  and  hence  the  double  sign  should  be  written  before  the  radical ;  *  *  •  the 
area  of  the  upper  and  lower  branehes  reepectively  will  be  repreaenied  by 


ili 


,2a-fi/(a*— ar*) 
and  the  entire  area  of  the  closed  curve  16 
/       tt^ — x"^        ,        a^ — a?' 


r 


db 


^  ■Vl/S.jra* — 8a*,  approximately  =  1.67a*, 
The  area  of  the  branch  ^hieh  lies  above  the  axis  of  a:i8=7:a"(| — Vl/3) 
^-4a';  therefore  the  area  of  the  bell-shaped  branch  which  lies  bdaw  the 
axiB  of  ar  18  ^  ;ra*(^|/3  — f) — 4a";  and  the  area  of  the  hat-shaped  curve 
which  lies  between  the  lower  curve  and  the  upper  curve  inverted,  and  rep- 
resents the  difference  between  the  two  branches,  is  =  (Vv'S — 9)7ra*, 


218,     "Required  the  separate  rates  of  dividend  of  two  insolvent 
connected  actually  m  follows: 

John  Doe'ft  Estate.     Direct  liabilities  |33,425*61,  also  endorsements  for" 
Richard  Koe  $34/J49.16,  less  primary  dividend  to  be  paid  from  Roe's  estate. 
Net  proceeds  to  be  divided  $12,395.76. 

Richard  Roe's  Estate.  Direct  liabilities  $46,212.00,  also  endorsements 
for  John  Doe  $9,5CH1,00,  less  primarj^  dividend  to  be  paid  from  Doc's  estate. 
Net  proceeds  to  l>e  diviJetl  $9,493.25,  augmented  by  dividend  on  $4,796*63 
account  due  from  John  Doe's  estate." 


SOLUTION  BY  GEORGE  EASTWOOD,  8AXONVILLE, 

XiCt  the  rate  per  cent  of  dividend  on  Doe's  estate  be  designated   by  j 
and  that  on  Roe's  estate  by  y. 
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Put  Doe*s  direct  liabilities 
Eoe's      *' 
Doe*8  net  assets 
Hoe's   "      " 


pbig  his  endorsements  =  J68374.77  ^  ^ 

'*  =    56712.00  =  ;', 

=    12395.76  =  a, 
=      9493/25  =  < 


Roe's  account  due  from  Doe's  estate  ^      4796.65  =  /9, 

By  the  question^  a'+yj^^ar  =  aiMOunt  to  be  divided  among  Roe's  cred's, 
X^ — jivatar  =  Roe*s  gross  liabilities  km  primary  diWdend 
from  Doe's  estate,  and 

(^' — TOiT*^)dhry^*''™^^'^*'  wliich  Roe's  estate  will  pro- 
docc  for  his  creditors,  which  from  the  nature  of  the  question  must  be  the 
the  same  as  a'-^j^^x, 

Sqoating  these  two  expressions,  and  reducing, 

_100(100«'+/9^ 

y  —    loo^'—ox  ■ 

Again  («'  +  jhP^}rhy  =  m%t-h)  ^  '^''''^'''^  '"  ^^''  ^^^ 

lo  be  paid  to  Doe's  estate,  and 

'     100(lC»0>i'— oar) 
^  Doe's  ffrosB  liabilities  fess  primary  dividend  from  Roe's  state,  and 

A  lOOa'  +  ^x     \     X 

\       100(100A'— az)/'100 
^  dividend  on  Doe's  estate,  which,  from  the  nature  of  the  question,  must 
give  his  net  assets  =  a. 

Equating  and  reducing,  there  results, 


0, 


g  .  200<z'^+100«;i    a_(100)';iH(100)'g— (lOQl'g''    AlOOfaX' 
*  -i" ^2  *  ^a  "      ~p — ' 

€aPf  taking  the  nearest  integral  coefficients, 

aj8_^_4084ir^— 1683265a?+30015503  =  0. 

This  equation  has  three  real  roots,  two  ptjsitive  and  one  negative;  but 
cmly  one  |K)sitive  root,  viz,,  x  ^  18,68  is  applicable  to  the  present  question/ 
This  value  of  x  gives  the  value  o(  y^  19.46.  Hence  the  separate  rates  of 
dividend  are,  approximately,  18.68  and  19.46,  respet^tively. 

£Mr.  Meech  finds  x  =  20 J  293  and  y  =  19.4399,  but  has  not  given  his 

219-     **What  is  the  locus  generated  by  the  vertex  of  a  right  ai  i- 

dis^  0]deB  given,  sliding  between  the  branches  of  a  given  paral 
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HeniTe  from  the 


80I.T7TION  BY  E.  B.  SEITZ. 

Let  BPC  be  the  right  angle,  A  the  vertex  of  , 

the  paraVxjla,  AM  the  axig*  Draw  PM,  IW, 
CJS  perpendicular  to  AMf  and  PF  perpeudieu- 
lar  to  CE  produced. 

Let  BP  =  6,  CP  =  c,  AM^x,  PM=  y, 
ZBPF  =  0^  and  la  =  the  parameter  of  tlio 
parabola, 

Theo  from  the  fignre  we  have  BD=^y'\-b  sin  fl, 
AD  =  X  —  h  cos  S,  CE  =  V  —  c  ooB  fl,  AE  =  z—e  siii  fl. 
parabola  we  Irnve 

(y  +  6  sin  df  =  4a(ar— 6  oos  tf  )^,  (1) 

(y— e  00©  fl)'  =  4a(ir— c  sin  tf)'.  (2) 

By  eliminatinja;  0  between  {!)  and  (2),  the  etpiationi  to  the  required  lociw 
can  be  found.     The  c»quation  would  apparently  \^  very  complicate*!. 

[Mr*  Heaton,  by  eliminating  6  from  a  similar  pair  of  ajuatlonfi,  geia 
{ay—bpY{  [aMby+ap){a^bp---2hpx—2abxy—l^y^-af}  +  2a^b\j/  +  ff] 
—2ah{p^+f)  i''lab{by'hap)(a%p—2bpx-2abxy^py'-ai/)  +  aV^^^  J^ 

-i-iby+apY  {  lab{ay^bpi2ap^X'{'2bxy—ab*p-ap/—bf)  +  2a^b^{p^+ff] 
—2ab{p'+f)  Vl(iHay—bp)(2ap^x+2bxy'ab^p^p'^'bf)+^  } 

t^b^by+apfiay^bpY  =  0.] 


220.  "Throogh  a  given  point  in  the  surface  of  a  circle,  a  chord  is  drawn 
at  random.  If  another  chord  be  drawn  at  right  angles  to  the  first,  what  is 
the  probability'  that  they  will  intersect?" 

SOLUTION  BY  PROF.  JOHNSON. 

Let  a  be  the  radius  of  the  given  circle,  and  c  the  distance  of  the  given 
point  from  ite  centre,  and  denote  by  0  the  angle  between  any  chord  and  the 
diameter  passiog  through  the  given  point;  then  the  length  of  the  chord  is 

2  4/(a2— c«sio2fl). 

Afisuming  that  equally  distant  parallel  chords  are  equally  probable,  the 
ehanoe  that  a  line,  perpendiculai-  to  this  chord  and  kno^Ti  to  cut  the  cirdOf 
will  cut  the  chord  within  the  circle,  in  evidently  the  ratio  of  the  length  of 
the  chord  to  the  diameter*  That  h^  denoting  the  ratio  <H-a  by  e,  the  ehanoe 
is  ^{l—e^m^e. 

Hence,  ajssuming  all  directions  ol'  the  chord  to  be  efjually  probable,  tie 
required  probability  is 
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uy^'-^^''"''^' 


whidi  18  the  ratio  of  the  perimeter  of  an  elli|)sc%  whose  eccentricity  is  ^'yto 
the  circle  on  its  major  axis  ;  in  other  worils^  the  ratio  of  the  perimeter  of  an 
ioacribed  ellipse^  with  the  given  point  for  a  focus,  to  that  of  the  given  circle. 
[If  all  possible  chords  are  drawn  through  a  point  (n^t  the  center)  within 
^rcle  they  will  not  be  equally  dense  around  the  point  j  hut  an  indefinite 
namber  of  chords,  or  lines,  drawn  at  random  through  a  pi>int  will  be  e^pial- 
ly  dentse  around  the  point,  hence  all  values  of  /?,  in  the  above  solution,  are, 
hJadL,  equally  probable. 

Again,  peri>endiculars  to  a  chord,  equally  tlistant  from  each  other,  will 
not  represent  all  pomihle  chords  at  right  angles  to  tliat  chord;  but  if  in 
drawing  an  indefinite  number  of  chords  at  right  angles  to  the  chord  first 
drawn,  points  be  selected  on  the  first  chord  {which  would  be  likely  to  be 
done  in  practice)  through  which  to  draw  the  second  random  chords,  these 
chords  will  be,  in/act^  equally  distant  from  each  other. 

Mr.  Heaton  sent  two  solutions  of  this  problem,  corresponding,  respec- 
tively to  the  two  hypotheses  here  presented. — Ed.j 


PROBLEMS. 


221,    By  Pkof.  Orson  Pbatt,  Sen.,  Salt  Lake  City,  Utah.— Find 
the  four  root^  of  the  equation, 


7p^ 


6p8 


'+^^+9  =  0. 


222.  By  George  Newbauer,  Anson ia,  Oirio. — It  ia  required  to  find 
four  positive  integral  numbers,  the  sum  of  the  cubcB  of  any  thi'ee  of  w^hich 
diall  be  a  rational  cube  number, 

22Ji.    By  Wn.i*iAM  Hoover,  BELLEFONTAra^,  Ohio. — Compare  the 

I  of  two  spheres  of  equal  radii,  one  of  uniform  density,  the  other  in- 
Bg  in  density  from  a  single  point  in  the  surfa(*e  as  the  square  of  the 
I  meaaured  on  the  diameter  through  that  i>oint  increases, 

224.  By  Geo.  H.  Harvill,  Bonner,  La,  —  Two  posts,  each  12  feet 
Wghi  stand  perpendicularly,  fitty  feet  apart,  on  a  horizontal  plane,  and  a 
» ^p**,  one  end  of  winch  Ls  fastened  at  the  top  of  each  post,  is  suspended  be- 

^^ii  them  so  that  it  just  touches  the  plane  at  its  middle  point*     Required 

i  length  of  the  rope. 
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x=^  sm 


225,  By  Prof,  Keeshn^er. — What  is  the  locus  of  the  angles  of  thi 
inscribed  sf|iiares  of  the  respective  segraents  of  a  circle  when  the  chorda  oi 
bases  are  parallel? 

226,  By  Prof,  Johnson, — Find  the?  algebraic  equation  whose 

are  the  real  quantities  found  by  giving  int^ral  values  to  k  in 

2fcr 

ar  ^  cos 5 

n 

n  being  a  given  integer.     Also  the  equation  whose  solution  Is 

2Jbr 

n 

227,  By  A,  S.  Hathaway,  Cornell  Univ.j  Ithaca,  N.  Y. — If thraw 

equation  2^-\-ax''~^  +  . . . .  ^  0,  whose  roots  arc  a,  ^,  etc.,  be  transform^^sd 
into  another,  one  of  whose  roots  is  0,  while  the  differences  are  unchangesi^:^, 
ami  then  the  tnmsforme<l  equation  be  divided  by  x;  and  if  this  proocBB  lt^»e 
repeated  ii —  1  timeSj  prove  tliat  the  product  of  the  differeQces  of  the  roo* 
of  the  original  equation  is  e<|ual  to  the  product  of  the  absolute  terms  of  tlie 
equations  thus  obtained. 

228,  By  a,  Martin.,  m.  a,— Integrate  dl=  log  {a+  \^{x*+b^dz. 
22  j.    By  Chas,  H.  Kummell,  Detroit,  Mich. — Evaluate 


/*  COS  mx 


dx  and 


r 


SID  mx 


dx. 


230.  By  Marpits  Baker,  U,  S.  Coast  Survey.— A  BCD  is  any  te- 
trahedron. Through  A  pass  a  plane  parallel  to  BCD,  through  B  a  plao^ 
parallel  to  CDj4,  through  Ca  plane  parallel  to  DAB  and  through  J}  * 
plane  parallel  to  ABC\  A  new  tetrahedron  is  thus  formed  the  volume  of 
which  call  V\  Also  let  V  equal  the  volume  of  the  original  tetrahedron- 
Prove  that  P  =  27  V. 


ERRATA. 


On  page  127,  line    8  from  boUom,  for  **to  iy\  reai],  45  miles  lo  D, 
**      "      "      **       4      **        "        for  *'iniutimum'\  read,  minimum. 
"      "    130,  Hne    5,  for  *ZX     2(",  reiid,  3X— 2(- 
"      "     136,  firet  line  of  Table,  for  ttie  imperfi»ct  figure  in  2nd  oolunm^  read,  9,  •»*» 

for  the  iui perfect  figure  in  0th  oolnmni  reftd,  7. 
"      "     140,  line  10.  for  "-f  (w,-f  id-./)",  read,  --^(w^-f «_,). 
"      "    146,    '*    12,  insert,  fmciion,  nt  the  beginning  of  the  line. 
**      **      '*      "     13,  for  •*(«— l)n",  reiid,  (a-j  l)a, 
"      "      "      "    17,  for '*j9",  as  index  of  6,  read,  0. 
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SOLUTION  OF  THE  EQUATION  OF  THE  FIFTH  DEGREE. 


TRANSLATJBD  FROM  THE  THEORY  OF  ELLIPTIC  FUNCTIONS  OF 
BRIOT  AND  BOUQUET,  SEOtJND  EDITtON, 


BY  ALEXANDER  EVANS,  ESQ.,  ELKTON,  MARYLAND. 

42L  It  was  anDotmced  by  Galois  that,  so  far  as  n  ^  11,  tbe  degree  of 
^e  modular  equation  may  be  lowered  by  unity,  M  M,  Herraite  and  Betti 
■^ve  given  two  demoostrationa  of  this  tlicorem  based  upon  different  prin- 
ciples. Let  us  consider  a  symmetric  or  alternate  function  (v« ,  tv  )  of  two 
f^ootgof  the  modular  e«|uation,  then,  the  same  function  of  two  other  roots,  and 
90  OD  as  far  as  the  last  two  roots,  and  let  us  designate  by  U  a  symmetrical 
faaction  of  these  |(/i-f-l)  quantities,  we  easily  demonstrate,  by  the  aid  of  the 
1*W8  ot  permutation  before  established,  that  when  n  does  not  surpass  11, 
*^ong  the  different  manners  of  associating  the  roots^  two  by  two,  there  ob- 
*^  those  for  which  the  function  U  only  acquires  n  values  for  each  value 
of  !i  and  by  consequence  satisfies  an  equation  of  the  degree  ». 

About  each  one  of  the  critical  points  a  root  i\,  remains  holomorphic  and 
^associated  root  r^  acquires  the  n  other  values;  the  quantity  (r„,  v^) 
•^  in  oQDsequence  the  ftmction  U  takes  n  values,  forming  a  circular  system. 
If  this  fmiction  only  acquires  n  valu^  in  the  whole  extent  of  the  plan, 
*^  is  impossible  that  two  of  these  values  can  have  a  common  element  {i\ , 
•^  );  for  by  a  suitable  way,  r^  becomes  equal  to  the  root  which  remains  ho- 
*<>Ow>rphic  about  one  of  the  critical  points ;  if  two  values  of  U  had  a  common 
Hf^mmt  (v^^  ^  t\  )  without  being  identical,  they  would  engender  two  circular 
^yBtms  of  n  vaSuea  eaeb. 

"Wemay  aasociate  two  roots  v^  and  r^  taken  at  pleasure;  for,  about  the 
l^iticftl  point  where  v^  remains  hoIomorphiC|  i\  acquires  the  notlier  values. 


In  a  aijigle  value  of  the  fimctian  U  two  elements  cannot  present  the 
difference  of  indices,  because  if  we  should  describe  the  contour  or  lacing  (o! 
[&  laceil  a  certain  number  of  times  one  of  the  elements  would  become  eqi 
to  the  other.  Since  we  have  perceived  that  the  contour  (a^)  causes  the 
fiiDction  Pto  acquire  the  same  values  as  the  loop  (0)>  we  are  certain  that 
this  function  has  only  n  values  in  the  whole  plan,  the  other  lacings  relead- 
iiig  to  the  loops  (a^)  and  (O). 

422.     These  considerations  allow  us  to  find  easily  the  favorable  ways. 

We  should  associate  the  roots  by  way  of  difference  and  form  the  producU^ 
of  the  i(n+l)  quantites. 

For  n  ^=  5  if  we  take  as  first  factor  V- — t?^,  the  combination 
(1)  U={V-^,)iv,-v,){v,-o,) 

13  the  only  one  in  which  the  difference  of  the  indices  in  the  last  &ctor8  is 
the  same. 

By  the  contour  (O)  this  function  acquires  the  five  values 


U^  =(F— t.^)(t?j— t?J(r2 


(2) 

After  the  law  of  permutation  written  in  number  408  the  contour  (oq)  ^*^ 
produces  the  same  values  in  anotlier  order;  from  that  we  conclude  that  tAe 
function  Phas  only  the  five  preceding  values,  and  by  consequence  tha^  ^^ 
satisfies  an  algebraic  equation  between  u  and  XJ  of  the  fifth  degree  in     ^' 

For  n  =  7  there  are  two  favorable  combinations, 

(3)  U={  V^v,)  [v^^^)  [v^-v,)  (t^i-tt,), 

(4)  u={V-v^){v^-v^)(v,-v,)(v,-v^). 
We  obtain  them  in  the  following  manner;  upon  the  contour  (a^)  the  laW  ^^ 

permutation  is  (  V^  v^,  u^,  V4,  fjg,  t»i,  Vj). 

Let  us  take  as  first  factor  V — u^,  and  as  the  second  ^3 — r„,  for  eiamj^*^ 
v^  —  v^;  when  we  describe  the  noose  (a^)  the  product  (F — v^)[v2 — t?a)  l>^ 
comes  {fg — v^)[  V—v^):  the  first  product  being  completed,  before  reprod*^' 
cing  the  second,  the  contour  (O)  once  run  over,  will  contain  the  fka^^^ 
v^ — t?g,  which  gives  origin  to  tJ^ — v^^  and  by  consequence  the  last  faot^*^^ 
will  be  ^1 — v^.     By  the  noose  (O)  the  function  (3)  acquires  seven  vala^e^' 
these  same  values  reproduce  themselves  upon  the  lo«>p  (g^q);  whence  ^^^^ 
conclude  that  the  function  U  satisfi^  an  algebraic  equatioif  between  u  m^^^ 
Uf  of  the  seventh  degree  in  U.  The  function  (4)  posseses  the  same  property"* 

For  n  2=  11,  we  have  also  two  favorable  combinations 
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V  =  (  F— t^o)  (t?i  0— 1?9)  (^8— <?«)  (t?7— *^8)  (^'e— <^l)  K— *'4)l 

we  obtain  in  the  same  manner. 
Ipon  the  contour  (a^)  the  law  of  permutations  \s{V^  «|,  ©g,  »4,  t>j,  Cj, 

Te  will  take  fis  first  factor  F — r^,  and  as  second  r j  q — 1;„ .     For  n  ^  13 
is  no  favorable  combination. 

From  the  depression  of  the  degree  of  the  modular  equation  for 
!  5,  M.  Hermite  has  deduced  a  method  for  the  resolution  of  the  equation 
be  fifth  d^ree  by  elliptic  ftiiictiona  (Comptes  rendus^  t.  XVIII). 
Let  OS  form  the  equation  of  the  fifth  degree  in  U,     The  values  of  U  be* 
rfinite  for  all  finite  values  of  u,  the  coefficient  of  U^  is  equal  to  unity. 
I  tt  =s  CO  the  six  values  of  v  are  infinite,  one  of  the  d^ree  5,  the  others 
lie  degree  J  (number  408);  the  five  values  of  CTare  infinite  and  of  the 
^;  the  sum  of  the  negative  orders  of  the  function  V  being  equal  to 
lie  equation  is  of  the  27th  degree  in  relation  to  u  (number  135)* 
Dr  values  of  u  exceedingly  small  the  approximate  values  of  v  are 


''ss — 2"2«^,  fo  =2^ii%  i?i  =  rQe  %  v^  — 


=  v^e 


foonseqtiently  those  of  fZare, 
'e  have  put  $  =  -^  ;  putting  in  the  same  way  0  ^  -=^  ^=  (^  —  ^a) 


u 


u 


:^)  (c 2 — f  a)*  the  coefficients  of  the  equation  in  f  being  entire  poly- 
I  u*  (number  401),  those  of  the  equation  in  0  will  possess  the  same 

^;  the  values  of  <P  only  becoming  infinite  for  u  =  0,  this  equation 
|ie  ibrm 

^u^^'(a^~h6,tt«+<^u»H  , . . )  Cf>S'^+(a^+fe5t««+C5«»+ . .  .>=0- 

Ldng  0  by  U-^-u^  and  multiplying  by  u*,  we  obtain  the  equation 


^^  +  Z   U 


^9)4-1Ap. 


(a^+6,uH . . .)  IJ^-'+i^aj  +afit*»+  . .)  =  ^• 


[  small  values  of  t*,  the  values  of  U  being  very  small  of  the  degree 
ag  a  circiilar  system,  we  have  j9^  ^  9,  a^  ^  —  2*51,  8(^p —  9) 
,  and  in  consequence  ^j,  =  or  >  10 — 2p;  we  will  take  j9j,  =  10 
tie  equation  sought  for  is  then  of  the  form 
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F=l 

If  we  consider  the  function  (U)  =  [(F)- (tJ^)]  l{vx)—{^^)]iiv^y-{H)l 
relative  to  the  variuble  ttj  ^  l-=-w,  we  have 


{U)  = 


J 


a" 


since  the  product  of  the  rcK)ts  of  the  modular  equation  (number  411)  fe 
equal  to  —  w*. 

Sfj  the  e<|uatiou  (8)  ought  not  to  change  when  we  replace  in  it  u  by  1^ 
and  U  by  U-^u^.     But,  by  this  substitution  the  equation  lieeomes 

and  we  henoe  conclude  that  it  contains  no  term  in  U*,  and  that  we  hRYth^ 
=  cj  =  0,  Cg  =  0,  63  ==  ag,  C4  =  04,  d^  =  Ofi,  Cfi  =  65.     The  eqaation 
reduces  to 
(9)     J  iJHaatA'  lP-\-a^u%l  +u»)  t^+«*(a4  +64t^+a4U»*)  CT 

For  If  =  1,  the  root  v^  of  the  coodular  equation  is  equal  to  +1,  and  thefiv 
othexs  to  — 1  {number  4^6) ;  the  five  values  of  f7 reduce  themselves  to  zero; 
the  polynomes  in  u,  coefficients  of  the  diverse  powers  of  fT"  in  the  equaticMi 

(9)  ought  to  become  null  for  u  —  1 ;  and  we  deduce  a^  =  0,  Cg  ==  0, 64 
^  — 2a ^f  fifi  ^  — **6j  which  reduces  the  equation  to  the  simple  form       ^y 

(10)  U^+a^u^{l—u^yU+a^uHl—u^y(l+u^)  ^0.  ^ 
We  know  the  coefficient  a^,  it  remains  to  determine  the  coefficient  ai; 

we  follow  the  road  which  has  been  pointed  out  in  number  411  for  the  cal- 
culation of  the  modular  equation. 

To  a  real,  positive,  and  very  small  value  of  u,  corresponds  a  value  of  p 
of  the  form  p  ^^  si,  s  being  positive  and  very  great,  and  in  oonsequeDoea 
value  of  q  real,  positive,  and  very  small. 

By  developing  ip{p)  m  series  and  restricting  oneself  to  the  first  two  I 
there  results 

r,  =2^q^^{e  ^—q^e    »  ), 
I    JL     iJ^       1     4« 

1  J^     _^      1  if* 


v^  =2VH« 


), 
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v^—v^  =  12*  sin  1^  q*o  (1  +5*), 
^2— ^'s  =  ^^    sm  ^  qTQ{l  -\-qi)^ 

By  8ubstituting  in  equation  (10),  dividing  all  the  terms  by  yt,  then  equa- 
tion to  zero  the  constant  term  and  the  coefficient  of  ^,  we  find  a^  ^-2*^51, 
fl^  ^ — 2*6^;  the  equation  sought  is  then 

(11)  U^—2*b^u\l-nJU—2^5lu^il—u^f(l  +«")  ^  0, 

424.  If  we  put  X  ^^  hU this  equation  becomes 

(12)  a^— 2*5Wii*(  1— u^)*z—  2*55A^w'(l— ti«)*(l  +«»)  =  0. 

Ve  know  that  M<  Jerrard  has  reduced  the  general  equation  of  the  fifth 
Aegi«e  to  the  form 
(^13)  a:*— ^a;— ^  =  0. 

But  we  may  dispose  the  two  parameters  u,  and  A,  which  the  equation 
(1*2)  oontains  in  such  a  manner  as  to  identify  the  two  preceding  equations. 
For  that,  it  will  be  sufficient  to  put 

2*5"/iV(l— u<)*  =  A,         2«5IAV(1— u«)*(l  +u«)  =  B, 
whence 

and  subetituttng  this  value  of  A,  in  the  equation  2*5IA*w^l — w®)^  ^A,  we 
amve  at  the  equation  of  the  second  degree 

o«  (•'-J-.)'+Jf73(- -;!.)+-»• 

From  this  last  equation  we  will  deduce  u*  — (l*^i**)  and  by  consequence 
li*  or  A;  we  will  seek  for  one  of  the  corresponding  values  of  g  or  of />;  from 
it  we  will  deduce  the  six  values  of  v,  and  consecjuently  by  aid  of  the  form- 
uIbb  (2)  the  five  values  of  U;  and  in  multiplying  them  by  the  known  quan- 
tity A,  we  will  have  at  last  the  roots  of  the  proposed  equation  (13), 

425.  We  should  see  in  the  same  manner  that  for  n  equal  7  the  equation 
IB  U  which  is  of  the  52nd  degree  in  u  is  of  the  form 

(16)  /  lP+a^u\l—u^) U*+a^u*{l^uJ lP+a^u%l—uJ U 

\  +aju\l—u^y(l  —  u»  +  tt»)  =  0. 

The  consideration  of  the  discriminant  (number  413)  •  ^rmine 

the  last  term.     We  will  obtain  the  four  coeffici^its  ^  'n  the 

equation  by  developing  in  series,  as  before^  the  functif 
the  development  as  &r  as  the  fifth  term^  to  wit; 
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7e  find  also  for  the  first  combination 

whence 

a,  =  i2«7i  a,  =0,  a,  =-12^7^'-:^,  a.=2»7'  [^^(l^i^^J-J^ 

We  deduce  the  second  combination  from  the  first  in  replacing  i  hy  — t. 


The  following  is  extracted  from  Todhnnter's  Theory  of  EquationB,  i 
tions  340,  341, 

'*The  general  equation  of  the  fifth  degree  can  always  be  reduced  to  one  of 
the  following  forms : 

'V  +  pa?  +  g  =  0;  a^+po[^+q  =  0;  ^+px?+q  =  0;  afi+psd^+q  ===  0. 
[Due  to  Mr.  Jerrard  or  to  E.  S.  Bring.  Quarterly  Journal  of  Mathemat- 
ics, Vol.  VI.] 

"Mr.  Jerrard  considered  that  the  algebraical  solution  of  equations  of  the 
5th  degree  could  be  effected;  his  proposed  method  formed  tlie  subject  of  an 
enquiry,  by  8ir  W.  R»  Hamilton  in  the  Reports  of  the  British  AssodaiUmj 
Vol.  VI,  Most  mathematicians  admit  that  Abel  has  demonstrated  the 
impossibility  of  the  algebraical  solution  of  equations  of  a  higher  d^ree  than 
the  iburth.  An  abstract  of  Sir  W.  R,  Hamilton's  exposition  of  AbepB  ar- 
gument will  be  found  in  the  Quarterly  Journal  of  MaihemaJtics^  Vol.  V* 
A  simpler  demonstration  due  to  Wuntzd  will  be  found  in  Serrd^s  Cbtira  if 
Algdyre  Superieure"  [See  Analyst,  p.  65-70,  Vol.  IV.]  **An  Essay  on 
the  resolution  of  algebraical  equations  by  the  late  Judge  Hargreave  has 
been  recently  published:  the  results  arrived  at  are  to  some  extent  at  vari- 
ance with  those  of  Abel  and  Sir  W.  R.  HamiUonJ' 


TO  DRA  W  A  CIRCLE  TANGENT  TO  THREE  GIVEN  CIRCLES. 


BY  ISAAC  H.  TUREELL,  CINCINNATI,  OHIO. 

This  problem  is  a  celebrated  one  in  the  history  of  pure  geometry. 
When  or  by  whom  it  was  first  proposed  I  am  unable  to  ascertain;  but 
the  best  mathematicians  of  modem  times  have  not  thought  it  unworthy 
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beir  special  attention.     In  Salmon's  Conios  {5th  edition)  not  less  than  four 

Serent  solutioDS  are  given.  In  the  8th  volume  of  Smithsonian  Contribu- 
tions to  Knowledge,  Major  Alvord,  by  a  different  and  very  elegant  method, 
solves,  not  only  this,  but  the  more  general  problem —  "To  draw  a  sphere 
tangent  to  four  given  spheres.'* 

The  following  solution  so  far  as  the  writer  is  aware  is  origlnaL  It  de- 
pends upon  the  following  elementary  propositions. 

I.  A  circle  orthogonal  to  two  tangent  circles  passes  through  their  point 
of  contact. 

IL  All  the  circles  touching  two  given  circles  externally,  are  cut  orthog- 
onally by  an  auxiliary  circle  whose  center  is  the  external  center  of  simili- 
tode  of  the  two  circles. 

m.  An  axis  of  similitude  of  three  given  circles,  and  the  radical  axis 
of  a  pair  of  circles  touching  them  are  coincident. 

Let  us  first  take  the  i 
case  in  which  the  circles 
Of    Oj,   Oj,   which  are  j 
drawn  auxiliary  (Pr.  II} 
to  the  pairs  AB^  A  C  and 
BC,  respectively,  meet  in 
two  points  P,  Pj .    Sinci* 
these  auxiliaries  have  their  | 
centers  on  the  radical  axi;^ 
(Prop-  III)  of  the  reqM  I 
pair  5, 8^,  which  they  cut 
orthogonally,  they  must 
paas  through  their  limit- 
ing  points;  hence  P,  Pj  are  the  limiting  points,  or  infinitec^simal  circles,  of 
the  system  determined  by  S,  S^, 

To  find  the  points  of  tangency  on  ^1,  draw  the  radical  axis  of  P  and  A 
meeting  00^  in  M,  The  circle  Jf,  passing  through  P,  evidently  cuts  the 
three  circles  5,  S^  and  A  orthogonally;  hence  (Prop,  I)  it  passes  through 
iheir  points  of  contact  JV,  N^,  In  a  similar  manner  the  points  of  tangency 
of  S,  8^  with  B  and  Ccan  be  obtained. 

It  may  happen  that  the  auxiliaries  O,  Oj,  'Oj,  will  not  intersect;  but 
fiinoe  they  belong  to  a  system  com  piemen tal  to  that  of  8,  8i,  the  latter  will 
poas  through  their  limiting  points,  which  will  lie  on  the  line  00 ^^ 

In  this  case,  which  a  slight  change  in  the  diagmm  will  illustrate,  find 
the  limiting  points,  P,  P|  of  the  system  O,  0^,  Oj,  through  which  draw 
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say  cirde  F,  This  circle  wUl  belong  to  the  syatem  S,  8^,  From  if,  the 
iotesection  of  the  radical  axis  of  V  and  A  with  the  line  OO^,  draw  a  circh 
cnltiiig  V  orthogonally ;  it  will  evidently  cut  S,  Si ,  A  orthogonally,  and 
pHB  throagh  their  points  of  contact  N^  N^^m  in  the  former  caae. 

Rfipeatiiig  this  process  with  the  other  three  axes  of  gimilitude  we  can  de» 
termine  the  other  six  touching  circles. 

This  solution  can  be  readily  extended  to  include  Gen'l  Alvord'a  problem 
on  Ibe  tangenciee  of  Spheres. 


SUMMATION  OF  TWO  SERIES. 


BY  PROF.  D.  TROWBRIDGE,  WATERBUHGH,  NEW  YORK. 

Bequired  the  simi8  of  the  foUowing  series: 

Sir'  =  (a+r)»+(a+2r)-+(a+3rr+  •  •  •  +{a+rxY,  (1) 

S<-)  =  (a+r)"+(a+3r)'»+(a+6r)"+  .  .  ,  +(a+2fa?-^)*.      (2) 

In  these  series  x  is  the  number  of  tenns,  and  hence,  when  x  =  0,  the 
sums  will  equal  nothing-  It  ia  plain  that  the  sum  of  either  series  will  be 
a  function  of  x;  that  is  it  will  depend  on  x  in  such  a  way  that  when  ^^O, 
the  sum  will  be  0 ;  and  we  easily  see  that  the  sum  will  involve  the  power9 
of  X  from  af^^  down  to  x;  we  say  the  (n  -f  l)th  power,|because  the  expan- 
sion of  the  last  term  will  give  the  nth  power,  and  since  there  are  x  term^, 
all  similar,  there  will  be  the  {n-\-  l)th  power  of  a:,  at  least.  We  may  there- 
fore assume 
(a+r)* +(«+2rr+ +{a+rxY=Aixr^^  +A^ar+ . .  •  +A,^,x,  (3) 

(a+r^-f  (a4-3rr+.,,  +  (a+2ra:-rr=B,;i^+i+^jjf+.-  .+^.+  1^.  (4) 

In  these  series  let  x+l  be  written  for  x — for  they  are  true  for  at  least  all 
positive  integral  powers  of  x — ^and  we  shall  have 

(a+r)*+{a+2rr+ +{a+rxr+{a+rx+ry  =  A^ix+l)^^ 

+A^{x+iy+ +^i(z+l),  (5) 

(a+r)"+(a+3r)»+ . .  +  {a+2rx—rY+{a+2rx+rf  =  B^{x'i'iy^^ 

+£^{x+lY+ +^^i(^+l)-  (6) 

Now  substitute  (3)  from  (5)  and  (4)  from  (6)  and  we  have 

(a+  rx+rY  =  A,[{x+ir^^-x-^^]+A^[{x+lY-ar]+...+A^,,  (7) 

(a+2ra:+rf=£i[(:c+ir+i-a^+i]+if,[(a:+l)''— af]+*.,  -f JB^|.  (8) 

Now  make  a-f  r  =  &,  and  2r  =  r'  in  (8)  and  the  two  series  will  have  the 
tame  form.     We  can,  therefore,  easily  find  the  i^s  from  the  A^B^ 


(9) 
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If  we  expand  the  several  terms  in  (7)  and  eqiiftte  the  coefficients  of  the 
like  powers  of  a;  ^v'e  ««i  determine  the  values  of  ^j,  A^,  ^.;  and  we  shall 
further  see  that  had  we  assanied  a  power  of  x  in  the  sum,  greater  than  n+1 
its  ooefficient  would  have  hcen  0. 

We  have 

=  A,  [(n+  lK+f^^>x^>  +  ^-^^^'^^-'-\-  . .  .] 

From  this  equation  -we  have 

^ky-^  ^  (^t±^^)A,  +-J^A,+  {r^m^, 

n(n^l)f«-2),  _'(n'+l)n(n-l)(n-2). 

1.2.3  1.2.3.4  * 

!!&»r-iX»-2)--("-p)  /^i^P-i  =  (n+iK"-i)-.("-^h 

1.3.S...(p+l)  1.2.3..;(p+2)        » 

IVom  these  equations  we  find 

If  'We  now  substitute  a+r  for  ft  we  shall  have  for  the  sum  of  series  (1) 


(10) 


y»~l 


wt^^. 


-Si*'  =  ~-  3^^  +  ^(2a4-r)a;-+  ^^{&a^+6ar-\-r')3r 


n+1 


12 


-"<"-^)°^'(g+2r>e-»+. 


(13) 
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irirenowniliHUtiik-  ti-\  r  fur  6  and  2r  for  r  Id  (12)  wc  sliall  find  fori 
Kiiiu  uf  :M}ries  (2) 


S</)  =  ;^?'i*«-+>  +(2r)**-»aa:»  +  ?M^(3o*— r*)ir^» 


n+1 


6 


^n(n-lX2r)-8a  ^^._^j^ ^,  ^ 


If  we  make  o  ^  0  and  r  =  1,  we  shall  have 

1*  +  2"  +  3-  +  . . .  +a;-  =  ^a:"^'  +^*"  +15*^'  "^^ '  * 
I.+3•^.6.  +  ...  +(2a— l)-  =  -^-^+i-?!|:2ar->  + 

If  wc  make  a  ^  0  and  r  =  2  in  series  (1)  we  shall  have 


(14) 

(15) 
(16) 


2-  +  4"  +  6*  +  ...H-(2a!)"=-— -a:"+i  +2^»aj» 


n.3r-K 


REVISED  SOL  UTION  OF  PROBLEM  218. 


the 

J 


Editor  Analyst: 

Mr.  Meeoii,  the  ingeneous  ppoponer  of  problem  218,  having  furnishwl  me 
with  the  data  Irom  whieh  that  question  was  oonstnicted,  and  requested  me 
to  make  a  general  solution,  under  fuller  conditions,  for  pnblieatioQ  in  the 
Analyst,  I  hereby  cheerfully  comply  with  his  request 

George  Eastwood^ 
The  prt^bIem,  under  its  new  aspect,  may  be  stated  as  follows: 
Kequired  the  separate  rates  of  dividend  of  two  insolvent  estates  oonni 
ed  US  follows: 

John  Doe's  Estate,    Direct  liabilities  =  Jl;  his  eodorBements  for  Rie^^ 
ard  Roe=:i^i  leae  a  first  dividend  on  tlie  same  to  be  paid  out  of  Boe'a  eBta^eicL. 
His  net  assets  =  «  to  be  increased  by  dividend  on  account,  ^  ^',  due  froio 
Roe's  Estate, 

Richard  Roe's  Estate.    Direct  liabilities  =  X^;  his  endorsements  ft 
John  Doe  =  ^2>  '^^  ^  ^^^  dividend  on  same  to  be  paid  out  of  Doe's  esi 
His  net  assets  =  a'  to  be  increased  by  dividend  on  account,  ^  /3,  due  fi 
Doe's  estate. 

We  have  Doe*s  direct  liabilities  =3  i*  his  endorsements  =  >li ; 
Roe's  direct  liabilities  ^  i' ;  his  endorsements  ^  ilj ; 
Doe's  net  assets  ^  a; 

Roe's  '*     "  =a'; 

Doe's  account  due  from  Roe's  estate  =  /9'; 
Roe's       "        "      "    Doe's    "      =  ^. 
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berefore,  x  being  the  rate  per  cent  of  dividend  on  Doe's  estate  and  y  the 
rate  on  Roe's,  we  have 

First  dividend  on  Roe's  endorsement  for  Doe  =  X^^y^z; 
First  dividend  on  Doe's  endorsement  for  Roe  =  ^i-jjir^* 

X^ — ^liTTTv  ^  ^al^T?^^)  ^  balance  of  Roe's  endorsemenis, 
100  \    100    / 

il| — ij-^^  Xi  ( — '~^)  =  balance  of  Doe's  endorsements* 
100  \    lot  J    / 

a'+j^^r  ^  amount  to  be  dividend  among  Roe's  creditors; 
a  +^^y=      «         «  «         «  *'        Doe's         *'      ;  also 

M'+^a  (— ^f^^]     Ajri  =  final  dividend  on  Roe's  state, 
Hence,  from  the  nature  of  the  question, 

''+''(^)]ioo='"'+ra' 

From  (1)  and  (2)  we  daUice,  respectively, 


a) 

(2) 


,^    imOOc'+M     and  ^-100[(^+^i)a'-100°]. 


100/'+>ij(100— jb)  "  iiX+lOOfi' 

&|iuitiDg  these  values  of  y,  reducing  and  arranging  like  powers  of  x,  we  find 

Put  the  coefficient  of  a:  in  (3)  =  100^  and  the  right-liand  member  of  the 
equation  =  (100)*J5,  then  equation  (3)  l>ecomes 

a?— 10OAx  =  —{lO0f JB, 
^eooe  z  =  50^  qp  50^/(4^— 4£), 

^Ha  uppei*  sign  of  which  is  to  l^e  applied,  and  thence  the  value  of  y  is  easily 
^Hbermined. 

■      If,  as  in  the  fbrmer  problem,  ^'=0,  then  tbe  final  equation  in  x  becomes 
^  _  lOOl{k+X,){X'-\-X^)  +  fiX^ -a'X,^ (lQd)M^^+i,) 


Equation  (4)  may  be  written 

z*— 100^'^  =  —{imfB'.    .*.  x  =  50^'— 50 i/{A'^—4 
Substituting  the  numerical  values  given  in  prob.  218, 1  find 
and  y  =  19.4399. 


(4) 
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"Verification, — In  accordance  with  the  conditions,  the  mte  of  divifl 
of  Doe's  estate  is  found  to  be  20.12[*3  per  cent  of  the  liabilities.     And'l 
rate  of  dividend  of  Roe's  estate  is  fonnd  to  be  19,4399  per  cent  of  the  lia- 
bilities.    These  rates  can  be  verified  as  follows : 

John  Doe's  estate — direct  liabilities,  $33,425.61 


Endorsements  for  Richard  Roe  $34. 
Less  dividend  from     **  " 

Total  liabilities, 


$4,949.16  1 
6,794.08  / 


28,156.08 


$61,580.69 

Total  dividends  $12,396.76,  equal  to  20.1293  per  cent  of  liabilities, 
Richard  Roe's  estate — direct  liabilities,  $46,212.00 

Endorsements  for  John  Doe  $9,500.00  \ 

dividend  from  "      *^  1,912.28  / 

Total  liabilities, 


7,587.72 


$53,799.72 
Total  dividends,  $10,458.78,  equal  to  19.4399  per  cent  of  total  liabilities, ' 


APPR0XI3IA  TE  MULTISECTION  OF  AN  ANGLE  AND  BIN! 
FOR  REDUCING  THE  UNAVOIDABLE  ERROR 
TO  THE  SMALLEST  AMOUNT. 


BY  OHAS,  H.  KUMMELL,  DETROIT,  MICHIGAN. 

The  method  of  Query,  page  96,  is  applicable  also  for  multisection  of  an* 
gles  or  for  dividing  angles  in  a  given  ratio,  approximately. 

For  example,  if  BCD  shall  be  trisected,  draw  I 
ACA'  perperidiculai-  to  i>C  and  describe,  with 
any  radius  CA^  the  semicircle  ADBA';  make 
AE=  A'E^  AA\  join  ED  intersec^tiug  A  A'  | 
at  F;  trisect  CF  at  /  and  /  and  draw  Effy  and 
EfD*\  then  the  arc  BD  will  be  approximately 
trisected  in  Z>'  and  /)''. 

The  answer  to  tlie  query  by  Mr.  E.  B.  Scitz  at 
j>age  125, 126  is  quite  sufficient  to  prove  this  iyon- 1 
fltruction  to  be  approximately  true;  yet  for  my 
purpose  I  shall  prt.«ent  a  different  treatment. 

The  lines  J^'tmd  Ef  will  intcrs^K^t  the  circle  ^£.l'at  points  D'  and  //' 
which  are  more  or  less  di.stant  from  the  true  points  recjuired;  they  may  aL 
be  on  the  right  or  on  the  left  of  the  trne  points.     Let  CA  ==  CB  =  1  " 
BCD'*  =  tpi  BED''  =  4f]  Cf  ^  X.    Let  ^0  "^  ^^^  ^^^^  angle,  then 


:j^i 


J  =  ip^—f  (1) 

is  the  t-orrwtion  to  the  constructed  angle  to  obtain  the  true  angle. 
Bv  construction  we  have 

«=?54.  (2) 

In  the  triangle  ECB"  we  have  CJy  =  1 ;  CE=i/Z;  ECD"=Ji—f. 
'Plerefore 


taa^=  - 


sm^ 


.-.by  (2) 
md  by  (1) 


j/3  +  COB^ 

»/3  +  cos  ^ 
7C    v^3 .  sin  f 

2V3  +  oo8^     *^' 


(3) 
(4) 

(5) 
(6) 


This  equation  gives  d  =  Oi£<p^O,  f^  Jtt,  or  ^  =  In, 
To  find  the  maximum  and  minimum  values  of  J  we  place 

dy  (|/3+c50Sf)3  ' 

C06?f^2(j;r— |/3)oosf  =  j7r|/3— 3, 

whcDoe  cos  f  =  f  r— 1,/3  ±  ^(^^^—nys). 

From  this  we  have,  for  the  upper  sign, 

f^  =  17^01'2r';  .  • .  J+  =:^  —iXOOOnn  =— 02'48"  (minimum), 

for  the  lower  sigu, 

5?_  =  73°01'0r';  ,  • .  J_  =  +0^0n327  =  +38'56''  (maximum). 

ft  learn  from  this  that  the  coustmcteij  angle  is  slightly  too  great  in  tlie 
f  =  0  to  f  =  Jn,  the  greatest  error  2'48"  <3cc'ymng  at  almut  17*^ 
the  middle  of  the  interval.     Also  the  coiiBtriutetl  angle  is  by  a 
grmlbet  amount  too  small  in  the  interval  ^  =  |iT  to  ^  ==^  |7r,  the  greatest 
S8'66'^  occurring  at  about  73^  or  at  nearly  J  from  the  end  of  the  in- 
il. 

laving  mnltifiected  an  angle  by  this  method,  the  {>artE»  will  not  be  strict- 
Of]ualy  but  we  can  deeide  now  whidi  la  freest  of  error.  Tlie  first  choItM? 
AhoiiM  be  that  pail  extending  nearly  at  ectual  diiitanees  from  the  niinimmn 
point;  tl»c  second  lK5*t  would  be  a  part  J  of  which  extends  beyond  the  max- 
imujn  point,  and  the  third  best,  any  part  about  the  minimum  interval. 
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In  any  case  the  error  of  draughting  may  or  may  not  combine  favop 
with  thcsse  theoretical  errors,  but  this  we  cannot  control  and  we  have  ( 
leave  these  accidental  errors  out  of  cionsideration. 

It  should  be  ol^served  tliat  if  <p  h  negative  the  errors  are  numeric 
equal  but  of  opposite  signs  to  those  in  the  positive  quadiunt. 

Note.— Equation  (2)  is  strictly  true,  however,  only  if  jp  ^  |jr  or  =  Jr, 
and  for  the  approximate  construction  of  a  polygon.  For  any  angle  ^  to  be 
niultisccted  we  have,  if  ip^  is  one  part  r^koned  from  B^  strictly 


—  ^  -H  Tvhere  x  =^    \^  ,  — ^, 


ar. 


anda:,=^^'°iyt-j; 


Pi  |/3-|-oosp* 

and  A  is  the  correction  to  be  applied  to  the  angle  f^  —  J,  which  the  con- 
struction gives.     We  have  then  the  equation: 

0  =  p(|/3+cos  f)  sin  (pj — J) — piSin  y[|/3-f-ooe  (p  ^ — J)], 

and  the  maximum  or  minimum  condition  is 

0  ==  y:(i/3+cos  f)  cos  (pi — J)— sin  ^[|/3+cos  {f^ — ^)]+f  isin  f 

Xsiii(fj — J)» 


CORRESPONDENCE. 


Editor  Analyst: 

Since  reading  your  note  on  page  150  of  the  Analyst,  I  have  made  soro? 
vain  essays  at  a  demonstitition  of  the  proposition  stated  in  Problem  211. 
Though  I  failed  in  my  main  object,  some  of  the  results  I  attained  in  regard 
to  triangular  numbers  seem  to  me  of  some  interest,  and  may  api^ear  to  yfl 
of  sufficient  interest  to  warrant  their  insertion  in  your  Journal. 

John  Mackie^ 
Ijet  iV=  i(^*+^)  =^  ^*  ^^  ^^^  '^^  triangular  number,  then 

8iY+l  =  (2n+l)'. 

Hence,  In  order  that  an  integer  iV^  be  a  triangular  number,  it  is  ne 
ry  and  sufficient  tliat  %N  +  1  be  a  square  number.     Also,  any  odd  squa 
number  is  of  the  form  8^+1. 

Ex.1.     LetiV^=55;  8iV+l  =  441  ^2R     r.bb^i^^. 

In  the  same  way  we  find  that  for  JV  to  be  the  sum  of  two  triangular" 
numbers,  i^  and  ^,  it  is  necessary  and  sufficient  tbat  8iV+  2  =  (2n+l)'- 
(2j>-l-l)^,  i.  e,j  be  the  sum  of  two  odd  squares. 

Ex.2.    LetJV=93;  8iV+2=^746  =  26«+ll'.    .  •.  93  =  Ij,  +  Ig, 


In  order  that  Nm&y  be  the  sum  of  three  triangular  nnniljere,  l^,  t,„  4,  it 
is  neofflsaiy  and  sufficient  that  8iV4-3  =  (2n+l)»+(2p+l)»+(2r+l)*,  i.  e., 
be  the  sum  if  three  odd  squares. 

Ex.  3.     Let  iff  =  1878;  8JV+3  =  15027  =  12lH19*+6'.     .' .  1878 

Since  Cfvery  odd  square  number,  as  we  have  seen  above,  is  of  the  form 
8<|+1,  the  sum  of  any  three  odd  squares  must  be  of  the  form  8iV+3,  But 
of  the  converse  proposition,  that  SN  +  3  is  always  the  sum  of  three  odd 
squares,  I  have  lieen  unable  to  obtain  a  demonstration,  though  the  fact  can 
always  be  verified  upon  trial.  The  greatest  square  (2ti  +  If  is  usually  the 
groateet  odd  square  in  SN  +  3,  or  the  next  odd  square  below;  the  second 
square  in  the  sum  is,  in  like  manner,  iLsually  the  greatrcst  odd  square  in 
8.Y+3— (2n+lf. 

Perhaps  some  reader  of  the  Analyst  can  find  a  demonstration  of  one  or 
both  of  the  following  propositions,  in  which  N,  Xy  j/,  2,  may  be  inters  or 


lero. 


8JV+3  =  (ac+1 )»+(%+ l)'+(22+l)', 
4N+1  =  {2x+iy+4f         +42?. 


(1) 
(2) 


E!NoTE  ON  THE  SOLUTION  OF  Peob.  217,  BY  THE  Editor. — ^When  the 
te  at  the  foot  of  page  155  was  written,  we  supposed  that  Prof,  Johnson's 
_       lution  necessarily  gave  one  branch  of  the  curve  on  each  side  of  the  axis  of 
ffs  as  it  was  supposed  that  the  triangles  were  only  drawn  on  one  aide  of  the 
Hypothenuse;  and  the  int^ration  w^e  gave  at  page  156  was  made  with  that 
tmderstanding. 

By  drawing  the  triangles  on  both  sides  of  the  hypothenuse,  and  describing 

aqnares  on  the  outside  of  the  legs  above  the  hypothenuse,  and  on  the  inside 

of  the  legs  below  the  hypothenuse,  both  branches  of  the  locus  will  be  dbovc 

the  axis  of  a:,  and  consequently  they  will  contain  the  area  {^  |/3 —  9)7ra*, 

as  found  by  Prof,  Johnson.     On  the  other  hand,  if  we  consider  only  the 

triangles  that  can  be  drawn  on  one  side  of  the  hy|>othenuse,  and  describe 

the  squares  on  both  sides  of  the  legs,  we  obtain  two  branches  respectively 

equivalent  to  those  found  by  Prof,  Johnson,  but  one  lying  above  and  the 

other  below  the  axis  of  ar,  and  consequently  enclosing  an  area  =  J^  V3.^a^ 

fi  given  by  us  at  page  156. 

Both  branches  as  thus  found  are  represented  by  equation  (4),  page  155, 

one,  the  outer  branch,  is  excludeii  by  the  wording  of  the  question,  and 

Measrs*  Seitz,  Heaton  and  Baker,  by  describing  the  sciuarcs  only  on 

the  outside  of  the  1^,  find  two  equal  branclies,  one  above  and  the  other 

the  ads  of  x,  which  enclose  an  area  =  (9— ^|/3);ra* — 8a^ 
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Equatioti  (4)  may  be  written 


y=  i, 


and  hence  represents  four  hranclies,  as  in  tlie  omr- 
giiial  diagram,     a  d'  6  da  is  the  area  as  found  hv  I 
Prof,   riohnson;  ac'  b  da  is  the  area  as  found  hv 
UR,  and  a  f '  6  d*  a,  is  the  area  as  found  by  Messrs. 
Seitz,  Heaton  and  Baken 

Prof.  Johnson  writes  as  follows: — 

"The  expres6ion  given  on  page  156,  line  2,  is  the  value  of 

24-oosS  J  2  +  sinr 

hut  the  result  is  not  affected,  since,  if  we  put  0-^=^0'  — ^r,  we  have 

J  i»2+8in#'         J  .  2 


h 


r 


0  2  +  cosfl 


2  +  sintf' 


NOTE  ON  THE  POL  YNOMIAL  THEOREM. 


BY  PROF.  W.  W,  JOHNSOK, 

The  Binomial  Theorem  may  be  written  in  the  form 


n!  n!"^n— 1!  *i  "^ 


71—2!'  2! 


+  -.. 


and  if  we  put  ^  ==  —  (we  might  call  /t  the  rth  pyramid  of  a,  since  jfl  B 

the  area  of  a  triangle  whose  base  and  altitude  are  a,  and  ^a,  the  voluflie  of 
a  pyramid  whose  base  is  ^a  and  altitude  ct),  this  becomes 

where  T  -\'  s=^n  and  r  admits  of  all  valuer  from  0  to  n  inclusive.    It  m 
lows  at  once  that 

where  r+«+f  ^  n;  and  in  general 

J^a+b+e+  .,.)=!,  ^,bfi  ,  . , 
where  r+«+<+  . . .  ^  n.     This  last  equation  is  a  form  of  the  multinomial 
theorem. 
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TO  FIND  THE  DIFFERENTIAL  OF  A  VARIABLE  QUANTITY 
WITHOUT  THE  USE  OF  INFINITESIMALS  OR  LIMITS. 


BY  PROP.  JOSEPH  FICKLIN,  COLUMBIA,  MISBOUBI. 

;  £  If  any  fwndion  increnscs  at  a  tmiformly  ciccelerafed  rakj  the  increment 
^  thai  function  in  one  unit  of  time  is  equal  to  the  rate  ai  which  thai  function 
iMreases  at  t}\e  middle  of  that  unit  of  time. 

II,     Let  u  ^  x^f  and  suppose  cb  to  be  the  rate  at  which  x  variee;  then 

ti'    — tt    =  2xdx-\-  da^  =  increment  of  i*  in  first  unit  of  time; 

u"  —1*'  =2xdx-\-Zdx'=        *'  «  *'  *'  sec'd  ''     <*     '*    ; 

tt'//_i4'r=:  2xdx^-ryd:x^  =         *'  *'  ''  '*  third  *'      "     «    ; 

u''''~u'''=2xdx-{'7dx'=        *'  **"*'  fourth"     '*     '*    ; 

Hence  u  increases  faster  each  instant;  and,  since  there  is  a  constant  dif- 
ference (2da^)  in  the  Increments  of  «,  the  acceleration  in  the  rate  of  increase 
of  u  is  onifonn. 

Now,  since  the  difference  between  u'  and  u  is  2xdx  +  ctr,  and,  since  u  is 
increasing  at  a  uniformly  accelerated  rate, 

2xdjc  +  dx^ 
is  not  only  the  mean  rate  at  which  u  increases  during  the  first  unit  of  time, 
but  u  increasee  at  that  rate  at  the  middle  of  tliat  unit  of  time  (I), 

But  the  rate  at  which  u  increfiscs  is  increased  by  2^2:'  in  one  unit  of  time, 
for  u  is  increasing  at  the  rate  of  2xdx  +  ctr*  at  the  middle  of  the  first  unit, 
and  at  the  rate  of  2xdx-^-Sda^  at  the  middle  of  the  second  unit;  hence,  in 
half  a  unit  of  time,  the  rate  is  increased  by  cb*.  Therefore,  if  du  represeDts 
the  rate  at  which  u  Increases  at  the  instant  u  =2  a^,  then 

du+dj? 
^U  be  the  rate  at  which  u  increases  at  the  middle  of  the  first  unit  of  time, 

du+da?  =  2a;da?+daJ*; 
whence,  du  =  2xdx. 

The  same  result  may  be  obtiiined  by  equating  the  two  eipressions  for  the 
f*te  at  which  u  increases  at  the  middle  of  any  other  unit  of  time-     Thus, 

^  the  rate  at  which  u  increases  at  the  middle  of  the  third  unit  of  time,  and, 
■ince  the  rate  at  which  u  increases  is  increased  by  %dx^  in  one  unit, 

du+2\x2d3? 
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U  also  an  expression  Jin*  timt  rate; 

whence^  du  =  2xdx, 

ni.     Ia'X  u  =  Ttj;  tijon 


In  thi 


in  ttiifj  ctiKe  tlic  ccuihtiuit  ditVeretH-c  in  the  increments  of  u  is  2d2dy;  and 
it  may  Ije  nliown,  by  a  process  of  reasoning  entirely  eimilar  to  that  used 
in  II,  tlmt 

xili/  -f  ydx  4-  dxdy 

is  the  rute  at  vvliicli  u  inercii.He8  at  tlie  middle  of  the  first  unit  of  time,  aod 

that 

du-\-dxdy 
is  also  an  ex|>re88ion  for  that  rate; 

du+dxdy  =  xdjf-\-ydz-\'dxdtf; 
whence,  du  =  jrrfy+ydx. 

If  we  put  y  -=  2?^  we  have 

du  =  d[xy)  —  d{j^)  ^  xd{x^)i-a^dx. 
But  it  has  been  sshown  that  d(p^)  ^  2xdx; 

du  =  d(z*)  -XX 2xdX'\'X^dx  =  2s?dx+ij^d3e  =  3x*da:. 
In  this  way  it  may  l>e  shown  that,  if  n  l>e  any  positive  integer, 

du  =:  d{^)  =s  naT'^ctr. 
It  may  now  be  shown,  in  the  usual  way,  that  thin  ecjuation  is  tme,  wheth' 
er  n  be  positive  or  negative,  integral  or  fractional* 


THE  METEOR  OF  A  UQ  U8T  11,  1878. 


BY  PROFESSOR  DANIEL  KIRKWOOD. 

1,  Observations  at  Bloomington^  Ind. — A  few  minutes  after  10  o*dodB^ 
on  Sunday  evening,  Aug,  11,  1878,  Rev.  John  A.  Bower  of  Bloomington, 
Ind.,  saw  a  brilliant  meteor  near  the  eastern  horizon*    Mr.  B.  had  just  taken 


*The  precUe  time  waa  not  noted. 
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I  a  poeitioo  facing  an  open  eastern  window.  The  meteor  became  visible  verjr 
I  nearly  east  of  BIoomiDgton— perhaps  a  few  degrees  south  of  east  —  and  about 
I  teo  degrees  above  the  horizon.  It*  motion  was  from  south  to  north.  The 
1  length  of  its  apparent  track  was  20*^  or  25'^.  The  first  half  of  its  course 
I    ir«s  but  shghtly  inclined  to  the  earth's  surface;  the  inclination,  however, 

■  became  sensibly  greater  towards  the  point  of  disappearance,  which  was  N* 

■  about  70°  E.,  and  very  near  the  horizon.     The  apparent  diameter  of  the 

■  meteor  was  at  least  one- third  that  of  the  moon.    The  motion  was  extremely 

■  rapid;  the  time  of  flight  not  exceeding  two  sec^onds.  No  detonation  was 
I    b^ud,  nor  did  the  meteor  separate  into  fragments  at  the  time  of  disappear- 

■  tnce 

I  The  observations  of  Mr.  Bower  were  given  me  verbally.  To  verify  their 
I  sccnracy  I  placed  myself  in  the  position  which  he  occupied,  and  had  him 
I  point  out  the  meteor's  course  as  he  had  seen  iL  The  foregoing  stitement, 
I  I  am  satisfied,  must  be  very  nearly  correct,  except  as  to  the  time  of  flight, 
B  which  is  admitted  by  the  observer  to  be  very  uncertain. 
H  2.  Tttusinlk,  Crawford  County^  Pennsylvania, — The  following  tel^ram 
H     ia  the  associated  press  appeared  in  the  papers  of  Tuesday  morning,  August 

■  13: 

^       'TrruBViLLE,  August  12.^ — A  beautiful  meteoric  display  was  witn^sed 

fc6Dm  here  last  evening.     The  meteor  made  its  appearance  in  the  west  at  10 : 
|0|  moving  in  a  northei*ly  direction.     It  was  of  ^  greenish  color  and  shone 
with  great  brilliancy,  lighting  up  the  entire  surrounding  country  with  a 
light  that  for  the  time  prevailed  over  tliat  of  the  full  moon.     Its  appear- 
Mnoe  wad  only  momentary,  when  it  burst  and  divided  into  three  fragments, 
two  of  which  assumed  a  reddish  color.    Calculating  from  the  time  thexplo- 
sioo  was  seen  until  it  was  heard,  the  nieteor  was  about  25  miles  distant." 

3.  Oil  City,  Venango  County^  Pennsylvania, — The  papers  of  the  same 
date  contained  also  the  following: 

"Oil  City,  August  12. — A  meteor  of  unusual  brilliancy  passed  here  last 
ewmimg  a  few  minutes  after  10  o'clock.  It  was  nearly  twice  the  size  of  a 
GiliDon  ball.     Its  course  was  north." 

All  aeeoants  agree  that  the  meteor's  course  ^^as  nearly  north.  It  was  seen 
somewhat  west  of  Titusville;  and  as  the  final  explosion  occurred  about  25 
miles  finam  that  city  we  may  conclude  that  the  track  terminated  over  Craw- 
ford County,  Pennsylvania.  The  observations  at  Bloom ington,  Ind.,  indi- 
die  that  the  body  first  became  visible  over  Western  A'^irginia.  The  distance 
directly  east  from  Bloomington  to  the  meridian  which  bounds  Venango 
eooD iy  Pa.,  on  the  west  is  348  miles.  Hence  when  fii'st  seen  the  meteor 
altitiide  was  about  77  miles.     The  length  ef  the  visible  track  was  betw 


'^Mn 
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170  and  180  miles — ^say  175.     The  most  probable  velocity  therefore  ded-' 
dedly  iBdicates  a  hyperbolic  orbit. 

Owing  perhaps  to  the  late  hour  at  whieb  the  meteor  appeared  but  few 
observations  of  the  phenomenon  were  reported*  Several  letters  of  inquiry 
brought  no  available  response,  and  Prof.  Cleveland  Abbe  of  the  U.  S.  Sig- 
nal Service  informed  me  that  no  accounts  of  the  meteor  were  received  at 
the  Washington  Office. 

Bloomington^  Indiana^  Sept^  1878. 


q  UINQ  UISECTION  OF  THE  CIRCUMFERENCE  OF  A  CIRCLE. 


BY  PBOF.  L.  G.  BARBOUR,  RICHMOND,  KENTUCKY* 

Theorem.~Ij^  Che  the  centre  of  a  circle;  AD,  a  diameter.  Divide  AC 
in  extreme  and  mean  ratio,  putting  the  larger  segment  next  the  centre. 
Then  from  J>  as  a  centre,  with  a  radius  equal  to  DB,  describe  an  arc  c«t- 
ting  the  circumference  in  K 

The  arc  ^i^  will  be  one  fifth  of  the  circumference. 
Demovgtraiion,  -Join  BFj  OF  and  DF  and 
draw  CE  parallel  to  BF 
By  hypothcisis 

AB:  BC  ::  BC:  AC, 
By  com  posit  ion,  because  AC  ■=  CD^ 
CD:  BC  ::  BD  :  CD; 
BC:  CD  z:  CD:  BD, 
The  triangl^  -BCF  and  CFD,  having  the  same  altitude,  are  to  each  other 
as  their  bases; ',  • ,  BFC ;  OFD  : :  BC :  CD.    Similarly 

CFD  :  BED  ::  CD  :  BD. 
But  the  last  couplets  of  these  proportions,  themselves  form  a  proportioo ; 
BFC :  CFD  ::  CFD  :  BED. 
Also,  since  CE  is  parallel  to  BFj  we  have 

DCE :  CFD  ::  CFD  :  BED. 
Comparing  this  with  the  last  proportion,  we  find  BFC=:^  DCE,  Thee 
two  triangles  then  are  equal  in  area;  the  base  DE  of  the  one,  is  equal  to 
the  base  CF  of  the  other,  for  CED  is  isosceles,  because  similar  to  BFD, 
and  hence  DE=  CD,  Moreover,  the  angle  DCE  op)»oeite  DE  is  equal  to 
the  angle  DBF,  But  any  two  triangles  of  equal  areas,  equal  bases,  and 
having  the  angles  opposite  the  bases,  equal,  each  to  each^  are  equal  lu  all 
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agle  £FC=ang1e  at  D.     BCF=CBF^DCE.    But 


th^ir  parts*     ,  • .  angie  ^/*0= angle 

BCFf  being  measured  by  the  arc  AF^  is  double  the  angle  at  D,  which  is 

measured  by  half  the  arc  yli^;  . ' .  lBCF=2z£Fa 

The  angles  BFCy  BCF  and  CBF^e  together  equal  to  two  right  angles, 
*  • .  BCF  ^  f  of  two  right  angles,  or  ^  of  four  right  angles;  .  * .  AF  is  ^ 
of  the  circumference.     Q.  E,  D. 

Scholia* — 1.  Taking  the  angle  D  as  the  unit  of  measurement,  we  have 
D=BFC=FCE=  OFF,  2D  =  FBC=FCB  =  BFD  =  DCE ^  DEC; 
SD=  CEF  =  BCE  =  FCD  =  FBA, 

2,  DE=DC  =  CF=  BF=mL\\m)  BC=  CE  ^  £F  =  greater 
eegment  of  radius.  Also  the  triangles  CDS,  CEF,  DCF,  BCFsLud  BED, 
u  e,,  all  the  triangle  in  the  figure,  are  tsoceeles* 

3»  Laying  off  from  F  towards  D  an  are  equal  to  AF^  we  get  a  remain- 
der DG  which  IS  -^  of  the  circumference.  We  know  from  Euclid  that  the 
chord  from  D  to  G  is  ecjual  to  BC]  hence  BC^  CE  and  EF  are  each  equal 
to  the  chord  of  a  decagon,  and  DE^  &c,y  to  the  chord  of  a  hexagon.  Also, 
BD  =  DF  ^  chord  of  |  of  two  right  angles,  or  |  of  one  right  angle,  •  *  • 
FCD  =  FBA  &c.  ==  angle  l^etween  two  consecutive  sides  of  a  regular 
pentagon. 

4,  Since  BC  :  CD  ::  CD  :  BD,  cliord  of  a  regular  inscribed  decagon  : 
chord  of  hexagon  ::  cht>rd  of  hexagon  :  chord  of  108°. 

Putting  CI>=radius  =  1, chord 36°  =  T,  — rilT&-  *  •  *  ■  »in  18°-       ^ 


sin  64°, 
.  sin  54°  =  .6-1- 


chord  108°' 
-  BD  =  CD+BC,  chcrd  108°  ^  l-f  chord  36° 
eiu  18*^,  as  may  be  seen  in  ii  tabh-  of  natural  sines* 

To  find  the  length  of  BC,  wliith  we  will  call  x^  x  :  I  ::  I  :  a!-hl;  -' ^ 
^+a;  =  1,  whence  ^=  —i±ii/d  =  Bt;  r .  BD  =  I>i^==  +  J  +  }j/6. 
AF*=AD'—DF'  =  4— J-ii/5-|  =  4— Ji/6  =  BC^  +  CD';  .  • . 
the  side  of  a  regular  inscribed  i>entagon  is  the  hypothenuse  of  a  right  an- 
gled triangle^  the  other  sides  being  the  side  of  a  regular  inscribed  hexagiin 
and  that  of  a  regular  insoribed  decagon.     This  has  been  noticed  by  Young. 


A  PROBLEM  AND  ITS  SOLUTION. 


BY    DR.  H.  EGGERS,  MII.WAUKEE,  WISCONSIN. 


3y  L^^  and  in 


ProbUm.  —  Given  in  a  plane  three  fixed  right  lines,  i^,  L 

of  them  a  fixed  point,  respectively,  ^|,  ^2,  -^3 :  required  a  right  line 
f,  which  shall  cut  off  on  ij,  i^,  Z^,  three  equal  distances  counting  from 
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stan- 
boU 


Ai,  A^j  A^f  that  is,  the  line  M  shall  mark  on  Lj,  ig,  ig,  respective] 
three  points,  Bi,  B^,  B^,  so  that  A^B^  =  A^B^  =  ^^^s* 

Solution,  —  Taking  od  one  of  the  given  lines,  on  Z»j,  for  instance,  any 
Dumber  of  distances,  <x)untirig  from  J^j,  and  on  the  line  L^  the  sam  distan- 
ces, counting  from  ^4^,  then  the  corresponding  terminating  points  on 
lines  will  form  two  homographie  systems  of  points,  the  projecting  raj's 
which  envelop  a  parabola  touching  L^  and  L^- 

Combining  in  the  same  manner  L^  and  Xg,  a  second  parabola  will  be 
generated,  touching  L^  and  L^.  These  two  paralx)las  have  Li  and  the 
line  at  infinity  L^  as  common  tangents.  The  other  pair  of  common  tangents 
will  evidently  solve  the  problem.  For  in  virtue  of  the  first  parabola  th^' 
severally  cut  ofiF  equal  distances  on  i^  and  L^,  and  in  virtue  of  the  seooni 
parabola  they  cut  off  equal  distances  on  ij  and  L^. 

The  two  requiretl  common  tangent.^,  T^  and  T^,  can  be  constructed  as 
follows ; 

Let  A'  be  their  point  of  intersection  and  V^  the  point  of  intersection  of 
Jji  with  the  line  in  infinity,  i^-.  These  two  points,  X  and  K^^,  eonstiiate 
one  of  the  conies  enveloi>ed  by  the  four  common  tangents,  Tj,  JT^t  ^i>  ^m 

If  we  take  now  an  arViitrary  point  E  and  draw  from  iJ  the  two  pairs  ( 
tengents  on  the  two  parabolas,  and  pass  also  from  E  two  lines  through  the 
two  points  A^  and  Y^^  these  six  lines  form  an  involution,  of  which  five  line 
are  given;  therefore  the  sixth  line,  whi<'h  must  pass  through  A",  can  be  con 
structed.  Taking  now  another  arbitrary  point  E^  and  performiug  the  an*^ 
alogous  constrnction,  we  gain  a  second  line  E^X^  which  must  pass  through" 
X.  Therefore  the  point  of  intersection  A"  of  the  two  tangents  T^  and  T-^ 
can  be  found.  All  that  remains  is,  to  construct  through  A"  the  two  tangentiH 
to  one  of  the  parabolas.     These  will  touch  the  other  [mrabola  also. 

If  the  direction  of  counting  the  distances  from  A^,  A^i  A^  is  not  deter^ 
mined  beforehand,  there  will  be  four  pairs  of  solutions  possible,  of  whio 
some  may  be  imaginary.     For  we  may  on  each  of  the  given  lines  ij,  X| 
ij  discern  two  directions  of  counting,  -f  and  — ,  the  combinations  of  whic 
will  furnish  four  different  cases,  viz. ; 


il 

+ 

+ 

+ 

— 

L, 

+ 

+ 

— 

+ 

L. 

+ 

— 

+ 

+ 

Of  the  four  other  combinations  of  signs  yet  possible,  any  one  will  coin 
cide  with  one  of  the  four  above  given;  for  example,  three  minus  signs  giv 
the  same  solution  as  three  plus  signs,  because  the  variable  jioints  of  divisio 
which  mark  equal  distanc^es  on  ij,  i^,  E^y  pass  at  the  same  time  to  infi 
ity  and  leap  from  there  simultaneously  on  the  opposite  half  of  these  lines. 
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Each  of  the  four  combinatioBs  of  signs  now  gives  rise  to  two  solutions^ 
which  ID  regard  to  method  do  not  differ. 

Kthe  difltanoes  to  be  cut  off,  iostead  of  being  efjual,  shall  have  given  ra- 
tion m  :  n  :  p 
the  method  of  solution  remains  the  same. 

The  solution  of  this  problem  becomes  more  simple  when  two  of  the  given 
lines  are  parallel. 


SOL  UTI0N8  OF  PROBLEMS  IN  NUMBER  FI 1 X 


Solutions  of  problems  in  No.  5  have  been  received  as  follows: 

From  Prof  L.  G.  BiiH>our,  224;  Marcos  Baker,  225,  230;  Prof  P.  K 

Chase,  230;  Newton  Fliz,  221,  23C»;  Henry  Gunder,  221,  223,  224,  230; 

Henry  Heaton,  221,  223,  224,  225,  226,  227,  228,  229,  230;  W.  E/Heal, 

221,  227;  Prof  E.  W.  Hyde,  225,  230;  Prof,  Joseph  H.  Kershner,  221, 

222,  223,  224,  225,  226,  228,  229,  230;  Chas-  H.  Kummell,  221,  224,  227, 
228,  229,  230;  Prof  D.  J.  Mc  Adjim,  223,  224,  228;  Prof  Orson  Pratt, 
221 ;  P.  Richardson,  221,  225;  Prof  J,  Scheffer,  221,  224,  225,  226,  228; 
E.  B.  Seitz,  221,  223,  224,  225,  227,  228,  230. 


221.     "Find  the  four  roots  of  the  equation, 

■gOI-UTlON  BY  PROF.  0B80N  PRATT,  SEN,,  SALT  LAKE  CITY,  UTAH. 

Increase  the  root«  by  ^p,  and  the  second  and  fourth  terms  vanish,  and 
the  resulting  ei| nation  l)ecoraes  a  quadratic;  reducing,  and  diraLnishing  the 
L^octfi  by  ^p,  we  have 

*  =  -4+4V2V[-  p'+iAV-4"9)]; 

*  =  -4-472>/  [-p'+l/(V-4'?)]  ; 

*  =  -H72V[-P'->^(V-4'9)]. 
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SOLinriON  BY  F.  BICHAltDSON,  BBOOKLYN  NEVT  YORK. 

Put  p  ^  4t,  then  the  equation  becomes 
Put  X  =s  y — i^  then  is 

Buty — t  =  x; 

x  =  —t±  vl—k^±:  ♦/(! ^— g)]. 


222.  "It  is  required  to  find  four  positive  integral  numbers,  the  sum  oi  ^^ 
the  cubes  of  any  three  of  which  shall  be  a  rational  cube  number," 

SOLUTION  BY  PROP.  JOSEPH  II.  KEBSHNER,  MERCERSBEBG,  PA. 

Let  aa^f  bx^^  ca?*,  cLx^  be  the  numbers.  If  a  +  i  +  c  =^  3?,  a-f-  c+d  ^  g^  ^, 
a+b-\-d  ^=  X,  and  6+c+fZ  =  x,  the  conditions  are  fulfilled.  Adding  thes^^s 
equations,  x  =  f(a+i  +  c+rf). 

Assume  x — Ja  — p*,  ar—  f6  =  </,  a? — |c  =  H,  and  a?— jd  =  «*,  then 

Let  3m  ^  p,  3mH-3  ^  g,  3m+6  =  r,  and  6m  =  «;  thus 

a  =  t(-2p'+  9*+  *^+  A 

^  =  K+  PH  9'+  »^-2«*). 

Therefore,  if  p«-f  §«+«»  >  2r*,  or  {^mf  +  (3m+3)»+(6m)»  >  (3m+6)^, 
a,  6,  c,  d,  and  x  shall  all  be  positive  and  integral;  that  is, 
8(3m)^— 27(3m)^— 189  x  3m— 405  >  0. 

If  m  ^  3,  or  more,  the  four  numbers  are  known. 

[The  above  is  the  only  solution  of  problem  222  that  has  been  receiv^Oj 
hence  we  insert  it,  though  we  think  it  is  defective. 

In  assuming  x  ^  a-j-fi  +  c  =  a+c4-d,  <tc.,  it  is  virtually  assumed  tb^^ 
a  ^^  b  ^^  c  =  dj  consequently  p  ^  q^=r  ^^  s;  therefore  the  assumptioPj 
3m  =  p,  3m +3  =  g,  &c.,  is  not  admissible.^ — Ed*] 


223,  "Compare  the  masses  of  two  spheres  of  equal  radii,  one  of  unifa*''^ 
density,  the  other  increasing  in  density  from  a  single  point  in  the  surfr*^ 
as  the  square  of  the  distance  measured  on  the  diameter  through  that  poi^^ 


increases," 
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SOLUTION  BY  B.  B*  ^SEITZ,  GREENVILLE,  OHIO. 

Let  m  be  the  mass  of  the  sphere  of  uniform  density,  m'y  the  mass  of  the 

other  spb ere,  r  tlie  radius  of  each  spliere,  and  take  a  unit  of  volume  of  the 

sphere  of  uniform  density  for  the  unit  of  mass,  and  let  the  density  of  the 

miiA  sphere,  at  the  distance  a  from  the  point  in  the  surface,  be  equal  to 

'  tlie  density  of  tlie  first  sphere. 

Then  m  =  |;rr2,  and  the  masci  of  an  elemental  segment  of  the  second 
phere  whose  base  is  perpendicular  to  the  diameter  through  the  point  in  the 
fiarface,  and  is  distant  x  from  that  point,  is 


224*    '*Two  postSj  each  12 ft.  high,  stand  perpeadicularly,  fitly  feet  apart, 
ou  A  horizontal  plane,  aud  a  rope,  one  end  of  which  is  fastened  at  the  top  of 
each  poet,  is  suspended  betweeu  them  so  tliat  it  just  touches  the  plane  at  its 
middle  point.     Required  the  length  of  the  rope." 

8i)LUTION  BY  HENRY  GUNREB,  NORTH  MANCHESTER,  INB, 

The  equations  to  the  catenary  are 

y  =  -«H-|(eJ-+e-^)  ..  .(1),  and  z^^^si-j-^),  (2) 

^ivhich  z  and  y  are  the  co-ordinates  of  the  curve,  the  origin  being  at  the 

lowest   point,  and  the  axis  of  x  being  tangent  to  the  curve  at  the  origin  j 

where  a  is  the  length  of  a  portion  of  the  robe  the  weight  of  which  is 

il  the  tension  at  the  origin,  and  2,  its  length  from  the  origin  to  the  point 

Putting  ^  =  25  and  y  ==  12,  (1)  gives  a  =  27,8  ft,  neai*ly,  and  putting 
is  value  of  a  in  (2)  we  get  2z  =  56.9  ft.,  nearly,  the  length  required. 

SOLUTION  BY  E.  B.  8EITZ. 

Jjel  A  ^  12  feet,  26  =  50  feet,  2/  =  the  length  of  the  rope,  and  let  a  = 
be  tension  at  the  lowest  point  of  the  rope. 
^ihm  from  the  properties  of  tlie  catenary  we  have 

l^=h^^2ah,  (1) 

6  =- a  log  U'+V  (''+«')]-«!•  (2) 

(I)  and  (2),  by  eliminating  a,  we  find 
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"=('-i^>-C-ii)- 


From  (3),  by  llie  metliod  of  Double  Position,  we  find 

21  =  56.996  feet. 


226.     "What  is  (he  locus  of  the  angles  of  the  inscribed  squares  of  tfi 
re«|>ective  segments  of  a  circle  when  the  chords  or  bases  are  parallel  ?" 

^         BY  MARCUS  BAKER,  U,  8,  COAST  SURVEY,  WASHINGTON,  D,  C* 

011^=  X,  PB  =^*     Therefore  for  the  point  P  we  have  ] 

luul  for  the  point  P',  i.  e,,  when  x  becomes  half  the  sid<-'| 
of  the  square  in  the  greater  segment,  we  have 

and  consequently  the  locus  is  au  eiUpse, 


zdTlr:^ 


/     I 


226,     "Find  the  algebraic  er^uation  whose   roots  are  the  real  quantit]e»i 
found  by  giving  int^ral  values  to  k  in 


ir  ^  cos 


2for 


n  being  a  given  integer.     Also  the  equation  whose  solution  is 

2kK  yj 


x^  am 


SOLUTION  BY  PROF.  J.  SCHEFFER,  MERCER8BERG,  PA. 

By  De  Moivre's  formula  we  have 

(cos— ^+8111— .v^^ — 1)    s=  cos  2*;r+sin2ibr  ^^ — 1  =1. 

Developing  the  first  member  in  a  series  by  the  Binomial  Theorem*  9^ 
putting  cos  (2te-=-n)  =  x,  we  get  the^ equation 

of  which  in  any  concrete  case  we  choose  as  many  terms  as  is  compatible  witiJ 
n  >  r  inf    L     Putting  now  sin     ^  =  a:,  we  get,  if  n  is  odrf, 


=  0; 
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aod  if  n  is  even, 

where  we  use  the  upper  sign  if  n  is  of  the  form  4m — 2,  and  the  lower^  if  n 
ifi  of  the  form  4m. 


SOLUTION  BY  H.  HEATON,  SABITLA,  IOWA. 

Put  ^^  =  fK  and  let  2a?  ^  2co6fl.    Then  2x  =  e^      +e   ^      , 
n 


and 


^'{3^—\)  =  2y'~l.smff  =  /^    ^—e'^^    ^ 


c"*^    ^^i+v'Ca:'— 1) 


•ade 


'•  -as-v'C**-!).     Also  2co6  n9  =  ,"^-'+,-""^'-1 


Beit  C508  nd  ^  eos  2A;r^  1,  k  Imving  any  integral  value.  Hence  the  roots 
of  the  equation,  [x+i,/|a:*—l)]"+[ar—i/(a?'—l)]*  ^  2,  are  the  different 
vmlues  of  cos  (2X7r'i-n). 


K  a:  =  sin  0,  2/— l,aj  =  /*'    ^— €^^'    \  and  2>/(l— z^)  =  e^*^    ^ 


^^/_l 


+ 


n^v 


r].     Hence  2;/^ — l.sinntf==«  — e 


-^v'—l 


=  (-ip[^+v^(a^-l)]^ 


-(-l)nFl^-l)-^r  =  0-      ' 
If  n  be  even,  and  the  expression  (x  +  v'^(^'^ —  1)]* — [v^C^"^)  —  ^]*  ^ 
developed  it  will  be  found  to  be  of  the  2nth  degree,  and  its  rootsj  when  it 
equals  nothing,  are  the  different  values  of  2fer-5-2n,  k  taking  any  integral 
Tmlue  less  than  2n. 

Therefore  if  n  be  even  the  requiretl  equation  is 
[|/(ar»— l)+ar]^*-[l/(a:"-l)-x]^"*  =  0,  or  [j/(a:^-l)  +  x]"+  [i/(ir«-  1) 
_^]--f  2=0.  If  n  isoddthee^i^n  is  [^{x'—l)+xy^[V{3^—l)—xy^Q. 
[Since  the  above  was  put  in  type  we  have  rec5eivd  a  solution  of  prob.  226 
from  Prof  Johnson,  containing  an  interesting  discussion  of  the  required 
eiiaatioDs,  which  will  appear^  entire,  in  No.  1,  Vol.  VI.] 


227.  **If  the  equation  Tf+aaf"'^  +  ....  =  0,  whose  roots  are  a,  ^,  etc., 
be  transformed  into  another,  one  of  whose  roots  is  0,  while  the  differences 
tire  unchanged,  and  then  the  transformed  equation  he  divided  by  x;  and  if 
this  prooess  be  repeated  n — 1  times^  prove  that  the  product  of  the  differences 
of  the  roots  of  the  original  equation  is  equal  to  the  product  of  the  absolute 
leruis  of  the  equations  thus  obtained/' 
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SOLUTION  BY  WHiLIAM  E.  HEAI.,  WHEELING,  INDIANA. 

In  the  given  equation,  substitute  x~a  for  x\  then  the  mots  of  the  equ*L^' 
tion  will  be  (a  —  ^)  (=  0),  {a  —  /9),  («  — ;-),  &e.     Hence  the  absolute  ter.^*^> 
beiog  the  product  of  these  roots,  will  vanish  and  the  equation  will  bo  diig~^"^v 

sible  by  x\  and  the  absolute  term  of  the  new  equation  will  be  (a — ^{a T^ 

X(a — S)  &c.     For,  from  the  manner  of  forming  this  term  it  must  be  eq 
to  the  sum  of  the  terms  formed  by  taking  every  combination  of  the  qua^  — aih 
titles  (a— a),  (a — ^\  {a — j^),  (a— 5),  &c*,  taken  in  sets  of  n — 1;  but  all  tl 
terms  except  that  written  above  will  contain  the  factor  (a  —  a)  and 
therefore  be  equal  to  zero. 

Substituting  {x  —  ^)  for  x  in  the  given  equation  we  find,  in  like  mann< 
for  the  absolute  term  of  the  derived  equation  (/? — a){^^x){^ — 3)  Ac 

Hence,  by  repeating  the  substitution  n— 1  times  and  multiplying  the 
solute  terms  together,  we  obtain  (a — /9)(^ — a)[a--j){x — a)[a — 5)(i— a) 
which  is  the  product  of  differences  of  the  given  equation. 


228.     "Integrate  dl=  log  (a+  V (a?»+6=)cfe.'* 

SOLUTION  BT  CHAS  H.  KUMMELL,  U.  S,  LAKE  SURVEY,  DETROIT^  MICBZT 


I 


c^de 


Integrating  by  parts  we  have 

/  =  :r  Jog  [a-F  ,/(:r»+6')]  -  j -^^^^-^^-^-^^^^^^^ 

=  a;  log  [a+v/(a;H6')]  —  /'• 
To  rationalize  /',  assume 

We  have      2ay'+36y-6«_  _6'     2a_    4(a'-&») 


<1) 
(2) 


(^i 
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=  x-a  log[aj+t/(z»-(-6«)]+,/(a'-6») 

; Therefore  I=^x]og [o+  |/''(x*+6')] -x+o  log [x+ v'(a:*-f  6')] 

-,/(a'-A»)  lo«r  o±x+i/(x»+6*)-i/f«'-6')  . 

,x,a -ft  ,  log  ^^^^^^-^--^-j^.— ^__,_,  a>b. 


iJ.     "Evaluate 


r  Se^^rf,:  and    C  «i^"*5^.» 

fii>LUTION  BY  IL  flEATON, 

Ke  have  |     ?f/j?=  ^,  (Sec  T(Klhunter\s  Integral  Calculua,  p.  271,) 

PuttiDg  — a?  for  X,  we  have 


k 


^  __    a;  2'         */  _-,    ar 


Suppose  J     — —  dx  ^  Pf  and  pufc  — x  ^  a?;  then  is  I cbs= — pi 


Put  y — a  for  ar  in  the  given  problem ;  then 


^B    r*  006  mo; «  r*  COS  ma  COS  mv+sin  ma  sin  mw, 

I^K    r*  sin^Ti;^,   p^  COB  ma  sin  my — sinmacoemy,    _ 

[Mr.  Kammell  has  given  an  interesting  discufision  of  these  integrals 
^fcich  we  are  compelled  to  omit,  at  pre:^ntj  for  want  of  room.] 


"ABCD  is  any  tetrahedron*     Through  A  pass  a  plane  parallel 

),  through  B  a  plane  parallel  to  CI) A,  through  Ca  plane  parallel 

)AB  and  through  D  a  plane  parallel  to  ABC.     A  new  tetrahedron  is 

formed  the  volume  of  which  call  P,     Also  let  F  equal  the  volume 

original  tetrahedron.     Prove  that  P  ^  27  VJ* 
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SOI^ITTIOM  BY  NEWTON  FITZ,  NORFOLK,  VIEGINIA. 


Lc  ABC-D  represent  the  tetrahedron  T', 
and  let  a  be  its  attitude. 

A  plane  through  A  parallel  to  the  plane 
DBC  will  cut  the  plane  of  the  base  in  EF 
parallel  to  BC*  A  plane  throuj^n  B  parallel 
to  DJ.C  will  cut  the  plane  of  the  base  in  EiJ 
parallel  to  ilC;  and  a  plane  through  C  par- 
allel to  DAB  will  cut  the  plane  of  the  base  m 
FG  parallel  to  AB*  The  intersections  of  these*  I 
three  planes  will  be  the  lines  EN^  FN^  GN^ 
parallel  respectively  to  DC,  DB  and  DA, 

The  tetrahedron  EFG-N  will  be  similar 
to  Fand  to  V,     Because  AC=  EB  =  BG  \ 

the  altitude  of  EFG'N='  2a.     The  altitude  of  the  frustrum  remainiDg  \ 
l^  after  EFG-N  is  removed  is  equal  to  thtj  altitude  of  T",  ==  a.     Hence 
the  altitude  of  F  =^  3a  and  F  =  27  V.    Q.  E.  D. 

[Prof,  Hyde's  solution  of  this  problem  and  also  his  solution  of  225  are 
by  quateraions.  \t  was  our  intention  to  insert  one  of  these  solutions  but 
the  space  remaining  will  not  permit;  and  for  like  reason  a  solution  of  Mr* 
Baker^s  question,  on  p*  143,  by  Mr.  Eastwood^  and  of  Mr.  Heal's  questiouj 
on  the  same  page,  by  Mr.  Adcock,  are,  at  present^  excluded.] 


FR0BLEMM8. 


231,  By  Prof.  Orson  Pratt,  Sen.  —  What  is  the  sum  expressed  in 
terms  of  m,  of  the  values  of  all  the  determinants,  from  the  second  to  the 
nth  orders  inclusive,  which  can  be  formed  from  the  wt-gonal  series  of  uum^ 
bers,  represented  by  1,  a.^,  a^,  a^,  <  <  •  «^,  the  armngement  of  the  coni^itu- 
ants  of  the  respective  determinants  being  after  the  following  form : 

+ 


a-. 


+ 


"47 


a 


*2, 

6j 


"a 


*3* 


Hi 

a. 


a 


nOi   ^llJ    ^12t 
181   ^141   ^ISf   ^16» 


+  Ac? 


232.  By  Prof,  J.  H,  Kershner.— From  two  given  points  on  a  circle 
to  draw  straight  lines  through  a  point  Cin  the  circumference  so  they  shall 
form  with  a  line  MN,  given  in  position,  a  triangle  CM N  of  given  ai^ea. 
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233«    Sd&stiedj  by  Prof.  M.  L.  ChmMfKh—\f  ABCD  be  a  splierical  quad- 
fihleral  whose  sides  AB,  DC  kt^  produced  to  meet  at  P,  aod  AD^  BC^  to 
meet  at  Q,  and  whose  diagonals  AC,  BD  intersect  at  R,  then 
I  sin  AB sin  CD coe  P — sin  AD  sin  BCcm  ^  —  dt  sin  ^ C  sin  BD  cosB* 

234,  By  P.  Bicharthon.  —  ABCD  is  a  trapezium,  AB  =  a,  CD  =  6, 
^  ^  <?;  angle  ABC  is  a  right  angle,  and  E  is  a  point  on  AD  such  that 

angle  BCE  is  a  right  angle  and  CE  =  CD  ^  b. 
It  is  required  to  find  BC,  i)£^and  AE, 

235.  By  W,  E.  Heal. — Find  the  condition  that  the  general  equation  of 
the  nth  degree  may  have  q  equal  roots, 

23*5.  By  Christine  Ladd^  Baltimore  Mil — If  A^A^^  B^B2f  CjC^  are 
three  lines  which  meet  in  a  point  0,  then  there  are  four  different  ways 
In  which  the  points  ^i,  B^;  C^,  A^,  B^^  C^,  can  be  eombined  into  two 
homolc^oiis  triangles,  and  for  eaeh  combination  there  is  a  different  axis  of 
homolog}%  Show  tlrnt  these  four  axes  form  a  complete  quadrilateral  whose 
diagonals  intersect  each  other  on  the  lines  A^A^^  B^^B^^  C^iC^. 


237. 


By  Prof,  D.  X  Me  Adum, — Prove  that 

^006  J( 


f: 


l)(0+;r)sin  i[n(^+7t^^g  _  ^ 
sinH^4-n') 


238*  By  Ariemas  Martin^  31.  A,  —  Two  points  are  taken  at  random  in 
the  surface  of  a  circle,  radius  r,  one  of  them  being  wnfined  to  a  given  radi- 
os, and  a  chord  drawn  throngh  the  |x>inLs,  Find  (1)  the  chance  that  the 
length  of  the  chord  doe^  not  exceed  2ay  and  (2j  the  chance  that  it  does  not 
exceed  the  radius  of  the  circle. 

239.  By  Prof.  A.  B.  EiKfrn, — A  nm  plant  thirty-six  per  cent  of  his  ar- 
rows within  a  circular  target  ten  inches  in  diameter  at  the  distance  of  one 
hundred  yards ;  B  can  plant  sixty-four  per  cent  of  his  arrows  within  a  cir- 
cle thirteen  and  one  third  inches  in  diameter  at  the  same  distance, 

Ptove  that  B's  skill  is  greater  than  A's. 

240.  By  Prof.  Johnson.  —  If  the  angles  fl,  f  and  ^  are  connected  by  a 
oertain  relation  any  two  of  them  may  be  the  oblique  angles  of  a  spherical 
right  tri&ngle,  and  the  third  will  Ije  the  complement  of  the  perpendicular 
fitMn  tlid  right-angle  to  the  hypothcnuse.  Give  a  geometrical  construction 
ot  the  three  triangles  thus  connected,  and  find  the  relations  that  exist  be- 

tlieir  sides. 
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Announcement*  —  Five  years  ago  we  commenced  the  piibUcation  of  the 

Analyht  contrar)'  to  the  adviee  of  friends,  who  were  nearly  unanimous  in 
cautioning  us  that  sueh  a  puhliration,  at  this  plaoe^  would  not  be  supported. 
But,  from  five  years  experience^  we  are  pleased  to  say  that  the  support  re- 
ceived has  exccedeil  our  ex|>ectations ;  and  that  neither  the  locality  of  its 
publication  nor  the  obscurity  of  its  editor  has  prevented  the  Analyst  froni 
receiving  the  patronage  and  support  of  many  of  the  best  mathematiciaDS,^^H 
educators,  and  public  institutions  in  America.  ^B 

We  embrace  this  opportunity  therefore  to  inform  our  readers  that  the  An- 
alyst will  be  continuo<i  as  long  as  our  health  permits  and  the  interest  of 
subscribers  in  ite  continuance  is  manifested  by  suitable  contributions  for 
publication. 

It  is  not  expected  nor  desired  that  subscribers  will  discommode  themselves 
to  supply  us  with  material  for  publication;  but  we  invite  all  our  riders  Ui 
send  us  any  niatheniatical  deductions  or  investigations  that  may  be  though! 
interesting  or  useful,  so  tliat  we  may  have  ou  hand  at  all  times  a  variety  of 
material  from  which  to  make  selections  for  each  number 

We  again  recpist  present  substTibers  who  may  desire  to  discontiuue  thetr' 
subscriptions  at  the  end  of  Vol.  V  to  nofifi/  us  l>e^ore  the  first  of  December. 

No.  1,  Vol.  VI,  u^ll  be  mailed  to  subscribers  by  the  25th  of  December. 

J.  E.  Hendricks. 
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Obaet-vatwria  and  Orbits  of  the  SaieUiteg  of  Mant,    By  AsAPH  Halo.,  Profi»eiur  of  Mn  the 
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ERRATA. 


Ott  pttge  144,  eqn.  (4),  for  nrdx-\-^dy^  read,  — nt^j-ydy. 

**  "  153,  line  13  firom  bottom,  aftej-  "c'on><tniclion",  insert,  in  the  triangle  FOSj, 

"  •*  *'       *'      12     *'        ''    for  ''POA*\  read,  POF;  and  in  lint-  \\  from  bot,  deie  A  BiX 

•♦  *•  158,  in  the  wMjond  member  of  (1)  imtl  (2),  dde  exponent  2. 

"  "  ICl,  line  17,  for  **h\*\  read  in  ;  iiud  in  line 20,  for,  ^'U  takes",  read,  V  mnv  uke. 

"  "  163,    **    4,  (kk  »  in  **j>ermutalJons"  ;  und  in  line  25,  iniiert,  in,  Iwefore  u", 

"  "  165,    "    22,  for  **by  coneequenue"  I'ead  eouHequently; 

»  "  16(}«    "    6|  insert  2  for  exponent  after  the  parentheaia. 
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AN  ACCO UNT  OF  CA UCHY'S  "CALCUL  BUS  RESID USJ' 


BY   CHAB.  H,  KUMMELL,   ASSISTANT  TJ.  8.  LAKE  8UKVEY,   DETBOIT,  HIGH, 

Thib  very  curious  method  for  evaluating  a  great  variety  of  definite  inte- 
grals or  for  establishing  relations  betwe<?n  more  complex  and  simple  ones  of 
file  B&me  class,  is  founded  on  the  theorem  that,  if  in  a  double  integral  the 
Umits  of  both  integrations  are  indeiiendent,  the  same  result  is  obtained  if 
the  order  of  integration  is  inverted,  provided  the  element  function  does  not 
become  infinite  for  one  or  more  systems  of  simultaneous  values  of  the  vari- 
ables comprised  within  the  limits  of  integration, 

Thna 

pcbp'^dyM  y)  =  pU^pdxJix,  yl  (1) 

is  an  identical  equation  if  f(x,  y)  does  not  become  infinite  for  certain  values 
x^  and  yi  for  which 

or  x^>  x^>x^;  y^>yx=yii, 

or  ^n> ^i> ^q;  yn=yi> ya,  \  (2) 

or  .  3r^>^i=^(i;  yn>yi>yoi\ 

or  ^u=^i>apo;  yn>yi>  yo'J 

But  suppose jT^Xj,  yj)=cN>  then  the  corresponding  element  dxdyj[x^fyi) 
of  the  form  0  x  eo  and  may  therefore  be  zero,  a  finite  quantity  or  infinity. 
In  the  first  case  only,  the  integration  by  the  regular  process  is  correct,  but 
in  the  second  and  third  case  it  is  not  l)ecause  the  element,  although  finite  or 
tniiDite,  is  treated  as  an  intinitesimal  and  therefore  neglected  in  comparison 
with  the  sum  of  the  remaining  elements.  To  establish  identity  in  equation 
(1)  in  that  case,  a  correction  must  be  added.    This  is  called  by  Cauchy  the 


— 2— 


rrf<'tion  for  diisoontinuity  and  the  prooeee  to  determine  it  the  "Ciilcul  des 

KlduH." 


To  illustrnt4>,  let  us  take  the  doiiiile  iutegnil 


tan  *T — tan 


lb 


dxJ^ 


=     tan     -  -f tan     j-  +tan     -  +tan     rJ 
aba  o 

therefore  u' —  u  ^  4X}JC  =  2;r,  The  eaune  of  this  ib  the  diHconttniiotiB 
element  for  x  ^  y  '=  0,  and  we  hB.\4;  2r  f<>r  the  correction  for  disoontinuity, 
which  ia  here  determined  by  eommun  integration* 

However,  in  the  application  of  these  principles  to  the  evaluation  of  <?ef- 
inite  integrals  these  integrations  cannot  in  general  Ik?  |>erforme*l  and  it  will 
be  shown  that  the  corrections  ior  discontinuity  may,  nevertheless,  be  deter- 
mined in  many  cases, 

§2. 

Let  z  be  some  simple  function  of  :t  and  yi,  where  it=  j/— 1,  such  afi  aj+ 
yt;  x{a-^yi);  x^;  xe^'^  and  others^  then  if  ^s)  is  such  a  function  that 

we  have,  if  there  is  no  discontinuouB  element,  the  identity 

/:-B''->]:;-/>[|^"]:;-      <^ 


or 


But  if  ^^i)  =^  «x>  and  x^  and  yj  arc  the  corresponding  values  of  x  and 
y,  then  if  Jx  denotes  an  increment  to  a?j  we  have  the  following  perfect  idea- 
titieB  for  the  first  case  in  (2),  vi?;.,  a?.  >  ir j  >  ic^ ;  y^  >  y^  >yQ. 


«i-f-A« 


—Ax 


/:;""-[>']:;=/::*[>]r 

Adding  these  we  have 

=/::*[|'">]::-/:;*K^')]:::::- 


At  the  limit  when  Ax  =  Owe  have 


Hie  term 


would  likewise  vanish  were  it  not  for  the  discontinuous  element 

This  term  is  then  the  correction  for  discontinoity,  and  if  z^  is  the  only 
value  that  makes /[z)  ^  oo  we  have  the  identical  equation : 

/::-[i^0::=/::4l*']::-/:-/'K*)]::i"- 

{Jx  =  0)       (40 
If  there  are  other  discontinuous  elements  for  r^i  ^s*  •  *  •  ^  ^^  must  cor- 
rect for  each  and  add  the  corrections. 

13. 

liet  08  assume  the  simplest  form  for  z^  viz,, 

z  =  x+yi.  (6) 

With  this  we  have  in  (4'),  since  *  =  1  and  ^  =^  t, 

P*  dxlJ[x+jfJj—J{x+y^tf]  =  if    dylf[x^+yi)—J{x^  +yt)] 

-  ip""  dyUi^i +^^+v!}-A^i—^^+y^ll   (6) 

X^et  the  equation 

iMr'=o  (7) 

have  m  roots  =  z^*  m  that  we  may  place 


x^) 


_       5*W 


(8) 


(r— 2,)- 

Let  us  denote  the  correction  of  discontinuity  for  the  m-tuple  root  z^  =Xi 
-|-y,  t  by  J,^  .  „  ^y"  then  we  have,  using  tlie  form  (8)  in  (6), 

*TIu0  M  xioi  the  onl J  Buppcmition  that  can  be  made  but  bo  far  It  is  the  only  oat 
Ouichj'*  nudthod  appIiciL 


Developing  the  numerator  of  both  terms  by  Taylor's  series  we  have 


'(^i-fyiO" 


^(i^-JH- X  7 


-[-Jx4-(y-y,)]-<"-*+l)y3 
and  integratiDg  this  we  obtain 


>.+*i«)" 


=  T P'*"" (a^i  +yt»')  [^a?+(r-yi>'T-"-[-^a!+Cy-y .  )G 


jfel 


[ 


(A=-l)! 


&— m 


If  we  put  Jx  =^  0  both  terms  of  the  general  term  of  this  series  are  peJT- 
fectly  identical  and  destroy  each  other  as  long  as  k  is  not  equal  to  m  wIx^kh 
it  becomes  indeterminate.  The  series  reducses  then  to  the  mth  term  talc^sn 
between  the  limits  y^  and  yQ  or 


(sTj+yiO 


k — m 


^  ^^'^^Kxi+yti)r,        ^x+(y— yi)n  v. 
(m— 1)!       L    ^— 'a;+(y-yi)d  y/ 

Plaee  tan  <p  =?rrKl  then  tan  {;t — tp)  =  ^^^.t.  and 


}  ]"- 


— Jz+Q^— yi> 


cos  ^ 


f. 


=  tan-i  I'-L^?^  =  tan-i(oo)  = 


Ax 


y^  =  tan 


Ax 


=  tan-i(_c«)=-^; 


therefore 


'(==i+yi»')' 


._<^-<"-"(^i+y,i) 
(m— 1)1 

_^<-»(ir,+yi,-) 


(' 


flog      "^     ~V 

-1)1     U"^    ^'J-i. 


(m-1)! 


(10} 


If  however  y^  =  y^  the  result  is  quite  different.     We  have  then,  repi*- 
c«ng  Vi  by  yo  »n  (9)i 


— 6— 


k=B 


i+T.o — £xL 


r^i)(xi+y,t)  r J^+C»-y, >T--r-^»+(y-yiKr' 


(l-l)! 


ft Wl 


] 


Ifo 


I 

Has  before  all  terms  of  this  aeries  vanish  for  the  upper  limit  except  the 
■  For  the  lower  limit  all  terms  vanish  for  which  k  — ^  m  is  an  even 
floer,  zero  excepted,  and  the  terms  for  which  k—m  is  odd  and  k<C m  are 
biiite  if  ^jr  =  0,    The  7?ith  term  is,  as  we  shall  see,  finite ;  it  must  be  re- 

P  because  it  is  not  necessarily  homogeneous  with  the  infinite  terms. 
m  ^  2n  then 


I 


'^i+yoj)jz-3'+i 


(x,+y..)"  -       2n— 1  ^       (2n-i)! 

Ubo  if  m  =  2n  +  1  we  have,  since  the  first  term  vanishes  for  the  lower 
it, 


~       2n-l  ^  2nr        • 

[f  n  =  0  the  correctioQ  is 

The  form  which  is  given  to  the  first  term  of  (lO'j)  and  {lO'j)  I  have  pre- 
^tei  to  simply  writing  (x>,  since  it  shows  at  least  for  (lO'^)  that  this  term 
fty  yet  be  zero,  viz,,  if  ^^{x^  +JoO  ^=  ^j  which  is  the  case  if  ^'^(2)  ^  const. 
Iu8  term  is  however  omitted  by  Bierens  de  Haan  in  his  large  work  on  de- 
B  int^rals :  Expome  de  la  theorie  des  pn^prtete'es,  des  formules  de 
Hibnnation  et  des  methodes  d'  evaluation  des  integrales  definies,  ]iages 
i,  48  aod  page  666.  At  the  proper  place  I  shall  give  a  test  c;ase  which 
oves  the  necessity  of  this  term. 

In  a  similar  manner  the  corrections  for  discontinuity  for  the  remaining 
(2)  are  fotmd.     I  shall  set  them  down  without  analysis: 


i^i+fntr  2n-l  ^  (2n— 1)!  ^      ^' 

(xi+y»t)^  2n— 1  2nl  ^      ^' 

To  determine  the  csorrection  i£xi^=XQ  or  a:|  ==  x^  we  have  to  divide  tiic 
limits  of  the  y-integration  into  two  parts  viz.,        **  and    I   * 

We  shall  then  find 

'',  J.,  i       =«<««i.+yi«T-  (10';") 

If  iE|  =  Xq  and  at  the  same  time  y^  =  y^  or  y^  =^  y^;  again  if  «j  =  ^^ 
and  at  the  same  time  yi=^yQ  or  y^  ^^  y^  equation  (3')  is  correct  because  i^ 
both  members  the  discontinuous  elements  are  included  and  not  lost  Thefi^ 
integralsj  though  they  may  be  finite  or  infinite,  are  identical  and  need  ^^ 
correction.*     We  have  then 

J  =4  =J  =4  =0.     (lO*) 

(xo+joO"        (xo+y«0*         (i^+yo*)"*        {x«+y«»)* 

We  are  now  prepared  to  make  some  applieationa.     There  are  ten  specif 
assumptions  made  originally  by  Cauchy  for  the  limits  a:^,  aj^,  y„  y^  (Bi^''' 
ens  de  Haan,  pages  667,  668),     Of  these  the  most  useinl  (so  considered  bj 
Canchy  himself)  is  that  for  which  a:^  =  eo  j  Xq  =  — cv>;  y,»  =  w  ;  y^^  =  0* 
We  have  then  in  (6),  denoting  the  sum  of  all  the  necessary  oorr^ctionSi  ^ 
the  formulas  (10)  give  them  for  each  special  case,  simply,  by  A 

^Bierens  de  Haan  g^rea  in  thin  caee  =b  09  for  the  correction  of  diaooQtittuitj.    Pnoe  in  kit 
lQ6iiit«8iinal  C&Iculus  Vol.  11,  does  not  explicitly  treat  of  this  caae.  (See  p.  129  at  bottom<) 


•'(x.+r.O  ~"teiL       (it— 1)1       "  k—m 

Here  as  before  all  terms  of  this  series  vanish  for  the  upper  limit  except  the 
mill.  For  the  lower  limit  all  terms  vanish  for  which  k —  m  is  an  even 
aumber,  zero  excepted,  and  the  terms  for  which  k—ra  is  odd  and  k<C  m  are 
infinite  if  Jx  =  0*  The  with  term  is,  as  we  shall  see,  finite ;  it  must  be  re- 
tained because  it  is  not  necessarily  homogeneous  with  the  infinite  terms. 
Let  m  ^  2n  then 

''Ui+y*'')'" ■2i»:^r~  ^       (2ir-l)  I 

xriog^^+fy-yo^n^- 

2n — 1  (2n— 1)1       L  Jo  iiar 

Also  if  m  =  2fi  +  1  we  have,  since  the  first  term  vanishes  for  the  lower 
limity 

^(xi-fyo.-)'"*' 2,^=1-'"'  ^  2n! 


y  fioff  ^^+(y— yo)n  ^- 


2ir::r  ~      +"* 2»r! ^^^'^ 

If  n  =  0  the  correction  is 

^(,,+y^,->  =  '^'(*i+yoi).  (10',) 

The  form  which  is  given  to  the  first  term  of  (lO'j )  and  (lO'^)  I  have  pre- 
ferred to  simply  writing  oo,  since  it  shows  at  least  for  (10' j)  that  this  term 
may  yet  be  zero,  viz.,  if  ^'(jrj+j^jf)  ^  0,  which  is  the  case  if  ^^'(z)  ^ const. 
This  term  is  however  omitted  by  Bierens  dc  Htian  In  his  large  work  on  de- 
finite integrals:  Exj>ose'e  de  la  theorie  des  proprieie'es,  des  formules  de 
transformation  et  des  methodes  d'  evaluation  des  integrales  definies,  pages 
45,  46  and  page  666,  At  the  propei-  place  I  shall  give  a  test  case  which 
proves  the  necessity  of  this  term. 

In  a  similar  manner  the  corrections  for  discontinnity  for  the  remaiuiii 
of  (2)  are  found.     I  shall  set  them  down  without  analysis: 


— 8— 

We  have  then  x^  ^  — a  and  y^  ^  0,  therefore, : 
w  >  — a  >  — c/5;  c/5  >  0  =  0, 
wc  have  to  use  formulae  (10|),  (lOlj),  (IO3)  acx>ordiug  as  m  =:  2nj  2n- 
^  1,     We  have  then 
<p(x) 


/«3 

r 


_.^(o+a!)a"  2n— 1  ^       (2n— 1)5   ' 


r<»") 


(-«) 


_„(o+x)«-+>  2n-l  ^  2nl 

L     Let  f  (2)  :^  €■""•     This  becomes  =3  wa  for  2:=0— cot.     Now  altS 
the  vahie  0  for  x  is  included  within  the  x-  integration,  the  vahie  — m 
is  not;  there  is  consetjuently  no  correction  for  this  value  of  z.     Now 
^(+or-^H>»t>i    ^  g-^>^[cos<;  bj^ui)  )v  +^8in<!  fc(jhco)  n  ^  Q 

fl^<'+^*>      _  e-^*(cos6a?+^sin6y) 

condition  (11)  is  satisfied  and  we  can  safely  use  formulaj (a^\ (a^) and 
We  have  then,  since  y)^'*~i^( — a)  =  {biY"^^i 


CTj 


0 


3-i+;ri4K^e-^ 


(2n— 1)! 


2n— 1 


OQ 


«»-! 


(Omitting  here  the  second  term  being  finite  and  homogeneous  withi 
which  is  infinite.) 


^dx 


26  te- 


_„{aH-x)2"+i         2n-l 
-«  a+a? 


iX^* 


Separating  the  real  from  the  imaginary  in  (63)  we  ha/e 

"**    cos  hx  ^ 


/ 


sin  hx 


dx  =  K  Bin  ah, 


dx  =  TTCOsafi. 


^  _«  a+x 

Placing  6  =  0  In  (A  J,  (63),  (63)  and  a  =  0  in  (b*l)  we  have 

dx  2         2^_i   _ 


f 


,  (o+x)2"      2n— 1 


(!!■'—'    =    OD, 


—9— 

— 0        *  0 

We  can  verify  (i'l"),  (fc'J')  and  (63')  by  conimon  integration.     We  have 

As  long  as  p  >  9  >  — a  this  integration  is  correct.    But  if  p  >  — a  >  q 
we  have 


/^_dx__   Cp  dx       ,    p 


-a^/Sx      dx 


+Ax  (a+2fj**  '  J  q         (a+a;)" 


^ L  r    1    -   1    I     1    _    ^    1 

m— 1  LCa  +  pT'^     {Jxr^^  ^(—  JxT'i     (a  +  §)'^ij' 
If  m  ^  2n  we  have 

p_t^   _    2        1    _    1    r      1        _      1 1  ^  „ 

■^       /.;i5^-  =  slri-ai=i  =  "[*=  —  «■)]. 

If  m  =  2nH-l  we  have 
Finally  if  th  =  1 

A«  itated  above,  Bierens  de  Haan  omitted  the  infinite  term  in  formula 

PO'i),  (10 J K     We  sbould  then  have  found  according  to  his  formula 

i  k  abeurd  for  the  reason  that  this  integral  represents  a  series  of  essen- 
tially positive  terms^  the  sum  of  which  cannot  be  zero. 

{To  U  eoniinuod,) 


—10— 
THE  ARITIIMETICO-  GEOMETRICAL  MEAN. 


'^PROF,  EDGAR  FRISBY,  U.  S.  NAVAL  OBSERVATORY,  WASHINGTON,  \ 

Gauss,  in  his  Memoir  entitled  '*Determinatio  Attractionis",  Ac,  Werk 
Bd.  3,  p.  333,  has  given  a  method  for  finding  the  value  of  the  elliptic  in 

gral 

d9 


/r 


V/tm'cos'/?+n*8in»fl)* 
which  can  be  developed  in  the  following  manner; 

Let  m  and  n  be  any  two  real  and  positive  quantities,  then  if  m^  and  \ 
are  their  Arithmetical  and  Geometrical  means  so  that 


m  '\'  n 


ni  =  i/i 


mni 


the  succeBsive  values  of  m  and  n  will  very  rapidly  converge  to  a 
limit  fi  which  for  simplicity  Gauss  calls  the  Arithmetico-Geometrical  Meajn. 
As  an  example  take 


m   =  100, 

n    =1; 

nil  =  50.5, 

ni  =  10; 

m,  =  30.25, 

rij  =  22.47221 ; 

n.a  =  26  36110, 

ti3  =  2()  07267; 

m^  =  26.21fi89, 

11^=26.21649; 

mo  =  26.2166.*, 

Tig  =  26.21669. 

This  calculation  is  made  quite  readily  for  cadi  m  is  thearithmetioaT 

of  the  preceding  m  and  n;  also  the  logarithm  of  each  n  is  the  antlinietic 

mean  of  the  logarithms  of  the  preceding  m  and  n;  which  logarithm  will! 

tised  in  computing  the  next  n,  &c. 

I.     To  prove  that 

M  1 


s 


2ir 


0   (/(wi^cos'^  +  n^iii'tf)       // 
suppose  the  variable  8  to  be  represented  as  a  function  of  another  varia' 


0^  so  that 


sin  d  == 


2msinflj 


11) 


(m  -f-  Ti)ct  >s^tf  ^-\-2m&i  n^0  ^ 
We  know  that  this  is  always  possible,  for  the  value  of  6^  which  makes  the 
right  hand  member  of  this  equation  a  maximum  or  minimum  is  given  by 
the  ecjuation  cos  d^  —0;  the  other  etjuation,  (m — n)bm^0i  =^7^+^^  is  plain- 
ly inadmissible*     Putting  therefore 


^11— 


} 


ff^  =  J;r  or  ^K 

liRre  find  that  this  expression  always  lies  Letween  +  1  and  —  I;  d  and  0^ 
l^rill  always  have  the  same  sign  and  tlie  limits  will  be  the  same  from  0  to 
{ Jar,  n-,  -Jr  or  2-, 

Subetituting  1— sin^^j  for  cos^^^  in  (1)  we  have 
.    a  2m  sin  ffi 

or  (m — n)  sin  /?sin'fli — 2m  sin  i'j4-(m+w)siD  fl  =^  0 
and  solving  this  equation  for  tf ^  we  have 

(m — n) sin  ^ sin  tf  J      ^  m± i/{m^cmW +nhiu^d)j 
or  y''(m*cos'fl-f  nVm^ff)  ^  m — {m — n)sin  6  sin  tf  j. 

Differentiating  equation  (2)  under  the  following  form, 

8in#   _  m+n  +  (m  — n)sin^i9i 
sin^i  2m  * 

we  have 

sin  0  cos  e^dd^  -sin  tf ^  cos  ffdd  =  ^!::^  sin  flj  cos  <? j  sin^tfdtf j , 


(2) 


(3) 


m 


dd 


=  — —^ =  from  (3) 


d9 


,»=;««/»  \*W 


fl» — (m — fijsLn  £^  sin  tf  1       mcottftanflj       *--«*  v^/  y^^jyitoggt^-i-^JginS^j* 

Sxpressing  the  denominator  m  cot  tf  tan  ^^  as  a  function  of  m^,  71^  and  6^ 
\  we  have 

m*cot*^ tan^^i  =  m^tan^ff,  (^\-—\\ 

(2,,  =„w.,[--L»+^;^-+fe^".i„...+^r;^i]. 

stib^tituting  (w  +  n)'  =  4mJ,  (m — n)*  =  A{m\ — n\)  and  Hini?'\'V?)  = 
I J — fi|  this  ei^nation  becomes 

-  — iT-TwiKcos'i?.  4  sin=l?,)H(m?— 7i?)8in^fli 

— (2mJ-nJ)sin¥i{cos»<?i+sin'5i)"| 


=  mJco82(?i+nj6in3tfi* 
Equation  (4)  becx^mes 

d9  dd^ 


therefore 


l/(m'cos*tf +n^in'tf)       y  (mjcos^tf  ^  +njsin¥  J' 


(6) 
(6) 


I 


—12— 

and  proceeding  in  the  same  way  with  S^^m2t  n^.&c,  we  find  it  to  be  uli 

mately  equal  t«> 

p- de  ^  1 

J  0  2rv/(/?cos'6^  +  ^sin»»}       f/ 
II.     From  this  value  many  more  interesting  integrals  may  be  found. 
Resuming  equations  (3)  and  (5)  we  have 

|/^(m*C08*fl+n*sin*d)  =  m — (m — n)  sin  0  sin  tf^, 
l/(mf cos¥i  -fnjsin^fli)  t^  m  cot  tf  tan  0\ ; 
whence  we  find 

sin  8  sin  tf  ^  v^(m*cos*ff+n*sin¥) — cos  6  cos  flj  v./(m|co8?fli  -\-n\sin^6^ 
^  m  sin  ^  sin  ^j  — (m — n)  sin'tf sin'tf  j— m  cos  fl  cot  S  sin  ff ^ 
=  m  sin  6'  sin  #^(1 — oot*^J^ — {m — n)  sin'fl  sin*^^ 

^  — fti-f^^(coQ^O^sinW)~-(m — n)  sin*5  sin*tfi 
sm  ^  ./     \  /  * 

=  — |(co6^ff— &in*l?)[m+n+(m-n)sin'(?i]— (m-n)sin'5sm'»i,by(i  ^^ 
^  —i{m+n)  (ca8''tf^6in*tfH{»»-^)  (l"2sin»ff)sin*fli-(m-^)sin*flsb*^j 
^  — |(m+n){cos*tf — Bin^d) — l{m—n)sin^8^ ;  therefore 
sin  0  sin  ^^^/(m'cos^fl +rt*sin*/?)  +  l{m+n)  (cos^tf— sin'tf) 

=  cos  ^  cos  tf  j|/(mjca8*fli  -f  njsin*^^ — J(m— njsin'tfi 
Multiplying  this  equation  by  each  member  of  (6)  we  have 
(m+n)(cos'g  — sin"g)d<^  ^  (m— nVin^tftrfg^    _      ,  .    ^       .  /g. 

2|/{m^cos^ff+n'sia^tf)  2v/{m?cos¥i  +  nfsin'fli)  "^  ^       *  ^  ^ 

Multiplying  this  equation  by  (m — n)-H;r  and  subslituting  (m — nf  ^ 
4(mJ  —  Tif ),  »siii'tf  J  ^=  J  —  |(cos^tf  1  —  sin¥j)  and  integrating  from  0  to  3 
we  have 

rm'_n'^  f"       (cos^g-sip'^yg 2(m}-«») 

^^^        'U  0  2jrv/(m»oos»</i+n»sin'Ci)'| 
and  by  Buocessive  substitutions  in  the  same  way  it  becomes 

•*•     (co8»<J-sin'fl)rf<?     _  __2(w?— n;)-H4(>nj  -ng)-f  8(m|- 


/ 


^,  2;r(m'cos*tf+n%in'tf) 


(m* — »*}/! 


If  we  now  put  J|,/(m*— n*)  =  >!;  Ii/(wt!— n?)  =  ^i ;  il/(»»3— «2)  = 
Jig  I  &a,  we  find  that 


fJli 


ITIa 


—13— 


we  now  put  m  =  y/{m'coE?0+nh\nW)  we  find,  from  (7)  and  (9), 


/ 


27tiii 


'we  put 


2/i   * 


can  find  their  values  m  the  following  manner: 
^  sin  g  cos  g  _  {co^0~mnH})dS     (nr—n^)  slu^d  coeWg 


Tliit 


Ttm 


_  (cQs'g— siD^g)d^^  r(7fi.'cos^tf — n'ain^gJCcoe^g +8in^g) 


;rai 


[' 


I 


(TO*coa*g + n'ai  n'g)(cos*g— gjn'tf  )~1  ^ 

Integrating  this  equation  between  the  limits  0  and  2ff,  we  have 

— -+m»P— ti*Q  =  0,  and  from  (7)  _l-(-m*P+n*9  =  0; 

It  is  evident  from  equations  (8)  and  (11)  that  the  integrals  from  0  to  ^tt, 
I  It,  fir  and  2;r  will  be  proportional  to  these  /alucs,  for  sin  S^  cos  g  and  sin  6 

i7  will  vanish  at  both  limits. 
[oT£, — The  indefinite  integral 
f  ,,    ,     5*   ,  .  i  .  =  ~  from  (7). 
Itiplying  (8)  by  2(m — n)  we  find 
*    (oos'C — fiin^^WC     =  _;^^  ,  A|COs^8inf|+2^iCOS^|  sin  ^^3+ Ac 
l/(m'eos=*C  +  «'sin'C)  ^  ^  * 

re  ©  is  the  limiting  value  of  ^  if  J^^  Is  determined  from  J'p  mj  and  n^ 
m  the  same  manner  that  f  ^  is  detei  mined  from  m,  «,  ;^,  &c. 
Collecting  all  these  results  and  putting,  for  the  sake  of  brevity, 

I  <w  =  |/(f7i*oos'^+n^sin*^) 
i  we  have 

■  P*^^  _  1 

^^^  J  0  ^^^ 

^^^^V  P'^(cos^f— 8in*C)rfC  =  _if 
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^      27ra^     ~    2fi  *  J  ^      2zm     ~    2fi   ' 

J  0   2>fl/»       2wV     2n2/i  2mV;/  ' 

and  the  integrals  from  0  to  J;r,  n,  ^Traod  2?:  are  always  proportional  to  thetx^' 
The  indefinite  integrals 

/(cQB^^ — sin'^)d^ V ^  ,  i, cos  ^sin  f  ^ -\-i^co&  ^siii  f ^ -\-&<^ ^'^^  ^^^ 

J       m  2/4      "^2^   J       w  fi  2' 

J      «*»  2m^fJL  'Jo/'  2n^ti 

where  u,  A,  Ac,  have  the  values  given  above. 


THE  SUMMA  TION  OFSEBIES  WHOSE  COEFFICIENTS  FORJ^^ 
A]^  ARITiniETICAL  FMOGEESSION  OF  ANY  ORDER. 


BY  pnOP.  J.  SCHEPFER,  MERCERSBEBG,  PA, 

Let  the  series  be  reiJrcseoted  by  ax'\-bd?-\-cj?-\-dx^-{- , , .  whose  sum  ^ 
denote  by  jS.     Putting  x  ^  y-^(l+y)j  we  have 

*  =  «(T^)+'(lf-/+-(T^)'+<li-/+ 

Developing  each  of  these  fractions  by  the  Binomial  Theorem,  we  have 
S  ^  ay— (a-iy+(a-26+c)y'— (a-36  +  3c-%*+{a-46+6c>-4d+c)/- 

We  see  that  the  coefficients  of  this  series  are  the  succeasive  finite  differ- 
ences, which  we  shall  denote  by  Ja,  J^a^  jiPa,  . ,.,  consequently 
S  =  ay+Jay+J'ay+ J'ay+ ...  or 
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As  the  coeflScients  form  an  arithmetical  progression,  one  of  these  differ- 

lueses  and  all  the  following  will  become  —  0, 

This  method  is  very  useful  m  finding  the  sum  of  a  great  many  series. 
For  instance;  let  S  =  a;+3a:*+5a:*H-7a;*-f  9a:*4-  * , ,  to  infinity.     Here  a 

=  1,  Ja  =  2,  J^a  =  J^a  =  ,  ,  ,  =  0,     Hence 

In  the  series 

S  =  x+4x^+9x^+Ux*-\'25a^+  ...  ad  inf , 
we  have  a  =  1,  J«  =  3,  J'^a  ^  2,  #a  ^  J*a  ^  . . .  =  0.     Therefore 

According  to  this  method  we  can  also  find  the  sum  of  a  given  number  of 
terms.     Putting 

S'  =  cu;+ia^+car'+da^+  . . .  +&*+pa:"+i+?a;"+2+ 

aod       S  ^=  aa?+6a^+c:t^+cte*4*  •  •  •  +tif*,  we  have 


but 


Ex.  1.     In  the  commpn  geometrical  progression,  we  have 
ar+m'^']-at'-^  ....  -\-ar^ ; 
where  a=:a,  Ja  =  0;  p  =  a,  dp  =  0;  hence 

^^  S  =  (a— ar")-^. 

^^M  — r 

^Tx.  2.     .?r  =  a;+2x»+3a:3+4x*+ ....+fUB".    o  =  1,  Ja  =  1,/)  =n 
-\-l,  Jp  =  1;  hence 

Ex-  3.     S  =  x+4x^  +  dx^  +  Wx^+;,.-\'n^x\    a  =  1,  Ja  =  3,  J^a 
=  2,  p  =  (n+l)«,  J/>  =  2«-h3,  J>  =  2;  therefore 

5  =  ll—{n  +  iyx^2j^^+lS-{2n+^)x^^^^ 
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~  — a!-^'[n(g— 1)— Ij'-f  j!(g+l)— z*+» 
(1— a;J» 
PuttiDg  — X  ID  place  of  x,  we  have 

8=  ax — 6a:'-fca:* — clx*+  .... 

-»QiJ--[i '-.]'+-« [if.]"-- 

Putting  x  ==  1,  we  have 
a  —  b  +  c — rf+e— /-f-  , ,  •  ad  inf.  ^  Ja^ — JJa+J-sfo — ^#a+  •  • . , 
"Thus  wefiod,  1—1  +  1— 1  +  1-1+1— 1+ ...ad  inf,  =  |, 
l_2  +  3-4  +  5-6  +  7— 8+  ..,ad  inf.  =  J, 
l_3+5_7  +  9_ll  +  13  __.ad  inf.  ^  0, 
l_4+9— 16  +  25— 36  +  49-. ..ad  inf.  =  0. 
The  formula  ax — 6a:^+ca?* — (h^  +  . . . 

16  also  very  useful,  sometimes,  to  change  a  series  into  one  that  converj 

more  rapidly.     For  instanc^i 

log  (1  +x)  =  x—i2?+l^a?^\x''^  .... 


1  +  x  i 


_      X      r|.2r    x^    n  .2.4^    z^    1^2.4.6.     I 
l+5?n    '^3Ll+aO"^3.oLl+^0    "^3.5.7        J' 
The  above  method  of  the  summation  of  series  is  by  EtUer^    He  pu 
lished  it  5n  his  Inst.  Calc,  Diff. 


Query  by  E.  Han(X>ck,  Elgin,  III.  —  If  a  wheel  of  60  teeth  wor 
in  a  pinion  of  10  leaves,  th*^  distance  between  their  centres  being  .456  in 
the  diameters  of  the  pitcih  circles  will  be  .78  in.,  =  a,  and  .13  in,,  =  6^ 
spectively.     Allowing  one-half  for  space  between  the  teeth,  each  tooth  wi^^ 
occupy  a  central  angle  of  3*^,  ^=  c.     Suppose  the  teeth  to  terminate  at  thr  ^ 
intersection  of  two  similar  epicycloidal  curves  the  diameter  of  whose  gen^?^^ 
rating  circle  is  .065,= Ji;  what  must  be  the  adden  fum  to  the  wheel  outsi*^ 
of  the  pitch  circle,  i.  e.,  what  is  the  length  of  the  teeth,  outside  of  the  pitcl^ 
circle? 
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BOL  UTION  OF  PROBLEM  226. 


'by  prof,  W.  W,  JOHNSON,  8T.  JOHN's  COLLEGE,  ANNAPOLIS,  MB* 

2fcr 

PuTTtNO ==  tf,  a;  ^  COS  ff  in  the  first  of  the  re<[uired  equations,  and 

n 

jc  ^  sin  <?  in  the  second.  In  either  case,  sin  «fl=0,  and  coe  nff  =  1 ;  henc^ 
if  we  can  express  either  of  these  quantities  in  a  finite  number  of  t^rms  in- 
TTolving  )»ow€rs  of  cos  S  we  shall  have  the  first  of  the  required  equations, 
and  if  we  express  either  of  them  in  terras  of  sintf,  we  have  the  second 
equation*  Now  sin  nd  cannot  be  expressed  in  a  finite  number  of  terms  in- 
volving cos  <? ;  but  for  cosn^  we  have  (See  Chauvenet's  Trig.,  eq.  460,  page 
138), 

cos  14^  ==008^1   l—^coB»fl+-A-2y^-cos*tf+  ...  J 

+  8in-^      ncosfl — _L   _— J  006**+-^^ p. ^C05*S*.    L 

2  l_  Itis.o  o!  _l 

Substituting  cos  I?  ^  jr  we  have,  when  n  is  an  odd  integer, 

0=_l+(_,p-' [»-"J';;-i!)^+'!(!tQK-j'')  ^_ . . 

-K-1)-;  ■"('■'-'')  ■■;^['''-'— ")'].■],   (1) 
but  when  n  is  even  we  have 

0 =_i+(-i)5[l_^.>+''^(!^.*- . . . 

_K_l)^"V-2*) . .  ■  [nMn-2f  ^,"1  ^2) 

Equations  (1)  and  (2)  are  therefore  the  equations  whose  roots  are 

2fer 
X  =  cos 

n 

For  the  second  equation  x  =  sin  d,  and  we  are  reipiired  to  express  either 
oos  ntf  or  sin  nO  in  terms  of  sin  d.     We  have 

a       1     n^  .  jp  ,  n'(n«-.2*)  .  ,.     riVn'— 2*)(n»— 4^)  .  ..  , 
oQsnB  =  1—     8m*tf+— V        7gin45__^^ f^ -^8in«fl+  . ,  , 

JL                 l,z.t3.4                              o  \ 
an  11^  =  n  sin  0 ^-^— /  sin^tf  +  -^- ^ ^  sm'S — , 

When  n  is  odd,  the  expression  for  sin  n9  terminates,  and  we  have  by  si 
sliliUiaii 
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o  =  .-^fciV+f'^=i?|»'=:^a^-... 


1.2.3 


61 


m 


'^.  IS") 


but  when  n  i&  even  the  expression  for  cos  6  terminates^  and  we  have^  on  sut>* 

etitution^ 

3.4       ^        3.46.6 

^     ^  3.4.5.,..  n  ^     ' 

Equations  (3)  and  (4)  are  therefore  those  whose  roots  are 

.    2fer 

X  ^  sin , 

n 

The  several  roots  are  in  each  case  found  by  giving  to  k  the  valaes  O,  ^» 
2,  ...  .71 —  1,  Putting  i  ^  0  we  see  that  a;  ^  1  is  a  root  of  equations  (  ^) 
and  (2)^  whence  we  have  the  numerical  series,  when  n  is  odd, 

^    H       _«        1:2:3"+  Tl  •••• 

and  when  n  is  even, 

Since  cob  —  =  cob  2(«ii*k  jj^  jj^tg  (exclusive  of  unity)  of  eq.  (1)  oc*3r*« 
n  n 

in  equal  pairs,  and  the  equation  must  be  of  the  form 

and  for  a  like  reason  equation  (2)  must  have  the  form 

{^-l)lF^ix)Y  =  0. 

The  equations  F^{x)  =  0  and  F^ix)  =■  0  are  therefore  those  whose  ^^^^^^ 
are  the  different  values  of  x,  exclusive  of  1  and  — ^1,  which  are  represenf^^^^ 
by  ooB  (2far-i-7i), 

I  proceed  to  find  the  form  of  the  fiinctions  F^lx)  and  F^{x),    Obser'"*' 
in  the  first  place  that  we  may,  in  any  one  of  the  equations,  change  n  to  — '^^ 
in  each  of  the  coefficients;  and  also  that,  since  in  (1)  and  (2)  the  degree    ^^ 
each  term  in  n  is  the  same  as  its  degree  in  x,  the  same  will  be  true  in  tM^ 
quotients  when  we  divide  these  equations  by  — l+ar^or  —1  -)-  a?*,  and  dt^^ 
in  the  square  roots  of  the  results^  that  is  in  the  functions  F^  and  F^. 

Assuming  n  to  have  the  form  4n'-f  1  in  eq>  (1)  we  may  give  to  n  the  s**^ 
oessive  values  1, — 3,  5,  — 7,  9  etc.,  and  by  changing  the  sign  of  n  we  sb*^ 


liave  the  form  which  the  function  takes  when  n  la  of  the  form  4n'  +  3, 
i^hioh  iorm  may  be  denoted  by  F^^  the  admissible  values  of  n  being  —  1, 
3,  —  5,  7  etc.  It  is  obvious  that  the  first  terra  of  Fi(x)  is  1;  and,  since 
the  expression  roust  reduce  to  its  first  term  when  n  =^  1,  every  term  after 
%he  first  must  contain  the  factor  n — 1,  In  like  manner  all  terms  after  the 
^ecM>nd  must  contain  the  factor  n  +  3,  since  when  n  ^  —  3  all  terms  after 
^lie  second  must  vanish;  and  so  on.     Thus  we  may  assume 

F^{x)  =  l+A{n^l)x+B{n—l}{n+3)a^+ 

in  which  A^  B,  etc,,  are  numerical  factors,  since  the  degree  of  each  term  in 
is  to  be  the  same  as  its  degree  in  x.  Then  the  expression  F^(x)f  found  by 
gciiangiDg  n  to  — n,  is 

F^{x)  =  l—A{n+l)x+B{n  +  l){n—i)x'— 

«— 1  yj 2 

In  either  case  the  last  term  contains  x  3     and  — ; —  factors   which    arc 

Bi:icee88ive  multiples  of  4,  the  least  being  4;  henoe,  denoting  the  numerical 
fiLcdor  by  £,  the  value  of  this  term  is 


,.o'(»-J) 


«  a 


Ifow  this  term  is  the  square  root  of  the  last  term  of  [F^  (a:)]' which  is  the 
nit  of  dividing  the  second  member  of  (1)  by  — 1-j-x,    The  latter  term 
xsim^y  be  written  in  the  form 

(2i^2)(2n— 4) , , , ,  (yt4-l)(n— 1) ....  2  ^_^ 
(11^1)1  ■      ' 

square  root  of  which  is  ±  2^*  a?"^*    Theoefore 


whej 


nee 


V    2    / 


"-1 

2'2 


C-i^)'' 


"^hich  gives  the  value  of  each  coefficient,  since  any  term  may  be  made  the 
■*st  term  in  one  or  other  of  the  expressions  Fi{x)  and  F^{x),     To  deter- 
mine tlie  signs  of  the  terms,  observe  that  the  coefficient  of  the  term  prece- 
ding the  last  in  [i^i(a;)J  is  the  same  as  that  of  the  last  terra,  and  is  therefore 
P<^itive;  hence  the  last  two  terms  of  Fi(x)  or  F^{x)  have  the  same  sign. 
Then  since  Fi{x)  contains  an  odd  number  of  terms  A  and  B  must  have  the 
^*»  tign,  and  so  must  C  and  />,  E  and  F,  etc,,  and  since  -^3(2;)  containa 
^  «veo  number  of  terms,  1  and  — A,  B  and  — C,  etc.^  must  have  the  same 
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sign.    ThuB  we  have  when  n  =  4n'+l 


2».2l 


2».31 


and  when  n  =  4n'-|-3 

Kq.  (2)  takes  different  forms  when  n  is  of  the  form  4n'+2,  and  when 
is  of  the  form  in\     In  the  first  case,  all  the  pairs  of  equal  roots  occur  I 
couples  having  numericallj  equal  positive  and  negative  values,  so  that 
eijuation  may  be  writteu  in  the  form  {a;' — l)[i^2{^)]^  =  0;  but  in  the 
ond  case  there  is  a  single  pair  of  zero  roots,  so  that  the  form  of  the  equation  ja 
is  A^^—lXF^ix^jY  =  0. 

When  ?i  =  4n'+2^  eq.  (2)  beoomea 

ID  which  71  admits  of  the  values  di  2,  i:  6,  ±  10,  etc.  The  first  term  <*^ 
F^i^)  is  unity;  and^  since  the  expression  must  reduce  to  its  first  term  whe» 
n  =^  it2,  all  the  terms  beyond  the  first  must  contain  n^ — 2*  as  a  factor.  1* 
like  manner,  all  the  terms  beyond  the  second  must  contain  n*  —  6',  eto 

Thus  we  may  assume 

F^{x^  =  1  +A{n^~2'y+B{n'—2^){n^~&'y+  . . .  +£(n>_2*) . , . 

in  which  A,  B^  etc,,  have  numerical  values.     The  last  term  may  be  writ^>^* 

in  the  form 

X,(2n— 4){2n— 8) . . .  (7i+2)(n— 2) . . .  isT^^  =  X.4'^  (5^)  lar^?'. 

But  the  last  term  of  the  quotient,  when  the  above  form  of  eq.  (2)  is  di\ic3^ 
by  — 1+a?^,  is 

(2n-2)(2Ti-4) . . .  (n+2)n(«-2) . . .  2      ,  =  o-^:.:-* 
2.(n— 1)!  *      «      * 

the  square  root  of  which  is  ±:2  >  x  * 


(n— 1)! 

Hence 
w-a  /^ ov     »-a  *-a    —g 


and 


m^' 


which  gives  the  form  of  the  immerical  factors.  It  is  easily  shown  that  the 
last  term  but  one  of  F^{x^  is  negative,  hence  the  last  two  terms  of  Ffi/} 
are  always  of  opposite  signs,  and  we  have 


^When  n  is  of  the  form  4n',  eq,  (2)  becomes 

a ,  4  o.4,o.o  71 1 

in  -sJ^Wch  11  admits  of  the  values  ±4,  ±8,  etc.,  the  form  of  the  equation  be- 
ing j^a^  —  l)[^i(^)]'  =  0,  so  that  the  d^ree  of  each  term  of  F^(a^)  in  n 

^\\\  still  be  the  same  as  the  decree  in  a;.     The  first  term  of  i^4(a:')  ifl  unity, 

md  it  may  be  assumed  in  the  form 

F^(ix?)  =  1  +  -4(ii»— 4')a!^+ JS(«*— 4*)(m«— 8 V+  * . .  +X(n*— 4*) , . . . 

x[n^— {/* — 4)»]ir  «  , 
A,  Bf  etc,,  having  numerical  values.     In  this  case,  the  last  term  is 


r^^fn-2 


•-4 


4~2 


l.{2n—4){2n—S) . . .  («4-4)(«— 4). ,  Aa'^  =  L  - 
Bat  the  last  terra  of  \^F^{xy]*  may  be  written 

2(2fi— 2)(2n— 4) ....  (yT.+2)4n— 2) , . , .  2  ^.^ 
71  •  n  I 


the  square  root  of  which  is  ±. — x  a 


Hence 


.^im!.^ 


^  ± as  3  ,  and  L  s=  ±:_— — __ 


The  terms  are  of  alternate  signs^  for  the  reason  already  given  in  the  case 
of  J^^,  hence  we  have 

Of  equation  (3)  we  can  only  infer,  what  is  obvious  on  inspection,  that  it 
takes  the  form  xF{x^  =  0;  but  eq.  (4)  takes  the  form  a:*[J^a^)]'  =  0  when 
fi  has  the  form  4n'  +  2,  and  the  form  x\x^ — l)[i^a:^)]*  =  0,  when  n  has  the 
fcyrm  4n'-  In  the  latter  case,  the  equation  becomes  identical  with  ©q,  (2)  in 
the  like  case,  and  in  tlie  former  case,  we  find  by  the  method  pursued  above 

^'f-^       2».SI      ^  2^61  '       •••• 


—22— 
ANSWER  TO  QUERY  AT  PAGE  U:^,  VOL,  K 


BY  GEORGE  EASTWOOD,  8AX0NVILLE,  MASS. 

Analysis, — Suppose  the  costniction  effected  ^  and  that  the  required  circlei 
0,  0',  0",  are  drawn  so  as  to  touch  each  otlicr  and  the  given  cipeles  Q  and    ' 
Q'j  as  in  the  annexed  diagram. 

Join  the  centers  0  and  0";  0'  and  0"; 
0  and  Q';  and  O'  ami  Q*.  Province  00" 
to  L,  and  OQ'  to  //,  and  upon  AD  derail 
the  per|H:'ndiculars  0"A'aiid  Q*M, 

By  a  propety  of  the  Arbelos  (See  Ley 
bourn's  MatkRep,  pp.  207-209),  0"A' 
^  225^0",  q^M  =  4E(/,  etc,     [See  An* 

ALY8T,  p.  171,  Vol  I.] 

From  the  triangle  0*0*^0^  we  have 
(0'#+  FO'J  =  aO^^  0"0'+2 0  O. OK 

^{A0^A0J+{OL-0*'Lf+2{A0'-^A0')OK 
=  {A0—AOJ^{A0-F0*J+2{A0-A0')OKi 

Make  AO  =  R,  AO'  =  R',  BQ  =  R",  FO"  =  r,  and  EQ'  -f^j 
tlien,  since  R  ■=  R'+R",  we  have 

R+R'  =  2fl'+iJ",  /i— fl'  =  R", 

and  therefore  OK  =  ^^^' +^"^^ -(R' + R"}-  {A} 

But  0K*=00"*—0"K*=00"*—{2F0")'={Rf+R"—ry—4r».  (J) 
Putting  the  square  of  {A)  in  (B),  we  deduce 

By  a  similar  process  we  deduce 

^_     (R'+R")R'Ii"  ,y„ 

By  the  question,  r'  =  EQ'  =  9'-ff»  i^  •*  given  line.     Therefore,  solving 
the  symbolipal  equation  (Z>)  for  li',  we  readily  find 
R'  =  J/e"[^(fl"-|.16r')— 1], 
iJ  =}ii"[v/(^"  +  15r')+l], 
_  J?"(.R^^  +  15r'— 1) 
*■  ~      R"+16r'+3     ' 
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furthermore,  adding  AO  to  OA'we  find 

.^_(AO+AO')FO"  ^ (2fl^  +  .R>  ^  B"(R"+15r')'i(R"+l5r'-l) 
^O— ^O'  R"  ^"+15r'+3  » 

ftod,  similarly, 

AM^^^^'  =  (M+^  =  rV(i2"+15r').     Hence  to 

Omdmction. — Od  the  indefinite  straight  line  AX,  set*off 
AB  =  2^0'  =  }ie"[i,/(,J?"  +  15r')— 1], 
AD  =  2^0  =  Ji2'Xl/(i2"+15r')+l], 
£Q  =  U''. 

Bisect  ^5  in  O',  and  ^D  in  O:  then,  with  centers  O',  O  and  Q,  and 
with  radii  AO'  AO  and  £Q,  describe  the  circles  AEB,  AHLD  and  BGD, 
These  will  obviously  touch  each  other,  two  and  two. 
igain^  on  AD  set  off 

.  ^^  E'Y{R'' + 1 5r'){R''  + 1 5r'—  I ) 

A Jf  =  r V(^" H- 1 5r0-     At  A",  erect  the  iierpend.  ZO" 

ie"+15r'+3     ' 
id  at  Jtf"  er«ct  the  perpemlicular  MQ'  =  4r\     Finally,  with  centers  O" 
d  Q",  and  radii  J^O"  =  R'W+15r'—l)^{R"+Ur'  +  S)  and  £§'  = 
',  describe  the  circles  FIL,  EJH  mid  it  is  done, 

[The  foregoing  solution,  it  will  be  seen,  applies  only  to  a  special  case  of 
e  question  quotal  at  p.  143,  Vol.  V,  as  the  relative  position  of  the  given 
rdes  cannot  be  arbitrarily  taken.     No  general  solution  has  been  rec'd.] 


I 


notm:  on  the  differentia  ticn  of  exponential 

AND  trigonometrical  FUNCTIONS. 


TlTE  following  methods  may  not  be  new,  but  I  have  not  met  with  them 
any  of  the  many  works  on  the  calculus  to  which  I  have  access. 
1,     Differentiate  y  =  a*. 

We  have,  by  the  Exponential  Theorem,  ^BB^ 
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.-.  dy  =  d{a^)  =  (Iogo)dr+a<logo)»dr+^-|^+  etc., 

=  log  a[t  +  ^  log  a+^g2^%^|^+  etc.]  dr. 


^  a'  log  a  etc. 
2,     Differentiate  y  =  mnx. 
We  have,  by  Analytical  Trigonometryi 


y  =3  sin  a;  ==  a?- 


1,2.3  '  L2,3.4.5     1.2.3.4.5.6.7 


+  etc, 


G06«==  1- 


1.2'  1.2.3.4     1.2.3.4.5.6 


+  etc.; 


^     dy  =  d(»m  X)  -  dr  -_+^-^3_ -_^^+  etc, 


=  [^~1T2+1.2.V.4~. 2. 3.4.5.6+  '^  J*"' 


C08  2;cl2;. 


■     .4 

Evaluation  op  the  Eulerian  Integral  u  =  p  log  (sin  a?)  dr,  By 
Prop.  E,  J.  Edmunds,  New  Orleans,  La. — We  have 
«  =  limit  ^[log8iaQ.^)+log8m(?.|)-...  +log8iD(!L-i.?)]; 


henoOi 


u  =  Hm,  ^-.log    sin  f  -  .  ^)  sio  ( *'.^) sinf^ --^1    1. 


\  n  hi 


fi  increasing  to  infinity. 

But  by  Cotes'  Theorem  we  have 

For  2  =:  1,  this  equation  becomes, 

logn— 2(n— l)log2      ,       •    /I  ff\         ,       ■    /n— 1  it\ 

Multiplying  both  members  by  3r-h2n  and  passing  to  limits  we  finally  ot^ I 
tain 

u  =  J;r.log  i, 
which  is  the  value  of  the  integral  sought. 


SOLUTIONS  OF  PROBLEMS  IN  NUMBER  SIX,  VOL.  K 


SoLTJTiONS  of  problems  m  No.  6^  Vol.  V,  have  been  received  as  follows; 

From  R.  J.  Adcock,  23 J;  Marcus  Baker,  234;  Prof.  P.  E.  Chase,  239 ; 
Gwrge  Eastwood,  232  J  F.  H.  Hoffstrom,  234;  W.  E.  Heal,  234;  Prof. 
W.  W.  Johnson,  236,  240;  Chas.  H.  KummeJl,  237,  239;  Prof.  Joseph  H. 
Kerehncr.  232,  233,  234,  236,  237,  239;  Prof.  D.  J.  Mc  Adam,  234,  237; 
Artemas  Martin,  238;  Prof.  Orson  Pratt,  Sen.,  23 J ;  P.  Richardson,  234; 
E,  B.  Seitz,  232,  234,  236,  237,  238,  240;  Prof.  J.  Schefler,  232,  233,234, 
237 1  Prof.  M.  C.  Stevens,  234. 


231-  "What  IS  the  sum  expressed  in  terms  of  m,  of  the  values  of  all  the 
determinants,  from  the  seciond  to  the  nth  orders  inclusive,  which  can  be 
formed  from  the  m-gonal  series  of  numbers,  represented  by  1,  a*^,  a^,  Uj^y  * 

» ►  a^j  the  arraiigement  of  the  constituents  of  the  respective  determinants 
eing  after  the  following  form : 


«3» 


+ 


a 


8; 


*2* 


a 


•a* 

7^ 


no  "ii>  **i3* 

■^131   ^14>    ^15>   *^lfi> 


+  Acf 


80I.tmON  BY  PROF.  ORSON  PRATT,  SEN.,  SALT  LAKE  CITY,  UTAH 

The  value  of  the  determinant  of  the  second  order,  in  terms  of  m,  is 


I  1,  m 

I  Sui— 3,     6wi— 8 

That  of  the  third  order  is 

1,                m,  3m —  3 

Bm—  8,     lOni— 15,  15m— 24 

21m— 35,     28m— 48,  36m— 63 

All  determinants  of  higher  orders  vanish;  therefore  the  sum  of  these  two 
ues  is  the  solution  required. 


=  —3^{m—2)\ 


232.    *rFrom  two  given  points  on  a  circle  to  draw  straight  lines  tfafOUgh 
i  point  C  in  the  circumference  so  they  shall  form  with  a  line  MN^  given  in 
itioD,  a  triangle  CMN  of  given  area.*' 


eoLtrrioN  by  e*  b,  seitz,  greenville,  ohio. 
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Let  A  and  /?  be  the  two  given  points,  0  the  I 
center  of  the  circle.  Draw  OH,  A8,  BR  and  CK  \ 
pcrp<3iidicular  to  MN. 

Let  0H=  a,  0^1  =  6,  OB  =  c,OC=r,  Z 
AOJI^  ^,  IB0H=  r,  Z  COH=  d.    Then  i.l 
A8  =  a — 5 cos j?,  BR  =  a — c  cos  ^,  CK=^  a  —  r\ 
X  cos  fl,  SHs=i  sin  j9,  RH^  c  sin  ^,  KH^=^  r  sin  ff. 

By  similar  triangles  we  have 

A8-CK:KH+8H::  CK :  MK  =  i^:rr^^^)^^^^ 

rcostf— 6ooB/9  ' 

(a — r  cos  ^)(r  sin  0 — c  sin  y) 
r  cos  tf — 0  cos  f 

'    MN=^ (a— rwstf)(r sin  g+fcsin^) (g — r 008 g)(r sing  — c sin r) 

rco8(?— 6cos^  rooetf — ooofl^  ' 

and  area  CMN=  ^MNx  CK 

(g — r  006  ff  )^(r  H\n0+h  sin  ^9)  __  (a — r  cos  fl)*(rain  <? — o  sin ; 


BR—CK:  KII—RH  ::  CK:  NK:=' 


2(r  cos  O—b  cos  ^)  2(roo8fl— coosr) 

=  m,(l) 
Reduciivg  (1),  we  get  an  ecj nation  of  the  sixth  degree  in  oos  0> 
[I'rofetiHors  Hchcflbr  and  Kci*sliner,  and  Mr.  Eastwood,  each  locate  tl 
pointB  A  and  B  on  the  circumference  of  the  circle,  and  thereby  effect  the 
solution  by  an  e<|uation  of  the  fourth  degree  ;  but  this  is  a  restriction  of  the 
language  in  which  the  question  in  announced,  and  cannot  be  regarded  as  a 
general  solution;  for  the  cireuniferencH}  of  a  circle  is  not  the  circle,  but  is  a 
Um  which  envelopes  the  circle. — Ed.] 


233.  '*Tf  ABCD  bo  a  spherical  quadrilateral  whose  sides  AB,  DCBie 
produced  to  meet  at  P,  and  AD,  BC,  to  meet  at  Q,  and  whose  diagonals 
AC,  BD  intersect  at  JJ,  then 

sin  AB  sin  CD  co«  P— sin  AD  sin  5Coo8  Q  ^  ztsin  ^Csin  JBI>  oobRJ' 

SOLUTION  BY  PROP,  J,  SCHEFFER,  MEECEBSBEEO^  PA* 

Denoting,  for  the  sake  of  brevity,  AB,  BC,  CD,  DA,  AC,  BD^  respect- 
ively, by  a,  i,  c,  d,  e,  /;  and  by  A,  B,  C,  D,  the  four  angles  of  the  quad- 
rilateral,  we  have,  in  the  A  ABC, 

sin  a  :  sin  €  =  sin  jil  CB  :  sin  B^ 
and  in  A  BCD,        sin  c  :  sin/ =  sin  DBC ;  sin  C;  -  • .  by  multiplying, 
Bin  a  sin  c  sin  JS  sin  C  =  din  e  sin/ sin  A  CB  sin  DBOL  (1) 
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Again,  in  the  triangle  ABC^  we  have 

sin  i  :  sin  e  =  sin  CAB  :  sin  J?, 
I  in  the  triangle  ABI)  we  have 

81D  d  :  sin/=^  sin  ABD  :  sin  ^.     ,  • , 

sin  6  sin  d^lnA  siaB  =  sin  e sin/sin  CAB 

X  Bin  ABD.    (2) 
But,  in  the  triangle  BCP, 

mxBsmC^^lst^^I^^,     (3) 

cos©  /        V    / 

and,  in  A  ABO,      sm  A  sin  £  ^ ^^—^ .  (4J 

cos  a 

in  A  BCR,  ^uACB  sin  BBC  =  ^^±S^-d^^^^,         '      (5) 

coso 

where  Z  BRC  =  B\  and,  in  the  triangle  ABR  we  have 

sin  CAB  sin  ^£D  =  -^ -R+cos  Cl^coail^D,  ^g^ 

cos  a 

Substituting  these  values  in  (1)  and  two,  we  obtain 
stnasin  c  (cos  P+ooe  J5  oos  C)=sincsiny(  coe  JK-f  cos^CBcosD5C),  (7) 
fiin  6  sin  cZ  (oos  Q+cos-4cos5)=^sin  csinJ(-cos22+cos  CAB  om  ABD).  (8) 

Substituting  in  (8)  from  (7),  we  get 

sin  a  sin  c  coe  P—  sin  b  sin  dcos  Q  —  25in  e  sin/cos  R 

+sin  6  sin  J{coq  A  CB  cos  DBC—cm  CAB  cos  DBA) 


— sin  a  sin  c  cos  B eosC+sin  6  sin  d cos  A  cos  B^ 

SuljMitutiiig  in  (9) 


(9) 


fsmACB  = 


coso — cos&oose 


COS  CAB  = 


sin  6  sin  e      * 
cos  b — cos  a  coe  e 


sin  a  sin  e 


cos 


cos 


Sin  6  sm/ 

^7j  J cosd — cosocos/^ 

sin  a  Bin/ 

.        cos/— cos  a  cos  rf  7>       cose — cosacosft 

cos  A  ^     —  .-  ~  . — 'i — ,    cos  i?  sj  ; ^  -,— , 

siuasma  smasmo 

^    ^        cos/ — cos  6  cos  0 
cos  V=  — =4 — f~^- ; 

sin  6  sin  0 

siiid  we  get,  after  some  transformations  that  present  no  difficulty, 
einaalnccosP — sin  b sin  dcos  Q  =  2sin e sinfco&R+vmacos e 

— cos  6  006  d« 
liuf  cos  a  =  cos  -4i2coa  BR^sin  AR  sin  BRooe  iJ, 

ooso  =  cos  DjBcos  CR — sin  DR  sin  CR oos  R^ 


(10) 
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DOB  &  =  008  £R  LX)s  C-ff +siii  BR  sin  CR  coe  R, 
cmd  £=  cos  j4/J cos  Dii-fsin  -4/^  sin  DR oo6  B- 
juently 
ooBacoQo  —  COS  6  COS  c{  =  — (sin  AR  cos  CiZ+sin  CB  oos  -4i2) 

X(sm  £i2  cofl  DiJ+sin  DiJ  cm  BR)  ooe  . 
=  —sin  (AR+CR)  sin  {BR+DR)  cos  B 
=  — sin  €  sio/oos  12. 
Therefore,  sin  a  sin  c  cos  P— sin  6  sin  d  cos  Q  ^  ± sin  e  em/cos  -B, 
the  double  sign  referring  to  tlie  case  of  R  being  acute  or  obtuse. 


234.  ''ABCD  is  a  trapcymm,  AB  =  a,  CD=  b,  AD  =  c;  angle  ABi 
IB  a  right  angle,  and  £  is  a  point  on  AD  such  that  angle  BCE  is  a  righ 
angle  and  CE  =  CD  =  6/ ' 

It  is  required  to  find  ifC;  DE  and  ^£;. 

SOLUTION  BY  PBOF,  M.  C,  STEVENS,  LA  FAYETTE,  INDIANA. 

Con9tnidi<kn.— On  AF  take  AO  =  a—b,  GF=  26  and  AD  =  c.  On 
^jFand  AD  describe  semicinuimferences.  Draw  f?// perpendicular  to  AF 
meeting  the  circuinferencc  on  AF  in  IL  Draw 
J37  parallel  to  AF  meeting  the  9emicircumiej'encc| 
AD  in  /.  Let  fall  JE  per]n'n(licular  U)  AD,  On  | 
^i?  construct  the  triangle  J  £"!/  riglit  angled  at  X, 
with  AL  =  A  G.  Complete  the  parallelogram  | 
LBCE,  and  join  CD;  then  k  A  BCD  the  trapeai- 
um  required. 

Danon^traiioiu^  BiEQCi  ED  in  A' and  join  CK, 
By  construction,  AGkQF=  GW=EP  =  AE  \ 
XED;  .'.  GF:  ED  ::  AE:  AG;  ot\GF:\ED  ::  AE  :  AG.  Sir 
AB  =  a  and  AL^AO  =  a— A,  r.LB=EC=L    Also  ^GF  = 
Whence  the  above  proportion  may  be  written  CE  :  EKi:  AE  :  AL*    Ba 
the  angle  CEK—  LAE,  . ' .  the  triangle  CEK  is  similar  to  EAL.     Heno 
the  angle  CKE  is  a  right  angle  and  CD  =  CE  =  b, 

Citlcuiation.—OE^  l/XJc*— 26(a— i)],  .  - .  ^^=}(?d:v'[ic*— 26(a— ftjj 
and  DE  =  Jc:F|/[Jo*— 26(a-i)];  BC  ^  EL 

=  1  '  <  iio±i/lic^^2b{a-b)]Y-{a-bf  } , 


235*    "Find  the  condition  that  the  general  equation  of  the  nth 
may  have  q  equal  roots.'' 
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SOLUTION  BY  PBOF,  J.  H,  KESSHNEB^  MERCERSBERG,  PA. 

The  ateolute  term  is  the  product  of  all  Uie  roots  with  their  signs  chang- 
ed, the  last  eoefficient  is  the  sum  of  tlie  products  of  every  n — 1  roots  with 
their  sigiss  changed,  etc.  Therefore,  if  a  be  one  of  the  q  equal  mots,  the 
[ttte  term  must  be  divisible  by  a^,  the  last  coefficient  must  be  divisible 

a*"*  ,  etc.     The  form  of  the  general  equation  is  as  follows: 


236*  "If  jIjjIj,  B^B^t  CjCg  are  three  lines  whicli  meet  in  a  point  0, 
then  there  are  four  different  ways  in  which  the  pointi^  A^^  JBj,  C^,  A^,  J?g, 
C^j  can  be  combined  into  two  homologous  triangles,  and  for  each  combina- 
tion tliere  is  a  different  axis  of  homology.  Show  that  these  four  axes  form 
a  complete  quadrilateral  whose  diagonals  intersect  each  other  on  the  lines 

^1^31  ^1^3*  ^1^3* 


^Beai 


SOLTjTION  by  prof.  JOHNSON* 

The  fundamental  property  of  homologons  triangles  is  demonstrated  in 
solution  of  problem  186,  Analyst,  Vol.  V,  No.  1,  by  a  method  which 
idHy  applied  to  the  pres-  I 
mt  problem.  Thus,  let  the  | 
hwOA^,  OBy,  OCibeat 
firsigupposed  not  in  the  same  I 
platu*;  then  a  being  the  | 
i'ltersecUon  of  B^  C^  with 
^jCjisat  once  in  the  plane  | 
^^B|C|  and  in  the  plane 
A^BjCyf  hence  it  is  in  the 
intorsiection  of  these  planes : 
for  a  similar  reason  h  and  «  I 
u%  b  the  intersection  of  | 
tiie  same  planes,  therefore 
<j6c  is  a  straight  line,  and 
in  the  projection  of  the  fig- 
tire  upon  any  plane  aft  c  is  likewise  a  straight  line.  It  may  be  remarked 
that  the  figure  in  srpaoe  is  simply  that  formed  by' the  intersections  of  five 
flsnes,  and  hence  may  be  called  a  coinplde  pentahedron.  The  full  and  bro- 
ken lines  Id  the  figure  represent  a  complete  pentahedron ;  it  has  ten  edges 
and  ten  vertices  each  of  which  is  the  IntersectioQ  of  three  planes  which  cut 
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out  two  triangles  on  the  other  two  planes,  and  in  any  projection  of  the  fig- 
ure, the  triaugles  become  horaologous  trianglas,  the  point  in  which  the  three 
planes  meet  becomes  the  centre,  and  the  intersection  of  the  planes  of  tlio 
triangles  the  axis  of  homology. 

Now  let  c'  be  the  intersection  of  A^B^  with  A^B^  and  let  a'  and  i' be 
determined  in  like  manner;  then,  will  a'6'c,  a'6c'  and  ab'e'  be  straight  lines, 
the  six  points  abca^b^c'  arc  in  a  plane  and  form  the  vertices  of  a  eompltie 
quadrilateral  of  which  aa',  bb'  and  cc'  are  the  diagonals*  But  cc*  is  in  the 
plane  OA^B^  and  therefore  intersects  OA^^  and  t6'  is  in  the  plane OijCj 
and  therefore  intersects  OA  j ,  hence  c^^  and  66'  meet  in  the  point  in  whid 
the  plane  of  the  complete  f|oadri lateral  cuts  the  line  A^A^,  Hence  also 
in  the  plane  figure  which  is  the  projection  of  the  figure  in  space,  the  diago- 
nals 66'  and  cc'  meet  ou  the  line  A^A^* 


237.    "Prove  that 

pco6|(n— l)(g+7r)  sini[n(g+^)]jg  ^  ^ »» 
J^  sinK^+;r) 

SOLUTION  BY  PROF,  B.  J.  MC  ADAM,  WASHINGTON,  PA. 

In  Todhunter's  Plane  Trigonometry,  page  246,  4th  Ed.,  we  have 
cos[a  +  j(n--l^^(i3j::r)]si5LHi+l!)  =  eo.a-co8(a+y9)+co8(a+?8) 

— . . . .  +(—)-»  cos[o+(»-l)/f]- 
Let  o  =  0,  ,9  =  9;  then 

cgB[A(»-lKg+;r)]8in.i(tf+£)  :=  eosO-cosd+oo8  2<?-Ac. 

•   •  J  ,  '    5in|(tf-f  .T) 

=  C  (cos  0— COS  d-\-<m  2d—&xi,)d,d 


'{.'- 


=  ;r. 


sin  flH- Jsin  2d — &c. 


•]; 


[The  solutions  of  problems  238,  239  and  240,  will  be  published  in  Ko.. 
as  ibllows: — ^Solution  of  238,  by  Artemas  Martin,  239,  a  solution  by  Cto 
H.  KummcU  and  also  a  solution  by  R*  J.  Adcock,  240,  solution  by  E*B. 
Seitz..] 
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PROBLEMS. 


241.  By  Pp  RirriARDSON. — From  any  point  within  a  parallelogram  to 
iw  three  straight  lines  which  shall  divide  the  parallelogram  into  three 
lal  parts. 

242.  By  G.  J.  Hexpricks,  Eixjerton,  Ohio.  —  The  differenoe  be- 
een  the  areas  of  the  inscribed  and  cironm6<Til>ed  circles  of  an  equilateral 
angle  is  a.     Uequiretl  the  side  of  the  triangle, 

243.  By  Prof.  Kershner.  —  Adapt  |/(a?  +  &■),  and  ^/(a  +  6)  + 
[a  —  6),  to  computation  by  the  usual  logarithmic  tables. 

244.  By  Marcub  Baker. — Prove  that 

me  «=  1+2  +  3+4+.,.  +n. 

245.  By  Prof.  Scheffer*  — The  three  transver^ls  AA\  BB\  CO  of 
riangle  ABC  intersect  each  other  in  ont  point,  cutting  the  sides  of  the 
ugle  at  A\  B\  C-  If  tlie  angles  BAA\  ACO  and  CBB'  are  equal, 
kipute  Uie  transversals  AA\  BB\  CC^  by  means  of  the  sides  a,  6,  c,  of 
I  triangle. 

246.  By  Artemas  Martin,  M.  A. —  Show  that  the  sura  of  five  con- 
Qtive  iotegral  square  numbers  cannot  be  a  square. 

247.  E.  B-  Settz.  — Three  points  are  taken  at  random  on  the  surface 
ifc  circle ;  find  the  chance  that  the  triangle  formed  by  joining  them  is 


248.    By  Prof*  Hall.— If  in  the  plane  of  a?y  the  directions  of  the 

tP  and  P'  make  with  the  axis  of  x  the  angles  a  and  a',  and  the  di- 
of  their  resultant  the  angle  A,  and  if  we  denote  by  p,  p'  and  r  the 
rpendicular^  from  the  origin  on  these  directions,  we  have  the  relation 

r  r  sin  (a' — a)+p  sin  {A — a')-{-p'  sin  (a — A)  =  0. 

HL  By  request.  —  Representing  the  amount  of  an  insolvent  estate 
^■A  liafi  a  claim  of  a,  B  a  claim  of  6  and  C  a  claim  of  c  against  it.  A's 
m  ]ia&  a  legal  priority  over  B^s,  B's  a  priority  over  C's  and  Cs  a  prior- 
foverAV  How  should  the  estate  be  divided?  Consider  the  several 
in  wfaai  the  estate  is  insuflicient  to  pay  any  two  of  the  claims,  when  it  is 
JEcieot  ta  pay  any  two,  etc 
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Notes  of  Tbayel,  bt  thu  Editor^ — ^Though  we  do  not  usuaHj  occapj  4he  pagea  < 
Analyst  .with  notes  of  travel,  yet  as  many  of  our  readers  will,  at  Bomedme»  either  for 
health  or  recreation,  viait  the  sublime  and  beatiiiful  scenery  and  saliibnoua  climate  of  Colo* 
rado,  we  insert  a  few  notes  of  a  hasty  trip  to  Colorado  Springs  and  vicinity,  made  during  the 
latter  part  of  of  Oct^  78. 

We  spent  the  nummer  of  1861,  na  U.  S.  Deputy  Surreyor,  within  tight  of  Fike*s  Peak' 
and  therefore  know  something  by  expenenoe  of  the  congeniality  of  the  climate  and  purity  of 
the  atmosphere  in  that  part  of  Colorado,  but  of  that  we  do  not  now  prop^jse  to  speak.  We 
again  visited  Denver  and  Georgetown,  by  way  of  the  U.  P.  R.  K,  in  the  summer  of  1S75^ 
and  intended  to  make  a  third  trip  to  the  State  during  July  last,  to  witnew  the  total  ecJipse  oC 
the  Bun  from  the  Biimmit  of  Pike's  Peak,  hut  the  Plate  of  our  health  not  permitting  at  thai 
lime,  we  consnmuted  our  third  visil  to  tht  State,  during  the  latter  part  of  OcL  last,  in  a  hasty 
trip  to  Colorado  Springs  and  vicinity,  by  way  of  the  Atchison,  Topeka  and  Santa  Fe  £L  B*; 
and  it  iii  for  the  purpose  of  ciiJling  the  attention  of  our  readem  to  this  route  that  these  nots 
of  the  route  through  Southern  Kansas  aro  inserted. 

Pui^engers  arrive  at  TopdhOf  by  trains  from  Atchiaon  and  KaaBas  City^  at  about  hall^pait 
2  o'clock  in  the  afternoon,  and  about  30  minute  later^  the  daily  train  starts  from  Topekato 
Pueblo,  on  the  Afchuionj  Topeka  and  Stjnta  Ft  R,  R.  The  train  that  leaves  Topeka  ooB- 
tainsp  beeideii  the  cars  that  go  through  to  Pueblo,  care  for  the  several  branches  that  diTttfe 
to  the  south  at  Florence,  Newton^  <&c. 

No  finer  land  for  the  production  of  wheat,  com,  grass,  Ac.,  and  fruits  of  all  varieCx«s 
fiuitefi  to  tills  latitude,  can  be  found  anywhere  in  America,  than  is  seen  in  this  part  of  soati^ 
em  Kan»aB.  Large  tracLg  of  winter  wheat,  already  (Oct.  31st)  quite  green,  are  seen  is  &r  tt 
400  miles  weet  of  the  Missouri  river. 

The  time  occupied  in  going  from  Topeka  to  Pueblo  is  about  24  hours,  so  that  psanogieti 
arrive  at  Pueblo  about  3  o^clock  in  the  afternoon  of  the  next  day  after  leaving  TopeJci,  wuSt 
passengeni  for  Colorado  Springs  have  tlieir  choice  of  the  evening  train  on  the  Denver  and 
Eio  Grand  R.  R.,  or  the  6  o*dock  train  next  morning;  and  should  they  choose  the  moraing 
train,  and  if  the  sky  ia  clear,  as  it  generally  is  in  that  country,  they  will  have  a  magnifioert 
view  of  mountain  scenery  during  a  two  hoai«  ride^  up  the  valley  of  the  Fountain  que  BooilH 
to  Colorado  Springs. 

From  Colorado  iSprings,  an  hour's  ride  in  a  stage  coach,  at  a  cost  of  75  cents,  place*  th« 
traveler  at  J/amVou,  where  he  is  in  the  immediate  vicinity  of  the  aoda  springs,  and  the 
"Garden  of  the  Gods", 


ERRATA, 

On  page  5,  line    1,  substitute  y^  for  y,, 

«      «  6,    "     11,  for  V,  read  V'^ 

"      "  7,  laut  line,  for  »  ==  o ,  read,  s  = 

•*      "  8,  line    8,  for  «««,  read,  ^, 


8, 

8, 
10, 

Hi 

12, 
13, 

H 


11,  for  4-co.  re«KJ|  ±:CB» 

15,  for  (W)»-l ,  read,  (hi)^^~l, 

8,  from  bottom,  insert  ''In  before  the  radical  in  the  denosk 

read,  IHL?1. 
sino 

17,  insert  parenthesis  before  the  firat  miDUS  i^gn, 

9,  for  n'oos'^,  read,  n*ain*^« 
7|  ibr  Aycoi  C  sin  Ct»  read,  X ^ooe  Ci  sin  Ct< 


12,  for  A^?!- 
am  fifj 


roi*  VL 
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STELLAR  PARALLAX. 


BY  PROF.  ASAPH  HALL,  NAVAL  OBSERVATORY,  WASHINGTON,  D.  C, 

(I).     The  annual  parallax  of  a  star  is  the  angle  at  the  star  subtended  hy 
he  mean  distance  of  the  Earth  from  the  Sun. 

Imagine  a  right  line  drawn  from  tlie  Earth  to  a  star.     As  the  Earth 

moves  around  the  Sun  this  line  will  generate  the  surface  of  a  cone  having 

mn  elliptical  bcse,  and  an  observer  on  the  Earth  will  always  see  the  star  on 

the  sarface  of  this  cone.     Generally  theretbre  the  small  annual  parallax  will 

csiuse  the  star  to  describe  an  ellipse  on  the  surface  of  the  lieavens.     At  the 

pole  of  the  ecliptic  this  ellipse  wHll  be  similar  to  the  orbit  of  the  Earth, 

while  if  the  star  is  in  the  plane  of  tbe  e<"Iiptic  it  will  move  backward  and 

ton^-ard  in  a  right  line.     Since  the  Earth  s  orbit  is  nearly  circular  we  see, 

trom  geometi'ical  considerations,  that  the  maxiraum  value  of  the  parallax 

of  the  star  in  longitude  will  wcur  when  the  longitudes  of  the  earth  and  the 

ilar  differ  by  a  quadrant,  and  the  maximum  value  of  the  parallax  in  lati- 

lodc  will  occur  when  the  star  is  iu  opposition  to  the  Sun» 

Let  J  l)e  the  distance  of  the  star  from  the  Sun,  and  denote  by  X  and  p  its 
longitude  and  latitude  when  seen  from  tbe  Sun.  If  we  take  the  plane  of 
the  a*liptic  as  ibe  plane  of  xy  the  values  of  the  rectangular  coordinates  are 

a:  =^  J  cos  fi  cos  ^;         y  ^^  J  cm  ^  ^in  i:         z^  Jsin  ^. 
Denoting  by  #,  X\  ^'  tlie  corresponding  quantities  seen  from  the  Earth 
we  hive 

a?'=  J'cos  i9'cos  i':        if-  #cos  jS'sin  A' :         z':^  J'sin  ^. 
Tkc  ocUptic  c^oonlinates  of  the  Sun  referred  to  the  Earth  are 
X^Rgo6  8:         Y^RsinS:        Z^O, 
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where  R  is  the  radius  vector  of  the  Earth,  and  0  is  the  longitude  of  the 
Sim  seen  from  the  Earth,    We  have  therefore  the  equations 

J'cos  ^'cos  A'  ^Joos^cosA+iZoos  6,^ 
J'cos  ^'sin  i'  =:  J  COS  j9  sin  X-\-Ji  sin  fl, 

J'sin  fi'  =  A  sin  ^. 

If  we  multiply  the  first  of  these  equations  by  sin  A,  the  seeond  by  < 
and  subtract  the  products  we  shall  have 

-if 'oos  ^'sin  {V—l)^—R  sin  (;i  —  9\. 

In  the  present  cjase  we  have  J  =  J',  and  ^  ^^  ^\  very  nearly,  and  V--1 
is  so  small  tliat  we  may  put  the  arc  for  its  sine.  Also  if  we  take  the  dis- 
tance of  the  Earth  from  the  Sun  as  our  unit  and  denote  the  annual  parallax 
of  the  star  by  tt  we  have, 


Bin  ;r  = 


Z* 


or  in  seconds  of  arc,  since  the  parallax  is  small, 

206264.8 


JT   ^^ 


Henoe  we  have  for  the  parallax  in  longitude, 

V^l  =  —  n.R  sin  {>!—»)  sec  p. 
Again  if  we  multiply  the  first  of  equations  (1)  by  cx)S  l\  the  seoond 
sin  A'  and  add  the  products  we  have 

J'cos  /3'  ^  J  cos  /9  cos  [k'—X)  +  Roos  (i'— «). 
If  now  we  put  cos  (X' — X)  ^  1,  we  have  from  this  equation  and  the  third 
of  equations  (1) 

J'cos  ^'  =  Jcos/9  +  JZcos  {X'—ei 
J'sio/3'  —  Jsin/9. 
Multiplying  the  first  of  these  equations  by  sin  ^,  the  second  by  cos^  aod 
subtracting  the  products  we  have  as  before 

)9'— /3  =  — 7r.JJcos(;i—  e)sin  /9. 
Hence  the  formulae  for  the  parallax  of  a  star  in  longitude  and  latitat 


rf;  =  — ;r.jB8in(;  — e)sec^, 
d^=~7rMcm{X  —  e)Bm^. 


;} 


(2).  Since  at  the  present  time  in  all  astronomical  observations  the 
plane  of  the  equator  is  taken  as  the  plane  of  reference,  or  as  that  of  a^,we 
need  expressions  for  the  pai^llax  in  right  ascension  and  declinatioa.    Wi 
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may  obtain  these  bj  means  of  equatiotis  (2)  and  the  differential  formulse 
between  the  right  asoension  and  dL^clination  and  the  loDgitnde  and  latitude, 
bttt  it  is  better  to  start  directly  from  the  fundamental  equations. 

Let  a,  5,  a\  3^  be  the  riglit  ascensions  and  deelioations  of  the  star  seen 
from  the  Sun  and  the  Earth,  and  denote  by  e  the  obliquity  of  the  ecliptic, 
the  values  of  the  coordinates  referred  to  the  plane  of  the  equator  are 
X  •=^  d  cos  S  cos  fit ,         y  =  J  cos  ^  sin  a ,         s   ^  J  sin  d , 
^H         a/  s=  J'cos  d'cos  a',         y'  ^  J'oos  S'sin  a',        2'  =  J'sin^', 
^™  X=i2cosS,  F^=  iZsin  flcose,         Z=  J^sin^sinc* 

^^   Henoe  we  have  the  equationS| 

r  Mui 

^Klbtra^ 


(3) 


J'cos  5'  COS  a'  ^  J  008  3  008  a  +  /2  COS  S, 
#008  (J'sin  a'  ^z  dcQs  3  sin  a  +  JJ  sin  S  cos  e, 
J'sin  8'  ^  J  sin  8  +  U  sin  fl  sin  e»  ^ 

Multiplying  the  first  of  these  equations  by  sinct,  the  second  by  cos  a^  and 

ibtracting  the  products  we  have 

J'cos  i'sin  (a' — a)  =  iJ.(sin  6  cas  e  cos  a  —  cos  ^sin  a). 

Multiplying  the  first  of  equations  (3)  by  cos  a',  the  second  by  sin  a'  and 
adding  the  products  we  have,  if  we  put  cos  (a' — a)  ^  1, 

J'ooR  8'  ^  Jco&3-\-  R.{cm  ^  cos  a'  +  sin  ^  cos  «  sin  a^). 

If  we  multiply  this  equation  by  sin  J,  and  the  third  equation  of  (3)  by 
cos  3,  and  subtract  the  products,  we  shall  have 
J'sin(d' — 3)  =  i2.sin  8  sin  £  cos  J^  J?.(eos  6  cos  a'sin  5+ sin  0  cos  esin  ct'sin  3), 

Hence  writing  these  in  the  usual  form,  and  putting  a  for  a\  on  the  right 
hand  side  of  the  last  equation,  we  have 

a' — a  =  —  ;r.i2.[oos  8  sin  a — sin  0  cos  £  cos  a]  sin  8, 

8' — 8  ^  —  ;r.iJ»[co8  esin  a  sin  8 — sin  f  cos  5]  sin  B — 7r.iJ.c0s  a  sin  d  cos  ft 

If  now  we 


.] 


(4) 


put 


asm 


A  =  — oos£cosa 


aoos  A  ^  — sin  a 

b  sin  B  =      cos  £  sin  a  sin 

4  cos  B  ==  — ^ COS  asin  i, 


8—\ 


sin  e  coe  i 


we  liave  for  the  values  of  the  parallaxes  in  right  ascension  and  declination 


da  =  nR.a  cos{9-\-A)  sec  8 
d8^7tR.bcos{e+B). 


1 


(6) 


— S6~ 


] 


The  above  simple  method  of  determining  the  parallax  of  a  body  by  tneauB 
of  its  rectangular  cxwrdinates  referred  to  the  different  ixjints  appears  to  have 
been  given  first  by  Lagrarige  in  his  memoir  on  the  transit  of  Venus,  Jane 
3,  17G9,     (Oeiivres  de  Lagrange,  Tome  II,  p.  335.) 

If  we  wish  to  observe  a  star  whicJi  has  a  large  parallax  in  right  ascengion 
we  must  tind  the  maximum  value  of  a  in  equations  (5),  and  if  we  wish  a 
large  parallax  in  declination  we  have  to  find  the  maximum  value  of  6  in 
the  same  equation.^.  From  the  values  of  a  sin  -4,  a  cos  Aj  b  sin  J?,  6  eos  B 
we  have 

a^  =  1  —  cos  a^siD  €^, 

6^  ^  1  — (cos  8  COB  e-f  sin  8  sin  e  sin  a)^, 
and  for  the  maximum  values  the  last  terms  of  these  equations  must  be  «ero. 

Now  from  the  sphericiil  triangle  between  the  pole  of  the  equator,  the  pole 
of  the  ecliptic  and  the  star,  we  have,  if  we  denote  by  5f  the  parallactic  angle 
at  the  st^r, 

cos  B  sin  :j  =^  COB  a  sin  6  . 

eos  /9  eos  rj  ^  cos  S  cos  c+sin  8  sin  e  sin  a. 

These  e*iuations  show  that  for  the  two  maxima  we  have 
]y  =  0;        and  3^  =  90°: 
or  in  the  first  case  the  circles  of  declination  and  latitude  coincide,  and  in  the 
second  case  they  are  perpendicular  to  each  other.     The  coefficients  a  and  t 
have  simple  geometrical  meanings. 

(3),  The  preceding  formula*  (5)  give  the  absolute  parallax  of  a  star  in 
right  ascension  and  declination,  but  the  determination  of  the  absolute  posi- 
tion of  a  star  is  a  difficult  work,  and  generally  in  the  case  of  stellar  paral- 
lax it  is  better  to  proceed  by  differential  methods.  In  this  way  the  star  is 
com}»ared  \vith  one  or  two  small  stairs  near  it,  but  which  have  no  physical 
connection  with  it,  and  which  may  be  assumed  to  l:»e  so  much  more  distan: 
that  their  parallaxes  arc  insensible.  This  method  gives  us  indeed  only  the 
relative  parallax  of  the  bright  star,  but  it  has  the  great  advantage  of  per- 
mitting accurate  ditferential  observations,  w*hich  will  be  ver\'  nearly  inde- 
pendent of  the  position  of  the  instrument.  We  may  observe  either  differences 
of  right  ascension  or  of  declination,  or  l>oth,  but  generally  it  is  l>etter  to 
observe  the  polar  coordinates,  that  is  the  angle  of  position  and  the  distance. 
To  be  adapted  to  this  case  the  formula  (5)  need  a  transformation. 

If  we  denote  by  s  the  distance,  and  by  p  the  angle  of  jK3sition,  and  a^ 
sume  that  s  is  so  small  that  we  may  write  the  arc  for  its  sine,  we  have 


I 
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s  sin  p  ^{a  —  a')  cos  3 
acosp  ^  S — d% 
and  by  dtfferentiatmg 

th  =  sill  p  cos  S.d  (a  —  a')*f  ca8p.d{iJ  —  S') 
8, dp  ^. cos p cos  o,d  [a  —  5t') — sin  p,d  (o  —  *)'). 
The  values  of  the  diilerentials  d(a  ^  a')  and  d  (o  —  tV)  are  tlie  values  of 
—  {of —  a)  antl  —  (f7 —  <Jj,  given  by  equations  (4).     Sufjsti tilling  these  val- 
ues we  bave 

da  =  ;ri?v    cos^b^masmp — sinScosecosasinp+coscsin  asin^smC'cosp 

— eineeos  r^sin^cjoep+cos  Scosasin  dcos  p   L 

cfp  =  — .    coB^sinaooep — sin  ^cosecosctcosp— eoscsinctsin^sin^sinp 

-f-sin  e  cos  ti  sin B  sin  p — cos  f-f  cos  «  sin  rJ  sin  p 

If  now  we  introduce?  the  auxiliary  quantities, 

msin  M  —  — cose  cos  asinp-f-cos£sin  «  sin  ooosp — sin  ecos  oco8p 
moo&M^^      sin  f^cosaoosp+sin  asmp 

m'sin  W^    I  — eoscoosacosp — cosesinasinfjsinp+sinfcos  rJgin  p 

m'oofllT^  -     — sin  5 oort  fit  sin  pH- sin  a  cosp   1, 

we  have  the  following  fb^raulK^  for  computing  the  effect  of  the  parallax  in 
distance  and  angle  of  position , 


ds  ^  Tcli.vi  cos  {6 — 31)   1 

dp  =  7:Km'cos{&^ iV).  J 


(7) 


fhcse  are  the  formulse  used  by  Bessel  in  his  determinatton  of  the  parallax 
61  Cygnit     (Astronomische  Nachrichten,  Band  16,  p.  83.) 
Hie  equations  (6)  give 

oos  ^cos  (7+p)  ^^  cos  «  cos  r/cos  p-f-sin  6  sin  o  sin  a  cas  p — cos  a  sin  e  sinp, 
o(»^5jn(i;+p)  —  cos  ccososin  p+sin  csin  fisin  asin  p+cos  «sin  ccosp. 
If  now  we  square  and  add  the  values  of  m  sin  J/,  m  cos  M^  m'sin  3i',  and 
m'co6  JfcT'  we  shall  find 

m^  ^1  —  cos  ^cos  (jj+p)*, 
i*  m"  =  1  —  COS  /?8in  (sy+p)*- 
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These  equations  sliow  that  the  coefficients  m  and  m'  have  their  maximum 
valuer,  and  tliat  the  effect  of  the  parallax  on  the  distance  and  in  the  angle 
18  greatest  when  the  great  circle  joining  the  stars  is  perpendicular  to  the  cir- 
cle of  latitude  or  coincides  with  it. 

In  order  to  render  the  fbrinulfie  for  the  aiixiltaries  m,  m\  M,  M'  conveoi] 
ent  for  calculation  we  may  put  with  Brlinuow, 

/Bin-F=  sin  ^oosa,    ^sin  (r  —  sindsina,     Asin /?=:  ^sin(G-j-c), 

/cos  i^^  sin  a,  jco8G  =  — oos^j        hco^H^ — cosacofic, 

and  we  shall  have. 


m  sin  M^^  h  sin  ( JJ+p), 
mcosif  — /sin  (F+p), 


m^sin  IT  =  ^\  COS  {H-\-p\ 
m'oos  iP  =  L  oo6(r+ p). 


By  means  of  these  formula  the  coefficients  are  easily  computed. 

The  observations  should  extend  over  a  year,  so  that  the  coefficients  oft 
parallax  may  attain  their  maximum  and  minimum  values  with  opposil 
signs.  The  observations  must  be  corrected  for  refraction,  which  in  the  \ 
of  differential  observations  is  a  simple  work,  and  then  reduced  to  a  cho- 
sen epoch  by  applying  the  necessary  corrections  for  precession,  nutation, 
aberration  and  proper  motion*  This  reduction  is  also  easily  made  in  the 
case  of  differential  observations.  The  observations  are  then  ready  to  form 
the  e<juations  of  condition. 

If  we  denote  by  Pq  and  «q  assumed  values  of  the  angle  of  position  and 
distance  at  the  epoch  t^ ;  by  dp^  and  ds^  the  oorrections  to  these  assumed 
values;  by  djy  and  ds*  the  corrections  to  the  assumed  annual  variations 
p  and  8  produced  by  the  pro|>er  motion,  and  designate  by  a  and  6  the  ^ 
ficients  for  the  parallax,  each  complete  observation  gives  two  equations 
condition  of  the  form, 

<^Po  +(<  —  fo).#'  +  aff  +  n  ^  0, 
d$^^{i—i^\d8'  +  br.+  n*=  0, 

where  n  and  n'  are  the  residuals  found  by  comparing  the  computed  witl 
the  observed  place.  Professor  Briiunow,  to  whom  we  owe  the  latest 
some  of  the  best  determinations  of  stellar  parallax,  assumes  further  that  I 
constant  of  aberration  may  be  different  for  the  two  stars,  and  introduces  in 
to  the  equations  a  term  to  correct  the  assumed  value  of  this  constant.  The 
coefficients  for  this  term  are  easily  computed,  for  we  have  only  to  put 
Q  —  90°^  for  Bj  in  the  formulae  for  the  coefficicjits  of  the  parallax. 
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(4).  II'  we  determine  the  parallax  of  a  binary  star  whose  orbit  is  known, 
and  assume  that  the  orbital  motion  of  the  stars  in  the  distant  spaces  are 
governed  by  the  law  of  gravitation^  we  shall  have  the  data  for  a  determi- 
nation of  the  sum  of  the  masses  of  the  two  stars.  From  the  theory  of  elliptic 
motion  we  have  the  known  equation, 

iirhere  fi  is  the  sum  of  the  masses  of  the  stars,  the  mass  of  our  Sun  being 
the  unit  of  mass,  r  the  time  of  their  revolution,  expressed  in  sidereal  years, 
a  the  angle  subtended  by  the  serai-major  axis  of  their  orbit,  and  n  the 
annual  parallax.  It  is  remarkable  that  Bessel  in  1S12,  nearly  thirty  years 
before  his  determination  of  the  parallax  of  61  Cygni,  estimated  by  means 
of  the  above  equation  the  annual  parallax  of  this  star  to  be  very  nearly 
what  the  later  determinations  have  given.  Bessel,  after  his  discussion  of 
the  proper  motion  of  this  star,  assumed 

a  =  2b'';  r  =  400  years, 

and  put  fi  =  the  mass  of  the  Sun  ^  1 . 
The  equation  gives 

-^  =  0".4604. 

In  1840  Bessel  found  from  his  observations  the  value 

r  =  0'^3483=t0'^0095. 
Besides  the  preceding  method  of  estimating  the  distances  of  the  fixed  stars 
by  assuming  a  knowledge  of  their  miisses,  Savary,  in  an  interesting  paper 
an  the  orbits  of  double  stars,  published  in  the  Connaissance  des  Terns  for 
1830,  lias  remarked  that  the  aberration  of  light  may  give  us  some  idea  of 
these  distances.  If  the  plane  of  the  orbit  of  the  double  star  were  ijcrpendic- 
alar  to  the  line  of  sight,  aberration  would  produce  only  insensible  changes 
in  the  motions;  but  if  this  plane  be  much  inclined  to  the  line  of  sight,  the 
time  which  light  requires  to  pass  over  the  radius  of  the  orbit  will  produce 
apparent  variations  in  the  angular  movements  of  the  stars,  and  if  these 
could  be  determined  by  observation  they  w^ould  give  the  distance  of  the 
stars.  In  order  to  show  the  raiiximum  effect  of  this  variation  let  us 
suppose  with  Struve  that  the  major  axis  of  the  orbit  i^  directed  toward  the 
Sun,  and  that  the  star  is  at  its  perihelion*  The  time  which  light  requires 
to  paas  over  the  axis  of  the  orbit  will  be 

f  =  0.O0O03155,-* 


n  ^ 
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where  the  unit  of  z  is  one  year.     Id  tliis  time  the  apparent  angular  motion 
of  the  double  star  seen  from  the  Earth  will  be 

z     3.1416 .  2a 

T  i  € 

where  e  is  the  excentricity  of  its  orbit.     From  the  value  of  s  we  have 

0.0001982.  a\ 


r  = 


Hirisioe 


a  :=  r ,  r'*  •  /s£^ ;      we  have  the  ratio  of  ^  and  ;r, 

r_  0.0001 982, rH\^^ 

TT 


1  — e 

This  equation  shows  that  if  the  masses  of  the  stars  are  not  much  greater 
than  the  mass  of  our  Sun  then  }-  is  much  smaller  than  tt,  imless  the  periodic 
time  is  very  great.  Thus  if  we  suppose  the  mass  of  the  two  stars  to  be  one 
thousand  times  as  great  as  the  mass  of  our  Sun,  it  will  be  seexi  that  r  must 
still  be  .'ery  great  in  order  to  make  y  as  large  as  ;r.  Moreover  this  Inequal- 
ity would  probably  }»e  connected  with  the  equation  of  centre  in  such  a  way 
as  to  make  its  determination  nearly  impossible.  The  idea  of  Savary  there- 
fore, although  iugenious  aod  founded  on  a  real  phenomenon,  does  not  seem 
to  promise  any  practical  result. 

(5).  The  only  practicable  method  of  determining  the  distance  of  a  star 
appears  to  result -from  the  determi  nation  of  its  annual  pamllax  by  observa- 
tion, and  I  wish  to  call  the  attention  of  American  astronomers  to  this 
interesting  problem.  The  theory  is  simple,,  the  reductions  are  easy,  and  the 
final  calculation  of  the  equations  of  condition  and  their  solution  by  the 
method  of  least  squares  presents  no  great  difficulties.  In  this  problem  the 
astronomer  has  the  satisfaction  of  knowing  that  the  value  of  the  result  lies 
wholly  in  his  own  hands.  It  will  depend  on  tiie  care  and  thoroughness 
with  which  be  has  studied  and  mastered  his  instrument,  and  on  his  skill  in 
making  the  observations.  As  the  quantity  to  be  determined  is  smallj  and 
has  a  period  of  a  year,  it  may  easily  be  masked  by  the  yearly  change  of 
temperature,  or  a  habit  of  observing  diflerently  on  different  sides  of  the 
meridian,  so  that  there  is  ample  room  for  thoughtful  observation.  An 
equatorial  telescope,  having  an  objective  of  ten  or  twelve  inches  aperture, 
and  provided  with  a  good  filar  micrometer  and  a  driving  clock,  is  sufEeient, 
The  excellent  objectives  made  by  Alvan  Clark  and  Sons  are  well  suited  to 
this  work,  since  they  give  clear,  sharp  images  of  the  stars.  Many  of  these  , 
telescopes  arc  now  established  in  dittereut  part-s  of  our  country,  and  perhaps 
a  few  of  them  might  be  used  for  observations  of  stellar  parallax. 
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BY  CHAS.  H.  EUMMELL,  A8SISTA1IT  tT.  8.  LAKE  8UKVEV,   DETROIT,  MICH. 

{OMinued  from  page  9.) 

2.     Let  p{*)  ^  2^*  where  ot+1  >  p  >1.    We  have  then 

J{oo  -f  0/)  ^  (?o. 
But  since  the  value  oaof  x  agrees  witli  the  upper  limit  of  the  x-integnitiou 
and  the  value  0  of  y  with  the  lower  limit  of  the  y-integration,  there  is  no 
oorresponding  correction  by  virtue  of  (10')*.    Since 

(±oo+yfy-'  ^  {x-^ooiT^    ^  Q 
(a±o«+yi)"       (a+z+eoi*)"         ' 

if  m+1  >  p  >  1  condition  (11)  is  fuliiUed  and  we  have  by  formulas  (lO'i ), 
(lOi)  and  (10',) 

p  x'-^dx  ^  2(-a)^i  p-1  p-2      p-2n+l 

x(-or»-,      (ci) 

P    ''-'^fe    =  2(p— IX-g)*-'     ,„i    ,     . p^  p-2       p-^ 
J  _«(a-|-a;)»+i  2»i— 1  ^        1    '^    "•    2n 

x(_a)'-J-i,(c,) 

In  order  to  separate  the  real  from  the  imaginary  we  have  to  transform 
these  iDtegrak  by  (13)*    We  have  then 

Wc  have  then 

^  ODOfiequently^  separating  the  possible  from  the  impo^ible  part 

*Biereod  de  Masn  givesj  la  »ucli  a  ciise^  4*<Z}  for  Lhe  correction  for  diBoontiiiml^r. 


2n— 1 


J  .(o— a!)**      2n— 1  1    •    2       "      3n— 1  ^ 


.(«-*)* 


:=0«0. 


(0* 


The  integral  (c'l)  is  likewise  c^  unless  p  —  f  when  we  have 


r. 


ia+x)* 


1-1-3       3-4n+2    i-2» 


2    4      6 


4ji— 2 


^  ffO^ 


113     5      4n— 5 
2'  4*6  ■  8"*4n— 2* 


Eliminating  the  integral    j 


we 


obtaic 


r; 


In  /  functions  we  have 


dz  _  _y:a^^p — 1  p—2       p—2n+l 


sin  pn     I        2 


/:s^ = '-^i^ = ^^"i^''-^)  '-s^' 


2n— 1 


~p — 1  2w — p — 2 


But 


2n— 2 

p — 2  p — 1 
2    •    1    • 


.(1+^)' 


and  by  the  second  theorem  of  F  functions 


f'{p)r{l — p)=-;- — -,  consequently  (o'^')  pruves  oor- 


reot. 


By  a  similar  transformation  we  have  from  (e^) 


-^.^..-..-.S=l£=?...8^». 


andj  separating  possible  from  impassible  imrts, 


+7:a 


^i*-i 


8iup: 


^p — I  p — 2      p — 2n 


,  (C.) 
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/■  »>-*  dx        _2(p—l) 
,(a— x}"^*  2n— 1   ° 


»>-a 


c»" 


+.a'—^coipnP=l.P:^..P-:^M 


^  to  if  p  >  1 

=  0  if|)  =  l. 

Elimioating  the  latter  int^ral  we  have  also 


^,(o+ipf>      sinpff  1    •    2     "'"^ir' 

This  and  formula  {o")  are  comprised  in  the  following 


6m  pn 
Finally  we  have  from  (c,) 


,p— 1  p— 2      p  — m+1 

~r~'~2        is=:i~* 


(c") 


I      ■ ' cos  PTT  I 


a — X 


=  7r^.*»-l 


0  a+x 

f^x^^dx  „^,     . 

I    — =  ;ra'*  ^ootp;r. 

-^ — -  we  have 


;ra*^ismj):r, 


0  a+« 


Ex.  2.    Required    T  .^f'^jg  ^    „ 

We  auppoee 


y(a-f  wt) 


^-0, 


also  that  f{z)  docs  not  become  iDfinite  for  any  value  between  m  -\'  <fii  and 
— 00+ Of,     The  element  function  can  become  infinite  only  if 

▼!«•,  if  ^1  =  — 6+|/(6^^a^), 

«,  =  -6-1/  (6'+a»). 
1.     For  the  upper  sign  let  i  <  a,  then 

zj  =  —b+ij/{a*—b^ 


m  the  only  value  of  s  coming  into  consideration  for  which 


f{z) 


a*  +  2b2  +  ^ 


=  w,  because  jfi  =^  +»/(a*  —  &*)  is  comprised  between  the  limita  of  the  y- 
inlegnlion,  vix.,  c»  and  0.     We  have  then,  bj  (12), 


—44— 


To  obtain  this  correction  we  have  to  use  (10)  which  beoomeB  here, 
m  =  1| 

r.?^W-''-'+'V(--»'|-'"*t-*+V(a'-»l] 


-6+V(«*— *•) 


-i7(iy,^-'+"^<'>"-''>l 

2.    Let  for  the  upper  sign  b  ^  a  then  the  proposed  integral  becomes 


/Ill's?. -p-^  («.)]• 


•"I 


r 


3*     If  for  the  iipi>er  sign  b  >  a  we  have  two  unequal  real  roots.     The 
'  same  is  the  case  for  the  lower  sign  whatever  the  value  of  a  or  L     We 
then  two  discontinuous  elements,  viz.,  if 

z^  ^  —b^l/{b^Ta^)  +  0.i, 
because  sc^  as  well  aa  x^  are  comprised  within  the  limits  ±  w  of  the  z- 
^tegration  and  ^j  =  ^^  =  0  —  lower  limit  of  the  y  integration.     We  have 
then  to  use  formula  (lOg)  and  obtain 

Ooroilarus.     Let  i  ^  0  in  (d),  then 

_;««+.»  =  a  ^('^'^'  w 

also  let  6  =  0  in  {d*')  for  the  lower  sign  only,  then 

and  if  we  put  a  =  0  iir{rf")  we  have 

These  formuloD  may  l>e  used  for  any  spwM*al  form  of  ip{x)  and  afler  prop- 
erly separating  the  real  from  the  imaginary  we  obtain  a  great  variety  of  in- 
tegrals aa  in  Ex.  I. 


Another  useful  formula  is  obtained  by  assuming  in  (6)  2;,  =  co  ^  y,  and 
2g  =s  0  ^  y^-     ^^  have  then 

/Jtfe[/(x+wi*H/i;a?+0..-)]  =  ifSdy[iai+yi)—J{0+p')-]-J, 
«od  if  J(x-^  Mi)  =:  y(co  +  ytj  =  0,  (11') 

/;?  dwAz)  =  i/%dyS{xfi)+  J.  (12') 

Since  both  iDtegrals  have  the  same  range  of  migration  we  can  write  this 
inmtion  thus: 

/J&:[/(a.)-i^xi)]  =  J.  (12i) 

If  the  element  function  is  par  we  have  also 

/tdx[A^-if[-;>^-]  =  J,  (12',) 

and  if  it  is  par  par  we  have 


or 


r,^M)=T^riM- 


(12',) 


If  the  element  function  is  of  tlie  form  x'^^fijt*),  where  p  is  any  number 
between  such  limits  as  condition  (11')  requires,  we  have 


or 


Jx'"-^dxf[x*)  = 


l—i"        l—(^^ 


2Bm^pK 


(12;) 


2  sin  ^pTC 
This  latter  formula  reduces  to  (I23)  if  p  ==  L 

Ex,  4-      Evaluate  I      ^  ^  ^  f{xf^)  if  ^{x*)  does  not  become  infinite  for 

•-    0a       X 

iny  value  of  x  between  the  limits  and  -P — L  satisfies  (ll'L 

a* — x^  ^      ' 

The  roots  of  the  equation 

a*— z^=0 

I  are  2^  =  o^    ;        «3  =  fi^  ; 

Only  the  roots  z^  =  a(l+Oi);  ar^  =a(0+i)  need  to  be  considered  since 
X  and  y  must  be  positive.     We  have  by  (lOg) 

and  by  (10^") 
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Hence  by  (12',) 


^  =  4S5  «'(«*)(!■ 


-f). 


Let  p{i*)  =  «r"«  then 


^•+y»>* 


^  0,  and  there! 


Ex- 5. 


(ic— -— 9?(x). — Beplaoe  xhy  ±^  then 


u-4/ 


-a^^'irfx 


f(^)- 


0     <»+^ 
This  IS  of  the  form  (I24)  an  J  if  ^(s*)  does  not  become  infinite  between 
limits  cfl  and  0  of  x  and  y,  the  points  of  dt&continnity  are  given  by  the  eq'i 

a  +  2^  ^  0, 
which  has  the  four  roots 


=  /xl«*'^». 


:a*e* 


=  ni«J-'. 


z^  =a*r 


Of  these  only  Zj  ^  a^*(cos  Jr+isin  |;r)  falls  within  the  limitS|  wDoea? 
well  as  y  must  be  positive,     By  formula  (10)  we  have  then 


ie*''* 


This  being  used  for  J  in  (12'^)  we  obtain 


2sbl 


jra 


i^-i 


sm  p; 


;p(— a). 


Let  9?(ar)  =  I,  then  if  2  >  p  >  ]  (11')  is  satisfied  and  we  obtain  the! 
miliar  integral  already  given,  §  4,  Ex,  1  and  2, 

(1 


;ra' 


Q    ti+aj         sm  pK 

[Mr,  Kummell  has  contributed  another  §  to  this  paper  but  for  want 

suitable  type  we  are  not  able  to  insert  it  at  present,  but  hope  to  be  able 

do  so  before  the  close  of  the  present  volume,] 
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801*TJnON  OF  237  by  CHAS,  H,  KFMMELL,  DETROIT^  MICHIGAN. 

We  have 
Placing  6  ^  2f  we  have 


,^  fl- sin  {2n- 1)  (JK+f) 

We  have  sm  rur  =  real  part  of  (cos  a; +  i  sin  a;)'*-=-t 

=  sin  xfrt  cosT-^  ^_n(»— 1)  (n— 3)  ^^^.j  ^ sin^ar-f- 

ApplyiDg  this  formula  we  have  in  (2) 
r^   I      rfyj    {2n — l)sm*^*f ^ — . — s — • — q — sm*^*foorf 


(1) 
(2) 


We  have 


,  2n — 1       2n — 5  -  f^a      a 

+ -^ — . . - —  sm*^^  cos*^^' —  , 

1  o 


Applying  this  formula  term  hj  term  to  (3)  we  obtaiu 

"-1"     i>\_ 7>) ! 3— m 


•].(3) 
(4) 


^w— 1  2n— 3  «-  2  2n— 5  r(7t  —  f  )r(4)  _  ~j 

"•"T"*    3    •    2    •     5 7>)  J 

_r(ft+^>'^r._w— 1  1  ,  n— 1  ft— 2  1  _  -1 

7^1)      L  1    *3"**    1    •    2    *6       J 

r(n)  ^2T(n+iy  '-'jywj 


We  have  then,  by  (1),  u  =  «'-|- Jw  =  w. 
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238.  '*Two  points  are  taken  at  random  in  the  surface  of  a  circle^  radtiis 
r,  one  of  them  being  coufiue<l  to  a  given  nidius,  and  a  chonl  drawn  throijirii 
the  points*  Find  (1)  the  chance  that  the  length  of  the  chord  does  not  ex- 
ceed 2a^  and  (2)  the  chance  that  it  does  not  exceed  the  radius  of  the  circle." 

SOLUTION  BY  ARTEMAfi  MAETIN,  M,  A,,   EDITOR  MATH.  VI8IT0R,  EBIB,  PA, 

1,  Let  0  be  the  center  of  the  eirclej  and  P  one  of  the  random  points. 
Through  P  draw  two  chords,  length  2a,  If  the  other  point  is  taken  in  the 
surface  APCf  or  in  the  surface  JSPD,  the  chord  | 
drawn  through  them  will  not  exceed  the  length 
2a. 

Let  OP  ^  Xf  S  ^  surface  APC  ^  surface  I 
BPD,  m=y'{r^—a^)=Oi:,  and  p^  =the  chance  | 
required. 

We  readily  find  A'^r*co8~^(m-5-a?) — m(a?*-m*}^^  | 

Hence  Pi  ^  J    2SdbH-J    :tT^dx, 

=  ![2..-.  (i)-»-.^fi^^(if±2^/(ji=!f.,.,('_±?)]. 

2,  Taking  a  ^  Jr,  we  have 


239»     **A  can  plant  thirty-six  per  cent  of  his  arrows  within  a  cir 
target  ten  inches  in  diameter  at  the  distance  of  one  hundred  yards ;  B 
plant  sixty-four  i>er  cent  of  his  arrows  within  a  circle  thirteen  and  i 
third  inches  in  diameter  at  the  same  distance. — Prove  that  B's  skill  i» 
greater  than  A's.'* 

SOLUTION  BY  CHAB.  H.  KTOIMFXL. 

Aflfiuming  that  the  marks  made  in  shooting  the  arrows  are  distrihutd 
according  to  the  laws  of  probability,  we  have,  if  /^  is  the  skill  of  A  aud 
A 2  that  of  B,  and  J  any  given  distance  of  a  mark  from  the  centre; 
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Place  hiA  s=  8  and  also  A3  J  :=  9,  that  is,  consider  d  the  variable  of  the 
iDtegration  instead  of  J,  then  we  have 

There  are  tables  of  these  integrals,  for  instance,  Table  IX  in  Chauvenet  s 
Method  of  Least  Squares.     From  this  we  find 

/4IO    =  0.33071,.  *.Ai^  0.033071; 
A^13J  :=  0.64727, .  • .  A^  =0.048545. 
bfore  A,  =  1.4679Ai,  or  B  shoots  1.4679  times  better  than  A, 

SOLUTION  BY  R.  J.  ADCOCK,  MONMOUTH,  ILLINOIS. 

Sinoe  A  ean  plant  -j^  of  his  arrows  within  6  inches  of  tlie  centre,  the 
probability  that  he  can  ^hooi  the  whole  number,  n,  within  that  distance  is 
^»  Hence  in  ecj'n  (4),  page  21,  Vol.  V,  w^here  I  =^  y[pS{dl)-Mi]t  mak- 
ing f  =  5,  and  p  —  7^,  there  results 

which,  by  eq'n  (6)  on  the  same  page  (where  the  sign  of  equality  is  wanting 

after  I  through  a  mistake  in  printing),  is  the  probable  error  of  a  shot  by  A. 

In  the  same  way  we  find  that  the  [)robable  error  of  one  of  B's  shots  is 

(2D|/2)-r6.     Thei^fore  they  must  shoot  with  an  equal  degree  of  accuracy. 

SOLUTION  BY  PROF.  P.  E.  CHASE. 

The  diameters  of  targets  in  which  there  would  be  an  equal  chance  to  hit 
or  miBS,  are 

forA,10^[-,JjeJ-3^J=12.46,. 


-»-f>l[-dfeJ  = 


10.98. 


3\L     log  (1—64) 
B's  skill  is  tlierefore  (12.46  -f- 10.98)  =  1.13  x  A'a. 
The  above  is  based  on  Herscbet's  formula 


if=(J)V 

in  which  M  =  probability  of  missing,  in  any  single  shot,  a  circular  area  of 
radios  r  at  whose  centre  the  shot  is  aimed;  rz^ radius  of  circular  area  with- 
to  which  his  skill  would,  on  the  average  of  an  infinite  number  of  shots, 
enable  him  to  plant  half  the  t^tal  number  dischai^ed.  (Familiar  Lectures 
Scientific  Subjects.     London  and  New  York,  1867,  p.  495.) 
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[If  0  IB  the  origin  and 

will  represent  the  curve 
mB^CBn^  which  is  call- 
ed the  probability  cnrte; 
and,  assuming  the  whole 
area^=l,  if  the  area  OA- 
BC^OA'B'C=\,  OA 
is  cal  I'd  the  probable  error* 

In  the  case  under  consideration^,  suppose  O  to  represent  the  center  of  tlie 
target  at  which  the  marksman  aims,  and  let  Oa  denote  the  radius  of  the 
target,  theo  the  probability  of  hitting  the  target  is  20abC;  and,  for  the 
marksman  A,  there  are  give  Oa^b  inches  and  area  2 Oat Ct=  probability 
of  hitting  the  target)  ==:  0.36  j  and  for  the  marksman  B,  Oa  =  GJ  inchi 
and  area  20abC^  0.64»     But  the  area  20abC  k  represeraed  by  the  iot') 

I      e  d,hx. 

YTZ^  0 

in  which  k  h  the  precision  of  the  marksman  and  is  ^  0,4769  -^TfT  being 
the  probable  error  OA;  and  in  the  table  referred  to  by  Mr.  Kummell  in 
the  foregoing  solution,  the  values  of /ur  are  calculated  for  the  different  values 
of  P.  Taking  from  the  table  the  values  corresponding  to  Pj  =  0,36,  and 
p3^=0.64,  and  dividing  respectively  by  6  and  6g,  we  find  the  precision  of 
A  and  B  as  determined  by  Mr,  Kommell,  and  by  Prof^aor  Kershner  who^ 
solution  is  substantially  the  same  m  Mr.  Kummcll*s. 

The  first  of  the  foregoing  solutions  is  therefore  correct  if  the  hypothesis 
upon  which  it  is  based  is  correct;  i.  e.,  if  the  equation 

(1) 


ty 

1 


— A'x* 


represents  the  relation  between  an  error  and  its  probability. 

In  the  second  solution,  given  above,  the  result  obtained  is  at  variance 
with  the  first.  It  will  be  seen,  however,  that  the  hypothesis  upon  which  Mr. 
Adcock's  solution  is  based  virtually  assumes  that  all  passible  errors  art 
equally  probable.  A  glance  at  the  probability  curve  shows,  however,  that, 
if  equation  (1)  represents  the  law  of  facility  of  error,  small  errors  occur  more 
fre*|uentl>'  than  large  ones.  Moreover  our  experience,  and  probably  the  ex- 
perience of  most  persons,  is  confirmatory  of  that  fact. 

That  Mr*  Adcock  assumes  all  possible  errors  equally  probable,  appears 
not  only  from  his  discussion  at  pages  21  and  22  of  Vol.  V,  upon  which  the 
above  solution  is  based,  but  is  also  deducible  from  his  result  here  obtained. 
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i 


If  we  suppose  a  circular  target  of  radius  8  J  inches  to  have  100  poiots 
uniformly  distributed  over  its  area,  36  of  these  points  will  t>e  within  a  oon- 
oeDtric  circle  of  5  in.  radius  (A's  target)  and  64  within  a  circle  of  6|  in.  ra- 
dius (B*s  target);  which  proves  that,  if  A's  skill  is  equal  to  B*8,  great  and 
small  errors  must  be  equally  probable. 

In  ilie  third  solution  given  above  the  greater  frequency  of  small  than  of 
errors  is  recognized  in  the  use  of  eq'n  (1),  but  by  assuming  that  the 
of  the  error  varies  with  x  [a  fact  included  in  (1)]  and  mnltiplying  the 
difierential  of  P  by  this  factor  a  result  is  obtained  which  differs  from  both 
the  others*     The  reason  for  multiplying  the  diff.  of  P  by  x  is  not  apparent. 

After  the  foregoing  wa^  written,  we  rec'd  from  Mr,  Adcoc?k  the  subjoined 
BcvisioD  of  his  paper  on  Limits  of  Errors  and  his  solution  of  239. — Ed*j 

Revision  op  ^'Limits  of  Errors",  etc,   (P.  21,  Vol,  V,) — Since  "p  =^ 

fi  -i-  ^t:mS{d\)  * . .  (I)  is  the  probability  that  any  point  of  the  total  number 
4rOT5{rfJ)  shall  be  at  or  on  any  point  line  or  surface/' it  is,  when  8(d\)  is  a 
minimum,  the  probability  that  the  point,  line  or  surface  is  in  its  true  posi- 
tion. For  any  other  position  of  the  point,  line  or  surface,  where  the  sum  of 
the  squares  of  the  normals  =  'S(5^),  the  probability  is  y  =  n-=-  4;r77i5{<J^). 

Hence  V -&^^  (2) 

Let  X  equal  the  distance  between  these  two  positions  measured  from  the 
firsts  then   by  my  proposition,  200  (pp.  64  and  91,  Vol.  V),  and  because 
[fit  proposition  may  be  extended  to  include  the  line  and  surface 

S(3?)]""T+c^ar'«'  ^^^ 

The  curve  represented  by  (3)  is  the  true  "probability  curve",  being  that 

imposed  by  the  theory  of  probabilities »     The  ordinate  y  is  the  probability, 

frequency  or  density  of  the  number  of  normals  for  the  abscissa  x.  The  area  is 


^      S\dl}+nx^       l  +  lnx'^-i-l 


f  tfdx  = 


c 


tan    ox. 


Ijei  z  equal  the  number  of  errors  not  greater  than  r,  and  n  the  number 
not  greater  than  /,  then 

(4) 


tan'^ca; z 


the  probability  that  an  error  shall  not  exceed  z,   Eq'n  (4)  satisfacto- 
\  with  the  number  and  magnitude  of  errors  in  actual  observations, 
had  been  examined  by  me. — ^[Revised  solution^  as  follows:] 
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4RmV\5(dfl)* 


»/[SCd?)-n] 


9 
25* 


-1 


4ffTO 


Un         -M20]i        _16. 


9 
16' 


Hence  y  >  2,  and 


ytan-4(20)y 
B'S  skill  is  greater  than  A's. 


240.     "If  the  angles  tf,  <p  and  ^^'  are  connected  by  a  certain  relation  : 

two  of  them  may  be  the  oblique  angles  of  a  spherical  right  triangle,  and  th 
third  will  be  the  complement  of  the  perpendicular  horn  the  right-anglj 
to  the  hjpothenase.  Give  a  geometrical  constriietioQ  ot  the  three  triangle 
thus  connected,  and  find  the  relations  that  exist  between  their  sides." 

8<3LUTION  BY  E.  B.  SEITZ,  GREENVILLE,  OHIO* 

Let  ABOhii  a  tri-reetangular  triangle.    With  any  point  0  in  ABCi 
pole  describe  a  great  circle,  cutting  the  sides  of  ^4-  j 
BC  produced  in  i>,  E,  F,  0,  H,  K,     Draw  the  | 
quadrants  OM,  ON,  OP  through  A,  B,  C.    Then 
the  right  triangles  ADE,  BFG,  C UK  are  the  re- 
quired triangles.  I 

For  let  SkTc  AO  ^^  tf,  arc  BO  =^  f,  and  arc  CO 
^  j^.  Then  since  CEF  is  the  polar  triangle  of 
AOB,  we  have  lAED  z^  im'^—CEF^  if,  and  I 
ZBFG  =  im°  -  CFE=d.  For  like  reasons,  aBGF=4,  CHK  =  c% 
CKA  s  0,  and  ADE  =  v''.  We  also  have  arc  AM  =  90°—/?,  BN=  90** 
—  f,  and  CP  ^  90^  —  jJ.  Hence  the  triangles  ADE,  BFG  and  CI 
have  the  required  relation.  To  find  the  relation  of  the  angles  tf,  ip  and  < 
let  EAM  =  A ;  then  cos  9?  =  sin  tf  sin  A^  and  cos  (}>  ==  sin  ff  cos  A^  whena 
by  squaring,  adding  and  reducing,  we  obtain 

co^6  +  cosY  +  cosY  =  1. 

Because  DABG,  FfiCA'and  HCAE  are  semi-circumferences,  and  Al 
JSCand  CA  are  quadrants,  we  have  AD+BG  ^  BF+CK=  Cff+^J 
^  a  quadrant,  for  the  relation  between  the  sides  about  the  right  angles  1 
the  triangles. 

Again,  since  DE  =  GH,  EG  =  KB  and  HK  ^  EF,  we  have  DE 
FG+HK^^  a  semi-circumf,,  for  the  relation  between  the  hypothenuses. 
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THE  TANGENCY  PROBLEMS. 


BY  PROF-  JOSEPH  H,  KERSHNER,  MERCERSBERG,  PA. 

We  are  indebted  to  the  Mathematical  Collections  of  Pappus  of  Alexan- 
dria for  a  general  account  of  the  Course  in  Geometry  prescribed,  and  partly 
created  by  Apollonius  of  Perga  for  his  pupils,  and  universally  adopted  by 
the  Anetentd. 

The  curriculum  commenced  with  the  Elements  and  Daia^  and  closed  with 
the  Porimnsy  each  originally  arranged  by  Euclid.  After  the  Data^  follow- 
ed the  Books  of  Apollonius  in  order  thus;  The  Section  of  Ratio ^  Section  of 
Spacty  Detemiinaie  Section^  Indinationsy  Tangmciea,  Piune  Locif  divided 
into  two  Books  each.  Of  all  these,  except  a  few  meagre  fragments,  only 
the  ElenimU  and  Data  have  es*m[Ted  the  tooth  of  Time.  Attempts  at  resto- 
ratioD,  by  the  greatest  Geometers  of  later  times,  have  met  with  more  or  less 
success.  The  two  Books  of  Tangencies  were  devoted  to  the  Tangency  Proh- 
Ian  of  Apolloniu?;:  *^  Of  points,  straight  lines  and  eireks,  any  three  v^haiex^cr 
being  given  in  position^  to  draw  a  circle  tlirougk  each  given  point  whioh,  if 
possible,  shall  also  toucJi  Oie  given  lines'  The  Tangency  Problem  of  Pappus, 
l^lpied  as  an  introduction  to  t)»ese,  is  thus  stated:  *^0fp<nnt8,  straight  lines 
WKm  circles^  any  two  whaterer  being  given  in  position  in  the  same  plane^  to 
draw  a  circle  of  given  raditis^  which  shall  touch  the  given  points,  straight  lines 
find  circ/es,^^ 

Fermat  has  skirmished  across  into  the  hill-enuntry  of  Solid  Geometry 
with  Tangencies:  **0f  points,  planes  and  spheres,  some  four  being  given  in 
position »  any  two  «»f  the  same,  and  any  other  two  i)f  any  kind  whatever,  to 
to  draw  a  sphere  which  shall  touch  the  four  points,  planes  and  splicres," 

These  problems  come  down  to  us  with  the  accents  of  the  ages.  We  think 
Df  thera  reverently  when  we  consider  that  a  large  majority  of  all  the  great 
ftiid  good  men  the  world  has  seen  have  labored  at  some,  or  all,  of  the  origi- 
nal Tangency  Problems. 

NoTK. — It  has  been  sugge^sted  that  we  call  the  attention  of  the  readers  of 
iKe  ANALYST  to  such  problems  and  querias  as  have  been  published  therein 
and  to  which  no  solutions,  or  answers,  have  been  given,  so  that  persons  not 
Raring  to  look  over  all  that  has  been  published  may  know  just  where  to 
Sod  acceptable  work  in  that  line. 

Aocordtng  to  our  recollection,  attempts  ha\^e  been  made,  and  published, 
to  solve  all  the  problems  and  answer  all  the  queries,  except  prob,  6S,  p.  63, 
V-  II,  and  the  "Query  by  request"  on  p.  96,  Vol.  V,  An  answer  to  this 
nery  is  specially  solicited;  and,  also,  further  discussion  of  problems  47,  68, 
120,  132  and  169  would  be  acceptable. 


—54— 

Correspondence. — *  *  "I  was  much  interested  in  your  note  on  the 
Correspondence  of  Material  Forms  with  Mathematical  Relations,  published 
in  the  Analyst  of  last  September.  It  gives  a  mathematical  expression  to 
a  theory  of  the  constitotioo  of  matter  that  I  have  long  held,  and  aeems  to 
he  a  necessary  corallary  IVom  the  doctrine  of  the  infinity  of  space. 

"Conceive  the  smallest  atom  known  to  Chemists^  this  may  be,  and  prob- 
ably is,  composed  of  suns  at  immense  distances  from  each  other,  when  com- 
paretl  with  their  own  size;  these  suns  arc  probably  surrounded  by  planeta, 
on  these  planets  organized  beings  with  all  the  phenomena  of  civilizations 
may  be  conceivetl  to  exist,  and  what  would  be  known  as  matter  to  these  be- 
ings might,  in  turn,  have  its  atoms  comix)sed  in  a  similar  manner,  and  so 
on  in  an  infinite  series  downward.  On  the  other  hand,  all  the  star  clnsters 
and  distant  nebol»  known  Ui  astronomers  may  make  up  but  an  atom,  in  a 
portion  of  organic,  or  inorganic,  matter  belonging  to  a  system  of  a  higher 
order*  Pun?uing  this  line  of  thought  we  might  go  on  in  an  infinite  series 
upward.  The  subject  opens  up  a  vast  field  for  speculation,  and  will,  I 
think,  in  the  future,  more  and  more  engage  the  attention  of  science  and 
philosophy." 

[The  foregoing  extract  is  from  a  letter  by  J.  M*  Arnold,  of  Boston,  Mass., 
dated  Jan.  17,  1879,  and,  in  a  subsequent  letter,  he  refers  to  ex-Pres.  Hill, 
of  Harvard  Univer>^ity,  Prof.  De  Morgan,  and  otiicrs,  as  entertaining  sim- 
ilar views,  of  the  constitution  of  matter,  to  those  ejcpressed  above. 

The  very  interesting  paper  read  by  J.  Norman  Lockyer,  and  published  in 
the  American  Journal  of  Science  and  Arts  for  Feb.,  1879,  has,  it  seems 
us,  an  important  Ix^aring  on  this  subject.  —Ed.] 


Note,  by  Prof.  M.  L.  Comstock,  Galesburg,  Il.u — In  Runkle^s 

Math.  Monthly,  Vol.  11,  page  45,  there  is  given  a  collection  of  demonstra- 
tions of  the  47th  Prop*  of  the  tirst  Book  of  Euclid,  28  in  all.  I  apfn-nd 
two,  which  I  take  to  be  original. 

Let  ^4  FB  be  the  right  angled  triangle,  A  CBD  a  sq're  i 
described  on  AR;  then,  from  similar  triangles,  the  fol-  | 
lowing  relations  will  appear. 

1.     AB^  =^  ^AEP+AEFBP+EP 

=  2AE.  EP  +  2EF(EP  +  BF)  +  EF^  \ 

^  2AE.EP  '^2EF,EP+2ERBF-{'EF^ 

=  2AF .  FR  +  2EF,  BF  +  EF\   since  EP  =  FH, 

=  2BF^  +  2EF .  BF  +  EF' 

=    BF^  +  AE^+2EF.AE-\-EF\HinceBF^AE^ 

=    BF'  +  (AE+EFf  =  BF^  +  AF\ 


—Ob- 

2.     AS^  ^  2ADP  +  BrDY=  AE ,  DP  +  EF .  DP 

^  AF.  DP  =  AF(DE  +  EP)  ^  AF{AF  +  EP) 
=  AF^  +  AF.hP=AF^  +  AF.FR^AF^  +  BFK 
In  Todhuiiter's  Spher.  Trig.,  p.  109,  Ex.  16,  it  is  stated  that,  "If   0  he 
any  jjoint  within  any  fii>herical  trianglt*  ABCy  the  prmluet  of  the  si  ties  of 
any  two  sides  and  tlie  Hirie  ot  the  included  angle  is 

minAOsm£OBmCO{cotAOBmBOC+cotBOsmCOA+cotCOiiinAOB):' 
How  is  this  demonstrated? 


Answer  to  Query  at  p.  16,  by  Prof.  C.  M.  Woodward,  WAsinNti- 
TOK  Univ,,  St,  Ia>uis,  Mo. — Let  the  origin  of  coordinates  be  the  centre  of 
the  largest  wheel,  and  let  the  ax- 
is of  A"  pass  through  the  point 
wlu^re  tlje  lace  of  a  tooth  meets 
ilie  pi  tell  circle, 

I^t  P  be  the  tracing  point, 
and  C  the  centre  of  the  roUing 
circle. 

The  equations  of  the  face  of 
the  tooth  are 

x=(R^r)cos0  —  rcOs  (^  +  ''j  0,  y  =  (ii+r)siii#-r sin(^i^'-)tf, 

in  which  8  is  the  angle  between  the  line  of  centres  and  the  axis  of  A'^. 

If  we  designate  by  ^9  the  angle  between  the  radius  vector  to  the  tracing 
point  and  the  axis  of  A",  the  triangle  OCP  readily  gives 

8iu(g  — j9) r 

sin[ff(i2+r)  ^  r  —  /}]  ~  i2  +  r' 

Sich  gives  the  relation  between  0  and  ^, 

It  h  obvious  that  the  addendum  required  is  given  by  the  expression 

vl^'  +  y""]  -  R' 

In  the  given  example,  R  =  0.39  in.,  r  =  0,0325  in.,  {R+r)-^r  =  13. 
The  equation  of  relation  is 

sin(g— 1°.5)    _  J_ 
sin  (13tf— r.o)  ~  13' 
which  gi%*e8,  by  approximation,  #  —  5*^  42'  48", 
Making  the  substitutions,  I  get 

l/[x«  +  i/^]  —  iJ  =  0,0218  in.,  the  addeadtim. 
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SOLUTION  OF  A  PROBLEM. 

BY  GEORGE  H.  HARVILL,  BONNER,  LOUISIANA, 

PrMan. — What  must  be  the  size  of  an  auger  that  wil!  cut  away  just  hnl 
of  a  solid  ball  3  inches  in  diameter,  by  boring  two  holes,  perpendicular  to 
each  other,  through  its  center? 

Solution. — Ijot  r  ^=  radius  of  ball  and  x  ==  radius  of  the  auger.  The  vo 
ume  of  ihe  ball  is  |-Tr*.  The  part  bored  away  will  (?on&is.t  of  the  volum©< 
two  cylindei's,  A BDE  nnd  GKIH  rninus  the  volume  cut  from  one  of  i 
cylinders  by  the  other  plus  the  four  segments  at  the  ends  of  the  two  cylitj 
ders,  which  must  ^  J  of  |;rr'  =  §??/'*.  The  volume  of  each  cylinder-2jt 
X\/{r^—x\  . ' .  that  of  the  two  cylinders  =  4r;t'^|/ (r*— a?*).  The  volttfl 
cut  from  one  cylinder  by  the  other  is  §  the  cube  of  the  diamet-er  of  its  I 
=  ^i2xf  ^  -^x^^     The  volume  of  each  segment  =  lKr^[r —  |/(r*  —  x*)] 

—  j^7:3^l/{r^  —  x'),  hence  that  of  the  four  segments  ^  f"'^[''  —  |   (^  — ^)] 

—  |7ra:*^(r* — a?*).     Hence,  putting  r^l  for  e«*nvenienee,  we  have  theeq'tt 

whence  by  reduction  we  find 

8a^+4;ri/  (1  -x'f  =  3;r. 
Solving  this  equation  by  trial,  I  find  x  =  .474595,  or  a?  =  .4745y5r* 

For  a  sphere  3  inches  in  diameter,  x  ^=  *7 11892  inches. 

If  the  holes  are  cut  with  a  chisel,  instead  of  an  auger,  what  must  l>e  I 
width  of  the  chisel? 


SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  ONE. 


Solutions  of  problems  in  No*  1,  have  been  received  as  follows s 
From  Prof.  L.  G.  Barbour,  245,  24«i,  248;  Prof  P.  E.  Chase,  241,  2427 

243,  246,  247,  249 ;  Prof.  W.  P.  Casey,  241,  242,  243,  245;  Geo.  iM.  Day, 

244,  246,  248 ;  Prof.  E.  J.  Edmunds,' 24 :i,  243,  244,  246  ;  Prot  A.  B.Ev- 
ans, 247  ;  Geo,  Eastwood,  248,  249  ;  Henry  Gunder,  242,  244,  24G  ;  W.  E 
Heal,  242,  243,  244,  246  ;  J.  H.  Hoifstrotn,  242;  G.  J.  Hendricks,  24^ 
Prof  A.  Hall,  248;  Dr.  David  8.  Hart,  246;  Prof  J.  H.  Kershner, 
242,  243,  244,  245,  246,  248,  249;  Prof  D.  J.  Mc  Adam,  242,  248; 
temas  Martin,  246;  E,  B.  Opdycke,  242;  K.  S.  Futaam,  242;  R  Rid 
ardson,  241,  242,  245,  246;  Prof  M.  C.  Stevens,  241,  242,  246;  E,j 
Seitz,  241, 242,  243,  244,  245,  246,  247,  248 ;  Prof  J.  Scheffer,  242, ! 
244,  245,  246,  248. 
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241.  "From  any  point  within  a  parallelogram  to  draw  three  straight 
lines  which  shall  divide  the  pnrallelojL^ram  into  three  etjual  parts/* 

COXSlTtUCTION  BY  PROF.  W.  P,  CASEY,  SAN  FRANCIHUO,  CAL, 

Let  O  he  the  given  point  and  through  it  draw  hg  parallel  to  AD^  and 
dimw  On^  Om  trisecting  the  parallelogmm 
hSCtf;  and  also,  Or^  Op  trisecting  the  I 
pdurallelograni  AligD,  by  a  well  known 
problem  J  then  draw  Ox,  making  the  tri- 
angle Orax  ^  the  triangle  Orp;  then  tht^ 
three  lines  0«,  Ox,  Or  trisect  the  parallel- 1 
o^raixi.  If  the  triangle  OmCbe  less  tliaii 
Orp,  make  the  triangle  OCbs  ^=  their  ditference;  then  the  line  Ox  will  in- 
tersect the  liJie  CD, 

QProf.  Stevens  gives  a  very  elegant,  but  more  com plimted,  construction. 
Mr.  Seitz  shows  that  the  question  is  iudeterminate,  and  therefore  admits  of 
any  number  of  different  eonatructions.] 

242,  ^*The  difference  between  the  areas  of  the  inscribed  and  circums'bd 
cirrles  of  an  equilateral  triangle  is  a.     Required  the  side  of  the  triangle." 

SOLUTION  BY  K.  S.  PUTNAM,  ROME,  NEW  YOKK, 


The  area  of  a  ring  ^  7t{R^ — r^),     R  ;=  AU^ 
r  =  I>E and  AE^—DE^  =  ADK 
We  therefoi^e  have 

K.AD^  =  a; 


"Adapt  I  '{a^+b*)mu\  i/(a4  6)+i   (a— 6),  to  cjomputation  by  the 
liTgarithiiiic  tables*'' 

SOLUTION  BY  W.  £,  HEAL,  WHislKLlNG,  IND* 

re  have  v  (a*+y)  =  av  [1  +<ff  '^  &-^«  =  tan  0     Then 

p£l  -f-(6*-^«*>]=/(l  +tan^^)=9ec  S;  '      -  +log  sec  f^; 
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2,  We  have  v  (a+6)+v  («— *)=v'«-[l/(l  +[ft-»-a])+|/  (*—[*-*"«])]• 
Put  6-i-a  =  ooe  f.  Then  |/[1  +  (6-1-0)]  +  i/[l— (A-r-a)]  =  |/(1  +<»8y) 
+  ^/(l  —  006  ^p)  ==  (oo§  If +BiD  if  ).|/2  =  2  sin  (46°— if ).  (Chauvcnet^s 
Trig.,  Equations  138,  L'59  and  149.) 


244*     "Prove  that  l*+2^+y+4*+ . . .  +n»  =  K^S'— 20a*  +  12j»— .V), 
where  $  =  1+2+3+4+  •.•  +«" 

SOLUTION  BY  E.  B.  SEITZ. 

UWS  =  P  +  2»  +  ;?  +  4»  + +  n«. . .  (1),     AfiBimje 

8  ^  ^i,(#_l)(#_3)(<^6)(»— !0)+^«(#— !)(«— 3)(«— 6) 

+  Ci(4»-l)(t-3)+i)i(t— 1}+#.  (3) 
Whenn==2,  «=    3,  ami  (>i>+.i  =  P+2»  =  613;  . '  .  D  =    8fi. 

**      n  =  3,  «  =    6,  and  90C+30X>+6  ^  P+2^+3*  =  20196; 

.-.  C=  1&6. 
<*      n  =  4,  «  =  ID,  and  262OJ5+03OC+9OX)+1O  =  282340; 

.  • .  B  =    60. 
'»      n  =  6,  t  =  15,  and  1 13400^ +  22680£+2520C+21Oi>+ 15 

=  2235465;  r.  A  =     S^. 
Hence  by  subptitution  and  reduction  (2)  becomes 

S  =  i[16««— 2U«^  +  12»»— 3«»]. 

SOLUTION  BY  HENRY  GUILDER,  NORTH  MANCHEBTEB,  iKU. 

Afigume  l^+2»+3«+  ••• .  +h*  =  a+6n+en'+dn«+  ....  +foi»*.  (1) 
Substitute  n+ 1  for  n,  and  Bubtract,  and  we  get 

(«  +  !)•  =  A+<(7i+ l)'-7»^+d[{n+ 1)*— n»]+  .. .  +^[(n+l)»'»— n"].<2) 
Expanding  (2)  and  equating  the  coefficients  of  like  powers  of  n,  w#*  find 
^=  At  *  =  i.  »  =  f.  A  =  0,i7  =  — A,/=  0,  «  =  J,  (f  =  0,  c  =  -/„ 
6  =  0;  therefore 

l^+2»+3»+  . . .  -  +n^  =  a— ^^n»+i«*-A"*+*ti»+}n*+^^«^     (3) 

Putting  n  ^  1  in  (3),  a  s=  0.  The  second  member  is  easily  put  under 
tlie  form  |[16«*— 20«*+12«*— 3«*],  where  «=  1  +2+3  . .,  +71=  Jn(n+1)* 


245.  "The  three  transversula  A  A'  BB'  CO  of  a  triaogte  ABC  intmo* 
ctich  other  in  one  point,  outtiu^  the  sides  of  the  the  angle  at  A'  B'^  O,  If 
the  angles  BAA\  ACO  and  CBB*  are  equal,  compute  the  traciaveraalf 
AA\  BB\  CO  by  means  of  the  sides  o,  6,  0,  of  the  triangle," 


Let  ABC  represent  the  triangle  and  O  the  point  where  the  transversals 
Produce  the  transversals   tc»    meet 
the  circumscfibing  circle  in  i>,  Uj  F;  iloin 
AUf  BE  and  CF.     Let  the  sJde^  opposit*:^ 
the  angles  A,  B,  C,  be,  resjiectively, '?,  A,  i\ 

Put  BO  =  w,CO  =  II,  AO  =  z.  It  is 
easily  shown  that  angle  BOC  =  A  -h  /i, 
-AOC=5+t;  il07^=^  f  C  Thedau- 
ble  area  of  triangle  isj  ajy  sin  C  4  xz^m-B 
H- vz  sin  Jl  =  6o8in  A.  But  sin  B^=^{b-^a) 
Xsiu  ^,  sin  (7=  (cH-a)sin4;  hence,  l>y 
Bubst^u  and  red.,  cTy-^-bxz+ays  =  ahc,  (1) 

The  double  area  of  BOC  is  Ty  sin  C'^  A^O{x  sin  i>  +  j/  sin  Aj^  hence,  by 
sobstitutiou,  <&c.,  as  above, 

^0'=_^,  hence  ^^'  =  z+A'0^z+ .'^     =  ^Hi^+S^ 
fa+ay  bx+ay  bx+ay 

6a?+ay' 


Simtlarlyi 


BB'  =^ 


,  and  CC  = 


(2) 


62  + cy*  cx-j-at 

The  similar  triangles  ^SC,  AOD,  BOE  and  COis  give 
AD  =  (cy-!-a),  ££  =  (<w-^6),  CF  =  (6x-«-c).     Hence  (because  AD  =  fi£ 
^  CFy,  (ey-H*)  =  (az-*-6)  =  {bx-i-o).     Hence,  by  substitution  (1)  gives 


9  s= 


CUi^ 


y  — 


a»6 


|/(o»6»+oV+6V)* "  ~  y'{a*b*+(^<?+bVy 
Sabstituting  these  values  for  x,  y,  a,  in  (2)  we  get 

RB/  _  oi/(a*6*+aV+6»c») 
""^ P^+p » 

CC?7  ^  6|/(o'6Ha*o^+yC) 


/(a'6'+aV+6V) 


16.      "Show  that  the  sum  of  five  consecutive  integral  square  numbers 
iDot  be  a  square." 
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SOI^ITTION  BY  PROF.  M.  C.  STEVKNS^  I*A  FAYETTE^  INDIANA, 


Let  {a—2Y,  (a— 1  }\  a\  {a+lf  and  (a+2f  be  any  five  consecutive  square 
numbers;  then  h(a^-^  2)  is  their  sum.  Now  as  5  is  a  factor  of  this  number, 
if  it  is  a  square  number  it  must  end  in  either  00  or  25,  and  consequently 
a*+2  must  end  in  either  0  or  5.  But  a*  must  end  in  either  0,  1,  4,  5,  6  or 
9  J  hence  a*+2  cannot  end  in  either  0  iir  h,  and  hence  5(a^+2)  cannot  be  a 
square  numlier. 


247,     ''Three  points  are  taken  at  random  on  the  surface  of  a  circle;  fi^ 
the  chance  that  the  triangle  formed  by  joining  them  is  acute/* 

SOLUTION  BY  PROF.  A.  B.  EVAN8>  IjOCKPORT,  NEW  YORK. 

It  can  easily  be  shown  that  the  probability  required  will  remain  unchan- 
ged if  one  of  the  three  points  be  restricted  to  a  fix- 
ed   point    in    the  circa mference  of  a  circle  wrhosel 
radius  is  unity,  liud  the  other  two  j>oints,  to  the  | 
surliice  of  such  circle. 

In  any  position  of  tlie  three  ]>oints,  let  r  repre-j 
sent  the  distil  nee  from  the  c^^ntre  of  the  given  cir- 
cle of  the  point  farthest  tlierefrom;  the  other  two  points  will  evidently 
confined  to  the  area  of  a  concentric  circle  whose  radius  is  r.  If  />  be  I 
probability  of  an  acute  triangle  when  one  point  is  thus  confined  t-o  the  < 
cumteren^^e  of  a  circle,  radius  r,  while  the  other  two  are  with  in  that  cirelj 
the  value  oi  p  will  evidently  be  independent  of  r.  Making  therefore  th" 
farthest  pohit  move  over  every  point  of  the  area  of  the  given  circle  and,  in 
each  of  its  positions,  giving  every  possible  position  to  each  of  the  other  two 
points,  we  find,  for  eiich  position  of  the  farthest  point,  the  probability  of  an 
acute  triangle  to  be  />.     The  total  probability  is  therefore  evidently  p. 

Let  one  of  the  points,  as  A,  be  fixed  on  the  circumference  of  a  circle,  i 
dius  unity,  concentric  wuth  the  given  circle,  aud  let  the  other  two  points,  j 
and  C,  be  taken  at  random  within  said  circumference,  Liet  p^,  pi,,  pr> ' 
the  separate  probabilities  that  Aj  J5,  C  are  obtuse;  then,  since  the  triang 
can  have  only  one  obtusii  angle,  p  =  1 — (p«+p*+Pe). 

To  find  the  chance  that  A  is  obtuse  fix  5  and  draw  AD  perpendiciili 
to  AB;  then  the  chance  required  is 

area  of  segment  AHD 
area  of  circle 
Let  AO=\,fi=^AB,e=  I  OAB,  and  f-\l  EOF;  then  tfc 
ment  AHD  =  & — am  Ocoe  tf,  aud  the  chance  [d — mn  0  oos  ffy^-n. 
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Now  snppofiifig  B  to  mo\re  over  the  whole  area  of  the  circle,  we  have 
for  the  probability  that  A  is  obtuse 

p.  =  ^  p  p  "^^  V-sin  6  cos  6)f»d0tif 
==^-   p^ff^os'^— fiin^cos'ff)dtf 

Ttnie     2J       4     jr^' 
To  find  the  ehance  that  i?  is  obtuse,  fix  5  aud  draw  £5i^  perpendicular 
to  AB\  theu  the  chance  that  B  is  a<M\jt  is 

area  of  s^mcnt  EHF 
area  of  circle 
Now,  area  of  segment  EHF=^  tf  —  sin  tf  cos  #,  and  chance  ==  (f  —  sin  f 
Coo6  f- )■—«'.     Heni^  the  total  probability  that  B  is  acute, 

♦>     /*  ir    /*2  ens  " 

1^^>/.  :^  ^^\  M  (^— sin  (fcoBtf)ffd6df*. 

"  0        0 

iioe  COS  f  =^  cos  tf  —  /^,  f//j  =  sin  y  fie  and  pdfi  =  (cos  i^— eos  f  )sin  f  df ; 
I  — ^^  =  ^_  I  ^  1        (y^  —sin  f  cos  ^)sin  ^ooe  &^-co8f)dddf 


The  probability  Ujat  Cis  obtuse  is  also  ^| —  (1  -5-  ?r*);  for  p^  and  p^  are 
obviously  6<)ual.     Ndw>  p^+pt+p,  =  f — (4-hi^);  therefore 

p  =  1  —  ( ^^  \  ^       — ^  .  =  the  probability  that  the 

\o     ^  /        ^  " 

triangle  ABC  is  acute. 

Note. — If  three  points  be  taken  at  random  in  a  gitten  planCf  the  proba- 
bility that  they  will  be  the  vertices  of  an  acute  triangle  is  also  (4H-;r*) — 1> 


248,  "If  in  the  plane  of  ry  the  directions  of  the  ibrces  P  and  i^  make 
with  the  axis  of  x  the  angles  a  and  a',  and  the  direction  of  their  resultant 
the  angle  Af  and  if  we  denote  by  p,  p'  and  r  the  per|)endiculars  from  the 
origin  on  these  directions,  we  have  the  relation, 

r8in(a'— a)+p8in(^ — a') +p' sin  (or— -4)  =r  0/' 


ROLUTTON  BY  WALTER  8IVERLY,  OFL  CITY,  PA, 

R  ^  the  resultant ;  then  Pp  +  P'p'  =  Br  •  • .  (1).     Also,  resolving 
parallel  and  |*eriM!ndicultir  to  the  resultant, 
Pco8(a—A)  +  P'cm(A-a')  ==  i? . . (2),  P  Bm(a^A)—P'%m(A -•  a')  =  0. (3) 

^Ellm•g  /e  from  (1),  (2),  P  eos{a—A)  +  P'^(A—a')  =  {Pp+  Py)^r.  (4) 
From  (3),  /*=  P'sin(J.— aO-^8in(a — A),     Substituting  in  (4),  observ- 
ing that  8in(^--a')  cos(a-il)4-oo8(^-a')  8in(a-/l)  =  siD(a-a')  =  -8iD(a'^o}, 
r  sin  (a' — a)+p  ain  (ji — a')+p'8in  (a — ^)  =  0. 
P  SOLHTION  BY  PROF.  ASAPH  HALL, 

LetX  be  the  distance  from  the  origin  to  the  intersection  of  the  directions 
of  P  and  P\  and  a  the  angle  which  this  line  makes  with  the  axis  of  x. 

We  have  p  =  i  sin  (« — a) :  p^  r=  L  sin  (a — a') :  r  =  i  sin  (a — A), 
If  we  put     a?  =  i  sin  a:    y  =r  X  cos  a:     these  equations  take  the  form 
p=:a;cosa — ^ydina:  p'^^cosa'  —  ^sina':  r==^ajoos^  —  yBinA. 
The  eliniinution  of  x  and  y  from  these  equations  gives  the  rclatitm  sought. 


249,  "Representing  the  amount  of  an  insolvent  estate  by  cf,  A  has  s 
claim  ot  a,  B  a  claim  of  b  and  C  a  claim  of  c  against  it.  A's  claim  has  a 
legal  priurUy  over  B*8,  B's  a  [iriority  over  C*8  and  C'»  a  priority  over  A^s. 
How  8hould  the  estate  be  divided?  Consider  the  several  cases  when  the 
estate  is  inhufticient  to  pay  any  two  of  the  claims,  when  it  is  sufficient  to 
pay  any  two,  etc/'  ♦ 

HOLITTION^  BY  GEORGE  EASTWOOD,  SAXONVILLE,  HASH. 

A  can  claim  the  order  of  priority  a,  fc,  c;  let  a',  6',  o'  denote  the  pnrts  ot 
the  estate  d  found  on  that  supposition.     Then 
B  can  claim  b^\  o",  a'' ; 
Now  o'-f  a"+a'"  ==  A's  relative  claim; 

6'+6''  4.6'"  =  B's 

The  8um  of  these  is  obviously  equal  to  3d.     Hence 

J(a'+<i''+a''')  ==  A's  portion,  (I) 

iK+c"+0'")   =C'8  «         .  (S) 

Ex.  Suppose  A'  claim  (a)  ^  $500;  B's  claim  (6)  =  $300  j  Cs  claim 
(o)  =  1200,  and  the  estate  (d)  =  $400.     Then  A  can  claim 

1400  0  0/'^*^"^'^'"*i300  100  0^;'^^^"^^^°*\200200  0   /' 


C  can  claim  c'",  a'",  6'". 


«< 

« 


t>y  (1)  A's  portion  .=  | (400 +  000 +200)  =  200, 
"  (2)  B's  portion  ^  J  (000 +  300 +  000)  =  100, 
"  (3)  C's  portion  =  j^OOO  + 100+200)  =    100. 

Net  estate  (d)  =  1400. 


PROBLEMS. 


250*  By  L,  Regan,  Boon^boro,  Iowa, — Divide  the  line  AB^  geometri- 
cally, into  three  pailfi  that  shall  be  in  harmonic  proportion. 

261,  By  Dr,  H.  Eggers,  Milwaukee.,  WUc&n^in.^Show  that  when  the 
two  lines,  which  bisect  two  angles  of  a  triangle,  are  equal  the  triangle  is 
i&omseim, 

252.  Hy  W.  E.  Heat.,  Wheeling,  hifi, — If  the  roota  of  a  given  ruble 
equation  l>e  not  real  and  positive  show  that  the  equation  can  be  ti-ansformed 
into  another^  of  the  same  degi*ee,  in  which  all  the  roots  are  real  and  positive. 

253-  By  Pbop.  E.  J.  Edmunds,  New  0rl£an8,  La. — If /(z)  be  a  fiiuction 
whose  roots  are  all  real,  show  that  the  differential  of  the  seoond  order  of 
that  function  has  all  its  roots  imaginary, 

2-j4.     By  Artemas  Martin,  M,  A.,  Ei^e^  Pa. — Integrate 

dl  =  xE(e,  x)dx, 
where  J9[€,  x)  denotes  an  elliptic  arc,  ecoentricity  e  and  abscissa  t, 

256.  By  Prof,  Johnson. — I.  In  a  triangle  .4J5C the  an^le  A=f+a^ 
B  =:  2f',  supposing  ^B  to  remain  fixed,  while  f  varieS|  it  is  required  to 
find  the  rectangular  equation  to  the  locus  of  C,  and  the  equations  to  the 
asymptotes. 

2.  With  the  same  data  as  above,  taking  A  as  the  origin,  and  AB  as  the 
axis  i>f  x;  let  a  =  45°,  and  find  the  envelop  of  a  straight  line  which  pas- 
aee  through  Cand  makes  an  angle  4^^+90**  with  Az, 

266.  By  Prof.  H*  T.  Eddy,  CinmnnoH,  Ohio. — If  the  given  quanti- 
ties Xj,  ^j,  ^si  ^4  have  the  probable  errors  r^,  r^^  rg,  r^p  respectively,  find 
the  probable  error  r  of  the  quantity  x  when  Xj  :  x^   *•  ^^^^  •  X4+Z, 

267.  By  E,  B,  Seitz,  Oreentnlle,  Ohio.  —  Within  a  tf 
lermine  a  point  P,  such  that  m.P^+n.P^+r,PC  shall 
%  r  being  ooni^ants. 
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258.  By  J.  M.  Arnold,  Bodon^  Mass, — The  Balance  of  a  watoh  is 
slightly  heavier  on  one  fiide  than  on  the  other.  When  the  watch  is  placed 
vertically  with  the  jiendant  up,  the  heavy  point  ia  at  the  lowest  side  when 
the  balance  is  at  rest. 

If  the  watch  be  started  with  a  small  arc  of  vibration  the  rate  will  be 
much  faster^  in  the  vertical  position,  with  the  pendant  up  than  with  the  pen- 
dant down.  If  the  motive  power  be  increased  so  that  the  arc  of  vibration 
becomes  large,  say  one  and  a  half  revolutions  or  270*^  each  side  the  point  of 
rest,  it  will  be  found  to  go  faster,  in  the  vertical  position,  pendant  down 
than  it  does  with  the  pendant  up. 

What  arc  of  vibration  must  be  given  the  balance,  so  that  its  rate  sliall  be 
the  same  in  any  vertical  position  ? 

Query  L  By  Prof.  Hall.— WTien  we  d^cend  below  the  surface  of 
the  Earth,  does  the  Earth *s  attractive  force  increase  or  diminish? 

Query  2.  By  Mr.  Kummell*^ — Let  oos'p  be  the  probability  of  a  sin- 
gle event,  hence  sin'^  that  of  its  non-occurrence.  Supposing  m  simultane- 
ous events  of  either  kind,  then  we  have  for  the  mean  square  of  the  difFerenoe 
in  number,  after  an  infinite  number  of  trials,  the  expression: 

§i  =  ooe'^f (m)*-h  y  oQa^~^y  sin*<p(m-2f -{■  -.    ~  cos**"^  siu  *f(mr-4j 
±  1     ^ 

+*J/'^.  •  /i!::!!llooi,*-*'^  8inXm-2n)V. .  .8in»-^(^m)*^m(sia"  2^w 

Since  m(oos^^ — sin^)  ^  m  oos  2^  is  the  most  probable  difference  in  til 

number  of  the  two  kinds  of  events,  we  have  sin  2y  j/?n  for  the  mean  er 
with  respect  to  the  mast  probable  difference.    How  is  this  proved  other 
than  by  induction? 


FUBLICATIOm   BECEiVElL 


Pk%f*ieMl  and  McUhefnaHtiai  Principles  af  the  N^tdar  Theory;  10  pv^gen,  8vo: 
Thr-  (Jrigin  of  the  Power  u*hich  OitM*ki  (A^  StcUnr  Radiaiittw;  10  pagei^  S^vo: 
EkmentJs  of  Sidr^ral  AMrofutf/iy ;  7  puges^  8yo;     By  Jacob  Enntk,  A,  M.,  Profoaaor  of  ^a 
ral  Science  in  the  State  Normul  School,  Shippeiiabtirg,  Pa, 

ERRATA, 


On  page  47,  line  5,  iri**ri   I  liefore  the  %ign  of  integnidoti, 
"     "      "      "    7,  multiply  the  term  under  the  iiigu  af  ititei^mtloa  by  d^* 
u     u      «       u     9,  for  fi— 3,  read  ft— 2. 
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ON  THE  DEVELOPMENT  OF  ip  +  {l—p)T^ 


BY  E.  L.  DE  POUEST,  M,  A,,  WATERTOWN,  OONK, 

It  is  well  kuown  that  when  p  and  q  denote  respectively  the  probabilities 
that  an  event  will  happen  and  that  it  will  fail  to  happen,  in  a  single  trial, 
80  that  p  -}*  g  =2  1,  tjien  if  m  trials  are  to  he  made  independently  of  each 
other,  the  m+l  terras  of  the  development 


(p+5)«  =  p-+™  p-i5+^«^-^p-V+ ....  +9", 


(1) 


are  the  several  probabilities  that  the  event  will  happen  any  number  of  times 
from  m  down  to  0,  and  that  it  will  fi*il  to  happen  a  corresponding  number 
of  times  from  0  uj)  to  m,  (See  for  instance  Merri man's  Least  Squares,  p.  123.) 
The  terms  of  the  series  increase  in  value  from  either  extremity  toward  an 
intermediate  point  where  they  attain  a  maximum.  If  we  regard  them  as 
equidistant  ordinates  to  a  curve,  then  as  m  is  increased,  the  form  of  this 
curve  approximates  rapidly  to  the  probability  curve 

y=ce        , 
and  this  is  found  to  be  the  limiting  form,  when  m  becomes  infinite.     I  pro- 
pQflt  here  to  demonstrate  it  in  a  manner  rather  more  simple  than  any  I  have 
met  with,  and  also  to  consider  some  points  not  usually  noticed  in  connection 
with  it. 

L#et  the  terms  of  the  development  be  denoted  by  y^^  ^n  y^  Ac*j  bo  that 

(p+qT  =  yo+^t  +ya+  •  •  -  •  +y- 

Oympartog  this  with  (1)  we  see  that 

y©  P        '        yi  2p  '       ya  3p 


in  general 


y<^i— y<  _  q{m—i)_ 


-1, 


(2) 


When  ffi  is  denoted  simply  by  3/,  and  the  cotisfant  inter\^al  between  ( 
ooDsecutive  ordinates  is  Jx^  and  the  origin  is  taken  at  the  first  term,  the 

yi+i— yi  =  %i  x  =  idx, 

and  (2)  reduces  to 

4y (gm — p)Jt — X 

Y  ~      p(x+Jx) 
The  largest  term  in  the  series  (1)  is  that  term  whose  rank  is  f  ^^  jtn^tfl 
can  be  ascertained  by  trial  in  any  particular  case  where  ^  is  a  whole  m 
ber,  and  also  by  considering  that  the  term  in  question  is  then 

being  the  probability  that  the  event  will  happen  pm  times  and  fail  gtn  tio 
while  the  terms  next  pi-eceding  and  following  are 

r(m+l)       ^-i^^i^ 

r{pm)r{qm+2)^ 

Dividing  each  of  these  two  by  the  former,  we  find  the  quotients 

P^      and     -  ?^^, 
qm+r 

We  can  always  make  qm  a  whoIeUno 


r(pm+2)r{qm)^       ^ 


pm+1 
both  of  which  are  less  than  unity. 
ber  by  taking  m  suflScieotly  large. 

In  (3)  let  the  origin  be  transferred  from  the  first  term  in  the  series  to  \ 
greatest  term,  by  putting  x+qmJx  in  place  of  x;  then 

^  —      — (a?+p^g^  (fl 

y        p{  qmJx + a; + Jx)' 

If  m  becomes  infinite,  and  the  successiv^e  ordinates  are  set  close  togeth*^ 
60  as  to  be  consecutive,  then  at  the  limit  Jx  and  Jy  become  dx  and  cly,  ^^ 
dx  and  pdx  vanish  in  comparison  with  x,  so  that  (4)  reduces  to 

y       p(qmdx  +  xf 
To  find  the  equation  of  the  curve  from  this  by  int^ration,  we  mnst 
serve  that  the  roles  of  the  integral  calculus  presuppose  that  a  diflferenti 
infinitely  smaller  than  the  Junction  from  which  it  is  derived.     If  the 
merator  dy  io  the  first  member  is  to  be  infinitely  smaller  than  the  denonr^ 
nator  y,  it  will  follow  that  in  the  second  member,  the  numerator  x  mi^^ 
be  infinitely  less  than  qindx-^Xj  and  consequently  the  x  in  the  denoniina* 
is  infinitely  less  than  qnidx,  and  may  be  neglected,  so  that  we  may  wril 

dy — X 

J~^^x 


mnoe  a?  is  finite,  it  caoBOt  be  infinitely  less  than  pqmdx  unless  mdx 
Suite,  and  this  cannot  be  uraless  m  is  an  infinity  of  the  second  order, 
i%  of  a  magnitude  comparable  to  l^idxf.  To  make  it  such,  we  must 
poee  that  the  series  extends  throughout  the  whole  infinite  length  of  the 
i  of  JC  For  dx  is  the  interval  between  any  two  consecutive  terms  or  or- 
ites,  and  it  is  contained  co  times  in  a  finite  distance,  say  the  unit  of  ir, 
this  unit  is  contained  oo  times  in  the  whole  axis  of  X,  so  that  dx  is  con- 
oo^  times  in  the  whole  axis,  and  thus  the  whole  number  of  terms  in 
I  series  becomes  m+1  =  cso*-f  1     Le  (6)  then  be  written 

dy — xdx 

y        pqm{dxf 

The  denominator  of  the  second  member  does  not  vary  with  x>  and  m{dxY 
I  a  ooostant  and  finite  area.     We  will  express  the  denominator  by  means 
a  new  constant  h^  so  that 

k  =  l-^[dxi/{2pqm)l  (8) 

(7)  becomes 


(7) 


^  =  —2k^xdx, 


— A>x» 


lind  integration  gives  log'y  =  — /tV  +  log'c;  * ' .  y  ^  ce        *  *  (9) 

Since  ^4-?  '=■  1|  we  have  (p  +  5)*  =  1,  and  the  sum  of  all  the  terms  in 
Ae  geries  (1)  is  unity,  wherefore  the  sum  of  all  the  consecutive  values  of  y 
]k  the  curve  (9)  is  also  unity,  if  that  curve  fully  represents  the  limit  of  the 
f  ieries.  Multiplying  the  sum  of  the  ordinates,  and,  unity,  each  by  daj,  we 
hsLve  the  condition 

/OB  f*ta      h^%^ 

ydx  ==  etc;  .  • .  0 J       e  dx  ^^  dx.  (10) 

The  known  value  of  the  definite  integral  here  is  |/ffH-A,    Thus  (10)  de- 
Cennines  the  constant 

0  =  Ad»~|/7r,  (11) 

and  snbetitating  it  in  (9),  we  get 

(12) 


hdx  - 


the  final  equation  of  the  limiting  curve.  We  infer  from  (8)  that  k  is  the 
redprocal  of  a  finite  line,  so  that  AV  is  an  abstract  number,  and  finite  as 
loog  as  X  IS  lini(e.  It  follows  that  y  is  an  abstract  number^  as  a  probability 
ihauld  be,  and  is  an  infinitesimal  of  the  first  order. 

Let  t  now  be  reckoned  as  x  is,  from  the  place  of  the  maximum  probabil- 
ify.  As  before,  x  ^  %4x  and  at  the  limit  x  =  idx.  Substituting  in  (12) 
ihia  value  of  x  and  also  the  value  of  A  from  (8),  we  find 
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suit, 

I 

m  nr    > 


y^{2npqm)     e  .  (13) 

When  an  iDfioite  number  m  of  trials  are  made^  the  most  probable  result^ 
as  we  have  seen,  is  that  the  event  will  happon  pm  times  and  fail  qm  tii 
and  (13)  gives  the  probability  that  it  will  happen  exactly  pm+i  times 
fail  qm — i  times.  This  formula  holds  good  approximately  also  when 
a  large  finite  number,  provided  that  t  is  considerably  smaller  than  pm  or 
gm,  a  proviso  which  results  from  the  fact  that  m  in  the  formula  is  an  infin- 
ity of  the  second  order,  while  i  is  an  infinity  of  the  first  erder,  since  t  =  x 
-r-rfar,  and  x  is  finite. 

Since  3^  is  the  probability  that  the  number  of  times  the  event  bappeofi 
will  deviate  from  the  most  probable  number  pvi  by  a  certain  number  t,  we 
may  regard  x  =  idx  as  a  deviation  of  position^  or  error  of  position,  and  re- 
gard y  in  general  as  the  probability  that  any  observed  quantity,  subject  to 
accidental  c^iuses  of  error,  will  deviate  from  its  most  probable  value  by  a 
certain  quantity  or  error  x*  Equation  (12)  then  is  the  equation  of  the  prob- 
ability curve,  expressing  the  law  of  facility  of  error. 

Let  both  its  members  be  divided  by  dx,  which  is  equivalent  to  multiply- 
ing them  by  a  constant  and  infinitely  large  quantity.  Denoting  y-^dx  by 
Yg  we  have 


Y  = 


(" 


i  evi: 


and  since  y  is  an  infinitesimal  of  the  first  order,  Fis  finite.    This  is  what 
is  commonly  known  as  the  equation  of  the  probability  curve,  but  it  is  i 
dent  that  here  the  probability  of  the  error  x  is  not  the  ordinate  F,  but 
elementary  area  Ydz  =  y.     The  whole  area  of  the  curve  is 


j:. 


Ydx  =  L 


The  probability  that  any  error  which  occurs,  when  tal^en  without  regi 
to  sign,  will  not  exceed  a  certain  limit  Xj  is  the  sum  of  the  probabilities  of 
all  the  errors  from  — x  up  to  +ar,  and  e^juals  the  area  of  the  curve  betw< 
those  limita,  or 

P=Are-*'"dr.  (16) 

If  we  put  hx  :=  i^  then  dx  ^  di-^-K  the  limits  a;=±a?  become  «==±i 
and  Y  being  a  function  of  ^  the  curve  is  symmetrical  on  each  side  of  tl 
origin,  so  that 

All  worts  on  probability  contain  the  values  of  this  integral  arranged  il 
a  table,  enabling  us  to  find  P  for  any  given  value  of  the  argument  t  =  h 


;  follows  from  (8)  also  that 

i    ^  i^^/{2pqni\  —  (17) 

so  that  such  a  table  will  give  the  smii  of  2t  values  of  y  in  (13),  being  the 
approximate  probability  that  when  a  large  finite  number  m  of  trials  are 
made,  and  i  is  an  integer  or  half-int<^r  much  smaller  than  -pm  or  qm^  the 
Dumber  of  times  the  event  will  happen  will  be  one  of  the  group  of  2i  con- 
secutive int^ers  the  middle  of  which  falls  nearest  to  the  number  pm. 

We  have  hitherto  supposed  the  constant  A  to  be  determined  from  (8)  in 
terms  of  m,  but  in  applying  the  theory  of  probability  of  errors  it  generally 
happens  that  there  are  given  only  a  certain  finite  number  of  obser%'ed  errors 
or  deviations  from  the  true  value  of  a  quantity  or  from  some  value  which  is 
regarded  as  the  most  probable  one,  while  the  whole  number  m  of  different 
possible  errors  is  infinite  or  at  least  unknown.  To  find  h  from  the  observed 
errors,  the  best  course  generally  is  to  compute  the  *'mean  error'',  or  as  it  has 
been  more  properly  called,  the  qi^drcdk  error,  which  is  defined  to  be  the 
square  root  of  the  mean  of  the  squares  of  all  the  observed  errors.  In  the 
most  typical  case,  when  the  number  of  observed  errors  is  yory  large  or  in- 
finite, the  square  of  the  quadratic  error  is  the  quotient  arising  from  dividing 
the  sum  of  the  squares  of  all  the  errors  by  the  whole  number  of  errors, 
tiiat  is 

•«r=  P  x'Ydx^r    Ydx,  (18) 

•/    -80  *^    -CO 

each  error  x  being  supposed  to  occur  a  number  of  times  proportional  to  its 
probability  Ydx.  The  value  of  the  divisor  here  is  unity,  as  wc  have  seen. 
The  dividend  is 


dx 


fie       dL 


h    f*     ,  -hH 
I      arc  -        ax  =  x*^r^ 

This  last  definite  int^ral  is  known  to  have  the  value  ^yJt,     The  quad- 
tic  error  then  is 

e  =  l^Ai/2;         . ' .  A  =  l-^£|/2.  (19) 

Since  ^  is  the  mean  of  all  the  observed  values  of  x",  and  x  =  idx,  it  fol- 
lows that  (c  *^  dxY  is  the  mean  of  all  the  observed  values  of  ?,  Substitu- 
ting in  (19)  the  value  of  h  from  (8),  w^e  get 

%^dx  i^ipqni) ;         r  ,  t-r-dx  ==  \/(pqm),  (20) 

This  is  the  square  i^jot  of  the  mean  of  the  values  of  i*in  (13),  bearing  the 

relation  to  deviations  i  from  the  most  proltable  number  pnif  as  e  bears 

^dmations  x  from  the  most  probable  value  of  any  observed  quantity.    It 

b  of  use  in  statistical  investigations.    (SmUhsonian  Report  of  1873,  p.  334.) 

The  constant  h  has  been  called  the  "measure  of  precision",  because  it  va- 

Bversely  as  the  quadratic  error;  but  in  point  of  fact  the  accuracy  of  a 


J 
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set  of  observations  is  usually  estimated  by  the  probabk  error ^  defined  to 
that  error  r,  which  occupies  an  intermediate  position  among  all  the  observed 
errors  taken  without  regard  to  sign,  so  that  for  an  infinite  number  of  errors 
the  number  greater  than  r  is  equal  to  the  number  less  than  r,  and  the  prob- 
ability that  any  error  which  occurs  will  be,  for  example,  less  than  r,  is  }. 
By  interpolation  lu  a  table  of  values  of  P,  the  value  of  t  =  hz  corresj 
ing  to  P  —  J  18  found  to  be 

hr  =  0.4769, 

and  substituting  the  value  of  k  from  (19)  we  get 

r  =.6745e,  (21) 

by  which  the  probable  error  is  computed  from  the  quadratic  error.  We  al- 
so have  by  (20) 

r-=-da?  =  S7-i5i/(pqm%  (22) 

which  is  the  probable  or  intermediate  value  of  i,8o  that  it  is  an  evea  chance 
that  the  event  will  happen  a  number  of  times  not  deviating  from  the  most 
probable  number  pm  by  more  than  this  pi-obable  value,  when  a  large  num- 
ber m  of  trials  are  made. 

It  should  be  noticed,  however,  that  the  series  is  in  general  symmetrical 
on  both  sides  of  the  maximum  probability  or  axis  of  1",  only  when  m  i^^ 
infinite.  If  m  is  finite,  the  terras  of  the  series  are  not  identical  on  opposid^^ 
sides  of  that  axis,  and  the  probable  error  or  deviation  is  somewhat  greater 
on  one  side,  and  less  on  the  other,  than  the  value  which  (22)  gives.  It  is 
greatest  on  that  side  which  is  toward  the  more  remote  end  of  the  series. 
But  in  the  special  case  where  j9  ^  g  =  ^,  the  maximum  term  is  iu  the  mid- 
dle of  the  series^  and  the  probable  errors  are  alike  on  both  sides,  whether  m 
be  infinite  or  finite.  One  of  the  usual  elementary  proofs  of  the  law  of  prob- 
ability demonstrates  it  as  the  limit  of  the  development  of  (J-fJ)^,  (See  for 
instance  Price's  Calculus^  Vol.  II,,  p.  376.) 

Let  us  now  return  and  consider  the  validity  of  our  treatment  of  formula 
(5),  from  which  (6)  was  obtained  by  neglecting  the  finite  x  in  ooraparison 
with  the  infinite  qnidx,  where  mdx  represents  the  whole  length  of  the  ax; 
of  X,  or  the  whole  distance  ocxjupied  by  the  series  (1)  when  m  is  an  infini 
of  the  second  order.    It  is  evident,  in  the  first  place,  that  dy  is  not  infinitel; 
smaller  than  y  in  everj^  part  of  the  series.    On  the  contrary,  it  is  sometime 
of  a  magnitude  equal  or  comparable  to  that  of  y,  and  sometimes  even  infi- 
nitely greater  than  ^,  as  appears  IVom  (5). 

When  we  put  successively  z  ^^  — qmdx  +  a,  a?  =  pmdx — a,  where  a  k 
finite  and  represents  distance  from  either  end  of  the  series,  (5)  becomes 

dy^qmdx-^a       ^^^  dy 
y  ap  y 


_  tpmjdx — a  \ 

\pmdx — ap) 
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As  mdx  is  infinite,  ^y-^y  is  infinite  in  the  one  case  and  — 1  in  the  other, 
allowing  that,  of  two  cxjnsecutive  ordinates  at  any  finite  distance  from  either 
end  of  the  series,  that  one  wliich  is  nearest  the  end  is  infinitely  smaller  than 
the  other  one*  Therefore,  in  going  from  either  end  toward  the  middle,  the 
ratio  of  dy  to  y  passes  from  infinity  at  any  finite  distance  from  the  end, 
through  intermediate  and  finite  values,  dow^n  to  infinitesimal  values  for  any 
finite  distance  from  the  point  where  y  is  a  maximum ;  and  it  is  only  to  this 
latter  region  that  formula  (6)  applies*  Have  we  a  right,  then,  to  say  that 
the  terms  outside  of  this  region  are  so  small  that  their  sum  is  infinitesimal^ 
and  that  the  sum  of  the  terms  within  it  is  therefore  equal  to  unity?  For 
we  assumed  this,  when  we  determined  the  constant  c  in  (9)  by  the  condition 
(10).  It  would  hardly  seem  to  be  self-evident,  but  there  are  facts  which 
confirm  its  truth,  and  one  of  them  is  reached  by  computing  the  quadratic 
error  for  a  finite  series,  as  follows. 

Id  (1)  let  p,  q  and  m  have  any  consistent  values,  for  instance 

P  —  h        'l=^h        m  =  4, 
that  (p+9)"  =  ^(1  +  8  +  24+32+16), 

The  second  member  is  a  series  of  five  fractions  which  are  the  probabili* 
lifis  of  the  five  different  possible  results,  and  may  be  represented  by  equi- 
at  ordinates,  the  constant  interval  between  them  being  dx.  Let  the 
origin  be  taken  at  the  point  whose  distance  from  the  first  ordinate  is  qmdx 
^  JJjr.  This  point  falls  two  thirds  of  the  way  from  the  term  24  to  the 
n€j:t  term  32.     The  negative  errors  or  deviations  then  are 

-|Jx,     -|Jx,     -fJi^, 
and  the  po«$itive  ones  are  \dx^    fJo?. 

The  square  of  the  quadratic  error  is  the  mean  of  the  squares  of  all  the 
ars,  each  one  being  supposed  to  occur  a  number  of  times  proportional  to 
y,  60  that 

,f  _  iV[l(|y+  8(f )»+24f  |)H32(^)H  1 6(f  )^(  Ja^)^ 
^1+8+24+32+16) 
from  which  we  find 

i*=  ^{dxf  =  pqni{Jx)K 

Iq  like  manner,  for  all  other  consistent  values  of  p,  q  and  m  which  have 
been  tried,  it  has  been  found  that  the  quadratic  error  is  invariably  Jx\/{pqm), 
Hence  we  infer  that  at  the  limit,  when  m  is  an  infinity  of  the  second  order, 
and  Ax  is  reduced  to  dx 

«  —  dx^{pqm). 

But  this  is  the  value  which  has  already  been  found  in  (20)  by  integrating 
from  the  probability  curve.  In  other  words,  the  summation  of  2?y  for  the 
uholf  of  the  infinite  series  giv^  the  same  result  as  its  summation  from  the 
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curve  (12)  which  can  r€pT€seDt  tnily  only  a  portion  of  the  series;  whik  i 
sum  of  y  is  unity  in  both  cases.    We  conclude  then  that  in  all  those  portioiB^ 
of  the  infinite  series  to  which  (6)  and  (12)  do  not  apply,  the  terms  y  aieio 
small  that  the  total  of  s^yj  and  consequently  the  total  of  y,  is  infiinitesin 

This  method  of  finding  the  expression  (20)  for  the  qudaratic  error  indao- 
tively  from  the  finite  series  is  one  which  I  have  not  seen  in  any  of  the  pub 
lished  works  on  probability. 

I  take  this  opportunity  to  make  a  correction  in  my  article  on  the  Limit 
of  Repeated  Adjustments  (Analyst,  Sept,  1878),  where  the  curve,  whiiee 
ordinates  y  are  the  coefficients  of  the  limiting  resultant  formula  of  adju 
ment,  was  shown  to  be  a  probability  curve,  or  a  higher  curve  of  analo 
nature,  and  tlie  condition  that  the  sum  (»f  all  the  consecutive  ordinates  mn 
be  unity  was  employed  in  determining  the  constant  parameters  of  the  curv€ 

This  condition  was  regarded  as  being  expressed  by 


r.. 


whereas  it  should  have  been 

1   /** 

dxJ  J^  =  '' 
as  we  have  seen  in  connection  with  formula  (10)  of  the  present  paper- 
consequence  is,  that  the  expressions  for  y  obt^iined  in  formulas  (10),  (14)  and 
(19)  of  the  article  referred  to,  are  really  expressions  for  F=y^da?j  and  the 
numerical  values  given  for  y  in  Tabk*s  I.  and  HI.  are  really  values  of  1'. 
The  correction  is  one  that  affects  the  theory  of  the  matter  rather  than  the 
practical  result,^  obtained.  It  has  been  a  fault  of  long  standing  with  wri- 
ters on  the  probability  curve,  to  slur  over  the  distinction  between  tlie  infid^ri 
itesimal  probability  here  denoted  by  y  =  Ydx^  and  the  finite  onlinate  ^^ 
which  is  proportional  to  y.  When  y  is  regarded  as  an  ordinate,  it  belonj 
to  a  curve  w  ho^e  total  area  is  dx ;  but  Y  belongs  to  one  whose  area  is  uni 

It  may  bcw^ell  to  add  a  remark  upon  the  three  formulas  (6),  (7)  and  (8) 
the  article  referred  to,  wiiere  k  represents  the  numl>er  of  applications  of  the 
adjusting  process,  and  is  sup|>o9ed  to  become  infinite  at  the  limit.    The  infi] 
ity  in  these  three  crises  must  be  of  the  second,  fourth  and  sixth  orders  resj 
ively,  as  appears  from  considerations  similar  to  those  arising  in  formula  (I 
of  the  pn^sent  paper,  where  m  becomes  an  infinity  of  the  second  onler*    Th< 
cannot  well  be  any  limit  to  the  increase  of  an  abstract  number.  If  the  utto^ 
ber  oo  is  a  supposable  quantity,  then  co^j  co*  and  co*^  are  supposable  alsa 

For  example,  if  dx  is  contained  co  times  in  the  unit  of  x^  and  this  unit 
of  a;  is  contained  oo  times  in  the  whole  axis  of  A",  then  dx  is  contained  co* 
times  in  the  whole  axis  of  JT,  and  (r^)^  is  contained  oo*  times  in  the  infinc 
plane  XY,  and  (dx)*  is  contained  csa*  times  in  the  infinite  space  XYZ* 
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The  concrete  result  lu  the  three  cases  of  adjustment  appears  to  be  this, 
that  for  a  finite  number  of  applications,  the  limiting  form  is  approached  more 
rapidly  in  the  first  case  tlmn  in  the  seix)nd,  and  more  rapidly  in  the  second 
than  in  the  third.  Thus  under  the  first  case,  p,  133,  the  coefficients  for  only 
16  applications  approach  the  limiting  form  more  nearly  than  the  coefficients 
for  32  applications  do  under  the  second  case  at  p.  138,  the  limit  being  ap- 
parently farther  off  in  the  latter  case. 

Note. — ^WT^en  a  series  is  adjusted  by  two  formulas  successively,  as  at  p. 
66  of  Analyst  for  May  1878,  where  the  two  are  denoted  by 

me  coefficienta  in  ^e  resultant  formula  are  the  same  as  those  which  belong 
lo  the  several  powers  of  a;  in  the  product  of  the  two  polynomials 

This  property,  which  I  did  not  perceive  at  first,  systematizes  the  matter 
and  simplifies  it  to  the  mind,  although  it  makes  no  difference  in  the  actual 
amount  of  computation  to  be  done,  in  forming  the  resultant  coefficients. 

Since  the  resultant  for  k  successive  adjustments  by  one  formula  has  the 
flame  coefficients  as  the  corresponding  polynomial  raised  to  the  k  power,  w^e 
are  enabled  to  demonstrate  the  proposition  (3)  at  p.  129  of  the  Analyst  for 
Sept,  1878,  by  means  of  the  Multinomial  Theorem,  as  I  will  take  occasion 
to  show  hereafter.  The  demonstration  includes  the  general  case  where  the 
adjustment  formula  is  not  symmetrical  on  each  side  of  the  middle,  so  that 
Jt  and  JL,  are  not  necessarily  equaL 


GENERAL  R  ULES  FOR  THE  FORMA  TION  OF  3fA  GIC 
SQUARES  OF  ALL  ORDERS, 


BY  PROF.  A,  B.  NELSON,  CENTRE  COLLEGE,  DANVILLE,  KY. 

The  following  general  rules  for  the  formation  of  magic  squares,  whether 
odd  or  even  degree,  may  be  new  to  the  younger  generation  of  ma  the- 
amtifMOBf  and  possibly  to  some  others.    The  squares  constructed  by  these 
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methods  by  no  means  exbaust  all  the  possible  arrangements,  but  they  fur- 
nish squares  in  great  numl>er  and  variety  when  the  degree  is  even.  For  the 
sake  of  completeness,  we  will  begin  by  stating  the  rule  (which  is  probably 
familiar  to  all)  for  producing  squares  when  the  number  of  cells  on  a  side  is 
odd. 
Case  1, 


17 
23 
4 
10 
11 

24 

1 

8 

Ifi 

5 

6 

12 

7 

14 

16 

13 
19 

20 
21 

22 
3 

18 

26 

2 

9 

We  begin  by  placing  1  in  the  middle  cell  of  the  upper  row  and,  using  the 
natural  series  of  numbers,*  proceed  always  diagonally  upward  to  the  right, 
except  when  we  come  to  the  edge  of  the  square,  or  to  a  cell  already  filled. 
When  the  number  would  fall  outside  of  the  square,  carry  it  to  the  extreme^ 
cell  in  that  row  or  column  in  which  the  outside  cell  occurs.  When  a  cell 
already  filled,  or  when  the  right  hand  upper  comer  cell  is  reached,  place  the' 
the  numl>er  in  the  cell  just  below. 

Case  2.  When  the  number  on  a  side  is  even  and  of  the  form  4», 
Imagine  the  square  to  be  subdivided  into  squarelets  of  4  cells  each,  th 
four  central  cells  comprising  one,  and  conceive  these  squarelets  as  of  tuif^ 
kinds  alternating  with  each  other.  Place  1  in  the  left  upper  corner  cell 
and  proceed  horizontally  to  the  right,  filling  the  squarelets  of  one  kind  suc- 
cessively. When  the  end  of  one  row  is  reached  go  to  the  extreme  left  cell 
of  the  next  row  and  again  advance  to  the  right  as  before.  For  the  4-square 
the  r^ult  of  this  operation  is  as  follows: 


_1_ 

4 

"6 

10" 

7  1 
11 

13 

1   U6| 

Next  begin  with  the  right  lower  corner  cell,  considering  1  as  falling  on 
this,  and  proceed  regularly  to  the  left,  filling  the  empty  cells  with  the  num- 
bers belonging  to  them.     The  result  of  tliis  second  oi>eration  is  as  f«>llnws: 


1 

15 

14 

4 

12 

8 

6 
10 

7 

9 

11 

5 

13 

3  2 

16' 

^It  m  hard] J  necessay  to  elate  thai  in  forming  squared  of  UiIb  kind,  any  arithmetical  terict 
may  be  u^ed. 
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Case  3.    Wben  the  number  of  cells  on  a  side  is  even  and  of  the  form 
4n+2. 

Taking  the  lO-square  for  a  particular  ezamplei  first  arrange  the  num< 
bers  in  it  as  follows: 

I. 


1 

1 

2. 

3, 

4 

6» 

6, 

7 

8, 

9, 

10 

2 

lis 

12 

13, 

14, 

15 

16 

17, 

18, 

19 

20, 

3 

21 

223 

23 

24, 

25, 

26, 

27, 

28 

29» 

30 

4 

31, 

32 

33, 

34 

35, 

"45 

36, 
46' 

37 

383 

39 

JO, 
60, 

6 

41, 

42, 

43 

44, 

473 

48 

4., 

6 

61i 

52  J 

53 

64, 

65 

66 

57, 

68 

59, 

7 

61, 

62 

689  64 

65, 

66, 

67 

683 

69 
79, 

70, 
80 

8 

71 

72, 

73 

74, 

75, 

76, 

77, 

78 

9 

81 » 

82 

83, 

84, 

85 

86 

87, 

88, 

89 

90, 

10 

91 

92, 

93j 

94 

968 

96  J 

97 

98, 

99, 

100 

Beginning  at  the  left  upper  corner,  designate  the  cells  in  the  first  row 
first  coluran  respectively  by  the  numbers  from  1  to  10.  Then  we  can 
denote  any  cell  by  the  numliers  standing  at  the  beginning  of  the  column 
and  row  in  which  it  occurs.  Thus,  for  instance,  tlie  cell  containing  44  is 
dencted  by  (4,  5);  that  is,  it  occujiies  the  4th  column  and  5th  row. 

Next  form  the  following  auxiliary  square  with  2n  +  1  rows  and  2n  -f-  1 
oolnnms: 

IL 


1  10 

2  9 

3  8 

4  7 

5  6 

2  9 

3  8 

4  7 

5  6 

1  10 

3  8 

4  7 

6  6 

1  10 

2  9 

4  7 

5  6 

1  10 

2  9 

3  8 

5  6 

1  10 

2  9 

3  8 

4  7 

In  the  first  column  place  the  numbers  from  1  to  6,  and  to  their  right  in 
the  iame  column  the  complenieut^  of  these  numbers  to  4n4'3.  In  the  top 
cell  of  the  next  column  place  2,  and  descending  write  the  numbers  1  to  5  with 
their  respective  complements,  preser^ringthe  cyclic  order  of  the  fii'st  column. 
At  the  top  of  the  next  column  place  3,  and  so  on. 

The  numbers  in  the  first  column  of  II  are  identified  with  those  of  the 
first  row  of  I;  those  of  the  remaining  columns  of  II  are  identified  witli 
those  of  the  first  column  of  I.  The  numbers  of  I  which  are  desigoated  by 
the  combination  of  one  of  the  numbers  in  the  1st  column  of  II  with  one 
of  the  two  numbers  of  the  same  row  in  the  last  column^  are  indicated  by 
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the  suflSx  1 ;  those  designated  by  a  number  of  the  let  colnnm  of  II  csom- 
bmed  with  one  in  the  oolnmn  Tiexi  the  last,  are  indicated  by  the  suffix  2; 
those  deBignated  by  a  number  of  the  let  column  of  II  with  a  number  of 
any  one  of  the  other  columns  except  the  last  two  are  indicated  by  the  suffix  3. 
For  example,  in  I,  61  has  suflSx  1  because  it  corresponds  to  the  com- 
bination (1,6)  from  the  first  and  last  oolumos  of  II;  78  has  the  suffix  2  be- 
cause the  combination  (5,  8)  is  taken  from  the  first  and  next  to  the  last 
columns  of  II;  and  68  has  the  suffix  3  because  the  combination  (8, 7)  is  from 
the  first  and  second  columns  of  II,  Four  kinds  of  numbers  are  thus  distin- 
guished:  (1),  those  without  any  suffix,  which  keep  their  original  plaoK 
in  the  magic  square  III;  (2),  those  with  suffix  1,  any  corresponding  four  \ 
which— that  is  any  two  pair  equidistant  from  the  sides — are  interchanged  t| 
the  following  manner :  the  arrangement 

(3),  those  with  a  --   b  d  •■ 

suffix  2  are  in-  :         :  beoomes  : 
terchM  thus :     c    •  •   d  6   -  - 


a 


*'   b  d 

:  becomes  : 

..    d  a 

Instead  of  the  c 


f  change  in  (2)  we 
\  may  substitute 


b 
d 


and  for  the  one  in  (3), 


a 


,)• 


Fori 


36-36 


becomes 


66- 65 


8 


98 


(4).  The: 


:  ;  and     :       :   becomes     :       :. 
C5-66  35.-36  93.-98  8-93 

bers  with  sufiix  3  are  arranged  as  the  second  class  in  the  previous  case  (in), 

in. 


1 

99 

98 

4 

96 

95 

7 

3 

92  10 

90 
21 

12  ' 

88 

87 

15 

16 

14 

83 

19  1  81 

79 

23 

77 

76 

25 

74 

28 

72  30 

70 

32 

68 

34 

66 

65 

37 

63 

39  41 

60  ' 

59 
49 

43 
53 

59 

45 

46 

54 
44 

48 

42  61 

41 

47 

55 

56 

58 

52 

60 

40 

62 

38 

64 

35 

36 

67 

33 

69 

61 

71 

29 

73 

24 

26 

75 

27 
84 

78 

22 

80 

20 

82 

13 

17 

85 

86 

18 

89 

11 

91 

2 

2 

94 

6 

5 

97 

93 

9 

100 

The  fort*going  rules  are  condensed  from  an  article  in  Hoffinan  and  J 
tani's  Matkemutischea  Worta^bu^h^  Vol.  V. 

The  following  is  another  set  of  rules  for  even  squares,  abridged  from  a 
pamphlet  by  S,  M.  Drach,  F,  R,  A,  8. 

l"*.     When  the  side  cells  =  4n.    Pat  c  ==  16n*—  Si,  w^here  i  ls  o,  1, 
3,  . .  .  n* — I.    These  substituted  successively  in  this  squarelet 
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8i+l,  c— 1,  0  —2,  8i+4, 
0—4,  8i+6,  8i+7,  c  —7, 
8iH-8,  c—Q,c  —6,  8f +6, 
e  —3,  8f+3,  8i+2,  o, 

gire n' squareletBj  all  equal  magic  squares;  so  that  they  may  be  arranged 
any  iow  n  m  a  row,  or  turned  each  on  its  centre,  and  still  give  the  same 
linear  mm  =  32n'+2n. 

2^.     When  the  side  cells  =^  4n  +  2.     Fill  up  the  4ii-8quare  by  the  pre- 
vious rule  and  then  add  8n  +  2  to  each  of  its  numbers.     Surround  this  last 
Bqmre  by  a  mono*celular  border  of  which  the  upper  and  lower  rows  are  re- 
i^dy 
1 


4n-2 

»-2 
cp 

8n+2 
cp 

cp 

8n+l 

•• 

op 
6n+5 

6n+4 
cp 

omit  6n  -f  3 

ep 

ep 

6n 

4n+4 

ep 

4n+2 

6n+2 

6n+l 

cp 

cp 

4n+3 

•— 1 

J 

where  8  =  [(4n  +  2)*  +  i]i  and  cp  =  the  csomplement  to  «  of  the  opposite 

nuinl>er.     The  vertical  rows  are, 

mM,  1,  «— 3,  4,  «— 6, . . , «— 4n— 1,  6n+3,  a— 4?w-2, 

Blight  4n  +  2,  3,  t— 4,  5, . . .  4n  +  1,  «-  671— 3,  ^—1. 

n     Henoe  to  form  the  border,  place  1  in  N,  W,  corner,  9 — ^1  at  S.  E.  comer. 

4n4-  ^  at  N.  E.  corner,  and  « — in — 2  at  S.  W,  corner,  next  to  which  put  2; 

and  place  An  -f  3,  4n  +  4,  up  to  On  +  1,  alternately  fr*jm  bottom,  leftward; 

pUoe  6n+2  next  6n+l  (omit  67i+3),  6n+4  at  top,  6n  +  5  at  bottom,  and 

BO  on ;  complete  9  in  opposite  cells. 

For  verticals,  under  4n  +  2  put  3,  4  opposite,  6  E.,  6  W,,  7  E*,  &c.,  to 
I  (in  H- 1)  E.,  (6ti4-3)  W.;  their  complements  to  «  in  the  opposite  cellfi,  and 
litis  done, 

Ajiy  one  wishing  to  go  deeper  into  this  subject  ^  ill  fnd  it  treated  in  a 
,  tighly  general  and  rigorous  manner  in  a  work  entitled  Die  Maghhen  Quod- 
fole,  by  Theodore  Hugel. 

AoGording  to  this  author  the  3*square  admits  of  1  arrangement,  the  4< 

«l«are  of  24,  the  5-square  of  6624,  the  8-square  of  834075520,  the  U-sq, 

'n7361488384rXKX)0,  &c. 

f^coordiBg  to  an  approicimate  calculation,  the  paper  that  wo 
(joind  to  contain  all  the  squares  with  13  cells  on  a  side  wouU' 
fiale  sur&oe  of  the  earth  about  348  times. 
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ON  THE  REMO  VAL  OF  TERMS  FROM  AN EQ  UATION 
OF  THE  FIFTH  DEGREE. 


BY  W.  E,  HEAL|  WHEELING,  IND. 

Let  us  take  the  equation  x^+  p^a^+  p^ix^-i-  p^Q^+ p^x-^-p^  ^0. 
propose  to  remove  any  three  of  the  mean  terras  and  then  reduce  the  equ 
tion  to  any  of  the  forms  ^+'i^x-\-i]^  ^  0,  ar^+  93^'H-<7s  ^  0,  ar^+^/^a^'^ 
jg  :=  0,  or  a^+q^ai*-{-q^  =  0. 

Let  y  =^  a+6x+e3a:^+dx*+ex*.     We  wish  to  eliminate  x  and  tlnis  fori 
an  equation  in  y.     Since  for  every  vahie  of  x  there  is  a  correBponding  ^ 
for  ^,  the  equation  in  y  will  be  of  the  fifth  degree. 

Denote  the  roots  of  the  equation  aj*+pia?*-f-p2^+P3^+P4^+P5  — " 
by  Xi,  Xg,  X3, 3*4,  Xg  and  the  corresponding  values  of  y  by  y, ,  y^,  y^,  y^jyj* 
Then  we  have 

yi  =a+6xi+cxi*+dbjHexi*^ 
y^  =  a+bx^-\-cx^^+dx^*+ex^*  j 
y^  =  a+bx^+cx^*+dai^*+€x^*   ^ 

yg  =  a-\-bx^+ez^*+dx^^+ex^\ 

Let  2(^)  =  xl  +xl  +xl  +xl  +xl ;  I^f)  ^  ^  +^2  +yS  +3^ +3r«* 
Adding  the  five  equations  of  (1)  we  obtain 

_    v(t/)  =  5a+62»+cV(i»)+dr(ir»)+eJ(x*). 
Also  squaring  the  equations  of  (1)  and  adding, 

<^)I{x')  +  2(be+cd}I{a^)+{2(^+€P)I{3fi)  +  2del\x'^^  (^ 

In  a  similar  manner  we  can  expr^s  -i*(y*),  -(y*)  and  -i'(y*)  by  a  homoge- 
neous equation  in  a,  b,  0,  d,  c,  since  ^"(a:'')  can  be  expressed  iu  terma  of  pi, 

Then,  if  we  denote  the  coefficients  of  the  equation  in  y,  by  P^,  Pj, . 
P^f  P^f  we  have,  by  Newton's  Theorem, 

where  m  may  be  any  integer  less  than  5. 

From  this  we  easily  see  that  if  J(y),  2'(y*)  and  2*(y*)  be  put  equal  to  «« 
Ihe  equation  will  be  reduced  to  the  form  y*-f-  94?+  9.5  =  ^»  and  if  ^(j 
i*(y^)  and  ^(y*)  all  equal  zero  the  equation  will  be  of  the  form  y*  +  ^^fi 
g^  =  0,  But  if  l\y)  =  0  we  obtain  from  (2)  5a  =  — [6-H  +  ci'(:^^ 
d-r(a;*)+€i'(ar^)].  Substituting  this  in  (3)  we  will  have  a  homogeneons  equ 
tion  in  t,  c,  d  and  e;  denote  it  by 

A^b^+2A^bo+2A^bd+2A^be+A^c^+2A^ed+2Ajce'{-A^€p-\'2A^4 

+A^Q^  =  function  (i,  c,  rf,  «)»   /| 
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Uow  aasame  , 

fiximctioD  (6,  Cj  rf,  e)  =  lb  -\-  me  -^^  nd+peY+{qc-\'rd+seY-\-{td+n€Y+{ve)K 
lExpandiDg  and  equating  to  the  oorrespooding  coefficients  of  (4), 
i^^A,  {e);lm=A,  (7);ln=A,  {S);lp=A^  (9);  m^./^^,  (10); 
m^T^+jf  =  A^  (11);  mp+qs  ==  Aj  (12);  n^+ir+e  =  A^  (13)j  np+r6+ 
i*e  =^,  (14);  p»+^+uHt^  -  ^1,0-  (15) 

From  (6)  /  =  A-{ ;  hence  from  (7),  (8)  and  (9)  we  find  m,  n  and  p;  then 
from  (10)  we  find  q;  and  from  (11)  and  (12)  we  can  then  find  r  and  *;  thee 
from  (13)  and  (14)  we  know  t  and  u,  and  finally  from  (15)  we  find  t\    Thus 
^^uation  (5)  is  always  possible, 

■  From  lit/")  =  iW+mc+nd+pef  +  {qe+rd+seY  +  {td+uey+  {vef  =  0 
HHie  can  assume  v^^  ==  — (Ib-i-mo+nd+pef  and  {td-^uef  ==  — (jc+rd+^c)*, 
^t  the  equation  will  then  be  satisfied*     Therefore 

ve  =  i/—l(lb+mv+nd+pe),  (16) 

fd+m  =:  v^— 1  (go+  rd+  «e).  (17) 

From  (16)  and  (17)  we  can  express  d  and  e  by  two  e<:iuations  of  the  first 
degree  in  6  and  c.  Then,  substituting  in  ^\y^)  ^  0|  we  have  a  homogene- 
ous equation  of  the  third  degree  in  6  and  c.  One  of  tliese  may  now  be 
arbitrarily  assumed  and  the  other  will  then  be  found  by  the  solution  of  an 
equation  of  the  third  degree. 

If  we  make  the  above  substitution  in  l\'i/*)^i}  the  final  equation  will  be 
of  the  fourth  degree.  Therefore  the  general  equation  of  the  fifth  degree  can 
be  reduced  to  either  of  the  forms  ^+q4Z+q^  ^  0  or  ir^+gsX^  +  jg  ^  0, 

In  these  two  equations  let  x  ^  l-^-z.  Substituting  and  reducing  we  get 
the  two  forms 

sf+iA^+L  =  0,        and  *>+23^+l-  =  0. 

This  result  was  first  obt'd  by  E.  S,  Bring  and  afterward  by  Mr.  Jerrard. 

Their  method  of  making  the  substitutions  may  be  seen  in  Todhunter's 
Theory  of  Equations  or  Serret's  Cours  D'  Algcbre'  Superieure, 

The  above  method  is  much  easier  than  theirs,  especially  in  finding  the 
eqination  in  y,  which  is  there  obtained  by  Tschirnhausen^s  substitution. 


Note,  by  Mabcus  Baker. — The  Note  on  p.  53  of  the  last  No.  is  an 
important  one  and  I  would  very  much  like  to  see  it  made  fuller. 

Prob.  5,  p,  66,  Vol.  I,  has  not  been  solved  in  genen  'tshed  so- 

Itttioo  applying  only  to  a  special  case  of  the  problem. 

Prob.  49,  p.  61,  Vol,  II,  is  erroneous  and  incomp]  '  ir 

CQDsidenition. 

Prob*  132,  which  you  mention  in  your  list,  was  on 
Hall  mt  p.  56,  Vol.  IV.    [This  fact  had  eBca^ 


—80— 

REVISION  OF  PROOF  OF  THE  FORMULA  FOR  THE 
ERROR  OF  OBSERVATION. 


BY  CHAS.  H,  KtTMMELLj  U.  8.  LAKE  SURVEY,  DETROIT,  MICH* 

On  page  1G9,  Vol.  Ill,  after  equation  (69')  to  the  bottom  of  the 
the  following  may  be  substituted : 

But  we  can  determine  also  the  probable  errors  of  the  resultiug  correctioofij 
J^f  J^f .  ,  .  J^jin  terms  of  the  probable  error  of  observation. 

We  have  from  (47') 

+ • 

and  similarly  for  tlie  other  corrections.     Applying  theorem  (43')  we  I 
if  r p  r^f  r^  denote  the  probable  errors  of  the  corrections, 

+     o?[a*]+o,6,[aj?]+o,c,[ar]+...+ai?iM 

(60) 

Resolving  the  first  of  (58)  with  respect  to  a^,  a^^ . , . ,  a.«,  which  are 

dependent,  we  have, 

a^a^  —  ^2[^]+a362[a/9]+a3Cj[a^]+  . . .  +aj/a[aA], 
Similarly,  r^olving  the  second  of  (58')  with  respect  to  6^,  fij*  ^w 

Substituting  these  expressions  into  (60)  we  obtain 

(60 


—81— 


Samming  these  equations  we  have 

_[a/][^;]-[6/] [^;]-[c/]M- . . , -il'W]  } 
=  r*(OT— n),  by  virtue  of  (58),  (58').  (00") 

But  as  already  stated  the  series  of  t'orrections,  Jj,  J^,  J 


3> 


oonforms  to  the  laws  of  error  as  near  as  the  coDditions  of  the  problejn  per- 
mit, therefore  we  may  consider  it  an  ideal  series*  For  such  a  series  and  not 
for  a  seri(!a  of  true  errors  (as  most  authors  do)  we  can  employ  formula  (53) 
to  obtain  its  probable  error.     We  have  evidently,  for  an  ideal  series, 


[r2]  =  mr^  : 

mr^   =  (m — n)r^, 
A       ^  ^ 


We  have  then  the  remarkable  relation:  &c. 


(60^0 


GENERAL  SOLUTION  OF  PROBLEM  ON  P.  143,  VOL.  K 


BY  E.  B.  SEITZ,  GREENVILLE,  OHIO. 

Problem* — ^"It  is  required  to  describe  upon  the  same  plane,  three  cirdefl 
touching  each  other,  each  of  which  shall  touch  two  given  circles." 

SoluiioTi, — The  two  given  circles  may  be  wholly  exterior  to  each  other,  or 
one  may  be  wholly  within  the  other.     Hence  there  are  two  cases. 

1.  Suppose  the  construction  completed.  A,  B 
being  the  given  circle*,  and  C,  D,Et\w  required 
ciirles.  Now  since  each  of  the  circles  A^  B 
toQcbes  the  three  circles  C,  D,  E,  which  touch 
each  other^  the  square  of  the  common  tangent  of 
A,  B  is  equal  to  four  times  the  product  of  their  i 
diameters.  A  demonstration  of  this  theorem  has  | 
bem  given  by  Mr,  Turrell  in  Vol.  I,  pp,  171-3. 1 

The  following  is  a  somewhat  shorter  demonst. ' 

Let  o,  6,  c,  d  be  the  radii  of  the  cirt^Ies  A,  B,  C)  />,  and  t^,  f^,  t^^  t^,  and 
T,  T'  the  common  tangents  of  A  and  C\  C  and  B,  J?  and  D,  J5  and  A,  A 
and  B,  and  C  and  D, 

Then,  since  -4,  C,  5,  D  are  all  touched  by  the  circle  E  m  the  same  way, 
[>fdliig  to  the  principle  stated  on  page  24,  Vol.  II,  we  have 
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But  <i  =  2|/(ac),  t^  =  2|/(e6),  ^3  =  2i/{bd),  t^  ==  ^i/{da),  and  P=^ 
2v/(cd);  .*,  in><2|/(od)  =  2|/(ac)X2i/(6d)  +  2|/(cA)  X  2v'(da),  wbe 
T^  =  Uab  =  4(2a)(26);  .- .  ^^  =.  (a^6f +T'  =  a*  +  14a6  +  i»; 
is,  the  radii  a,  i  being  given^  the  distance  Itetweeii  the  centers  of  the  circle! 
Af  B  must  be  "|/(a'+14aA  +  i*).     We  have  then  the  following 

Condmdion, —  Take  any  radius  r,  not  less  than  the  half  of  HK.    Witl 
Af  B  as  centers  aud  radii  r  —  a  and  r  —  h  describe  arcs  intersecting  at  JSfl 
then  with  center  E  and  radius  r  describe  a  circle;  it  will  touch  A  and  A 

The  construction  is  completed  by  describing  the  circles  C)  i),  each  tangH 
to  the  circles  J.,  B^  E. 

This  problem,  as  stated  on  page  167,  Vol.  V,  has  been  solved  in  a  num- 
ber of  ways,  and  it  is  not  necessary  to  give  a  construction  here. 

The  method  given  in  Chauvenet^s  Geometry,  p.  366,  can  be  readily 
applied. 

Proo/— We  have  i^  =  W{ac\  i^  =  2|/(c6),  ^3  =:2|/(fcrf),  t^  =  2i/(rf4 
and  T=^/{ab).  Substituting  in  (1),  and  reducing,  we  find  T' =  2y\d)i 
therefore  the  circles  C,  D  touch  each  other. 

It  appea.rs  then  that  the  relative  position  of  the  two  given  circles  must 
be  as  stated  above,  and  that  any  number  of  solutions  of  the  problem  with 
this  condition  C4in  be  made.  1 

The  circle  E  may  be  described  so  as  to  lie  wholly  on  the  space  betweeilH 
the  two  common  tangents  of  A  and  B,  these  circles  touching  it  externally*  1 
Then  the  circles  C,  D  will  touch  each  other  beyond  B  from  A. 

%     Let  the  circle  B  he  wholly  witliin  the  circle  j1,  and  let  us  usei 
same  notation  as  in  the  first  case.     [The  figure,  to  illustrate  tins  ease,  auia 
be  drawn  so  that  the  circles  (\  Z),  £  touch  A  internally  and  £  exterDnUy.l 

Now  eq.  (1)  still  holds,  but  i^,  t^,  T  represent  the  common  internal  tanH 
gents  of  A  and  C,  D  and  Aj  A  and  B^  and  are,  tlierefore  imaginary*  Wrf 
have  fi  =  2\/( — ac),  t^  =  2\/{ — da\  and  fj,  ^3,  T  as  above.  Hence  (ij 
gives  r*  =  —  16a6.  Therefore  AE^  =  (a  +  bf  +  T^  =  a*— 14a6  +6'| 
that  is,  the  distance  between  the  centers  of  the  circles  -4,  B  must 
\/{q} — lAab-\-b\     Moreover,  b  can  not  be  greater  than  (7 — 4\/Z)a, 

The  cx>nstrnction  and  proof  are  similar  to  those  in  the  first  case. 


Problem  247.     "Three  points  are  taken  at  random  on  the  surface  of  ac 
cle;  find  the  chance  that  the  triangle  formed  by  joining  them  is  acute/' 

[By  special  request,  we  insert,  below,  the  solution  of  this  problem  as  sub 
mitted  by  the  proposer,  Mr.  E.  B,  Seitz.] 
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Let  Jf,  JV,  P  be  the  three  random  points^  0  the  center  of  the  circle^ 
iJ,  the  chord  through  M,  N^  and  CD  the  chord 
through  3f  perpendicular  to  AB,  Draw  Oil  and 
\  QA"  perpendicular  Uy  AB  and  CD. 
^Bp(ow  N  being  between  B  and  M,  the  angle  31 
fSt  the  triangle  MNP  is  obtuse  if  P  lies  in  the  | 
segment  CAD^ 

\      let  Oil  =r,  MN^x,  ZAOH  =- 6,  COK^ 
=^  f,  and  ^  ^  the  angle  AB  makes  with   some  | 

Wjed  line.     Then  £H  =  r  sin  tf,  OK  =  J/if  = 
kfi  ^,  area  s^,  C4/)  ^  r'(^ — ^sin  ^  cos  tp)]  an  element  of  the  circle  at  M 
rein  9  dd  rain  f  d<f^  and  at  JV  it  is  x  dx dt/f.     The  limits  of  0  are  0  and 
ir;  off,  J;r  — ff  and  in+O ;  of  a?,  0  and  r(siii5+cosf )  =a;',  and  doubled; 
ind  of  ^',  0  and  2r. 
Hence^  since  the  whole  number  of  ways  the  three  pointa  can  be  taken  is 
the  chance  that  the  angle  M  is  obtuse  is 

Pi  =r^V^j  ^  J  \^_J  0  J  0  r*(f— sinf  cosf)rsinfldffrsiiifdf  ««ir# 
^  ^3J      J  J     (y' — ^^^  f  ^®  ^)  ®*^  ^  ®^^  ifdu  dtp  xax 

^  — ^  I       I  (^ — sin  f  cos  f )  (sin  d  -f  cos  f  )%iii  tf  cos  <p  dd  dtp 

=  g^j  J*''(8;r8in^tf+3fl— 12tf  8in*ff-3  sin  flcos  fl— Gsin'tf  coa<?)sinW« 
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Hence  the  chance  that  the  triangle  is  obtuse  is  3pi 


9        4  *    .  ,  4      1 

^^ ^,  and  the  chance  that  it  is  acute  is  p^  1 — 3pi  ^    ^ — ^, 


DEMONSTRATION  OF  A  PROPOSITION. 


BY  THE  EDITOK. 


The  following  Proposition  has  been  sent  to  us  by  a  subscrifa 
quest  that  a  demonstration  be  given. 

As  the  proposition,  in  the  form  here  given  is  new  to  us,  and 
itained  a  very  elementary  demonstration^  assuming  that  it 
her  stibecribers^  also,  we  submit  it  to  our  readers. 
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Proposition, — If  any  parallelogram  be  divided  into  two  trapezoids  by  ft 
straight  line,  and  a  straight  line  be  drawn  through  the  points  of  intersec- 
tion of  the  diagonals  of  the  two  trapezoids  thus  formed,  it  will  bisect 
parallelogram. 

The  truth  of  the  above  proposition  may  be  inferred  as  a  corollary  depend- 
ing upon  the  demonstration  of  the  theorem  of  Apollonitjs,  viz,  t 

"If  any  quadrilateral  be  divided  into  two  other  quadrilaterals  by  a  stralgbt 
line,  the  intersections  of  the  diagonals  of  the  three  quadrilaterals  are  on  the 
same  straight  line," 

For,  when  the  quadrilateral  is  a  parallelogram,  the  intersection  of  it^i 
diagonals  is  at  its  center;  therefore  the  straight  line  joining  the  other  tvifi^| 
intersections  pasaee  through  the  center  of  the  parallelogram,  and  therefor^^ 
bisects  It 

But,  as  the  demonstration  of  the  theorem  of  Apoixonius  is  somewhat 
complicated  (see  Am.  Jour,  of  Science  and  Arts  for  1867,  Vol.  23,  p.  224] 
we  sought  and  obtained  the  follow^g*  more  elementary,  demonstration 
the  foregoing  proposition. 

Let  A  BCD  represent  any  parallelogram ;  let  it  be  divided  into  two 
trapezoids  by  the  line  Ef\  and  draw 
the  diagonals  interseiting  in  Gr^  H, 
Draw  GH  and  prolong  it  in  both 
directions  to  meet  the  sides  produced 
in  /  and  K. 

Because  of  the  parallel  sides,  and  of  the  equal  oppoeite  angles  at  (?, 
triangles  AGE  and  FGB  are  similar,  as  are,  also,  the  triangles  EGI  m 
DGK;  and  because  the  aides  DG  and  GE  are  common  to  the  two  pairs 
similar  triangles,  we  have 

AE  I  EI  ::  FD  :  DK; 
and,  similarly, 

EB  :  BI  ::   CF  :  FK. 

Or,  putting  AE=a,  EB  =  b,  CF=c,  FD  =  d,  BI=  h  md  DK^k, 

a    :    6-f  A   ::   d    :    k,  whence  ak  =  bd  +  eft,  (1)^ 

c    :    d+k  ::  b    :    A,      "        eh  =  bd  +  bk  (2) 

Subtracting  (2)  from  (1)  we  have 

ak  —  ch  ^  dh  —  bk, 
OTj  transposing  ch  and  bk, 

{a+b)k  =  (G+d)k, 

But  a+b  =  c+d;  •••&  —  *;  and  because  the  angles  at  /  and  ^  are  al- 
ternate angles  they  are  equal,  and  the  triangles  Bin  and  DKm  are  identi- 
cal; therefore  Am  ^  On^  and  consequently  IK  bisects  the  parallelognun. 


—86— 
ANSWER  TO  QUERY  1,  PAGEM. 


^>||F  PEOF.  V.  J.  MC  ADAM,  WASHINGTON,  PENNSYLVANIA. 

''When  we  descend  below  the  surface  of  the  Earth,  does  the  Earth's  at- 
tractive force  iDcrease  or  diminbh?" 

If  the  Earth  were  homogeneous,  attraction  for  all  points  beneath  the  gur- 
&ce  would  vary  directly  as  the  distance  from  the  center,  hence  would  be  a 
maximum  at  the  surface. 

The  results  of  all  the  pendulum  experiments  made  at  the  top  and  bottom 
of  mines  prove  that  the  force  of  attraction  is  greater  at  the  bottom  of  the 
mine  tlian  at  the  top.  For  instance,  it  was  found  in  the  experiment  made 
in  a  mine  near  New  Castle,  England,  that  a  pendulum  which  vibrated 
seconds  at  the  top  of  the  mine,  gained  2|  seconds  per  day  when  carried 
down  1266  ft.  That  is,  the  force  of  attraction  at  the  bottom  of  the  mine  is 
about  0»00005  greater  than  at  the  surface.  Concerning  the  force  of  attrao- 
tioD  at  other  less  distances  from  the  center,  we  can  only  conjecture  with 
more  or  less  probability  of  being  right. 

We  know  from  these  and  other  experiments,  that  the  mean  density  of  the 
portion  left  after  a  shell  about  J  mile  thick  is  taken  off,  is  about  2  or  2|  as 
great  as  the  density  of  that  shell. 

Whether  the  remaining  nucleus  is  homogeneous  and  the  attractive  force 
continually  decreases  as  we  approach  its  center,  or  whether  the  density  va- 
ries according  to  any  assumed  law  we  c^innot  certainly  say.  We  would  be 
slow  to  accept  the  h)'pothesis  that  the  bottom  of  the  deepest  mine  happens 
to  be  in  the  dividing  surface  between  the  less  dense  shell  and  the  homoge- 
neous more  dense  nucleus.  Indeed,  that  there  is  such  dividing  surface  any- 
where clearly  marked  is  contradictory  of  all  that  we  know  of  increase  of 
density  under  increase  of  pr^sure. 

It  has  been  proved  that  if  the  Earth  is  homogeneous  and  its  shape  the 
same  as  if  it  were  entirely  fluid,  the  ellipticity  must  be  yj^.  Clairaut 
proved  that  Newton  was  in  error  when  he  supposed  that  if  instead  of  being 
of  uniform  dcnsit)^'  the  Earth  were  denser  toward  the  center,  the  ellipticity 
ought  to  be  greater,  but,  contrary  wise,  the  ellipticity  ought  to  be  less  than 
for  a  homogeneous  Earth. 

Measurements  of  arcs  of  meridians  demonstrate  that  the  ellipticity  is  less 
than  ^^,  So  far  there  is  agreement  between  the  theory  of  heterogenietjr 
and  observation. 

The  hypothesis  concerning  the  density  of  the  interior  strata  which  seems 
HB  probable  as  any  that  has  been  made  is  that  assumed  by  Laplace.  It  had 
been  given  before  by  Legendre  as  an  Exam,  to  which  to  apply  his  formula. 


I 
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Tjaplaee  assumed  such  law  of  increase  of  density  from  surface  to  center  ^ 
would  make  the  differential  equation  for  the  ellipticities  of  the  strata 

integrable. 

By  assuming  that  the  last  t^rm  of  the  second  member  of  equation  (1)  5s  i 
function  of  a,  Pratt,  in  his  '*Figure  of  the  Earth,"  deduced  the  result 

^  sin  qa 

in  which  f/  =  the  density,  Q  and  q  are  constants,  and  a  =  radius  of 
considered  as  sphericaL 

The  coh!<tants  q  and  Q  are  found  from  the  conditions  that  the  density 
the  surface  is  2.75,  and  the  mean  density  of  the  Earth  is  twice  that  of  the 
surface. 

By  means  of  the  densities  thus  found,  Pratt  deduces  the  masses  of 
nucleus,  and  four  concentric  shells,  the  radius  of  the  nucleus  and  thethi< 
ness  of  each  shell  being  equal  to  one  fifth  of  the  Earth's  radius. 

The  masses  in  order  from  the  surface  are,  0,3372, 0,3257, 0,2237,0.0981, 
0,0153,  the  mass  of  the  Earth  being  unity. 

From  these  values  the  masses  of  the  parts  whose  radii  are  i?,  fi?,  fiZ, 
IR  and  ^i?  are  found  to  be  1.0000,  0.6628,  0.3371,  0.1134, 0.0153. 

Taking  the  formula  for  attraction  at  the  surface,  each  mass  considered 
sphere,  ^4=m-7'i?^,  we  get  in  order  from  the  surface,  ^LOOOO),  -jljj^f 0.6621 
K0.3371),  J(0.1134),  0.0153,  or,  0.0400,  0.0414,  0.03746,  0.0284,  0.015; 

If  this  is  the  true  law,  the  force  of  attraction  increases  from  the  surfa 
till  we  reach  a  point  perhaps  one-third  distant  from  surface  to  center,  fi 
that  point  the  force  diminishes  and  becomes  zero  at  the  center 
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SOLUTION  OF  THE  PROBLEM  PROPOl^ED  BY  MR.  HARYILl 
A  T  THE  CLOSE  OF  HJS  SOL  UTION  ON  PA  GE  56. 


BY  THE  EDITOR. 


Let  a  represent  the  center  of  the  sphere,  radius  r,  BCD  a  tri-rectangnlJ 
spherical  triaugle,  and  AEFGHPCI,  the  solid  removed  from  tliis  ] 
of  the  sphere  in  making  the  first  hole. 

Draw  BPhj  DPi  and  CP^  arcs  of  great  circles  respectively  through 
DP  and  CP,  and  draw  HPj,  IPk^  small  circles  thro'  P  with  poles  at  B,  - 
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ilid  AEFGHPIC  consists  of  a  | 
joare  pyramid,  AEFGP  plus  two  sim- 
lar  and  equal  triangular  spherical  pyr- 
mid^^  CBPA  and  CD  PA,  minuet  wo  I 
qiial  sectors  BPIE  and  DPHG,  of  two 
qual  spherical  segments  whose  height  [ 
\  BE  =  DG. 

Putting  2x  for  the  width  of  the  chisel,  I 
Ire  have  AE  =  EF  =  x^  and  conse-I 
jueutly  FPf  the  altitude  of  the  square 
pyramid  =  i/(r* — 2x^) ;  hence  tlie  solid- ! 
ty  of  the  pyramid  AEFGP  =  ix^i/{r^—2x^). 

The  base  of  the  spherical  pyramid  BCPAj  is  the  area  of  the  spherical 
riongle  BCP  =  Ss 

To  find  S,  we  have  /  C=^  45^,  /B  =  6in"i[a;-^i/(r*— it*)],  whence  we 
ind  Z  P  =  8iu-V[  |/(r»_2a?^)-^^(2^^  —  22^*)]  +  90^ ;  therefore  the  sum  of 
he  angles  of  the  spherical  triangle  BCP  is 


sin 


90°' 


(r  +  i). 

rliere  S"  is  the  area  of  the  spherical  trian.  ABC^  |  the  surface  of  the  sphere 
=  Jwr*.     Hence  the  solidity  of  the  two  equal  spherical  pyranaids  is 

The  solidity  of  the  sectors  to  be  subt.  is  MJ!^^4^:^— siu~^     ,  f     ,  ■ 

•^  360"  |'{r»— 2»)' 

icnce  J  the  solidity  removed  id  cutting  the  first  hole  through  the  sphere  is 
3  ''"90° 


|(4r»_6r'a-+2a:')^^ -1 


ind  coneequently  the  part  of  the  sphere  removed  in  making  the  two  holes 
Jrill  be  16  times  the  above  — Ss?,  the  part  common  to  both  holes.     Therefore 

3  ^  90°     I   '"     L(r  +  «).|/2J  / 

~~360°  "°     T  '(»*  -«•)  ~  ^~" 

3|jr  eolving  this  traneceDdental  equation  the  value  of  x  will  be  found, 
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SOLUnONS  OF  PROBLEMS  IN  NUMBER  TWO. 


Solutions  of  problems  in  number  two  have  been  received  as  follows: 
From  Prof.  W.  R  Casey,  250,  251,  257;  George  Eastwood,  255,  257: 
Prof.   K  J,  Edmunds,  251,  253,  255;  ProC  A.  B.  Evans,  257;  Prof.  A.' 
Hall,  256  ;  A.  S.  Hathaway,  257  ;  W.  E.  Heal,  250,  251,  252,  253,  254, 
255;  Prof.  W,  W.  Johnson,  £57;  Clias.  H.  Kummell,  251,  254,  256,257;, 
Prof.  J.   H,   Kershner,  250,  251,  252,  253,  254,  255,  256,  257  ;  Arlfraa 
Martin,  254;  Prof.  M.  C.  Stevens,  250,  251;  E.  B,  SeitJB,  257;  Prof.  J,^ 
Scheffer,  250,  251,  253,  254,  255,  M6,257. 

Besides  the  answer  given  on  page  85,  Query  1  was,  also,  answered  bj , 
Prof.  W-  P.  Casey  and  Prof.  J.  H.  Kershner* 


260-     "Divide  the  line  J  JB,  geometrically,  into  three  parts  that  shaD  be 
ID  harmonic  proportion." 

SOLUTION  BY  PROF.  W.  P.  CASEY^  8A1?  FRANCISOa,  CAL. 

As  the  ratio  of  the  harmonic  section  of  a  line  or  angle  may  have  any ' 
ue,  real  or  imaginary,  a  line  or  angle  may  be  cut  harmonically  in  an  infinite" 
number  of  ways ;  but  the  ratio  of  the  harmonic  section,  or  the  position  of 
one  of  the  two  conjugates  is  of  course  sufficient  to  determine  the  particular 
harmonic  Bection  in  the  case  of  a  given  line  or  angle. 

Condrwdion.  —  Assume  any  point  C  in  the  j 
given  line,  and  draw  CD  at  right  angles  to  it. 
Take  any  point  D  in  this  line,  and  join  BD  and 
produce  it  to  meet  the  perpendicuhir  AE  in  the 
point  E.  Make  AF  =^  AE;  join  FD,  inter- 
secting AC  in  the  point  0 ;  then  is  the  line  AB  \ 

divided  in  the  required  proportion,  that  is;  AB  :  BL  i\  AU  i  OC  VB 
IS  evidently  a  harmonic  mean  between  AB  and  BC\  and  so  is  AC  one  be- 
tween AB  and  A  0. 

If  it  be  required  to  divide  AB  into  three  parts  that  shall  have  this  ] 
portion,  and  that  AB  shall  not  form  one  of  its  terms,  that  is,  having 
:  CB  M  AO  —  OC  :  OC^CB^  it  is  also  unlimited,  but  miay  be  solved 
in  a  similar  manner.  It  may  be  shown  from  the  proportion  ABiBCv.AO 
OC  that  BO  {AB  +  BC)  =  2AB.BC:  and  also,  that  OB{AO  —  OC)  = 
2A0Ma  If  AO.CB,  AO  —  CB,  ACOB,  AC^+  0B\  or  AC--  Off 
were  given  the  problem  w^ould  b«  limited,  and  there  would  be  only  one  so- 
lution* 


P.     "Show  that  when  the  two  lines,  which  bisect  two  angk 
are  equal  the  triangle  is  isosceles." 
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SOLUTION  BY  PROF,  M.  C,  8TEVBNS,  LAFAYETTE,  IND. 


of  a  tri- 


Let  ABC  he.  a,  triangle  such  that  when  the  angles  A  and  B  are  bisected 
by  AD  and  BE,  AD  =  BE.     Tiien  the  angle  | 
A  must  be  efjual  to  the  angle  B,  and  the  trian- 
gle l)e  isosceles. 

Proof,  —Through  the  three  points  A^  B  and  I 
D  pass  the  circumference  of  a  circle.  It  will 
also  pass  through  E.  For  if  it  meets  BE  in  M\ 
between  B  and  E  the  are  DB  must  be  greater 
than  MD  since  DAB  which  is  equal  to  EAD  is 
greater  than  the  angle  MAD,  Also  the  arc  MD  \ 
is  equal  to  the  arc  MA  since  the  angle  DBM  is  equal  to  the  angle  MBA. 
Whence  the  arc  BDM  is  greater  than  DMA,  and  consequently  the  chord 
BM  is  greater  than  the  chord  AD,  But  AD  —  BE\  r  .  BM  is  greater 
than  BE  which  is  absurd.  Hence  the  circle  which  passes  through  -4,  B 
and  D  cannot  cut  BE  between  B  and  E. 

In  like  manner  it  may  be  shown  that  the  circle  cannot  cut  ££  beyond  E. 
It  mu^  therefore  pass  through  E.  Hence  the  angle  DBE  which  is  half  of 
B  is  equal  to  EAD  which  is  half  of  A,  Therefore  the  angle  B  is  equal  to 
the  angle  A  and  the  triangle  is  isosceles. 


262.  "If  the  roots  of  a  given  cubic  equation  be  not  real  and  pomtive 
ihow  that  the  equation  can  be  transformed  into  another,  of  the  same  degree, 
io  which  all  the  roots  are  real  and  positive/' 

SOLUTION  BY  W.  E.  HEAL,  WHEELtNG,  INDIANA. 

Let  Xi,  a7j,  x,  and  arf,  ic|,  xl  be  the  respective  roots  of  the  equations 

sf+ax'+bx'^-c=0^  (1) 

a^+Ax'+Bx-\^C  =  0,  (2) 

Wehavexi+ar-j+or,  =  —  a,  x^x^+x^x^+x^x^  =  5,  x^x^x^  =  — e; 
*  J +4+^1  =  —^f  ^^xl+xlxl+xlxl  =  B,  x\x\xl  =  —a 

J??  +zl  +xl  ==  a*— 2b  =  —A.  ..A  =  2b— (^.     (3) 

x^+x^^xl  =  a*—4a'b+4ac+2b^  =  A^—2B.    r.B  =  b^—2ac,    (4) 

xlxlxl  =  f^=—a  .'.  C  =  —0*-         (5) 


If  all  the  roots  of  an  equation  are  real  we  can  transform  it  by  (3),  (4)  i 
(5)  into  another  in  which  the  roots  ghall  be  the  squares  of  the  roots  of  the 
given  equatioD  and  therefore  all  the  roots  will  be  positive  whatever  the  signs 
of  the  roots  of  the  given  equation. 

If  two  roots  are  imaginary  they  must  be  of  the  form  P+71/-I,  p— Tj/-! 
Let  r  denote  (he  rejil  root,  which  can  be  expressed  by  Cardan's  formula. 

We  have  r+{p+q\/ — l)+(p— ?l/— 1)  =«• 

Let  jj  :=  2^  J(a  —  r).  The  equation  found  by  substitution  must  have 
J{3r — a),  y|/ — ^1,  — q\/ — 1  for  its  roots,  Transforraing  by  (3),  (4)  and  (6) 
we  get  an  equation  whrvae  roots  are  i{dr — a)*,  — g*,  gl  TransformiDg  again 
we  have  a  cubic  whose  roots  are  ^(3r — aj\  g%  5^,  all  real  and  pomiive. 


253,     ^^l(J{x)  be  a  function  whose  roots  are  all  real,  show  that  the  diff5er-_ 
ential  of  the  second  order  of  that  function  has  all  its  roots  imaginary; 

AKSWEB  BY  PROP.  KERBHNER. 
The  second  term  of  the  ''second  differential*'  of  the  general  equation 

after  proper  reduction,  is  ^(1  —  Jn)z'*^^,  from  an  inspection  of  which 
evident  that  no  change  such  as  predicate<l  by  the  proposer  is  even   possibk 
The  problem,  therefore,  as  stated,  involves  an  error. 

AU8WER  BY  PROF,  8CHEPFEB. 

As  far  as  I  understand  this  problem — and  I  do  not  notice  any  ambiguity 
of  expression  which  might  admit  of  different  interpretation— the  assertion  is 
incorrect,  as  can  be  easily  demonstrated.  If,  for  instance,  the  function  is  of 
the  third  degree,  the  second  diiTcrential  wilt  be  of  the  first,  which  certainly 
cannot  admit  of  any  imaginary  roots,  aa  such  occur  only  by  pairs. 


254,     "Integrate  dl  =^  xE{ej  x)dx^  where  J5[«,  x)  denotes  an  elliptic  arc, 
eccentricity  e  and  abscissa  a?/' 

SOLUTION   BY   CHAS.    H,   KUMMELL,   U.  8»    IJLIL£  8UBVEY,  DETROIT,  MICH, 

Integrating  by  parts  we  have 

I  =  \^E{€i  3s) — J  J    x'^dx'J  (v~^^)  (semi  major  axis  ==  1) 

"  =  Iz'Sie,  a?)-li',  (1) 


i?=|/[(l_-a^)(l_e^x^]; 


=  l+[(l-2ii')^6']._l-2^ 


-^^  ^-™  4^e,r)]-3dJ' 


(2) 


=  ^'  4J^«,  *)]-  ^-^^^  d[£(c,  a:)]-3di'. 
titutiDg  this  into  (1)  we  obtain 


(3) 


/  =  K^«,  =»)+ ^-~J^  -E(e,  ^)-^J^e,a,)+^a-,/[(I-*»)(l-«'ar'}]. 


255,  'In  a  triangle  ABC  the  angle  J.  ^=  f +«?  -B  =  2y^;  supposing  AB 
to  remaio  fixed,  while  f  varies,  it  is  required  to  find  the  rectangular  equa- 
tion to  the  locus  of  Q  and  the  equations  to  the  asympt^Dtes. 

2.  With  the  t^ame  data  as  above,  taking  A  as  the  origin,  and  AB  bs  the 
axis  of  x;  let  a  =  45®,  and  find  the  envelop  of  a  straight  line  which  pas* 
through  C'and  makes  an  angle  4^+90^  wnth  AX  J' 


I 


SOLUTION  BY  OEOKG£  EASTWOOD,  SAXONVILLE,  MABS. 


I       r        7. 


X-et  ABC  be  a  triangle  in  which  /.A^  ^-i-^f  ZB  ^^  2(p,  base  AB  =  {i 
and  let  CD  be  a  line  which  makes  with  AB  produced  an  angle==90- +4^:-* 
Then,  since  2 A — B  =  2a,  we  have 

a     /rt  4      Dv       tan  2^— tan  5         .       ^ 
I taD(2^— if)=-— ~^^        ^  =  tan  2a, 

K  ^  ^      l  +  tan2^tan£ 

^^ven  quantity. 

But  if  x,  y  be  the  coordinates  of  the  vertex  C,  I 

^  tan24  =  >i*^  =  JS/     and  tan i?  =  ^. 

Therefore 

^m  tan  2  (y  +  al— tan  2y  ^  2y(j9— 3r>  -  ar^y  -f-y*  _  ^^^  g^ . 

^^^       H-tan2(f+a)tan2y       a^(^_a;)— (^— 3ar)y3  ' 

^^K   ,  •  •  ^+tan  2a09— 3xy— (3a:*— 2^a:)y— tan  a{^—x)3?  =  0, 
'  wludi  indicates  a  locua  of  the  third  d^ree. 


2,    The  equation  of  the  line  DC  is 

3/  =  2;taD(90°+4^)+&, 
in  which  b  represents  the  intercept  AE, 

Now  in  the  triangle  ACB  we  have  BC^  ^sm(f  +  a)-^siQ(y?+a-|-2f), 
and  ID  the  triangle  BCDy  we  find 

D  7j — j9  sin(y  —  g)oos  6y       4  n  —  jg  _    i^  8in(y+<^)<*Q8  by 

sin[(y+a)-f-2y»]eos4f*  8in[{f+a)+2f]sin49?' 


^^  =  ^cot4y- 


^  »in  (y-{-q)co8  6y      _  » 
sin  [(p+a)+2^]8in  4f 
Put  tan(90°  +  4f)  =  p;  then  tan  4f  =  — l-^PJ  sin  4f =— l-5-(l+p*)' 
and  equation  (1)  beoomes 

y_pz     /1J.+  ,in  [(y+a)+2y] 

Differentiating  equation  (3)  with  respect  to  the  parameter  p,  and  equatii 
dy  to  zero,  we  obtain,  by  developing  sin  (f +«),  sin  [iip-^o)  +  2f?]  in 
tions  of  a?  and  y,  and  putting  m  ^  l^[(i^— *f +3^? 

Substituting  this  value  of  p  in  equation  (3),  we  obtain,  after  reduction^ 
[y«_3(^_a:)']  [^-Z[fi-xf]  =  0, 
which  indicates,  as  the  required  envelop,  two  equal  hyperbolas  whose  cen- 
ters are  at  B  and  whose  semi  axes  are  ^[3^(j9 — 1)]  and  \/\j%fi — ^l)]. 

RemarL — Since  this  result  is  independent  of  a,  it  would  appear  that  the^i 
datura^  a  =  45°,  is  not  necessary  to  the  solution  of  the  problem.  ^H 

[Mr.  Eastwood  has  not  given  the  equation  to  the  asymptotes.     Professoi^H 
Scheffer  determines  the  equation  of  the  asymptotes  as  Ibllowa;  Putting  y== 
/4a?  +  ^  for  the  equation  of  the  asymptote,  he  substitutes  this  value  of  y 
his  Eqn,  of  the  locus,  {}f — -a^)[;^cos  2a + {a — a')sin  2a]H-2ry[(o — ^)cos  2a- 
y  sin  2flE]  =^0,  and  thence,  by  putting  the  coef,  of  a^  and  x*,  respectively =fl 
ho  obtains  equations  (4)  and  \Jj),     From  (4)  he  derives  the  cubic  equatioa 
w'^S/Ji^tan  2a — 3/i  +  tan  2a  =  0,  from  which  he  finds  thi»  three  roots  /i  J 
//^j  /^3»     Substituting  the  first  of  these  roots  (tan  Ja)  in  (5)  he  finds  y3=^ 
— Ja  tan  |a.  (a  =  AB,)     Substituting  in  the  eqn.  y^pz+^^  he  gets  y  = 
(a: — ^)  tan  ^a,  for  the  eq.  of  one  of  the  asymptotes*] 


256.  '*If  the  given  quantities  a7j,  ar<j,  x^^  x^  have  the  probable  errors 
rj,  Tj,  rg,  r^,  respectively,  find  the  probable  error  r  of  the  quantity  a:  when 
x^  :  x^  ::  x^+x  :  x^+m.'* 


SOLUTION  BY  PROF.  HAT^L. 


If  we  have  given  x  =s  f  (jJj,  ar^i  ^s*  ^4) 

and  r|,  r^,  r^,  r4  are  the  probable  errors  ofx^^  acj,  a?^,  a;^,  we  have^  by  the 
theory  of  least  squares^  the  probable  error  of  x 

In  the  present  case  we  have 

X\Xa—^X^X^ 


Xt% — X\ 


HeDoe  we  have  the  probable  error  of  x 

-Vxlix^-x^frW. 


257.     "Within  a  triangle  ABC^  determine  a  point  P,  such  that  m*PA-\- 
n.P-B+r^C  shall  be  a  minimum,  m,  n,  r  being  constant^*" 

SOLUTION  BY  PROP.  W.  W,  JOHNSON,  ANNAPOLIS,  MD. 

Denoting  PA  by  p^y  PB  by  pj,  PC  by  p^^  we  are  to  have 
m/>i-f-«/?2+r/'3  ^:  a  minimum* 

When  P  18  in  the  proper  position  the  locus  of 
mpi-\-np^  =  a  constant 
must  touch  the  circle  whose  radius  is  //g,  otherwise  by  moving  P  along  this 
locus  we  could  diminish  p^  without  increasing  mp^+np^.  This  locus  is  a 
Cartesian  Oval;  s  being  an  arc  of  this  curve,  the  cosine  of  the  angle 
between  pi  and  the  tangent  is  evidently  dp^  "-7-  <fs,  and  that  of  tlie  angle 
between  p^  and  the  same  end  of  the  tangent  is  — fip^-T-ds;  and  since  from 
the  equation  of  the  locus, 

mdp^  ^  —  ndp^^ 
these  cosines  are  inversely  in  the  ratio  m  :  n.  Now  p^  being  perpendic- 
ular to  the  tangent,  the  sines  of  the  angles  at  P  subtended  b)^  6  and  a  are 
inversely  as  m  :  n.  A  correspond itig  relation  existing  between  the  sines 
cf  ^h  pair  of  angles,  the  sines  of  the  angles  subtended  by  a,  b  and  c  are 
directly  as  m    :    n    :    r. 

To  find  P  construct  a  triangle  whose  sides  are  in,  n,  r;  the  required  an- 
gles are  the  supplements  of  the  angles  of  this  triangle,  and  P  may  be  deter- 
mined by  tlie  intersection  of  circular  segments  constructed  on  two  of  the 
stdcB  and  containing  the  proper  angles. 


BOLimON  BY  PBOF.  W,  P.  CASEY,  SAN  FRANCISCO,  CAL, 

Qmsfruclion, —  DetermiDe  a  triangle  QRS  having  its  sides  pass  througli 
the  vertices  of  the  given  triangle  ABC  and 
similar  to  that  determined  by  the  tliree  mol- 
tiples  m,  Ti,   r;  and   having    AP,  BP^  (T 
perpendicular  to  RS,  SQ,  QE  respectively. 

Upon  vie  ami  AB  describe  two  segments 
ot* circles  containing  angles  respectively  —  to 
the  supplements  of  the  angles  mr^  mn ;  the 
intersection  of  the  circlas  will  give  the  point 
P. 

Join  PA,  PB,  PC;  the  sides  PS,  SQ  and 
QP  being  respectively  perpendicular  to  PA, 

BP  and  CP,  P  is  the  point  required ;  for,  take  any  other  point,  O,  and 
draw^  the  perpendiculars,  0\ff  Ox,  Oz ;  then,  by  a  w^el!  known  property  in 
modern  geometry,  m.PA+n,PB-{-r*PC ^^m  *Oy+n  .Ox-\-r  .Oz^  which  is 
less  than  m.OA+n.OB+r.Oa 

When  the  three  given  multiples  m,  n,  r  are  incapable  of  forming  a  triaq^ 
gle,  this  method  of  determining  P  falls,  but  it  is  easily  seen,  at  once  witl^H 
out  any  construction,  that  if  any  of  the  multiples  m,  n,  r  be  =^  or>  tlian 
the  sum  of  the  other  two,  the  point  itself  corresponding  to  that  multiple  is 
that  for  which  the  sum  m.PA-l-}uPB'\-r.PC  is  the  minimum. 

SOLUTION  BY  E.  B.  SEITZ,  GREEXVILI.E,  c)|£IO, 

Dividing  the  ejtpression  by  m,  we  have  OA  +  {n^m) .  OB-^{r^m) .  OC, 
whicli  is  to  be  a  minimum. 

Take  any  point  P»  within  the  triangle, 
and  join  PA,  PB,  P<\     Construct  the! 
triangle  BPR,  such  that  BP  :  PR  :  RB  I 
=^m    :    n   :   r,  and  construct  the  triangle 
BRD,  making  it  similar  to  BPV, 

Then  we  have  PR  =^  {ii-^'m).PB^  and 
RJ)r=.(r^myPC;   r.  AP^PR+Rl)\ 

The  angle  CBD  =  CBR  -^  RBI)  = 
CBR  +  CBP  =  PBR,  and  BC  :  BD  :: 

BP  :  BR;  hence  the  triangle  BCD  is  similar  to  the  triangle  BPR,  The 
point  D  is,  therefore  known. 
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Now  AP  ^  PR+  RD,  or  PA  +  {n-^,PB  +  {r-Hn).PC  wiW  be  least 
ben  APRD  becomes  a  straight  line.  This  will  be  the  case  when  P  is  taken 
f  that  the  angle  APB  is  the  supplement  of  BPR,  and  BPC  or  BRD  is 
the  8i2pplement  of  BRP.     Hence  we  have  the  following 

Chndrudion,  -  On  the  sides  JSC,  Cj4,  AB  construct  the  triangles  BCD, 
CA£,  ABF,  making  them  similar  to  BPR,  the  angle  CBD  ^  ABF  ^ 
CEA  =  PBR,  BCD  =  ACE  =  AFB  =  BPR,  and  CAE  =  BAF= 
BDC=  BRP.  Circumscribe  circles  about  the  trian-s  BCD,  CAE,  ABF. 
Now  since  BDC+  CEA+AFB  ^  180^,  the  sum  of  the  angles  inscribed 
in  the  aix«  B(\  CA,  AB,  is  3G0*^ ;  hence  the  circumferences  intersect  in  one 
point  Op  which  is  the  required  point.  »Join  OD^  OE,  OF^  and  make  the 
angle  OBH  =  CBD. 

The  angle  BOD  is  equal  to  BCDy  which  by  construction  is  equal  BFA, 
and  BFA  Is  the  supplement  of  AOB ;  hence  BOD  is  the  supplement  of 
AOB,  and  AOD  h,  therefore,  a  straight  line*  Similarly  it  can  be  proved 
that  BOE  ^ud  CO/' are  straight  lines. 

The  triangle  BOH  being  similar  to  BCD,  and  BED  to  BOC,  we  have 
OH={n^myOB,  and  HD  =  (r'^m).OC;  ,\  AD=  OA  +  (n'^^).OB  + 
\{T-Mn),OCj  and  m.AD^=^n.OA+m,OB+r,OC^  the  req'd  minimum. 
In  like  manner  we  prove  that  n.J5£and  r*CF  each  ^  the  req'd  min. 
If  J,  Jj  Are  the  areas  of  the  ^  ABC  and  a  A  with  sides  m,  n,  r,  and  if 
a,  ^5  y  represent  the  angles  A,  B,  F^  of  the  A  ABF^  we  find, 

^^ 2m  J(oot  A + cot  a) 

"^  y'l2A^{a^cot  a+6'cot ^+  c^csot  r + 4 Jj]' 
0J5  =  2nJ(oot  JS+eotj9) 


OC^ 


|,/[2ii(a'cota+i'cot /9+c^cot;^+4  J)]' 
2r  J  (cot  C+  cot  r) 


y  [2  J^  (a*cot  a + 6'cot  i3  -\-  e^cot  r+4  J)]* 


PROBLEMS. 


By  Prof.  J.  Scheffer,  3fcrcCT"«6er^,  Pa. — In  a  triangle,  one  side 
=400  ft*,  and  the  two  adjacent  angles,  70'^  and  80°,  are  given  ;  to  compete 
the  olher  two  sides  without  the  aid  of  trigonometry, 

24JO.  By  Geo.  M.  Day,  Lockport^  iV^  i\ — A  sphere,  radius  r,  rolls  down 
the  oDDcave  arc  of  a  circle,  radius  R.  At  the  beginning  of  the  motion,  the 
center  of  the  sphere  i*^  on  the  horizontal  diameter  of  the  circle*  Find  the 
bere  in  terms  of  the  coord inable  of  its  center. 
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26 L     By  Alex.  S,  Christie,  ILS.  Chad  Survey,  Washington,  2). 
A  curve  of  the  nth  degree  rolls  upon  any  curve  whatever;  to  determine the^ 
degree  and  position  of  the  locus  of  the  centers  of  curvature  of  all  the  ele- 
meots  described,  at  any  given  instant,  by  the  points  of  the  rolling  curve, 

262,     By  Prof.  A.  B.  Evans,  Loekport^  N,  F. — Prove,  x  being  an  in- 

t<^er,  that  ^{:r+l)(i'+2)(a:+3)(ay+4J(a;+5)(a:+6)  cannot  be  the  square  of  a 
commensurate  number. 


30^1 


263.  By  W.  L.  Marct,  Colorado  Springs,  Col— On  the  17th  of  Aug. 
1878,  at  5^  20*"  A.  M.,  an  observation  of  polaris  was  taken  in  Lat,  37 
Long,  107°  W.  from  Greenwich,  with  an  engineer's  transit;  from  the  me- 
ridian thus  obtained,  the  Sun's  azimuth  at  6*'23"'53%  A.  M.,  was  79=^10 W 

What  was  the  error  of  the  watch,  and  of  the  meridian  ? 

264.  By  Prof.  J.  H*  Kershner,  Mercersberg,  Pa, — It  is  required! 
divide  a  given  straight  line  into  three  parts  such  that  the  triangle  formi 
of  them  shall  have  its  circumscribing  circle  a  minimum  and  its  inscribed 
circle  a  maximum. 

265.  By  George  Eastwood,  SojcomrHlef  Mass. — At  age  ct,  a  person 
takes  out  a  life  fwlicy  of  k  dollars,  for  which  he  agrees  to  pay  an  atinosl 
premium  of  p  dollars.  At  age  a+n  he  18  not  able  to  make  his  annual  pay- 
ment and  wants  to  sell,  or  surrender,  his  life-policy  for  full-paid  insurance 
policy.  If  the  n  premiums  that  have  been  paid  be  each  viewed  as  the  sum 
of  a  series  of  infinitely  small  annuities,  payable  at  infinitely  small  intervils 
of  time,  within  each  year,  what  ought  to  be  the  present  value  of  the  nev 
policy? 


PUBLICATIONS  RECEIVED, 


Tranmeiiom  of  the  Wi^citnsin  Atsademy  of  SckMCj  ArU  and  LeUert,    MadiBOBi  ^ 

1879.     320  pages,  8vo. 
1%;  MaiJt^mati&U  Fwrttor,  No.  3.    Arlemas  Martin^  A,  M.^  Editor  and  Fubliaher.    Erie,  F^ 

36  pages,  4to.     Price,  50  centa. 


ERE  ATA. 


On  page  63,  line  20,  for  Prof,  Johnson,  read,  Prof.  Hendrickeon. 
«    u      gY^    »«      jj^  insert  a  period  after  tft  -t-1|  and  for  **Le",  read  Let. 
*'    ''      49.    "      4,  Vol.  Ill,  for  4058,  r^ad  4059,  and  for  4059,  read,  4060. 
If    (I      23,  Vol.  IV,  insert  the  fiictor,  cos  ^,  in  the  niunerator  of  the  value  of  A^ 


THE  ANALYST. 


Vol-  VI. 


July,  1879. 


No.  4. 


REDUCTION  OF  OBSERVATION  EQUATIONS  WHICH  CON- 
I  TAIN  MORE  THAN  ONE  OBSER  VED  Q UANTITY. 


BY  CHA8.  H.  KUMMELL,  AS8T.  U.  8.  LAKE  SURVEY,  DETKOITj  MICH. 


The  ordinary  case,  in  the  applicatioo  of  the  method  of  Least  Squares, 
I  where  a  quantity  is  observeii  wliieh  is  a  koown  function  of  certain  unknowD 
.  quaotities,  and  the  caae,  occurring  principally  in  higher  geodesy,  where  the 
observed  quantities  have  to  fulfill  rigorous  conditions,  have  received  by 
I  Gauss,  Bessel,  Hansen,  Encke  and  others  sueh  an  exhaustive  treatment, 
If  that  it  would  be  difficult  to  add  anything  of  importance  to  their  labors. 
The  case  mentioned  in  the  heading  of  this  article,  which  is  nuthing  but  an 
[extension  of  the  ordinary  case,  whenever  it  occurs,  is  generally  foi*ced  into 
the  treatment  of  the  ordinary  case,  either  by  considering  one  class  of  observ- 
pd  quantities  without  error  (("Otu|mriiig  standards  of  length  at  different 
Iteraperatures,  we  really  have  two  observed  quantities,  viz,,  difference  of 
length  and  temperature,  but  in  this  rase  the  temperature  is  considered  in  the 
reduction  without  error),  or  some  function  of  the  observed  quantities  is  treat- 
pd  as  an  observed  quantity. — In  Mr.  Ilill's  redu^.'tion  of  Regnaults'  experi- 
{inents  on  the  volume  of  atmospheric  air,  Analyst,  Vol.  IV,  No.  4,  there 
lire  three  classes  of  observed  quantities,  viz.,  Vol.,  F,  Pressure,  P  and  tem- 
perature, T.  In  the  first  class  of  experiments,  where  the  temperature  is 
bearly  the  same  there  are  then  only  two  variable  observed  quantities,  V 
Imd  Pf  and,  in  applying  Least  Squares  Mr.  Hill  makes  the  sum  of  the 
eqnares  of  the  corrections  to  log(Pr)  a  mininuini. — U]>on  close  examina- 
tion it  will  be  found  that  a  great  many  observations  are  of  a  more  or  less 
complex  nature  so  that  the  ob!?ervation  equations  contain  more  than  one  ob- 
served quantity,  and  it  may  be  of  interest  to  show  how  such  observation 
equations  should  be  treated. 


8uppoee  we  have  the  followiog  m  observation  equations :  ^^^W^TI 

/j(a,  6, . . .  Xi+dx^,  yi+^yi,  ...)=0,  (l^) 

I  /j(o,  6, .  . .  X, -f  &a,  yj  +  J^j , .  . .)  =  0,  (1,) 

I  ^ 

/Ja,  6,  .  ,  .  ar.-h  Jar„,  y«+%«, .  .  .}  =  0*  (U) 

where  tlie  form  of  these  fupctioos  may  be  considered  different,  provided  the 

same  unknown  quantities,  a,  6, either  all  or  in  part,  occur  io  them. 

Also  the  observed  quantities  need  not  be  of  the  same  class  in  all  observation 
equations  but  I  suppose  here  each  observed  value  to  enter  only  one  of  them. 
Since  the  corrections  <5xi,  %j, .  • .  dx^,  8y^^ , , .  must  be  small  quantities, 
we  have,  if/1,/5,  . .  ./i»  denote  the  values  of  (1  ^),  (1  j), .  • .  (!»,),  if  the  un- 
corrected values,  Xi^^i,  ., .  x^t^if  ***  x^,y^f  *.,hfe  substituted,  ^M 

Let  Pi  ^  weight  of  Xi;  q^  —  weight  of  y^  j  ,  ,  .  (2|) 

Pa=     "      "    ^^2;?,=     "      "  ya!...  (2,) 

P,=     «     «  «-;?.=-     "     «  y.;...  (2.) 

The  quantities /i,  Z^,  ,  ,  ,  ./„  are  independent  with  respect  to  the  obeer^ 

vations  as  we  here  suppose.     Let  Pj,  P^,  P^, P^  be  their  weights 

respectively  then  we  have,  evidently, 

1  p;^fSax\)  \\dyl)  ■^'•'  t^ii 

which  expr^sions  are  in  general  functions  of  a^  6, .  .  .  and  of  the  observed 
quantities. 

According  to  the  principle  of  least  squares  we  must  maJce  ^m 

lpSs^+[qSf]+  *  •  •  =  a  minimum,  W] 
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and  by  (6) 


L      p       q 
2db 


]- 


or 


ax- 


-y+b 


r{ax-y-{-byn 

a^.l  =0, 

L      p       q      J 

I   .:^^i    1  =  0. 


0,  (rf,) 


eq'nafl 
and  3^^ 


Unless  we  make  a  certain  assymption  witli  regard  to  the  weights  of  the^ 

observed  quantities,  we  cannot  solve,  by  a  direct  process,  even  these  eq' 
Such  an  assumption  is:  that  the  precisions  of  a:  and  y  which  enter  the  s 
observation  equation,  are  considered  to  have  a  oonstant  ratio.     The  z  and 
observations  having  been  made  as  nearly  as  possible  simultaneously,  thej* 
are  made  under  the  same  conditions  and  are  therefore  as  good  as  those  ooi 
ditions  permit.     From  this  however  it  does  not  follow  that  they  have  eqni 
weighty  more  particularly  if  they  are  heterogeneous  quantities,  as  for  exam- 
pie,  temperature  readings  and  microscope  readings  on  the  comparator  in 
comparing  standards  of  length,  or  signalling  the  transit  of  a  star  over  a 
thread  in  a  telescope  on  the  chronograph  and  reading  the  level,  in  time  ob- 
servations, etc.    If  weight  is  defined  as  the  reciprocal  square  of  the  probable 
error,  it  is  clear  that  the  nnit  in  which  a  quantity  is  expressed  makes  a  great 
diiference  in  the  weight  to  be  assigneth     All  we  can  safely  assume  therefore 
with  regard  to  the  weights  of  simultaneous  observations  that  enter  one 
observation  equation  is  this:  that  there  is,  throughout,  a  constant  ratio  in 
their  precisions,  the  square  of  which  is  the  constant  ratio  of  their  weights. 
To  obtain  this  we  may  take  the  reciprocal  ratio  of  the  practical  limits  of     . 
error  in  each  class  of  observations  for  the  ratio  of  the  precisions.     Sucl|^| 
limits  are  known  sufficiently  near  by  any  experienced  observer.     Even  s^l 
computer  can  draw  some  inference  from  the  results  given  to  him,  which 
will  enable  him  to  get  some  rough  idea  of  this  ratio ;  for  a  good  observer 
will  not  give  his  results  with  any  more  accuracy  than  he  thinks  he  can 
timate.     Kow  suppose  x  to  be  given  to  ^,  and  ^  to  u  decimal  plac^,  what 
ever  be  the  units  in  which  they  are  expressed;  then  it  is  the  computer' 
duty  not  to  alter  the  respective  figures  (not  the  absolute  values)  any  more 
than  necessary  to  establish  consistency.     This  he  will  effect  if  he  takes; 
10' — ^  times  as  precise  as  x.     If  however,  for  example,  y  is  the  mean 


directly  observed  values,  he  should  take  y  10^ — f^^h  times  as  precise  a^  «, 
aod  similarly  he  might  reason  in  other  more  complex  cases.    Suppose  then 

then  "we  have,  substituting  in  (dj  and  (dt), 

«CP<l-[p=^]+*[?*]-  5r+(i:S^{  [>J^]-2a[pa^]+o'[jM:*]-26[py] 

+2a«[pa;]+6*[p]  |  =  0,  «) 

<?«:]-[  py]+i[p]=0.  (dj) 

From  (d;)  we  have    6  =(J-^[p])UP3']-aM  )-  (/) 
Substituting  this  into  (d^),  we  obtain,  aft«r  reduction, 

^   I  [pa!y]-(i-^[p]}M[py]  /   A    '^^ 

amd  salving  we  obtain 

inrhere  use  has  been  made  of  Gauss^  notation  of  auxiliaries  as  used  i^  his 
method  of  substitution. 

To  decide  which  of  the  signs  must  be  taken  for  the  minimum  minimorunij 
I  take  two  extreme  cases: 

1*  Let  the  weight  of  the  m  be  infinite,  or  let  us  suppose  the  x  without 
error,  then  i==0  in  order  that  q^=kp^^Si  finite  quantity.  Then  (A)  becomes 

a'  =  [S'^^  or  ^  CO.  {An 

2,     Let  the  y  be  without  exror,  or  Jc  =^  oo,  then  (A)  becomes 

Only  the  results  given 'first,  which  correspond  to  the  upper  sign,  can 
>e  used  ;  for  they  agree  with  the  results  from  Hie  qrdinary  treatment  if  1, 
be  (y)'s  and  2,  the  frVs  are  corrected.     We  have  the^  ,to  adopt  the  upper 

If  j^i  =  P2  =^  . . .  .  j>«  =  1  and  also  k=\  we  have  Mr.  Adcock'sifrob- 
^  T^ol.  V,  page  54,  and  (A)  becomes  f 
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^\'nv      [xy]-(i^».)M[y]      ;  ^"-i 

This  however  is  not  identical  with  Mr*  Adcock's  formula  in  consequence  of 
an  error  which  he  committed  in  eliminating  6. 

Having  found  a  and  6  we  compute  the  /  and  P  by  formulae  (6)  and  (c), 
and  tlie  minimum  sum  of  squares  by  (4''). 

We  have  then  the  probable  error  of  an  obsen^ation  of  weight  1,  since 
there  are  two  unknown  quantities, 

Although  the  probable  errors  of  a  and  b  could  be  deduced  in  terms  of 
the  probable  error  of  observation  from  their  expressions  just  given,  yet  since 
this  requires  tedious  operations  and  since  the  approximate  solution  whicb  I 
am  going  to  give  of  the  general  problem  also  gives  the  probable  errors  of 
the  unknown  quantities,  I  pursue  this  special  case  no  farther. 

Assume 


Pi 


(7,);^j  = 


1 


(7.); 


1 


''-=±' 


(7.) 


1* 

then  (4")  becomes        [/*-^-^  =  a  minimum.  (i"") 

Let  Oq,  6j,  .  .  .  be  some  approximate  values  of  the  unknown  quantities, 
and  Jo^j  ^^o>  ■  •  ■  thfiij"  corrections,  tben  ive  have,  in  (4'")  exact  to  quanti- 
ties of  the  second  order, 

(O 


+ 


=  a  minimum; 
and  the  conditions  for  a  minimum,  or  the  normal  eciuations,  are 
d 


+  ...  =  0,  (6y 

d  r/n     d  r/n  .  d*  r/n  ._  ,  d^  rri  ^ 


2Jb 


^a„ 


=  0, 


*ThjB  IB  done  f>eG&tiBe  tlie  K*s  are  enaier  to  dlSerentiate  tliaa  the  jPsi 
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Wgfeve 


A. 

2da 

J 
2db 


LJvJo       LMda     2N'da}Jo' 
LNJ  »  ~  L  N\db     2N"db  /  J  ,' 


(8.) 
(8.) 


5Sd6L^■Jo     LNXda     Nda)\db     Ifdb/Jo 


+ 


LMdodi     2N'<iadb)Ji'  ^^"^ 


2d6 


Having  computed  the  first  and  second  differential  coefficient  of/  and  N, 
these  coefficients  can  be  found  and  used  for  the  normal  equations  (6']. 
If  we  place 

<^_  Jl_  ^Ni  _    y    .     rf/j /l        rfN, 


(fa      2Nj"  do  ~     "    d6 


2Ni    dft 


^  ^  X  1 , . . . 


da      2N3   da 


d6 


2Na    db 


df^_  /. 


dN»_„  . 

- —  *^mt 


d6      2N  ■  db   ~    " 


'  da      2N.,'  da 

iwe  have  sofficiently  near  (replacing  now  1-r-N  by  P) 


(9i) 
(9.) 

(9.) 

(6';) 


These  normal  equations  we  might  consider  to  have  been  formed  from  the 
following  fictitious  observation  equations : 

^1  =/i  +A\Ja^+i\Jbo+  ....  (weight  =  P,)  (10,) 

^s  =/.j-\-X^Ja,  +  Fj J6„  +  .  .  . .  (weight  =  P,)  (10,) 


^»  =/..  4-X^ao  +  ^-^f>o  + (weight  =  P»)  (10.) 

if  [PJ*]  ia  made  a  minimum. 
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The  equations  (6^'),  (6J') .  .  .  oot  only  give  the  corrections  da^,  Jft^, 
to  the  assumed  values  of  the  unknown  quantities^  but  also  their  weights  iq 
the  usual  manner. 

If  ti^  number  of  unknown  quantities  there  are  vi — n  conditions  betwe< 
the  observed  quantities  aIone»  We  have  then  for  the  probable  error  of  i 
observation  of  weight  1 

where  [P/*]  is  to  be  computed  by  means  of  the  final  values  of  a,  6,  •  .1 
and  if  p,„  pt.f  .  *  .  are  the  weights  of  a,  i,  ,  ♦  .  as  deduced  fn»m  (6"),  (8| 
•  ,  .  we  have  their  probable  errors, 

r 


r«  = 


I/P.' 


Applying  this  process  to  the  above  simple  case  we  have 


da 


db 


do'        dadb        dh^ 


do  ~    "    d6"         '   da^~      dadb       rfA* 


da        p,'     db  '     da'' 


p^       att  aa'         p^  '    dadb 


<fa 


P3 


db 


da^ 


Pj*    <fat/6         d6" 


0, 
=  0, 


We  have  then 
d 

2da 
d 

m 


2da-i 
d* 

2dadb 

2d6» 
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ibetitutiog  into  {&')  we  have 

t^/K^")].+['Hf«)-f^]-. 
mploying  {^}  (^")  and  (10)  we  have  also 

Pa 

lie  results  of  these  two  methcMls  differ  materially,  (he  indication 
f  is  cotisideniblc  unecrtaiiity  alKitit  the  determiimtion  of  the  un- 
known quantities  or  that  their  [)robahlc  errors  iire  large.     It  would  not  Ije 
iuJicious  iu  that  ease  to  attempt  a  more  exact  8olution, 


SYMMETRICAL  FUNCTIONS  OF  THE  SINES  OF  -THE 
ANGLES  INCLUDED  IN  THE  EXPRESSION 

,  2k7t 


BY  PROF.  W,  W.  JOHNSON,  ANNAPOLIS,  MARYLAND. 

ENOTING  these  angles  by  «<),  flj,  a^, . , .  a^_i ,  the  values  of  sin  na  and 
'i  will  be  the  same  for  all;  lience,  putting  x  for  sin  0  and  na  for  nft  in 
lGveh>[iment8  of  cos  nO  and  sin  iiO  iu  terms  of  sin  0  (ipiottHl  tm  pnge  17) 
ave  the  eq'ns  whose  roots  are  sin  a^,  sin  «|,  etc.  j  viz.,  when  n  is  even, 

(1) 


2  "   '       4 
nd  when  n  is  odd, 


«nn4Z=na;  -1__ — far... +(-l)a  —^ ^ ^^v— '^- — - — --^x\ 

3!  n! 


dividing  by  the  coefficient  of  x"  each  of  these  eq'ns  takes  the  form 


(2) 


n(n— l)(n— 2Xh— 3) 


,3f^*—.. 


n»— (7.  — 2)»         ^  ["*— ("-  2n  [«*-(«—  '*)*] ' 
reqiiatioos  difiering  only  in  the  last  terms,     Rc(hieing  (he  coefficients, 
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the  equation  becomes 


=  r,:»-^x-'^"<"-^) 


0  =  a!" 


a;-*- 


n(n — 4)  (n — 6) 
4.8.12 


2f-«. 


4~        '      4.8 

the  geaeral  term  being 

/_1  x,«(»— y— 1)  •  •  -  (w— 2r+l) --3, 

(    1) 4'.rl  "^    •  _ 

But  when  n  is  even  the  last  term,  [as  found  from  (1)]  is  obtained  by  put 
ting  1— cas  na  in  place  of  a:**  when  r  =  \n\  it  is  therefore 


and  when  »t  is  odd  the  last  term  [as  found  from  (2)]  is  obtained  by  putting 
— sin  na  in  place  of  ^x  in  the  term  corresponding  to  T^\{n — 1) ;  the  last 
two  terms  are  therefore 


I 


(-l)T- 


-C^) 


^-'{^Y- 


«-(-!)- 


•-1 


A  SIQTUI 


'4 


Since  the  last  terms  only  involve  a,  all  the  symmetrical  rational  integral 
functions  of  sin  a^,  sin  aj,  etc.,  of  a  degrm  less  than  n  have  values  inde[)en' 
dent  of  a^^  and  the  form  of  equation  (3)  shows  that  all  those  of  an  odd 
order  vanish.     With  this  restriction  we  have 

£  sin  oEq  sin  a^  ^^  ^n,  2" sin  a^  sin a^  sin  a^  sina^  ^  ^M^^^ — 3)j 
and  in  general 

-Tsin  ap  .  .  .  .  sin  a^^^  =  (- 1)  ^^  A^-^-—^. 

By  employing  Hirscli's  tables  of  symmetrical  functions  (given  JjT 
Appendix  to  Salmon's  Higher  Algebra)  we  may  calculate  any  function  < 
degree  not  higher  than  the  tenth,  and  any  function  involving  only  eve 
powers,  up  to  the  twentieth  degree,     I  had  by  this  means  obtained 

Jsin'a  ^  |n,  2'sin*«  ^=  f«,  2'  siu®a  ^  ^n,  2'sin^a  =  ^^^t, 
which  are  remarkable  as  containing  the  fii-st  power  only  of  n,  before 
noticed  that  it  is  easily  shown  a  priori  that  this  is  universally  true.    For 
compare  the  valuer  of  -  sin^''ct  for  two  values  of  n,  n'  and  n\  (both  greate^J 
than  2r)  with  its  value  when  n  =  n'n''.     It  is  evident  that  tlie  angles  «»| 
+(2fer-r-n'ii")  are  equivalent  to  n"  sets  of  angles  of"  the  form  a'^  +{idfer-Hi  Ji 
hence  the  ti'?i''  terms  of  ^^^""sin^''  a  are  equivalent  to  n-'  sets  of  terms  ead 
of  which   has   for  its  sum  -i^'sin^'a;  that  is,  i^'""sin^'a  =  n''2^'si 
n'2"""sin^'a.     Therefore  2*"'sin^'a  ^^  kn\  where  k  is  a  numerical  eonetanlj 


The  value  of  S  sin^'a  is  now  easily  calculated  since  it  is  necessary  to  re- 
t^n  only  the  first  power  of  n  in  the  result.  Since  each  of  the  coe£Bcients 
in  ^«  (^)  contains  n  as  a  factor,  it  is  unraeecssary  to  i*etain  any  terms  in  the 
expression  for  2'sin^^a  in  terms  of  the  cocflSeients  which  involve  more  than 
one  csoefficient*  Now  the  only  term  of  I^a*^^  which  is  of  the  first  degree 
io  the  coefficients  is  —  ^jy^^  (p^r  heing  the  coeiSeient  of  ar""^''  in  the 
equation  whose  roots  are  a,  ^,  etc).  Moreover^  in  the  value  of  p^Csee  gen- 
eral term  above)  it  is  only  necessary  to  retain  the  numerical  part  of  each  of 
the  binomial  factors.     Therefore 

V  .  ,^  n         IP  2m//'+l),-J2r— 1)         n      (2r— 1)1 

tie  coefficient  of  n-=-2''~'^-being  the  middle  ooeflScient  of  the  expansion  of 

We  may  now  readily  calculate  any  eymnjetrical  function  by  means  of  the 
formulae  Ja"*^  —  Ia"\Ia?'~lar+%  &c. ; 

&r  example  2sin'aQ.8inVj  ^  ^n' — ^W^' 

and  l*8in*aQ.sin^aj  ^ — v^h^* 

The  values  (4)  and  (5)  of  the  last  texm  of  equation  (3)  show  that,  when 
n  is  even,  the  product 

sin  <2<j,sin  a^  . .  *  sin  a^^  ^  ( — 1)***  sin'Jiux-=-2*^^, 
mod  when  n  is  odd 

sin  a^.sin  aj . . .  ain  o^^  ^  { — l)'^**~**8in  na-s-2*"^  • 
In  the  first  of  these  expressions  one  half  of  the  factors  are  negative,  and 
numerically  equal  to  the  positive  factors;  hence  putting  in*  in  place  of  n,  the 
product  of  the  sines  of  the  angles  included  in  the  expres'n  a^  +  (far  h-  n') 
[a0<(^-*-ii)],  is  ain a^^^sin  a^  .  •  .sin  a^f_|  =  sin  n'a-i-2'*''"*. 

These  expressions  of  course  vanish  when  a^  ^  0,  but  in  that  case  if  we 
divide  by  sin  a^  and  evaluate,  we  have,  when  n  is  odd, 

.    2;r    .   4;r         .    2(n  — 1)^-       .     ^r^^-    n 
am  —  sm  —  • . ,  sm  -^^ ^—  ^  { — 1}  2 


n         n  n  '       '     2"~^' 

and  for  all  values  of  n' 

?r  ^.  2?r         ,    (ri  —  l)K         nf 


sm  —  Sin   V  . . .  sm j—  =  ^-j^. 


£qaat]on  (1)  shows  that  the  sum  of  the  reciprocals  of  the  roots,  Jcoseca^ 
vmnishes  when  n  is  even,  but 

E'cosecaQ  oooec  a^  =  — n^-f'(4sin'Jn<2),  whence  I'oosec^a  =  Jn^c308ec?|fia : 
,od  equation  (2)  shows  that  when  //  is  odd, 

^'  cosiec  a^  =^  n  coaec  tia,  1'  cosec  a^  cosec  aj  =  0,  etc. 


i 
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CVR  VE  OF  PURSUIT  GENERALIZED. 


BY  PROF.  L.  G.  BARBOUR,  RICHMOND,  KY, 

Let  a  jmrticlc  i^tart  from  B  aud  descrilie  a  straight  line  BC  witli 
giveti  rate  of  motion,  either  uiiiforiUj  or  varying  according  to  a  given  laM 
At  the  same  instant   let  another  particle  start  from  A  and  tnaintaiQ 
velocity  ever>'  where  m  times  the  velocity  of  the  first  particle,  and  a  coun>e" 
always  directed  toward  it;  so  that  if  I 
the  first  particle  should  stop  at  any 
point  as  if,  a  tangent  to  the  curve  de- 1 
scribed  by  the  other  particle  at  the 
point  P,  which  it  has  reached  at  the 
same  instant,  wil!  pass  throngh  IL 

Let  AX  be  the  axis  of  abscisstis ;  Ay  the  origin;  ^4  F parallel  to  ^C^  1 
axis  of  ordinates;  AB^  the  unit  of  distance  at  the  start;  CBX^  or  tf, 
angle  from  0  to  180°, 

The  co-ordinates  of  P  nv^  AE  =  x  and  PE  =  y.     Draw  PI  parallel 
AX.   Let  AP^  u.    By  the  conditions,  u  =  m,BH=m,BI+mJff.     Btr 


PI  :  IH  ::  l—x  :  IH  ::  (h  :  dy;  .- ,  III={l—x)' 


dy 

d'x 


It  will  be  noticed  that  the  obliqueness  of  the  co-ordinates  is  recsognizetl  in 
the  differentials,     Ttierefbre 

u  ■=  m  <  y  \-{l — xf^^  \;  ,  • .  du  s=  fiuly-\-m(l — x)-J — wdy  =  7n(l— or)^ 
Also  du^  ==  d^-\-d/y*'\-2dxdy  cos  t),     Therefom 


"(i-^^2=^ 


^( 


>+£+^SH- 


It  roiiet  bq 


Integnitingr 


Let  r  ^  dy-^dxy  then  m(l— a?)dr  =  dx  |/(l+v^+2tyoQs&). 
remembered  that  0  is  an  arbitmiy  constant. 

Sepai-atinff  the  variable,  — 7^— — =— -r -^^  ^  — -= r* 

^  ^  '  V(l+v'+2t7COtjtf)       wt(l— a?) 

log[v+costf+  */(l+«»+2i?cosfl)]  =  — (1-Hm)  log(l-«)+a 

To  tletermine  the  constant,  let  a?  =s  0,    This  is  at  A,     The  curve  at  this  pt»  ] 

it*  tangent  to  axis  of  abscissas,  ,',  (dy-^dx)  ^  y  =  0;  .".  C^  log(costf+J)* 

.*,  Iog[t?4-cos  e+  I  (l  +  t'^+2ticoefl)]=— (lH-m)]og(l— a:)H-log(ctiHtf+l)f  j 

, . ,  'J^+cos  8+i/(l  +r«+2rcOfl  tf)  ^{1— :cf 'Vcos  «  + 1 ) ; 
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Integrating, 


u  = 


(1- 


w-i 


:£lJl(cos<?+  A— y—a-eosfl  +  C. 


^  let  x^Oy.'.  y=0,  u=0;  .  * .  C'=[m^(m— l)](ct)sfl+l), 
InUnrrafmg  Ix'iween  the  limits  x^O,x^lj  and  1/  =  0,  y  =  BCf  we  get 
u  ^  my  ^  — y — 008  d+[m-7-(m— l)](costf+l); 


y  = 


wi+  costf 


W  =  Wl 


m-i-cmff 


^^^^  "    m^— 1  '  m^— 1 

BpisctrssiON.  (1).  If  S  ==  0,  y  =  l-f-(wi— 1),  M  =  m-^(m — 1).  This 
is  tlic  well  known  algebraic  problem  of  the  couriers.  BC  becomes  a  pro- 
longation of  ABf  and  the  curve  APC  degenerates  iuto  a  straight  line.  It 
is  readily  seen  that  the  hindmost  particle  travels  over  AB  :=  1,  and  in  ad- 
Aition  Bs  far  as  the  foremost  |>article  moves,  i*  e., 

m  ^  ,      1 


14  = 


.-1  +  ^ 


m  —  1  m  —  1 

'0  =  180*^,  the  two  particles  approach  each  otlier; 
1  m 


m+l'"*      m  +  1 


;  u+if  =  1. 


0  =  90*^,  we  have  the  ordinary  form  of  the  curve  of  pursuit ; 


y  = 


m 


u^ 


m* 


0  ^       m^—1'  ^      m^—r 

(2).  If  m  —  1,  tf  ^  180°,  then  y  =  u-^.  But  if  m  =  1,  ff  =  0,  then 
f  =  OfOj  as  in  the  problem  of  the  couriers. 

If  7/t  =  1  and  0  ==  90^^,  y  ==  od,  and  the  straight  line  BC  is  asymptote 
Lo  the  curve  APC,  The  curve  is  then  the  Tt'adriXf  whose  evolute  is  the 
Catenary.     M^hen  m  ^  cso,  then  y  =  0,  tt  =  1  =  AB. 

Let  m=2,ff=0,theny  =  f ;  d  =  60^y  =  ^;  ff  =  90^y^^;  0 
120%y=-f;^  =  180^y  =  f 

Ordinarily  the  particle  starting  from  B  is  supposed  to  move  at  a  constant 
This,  however  has  not  entered  into  our  demonstration  at  all.     As 
in  the  outset,  any  rate  may  be  assuinedj  provided  both  particles  are 
ulijaeted  to  the  same  law.     We  thuj*  find  easy  solutions  to  problems  like 
rollowiiig : 
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I.  A  falcon  is  trained  to  fly  after  a  tennis  ball  that  has  been  proj< 
vertically,  the  bird  heading  always  toward  the  balL  —  Given  the  length 

a  straight  line  from  the  ball  to  the  bird  when  he  starts,  the  angle  that  line 
makes  with  the  vertioiil  line  de5t^ribed  by  the  ball,  and  the  velocity 
ball  ==  1-^m  that  of  the  bird. — Required  the  distance  the  falcon  flies 
catching  the  ball. 

II,  A  hawk,  carrying  a  fish  in  its  mouth,  is  fuirsued  by  an  eagle, 
length  both  panse  mid  air  for  a  moment.  The  hawk  drop?  tlie  fish,  and  the 
eagle,  being  on  the  alert,  darts  after  it  at  the  same  instant.  Same  data  and 
requirement  as  in  No.  I. 

To  find  the  value  of  u,  a:  and  y  at  any  point  of  the  curve,  we  can  aasn: 
a  value  for  x  in  the  general  equation  which  is 


at  line 

of  tli^ 

m 


_  _m(l—x)  « 


u^ 


(cos  ff+1) — y — a?  cos  d- 


m 


-(0D8#+1). 


m — 1  /if  ^ — 1\ 

The  value  of  i^  and  of  u  =  my  can  be  readily  obtained. 

But  if  we  assume  a  value  for  y  and  then  attempt  to  deduce  that  of  ar, 
will  makcj  in  some  cases,  a  difficult  though  not  iusoluble  problem*    Iti 
best  to  remove  the  origin  from  A  to  B,     Designate  BE  hj  x^i  .  • .  1  — i 
2=  x'  and  — X  ==  — l-\-x\    Substituting  in  the  general  equatioDj  W€  havel 


u  ^  my  = 


m 


m  —  1 


'"  "(cos  ff  + 1) — y — cos  ^+a5'co8  fl+ ^(oostf  +  1). 


For  any  given  values  of  wi,  tf  and  y,  the  value  of  x^  can  be  found. 

general  form  to  which  it  tmn  be  reduced  is 


a/  **  — ax=b. 


w-l 


=  2'"-! 


"^^  — dz""  =  6j  a,  6  andi 


Let  x^  =  tT'  ;  then  x' 
ing  numl>ers. 

In  the  demonstration  the  origin  might  have  been  put  at  B  •  then  db  would 
be  a  decreasing  function  of  x,  which  is  apt  to  perplex  the  signs. 

CuBVE  OF  Capture- — If  a  hare  starts  from  B  and  runs  toward  A,  and 
a  hound  at  the  same  moment  starts  from  A  and  runs  toward  JS,  they  will 
meet  at  some  intermediate  point  on  the  line  AB,  The  particular  point  will 
be  determined  by  the  value  of  m  in  the  expression  (m  +  eostf)  ^-  (m*  —  !)• 
Now  let  us  make  m  the  constant  and  0  the  variable.  For  the  purpose  m 
hand,  m  must  never  he  less  than  1  ;  if /?i  Ijc  greater  tlian  1,  the  hound  wU^ 
catch  the  hare,  in  whatever  direction  the  hare  may  run  from  B,  that  I 
whatever  may  be  the  value  of  6.  In  fig.  l,ff  is  an  acute  angle,  and  the  p^»!i 
of  overtaking  is  at  C  If  ff  were  zero,  the  point  w^ould  be  on  the  axis  J 
al>s(?issaa  to  the  right  of  B*    If  in  sutxxissiou  a  hundred  barei^  nmniog  ia 


— Ill— 

hnmlred  diSereni  directkinsj  should  be  pui*fiiied  by  as  many  hound?*,  the 
^Iare^  would  l^e  caught  each  at  a  different  point;  but  the  hmidre*!  points 
^loald  all  be  situated  on  one  and  the  same  curve.  It  is  of  course  under- 
stocxl  that  each  hound  ruus  m  times  as  fast  as  the  hare  he  pursues;  m  being 
jyi  arbitrary  constant,  each  value  chosen  would  give  a  ditierent  curve  but 
^11  the  curves  would  beh:)ng  to  the  same  family. 

In  fig.  %  let  B  be  the  starting  point  of  t!ie  hares.  The  locus  of  tlie  p*ts 
vbere  they  are  caught  will  be  the  Curve  of  Ckipture. 

From  the  previous  formula,  generalizing  and  call- I 
iug  the  distance  from  B  to  the  point  of  capture  />,  wc 
get  the  polar  e*^ nation 

'        m'— I  m  +  r  m— 1 

Also  XB+ BH  =  2m-J-(w»— 1 ).     Make  IC  =  CH  and  we  find 

m' — 1  vr — 1 

Smce  BE  =  mH-(tn^— 1),  EBII  being  a  right  angle,  BE  =  IC  Since 
BC  :  IC  ::  I  :  m,  we  may  take  any  line  as  ///,  bisect  it  at  C,  divide  IC 
into  tn  parts  of  which  BC  is  one,  and  at  B  erect  a  perjKiDdicular  espial  to 
IC;  we  shall  have  three  points,  /,  E  and  H^  of  the  curve.  In  this  t^ase,  m 
k  given.  But  we  mr-y  suppose  m  not  given.  Then  at  any  point  of  ICevei^t 
»  perpendicular  eipial  to  /C,  and  we  have  three  point*?  of  the  Curve  of 
CHptare :  Also  BC-~IC=  m. 

We  here  suppose  IC  constant,  and  B  a  movable  point.  Place  B  at  C, 
and  we  have  BC  =^  0,  m  =  od,  and  the  curve  l>ecnmes  a  i'irch*  Remove 
Ctoan  infinite  distance,  then  B<*=IC;  ,*  .  7/i^=l,  and  the  curve  becomes 
a  straight  line. 

To  find  the  points  where  the  curve  cuts  the  axis  of  abscissas ;  any  aWis- 
a,  as  BK  ^^  p  cos  d  ^  m  cos  9  +  cos'^, ,  • .  —  m  sin  fl  —  2  cos  0  sin  i^  ^=  0, 
.\sm8^0,  ,* ,  9  =  0 or  180°,  for  the  maximum  value  of  al>scissas.  The 
com*  is  per|>cndicular  to  the  axis  at  /  and  IL  Or  the  ecpiatiou  may  l)e  sat^ 
tB^ed  by  —  m — 2  cos  6^=-0;  .  *  .  cos  0  ^  — |7?t,  which  gives  negative  values 
lir  cosine,  and  tf  >  90°  ;  our  limits  forbid  the  consideration  of  these. 
The  maximum  and  minimum  values  of  p  are  easily  derived  from 

w+cos  6 

m  —  1 

♦  — sin  9  ^^0;  *  • .  (?^0,  or  180*^,  as  we  found  in  the  case  of  abscissas. 

Prom  the  genesis  of  the  curve  it  is  evidently  symmetrical  Uj  the  axis  of 

The  figure  is  drawn  as  if  CD  were  the  maximum  ordinate.    Let 

if  this  is  true.     BC=1  -^(m^—i)  =  BDcm9;  therefore 
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10^04006^^ 


Thm  IS  the  value  of  oos  6  when  ff  =  DBC.     To  see  whether  CD  is  a  max- 
immn  ordinate,  take  any  ordinate?,  as  JK  =  JB  sin  tf  ==^  /?  mn  fl  ==  (m  mi  9 
-f  coh  ^?  Hin  ^}-f-(?n' — 1) ;  for  a  niaxinmm,  m  oos  tf-f-co9*fl=gin^^'  =^  1  — cos'l, 
,  *.  2co8*fl— Jmcosfl  =  J;  .'•  €Ostf  =  i[ — mi:|/(m*+8)],  which  diflk 
from  the  viiUic  for  8  =  DBC,     ft  will  l>e  found  moreover  that  no  %tiW 
for  m  will  satisfy  both  equations.     Therefore  the  curve  is  not  syranietrio 
to  the  axis  CD,    Thus  for  m=2,  we  get  DBC—  65^*32';  whereas,  for  d 
max.  oi-dinate^  tf=68*^31' ;  showing  that  the  highest  point  is  to  the  left  of  J 

SoLimoN  OP  A  Peoblem  in  Mensuration,  by  Request,    PrMem,] 

Foiy  cylinders  of  equal  radii,  r,  intersect  each  other  at  rightangles,  two  i 
two,  in  the  same  horisoutal  plane,  each  pair  being  tangent  to  each  ntlier  i 
having  their  axes  parallel.     Required  the  contents  of  the  solid  l>ouiided  1 
the  surfaces  of  the  four  cylinders  and  their  common  tangent  plane, 

Solniion. — Let  ADEF  represent  one-fburth  of  the  surface  bounded  by  1 
common  tangent  plane,  and  ADEFB^  one  fourth  of  the  required  solid;  i 
will  ABC  and  BEG  represent  one-fourth  the  sectional  areas  of  two  of 
intersecting  cylinders. 

Let  adef  be  a  section  of  the  required  solid  {parallel  to  the  common  i 
plane  and  cutting  the  radius  CA  in  fl,  and  put  AH^t,    Then  from 
erty  of  the  circle,  we  have 

aU^  l/(2nr— j:*), 
and  consequently 

^  one  of  the  equal  sides  of  the  variable 
phmc  adef.     Hence  the  area  of  the  \^riabk  | 
phuic  atht^s.  [r  —  I  (Si-af — r)J 

^  r*+awf— vT*— 2r|.^(2rx-^j^ 
tV*!ausc  the  rt^piired  solid  is  the  turn  of  | 
all  its  parallel  planea,  putting  dx  for  thr 
t  hickness  of  each  plane  and  S  for  one-fourth  | 
the  required  solid,  wt  have 

=  P  — ir  XETca  of  ciit!le  whoee  rwlitta  is  r. 
**  .AS=^  yi4_air  X  area  of  ctrele  whose  rsdiuB  is  r. 
If  r  =  7ft  Sin.  this  \mxmm  264a5S— S394^  =  146.13  cubic  fecL 
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SOLUTION  OF  A  PROBLEM. 


BY    R.    J.    ADCOCK,    MONMOITTH,    ILLINOIS. 

Wrm. — The  velocity  of  the  wind  being  f,  and  its  force  l>emg  propor- 
sqiiare  of  the  velocity;  and  tuTDing  a  wind  wheel  with  a  hori- 
Eoatal  axis,  the  driving  surface  of  th**  wings  being  described  by  a  straight 
lUG  perpendicular  to,  and  moving  uniformly  along,  the  axis,  while  it  rotates 
miforraly  about  the  axis;  what  then  must  be  the  inclination  to  the  plane, 
jeqiendicular  to  the  axis,  of  the  part  of  the  wing  farthest  from  the  axis,  in 
)rd€r  that  the  wheel  when  moving  with  tlie  proper  angular  velocity,  may 
^  doing  a  maximum  amount  of  work  in  a  given  time? 

SohUion. — Let/=  the  force  of  the  wind  on  a  unit  of  surface  when  mov- 
ing idth  a  unit  of  velocity,  then  fv^  =  its  force  for  velocity  v. 
Let  6  :=  dist,  moved  along  axis  by  gen.  line  of  wing  surf,  in  one  revoFn, 
X  ss  distance  of  any  imint  ol  generatrix  from  axis, 
z  ^  angle  made  with  plane  perp.  to  axis  by  helix  at  distance  x^ 
z^  s=  same  at  distance  r,  the  length  of  generatrix, 
a  =  angular  velocity  of  rotation  of  wheel.     Then 
b  =  2:ix  tan  z  ^==  ^nr  tan  z^ , 

i/(6'+4;r'a;^)c/ir  ^  —  pr — ^^-  =  elementary  area  of  wines, 
tans  ^  velocity  with  which  the  wind  strikes  this  elementary  surface, 


ram  t  "= —  (t> 
moment;  and 


fix  tan  zf 


47^*81  n^r 


-flv^ax tan zf  -  -4-^-^  ^ elementa- 
47r*sm's 


I  b^cos^zdz 


*/aiv — flca?  tan  2]^ -    ,  ^^-   =  elementaiy  work  done  in  a  unit  of  time; 
■^   ^  4'*sin*2 

in  case  of  a  maximum  for  a,  gives 

{v — €tx  tan  zY — 2a(t? — ax  ttmzjx  tan  s  ^  0, 

V — axtm\z  ^  Of  v — ax  tan  5 — 2aa;tanz  ==  0,  eLrtanz  ==  Jt?, 

ttice<  from  (IV  r  fan  -  =^  r  tnn  2, ,  ar  tan  z^  =^  §r.     Int^rating  elemen- 

area, 

—  I  ,  ^  -Air  ^  rrr^  tan  2,  [-,—i- — loe  tan  iz,  1  =  entire  area, 
J  |2jrsin*5  ^  Vsin'zj        ^        *  V/ 

By  reduction  the  elementary  moment  is 

-Jf^-ax  tan  ^,^^,^^  -  -hf^  -^,-  ^-^/i^^n\ 


4;r%in'x. 


ai^sin's 


sin^ 


—114— 
And  the  eDtire  moment  when  moving  with  proper  angular  velocity  is 

/:-l^^:,w..^  =  t./w»,-.,(^;+i,«u.i..). 

Hence,  iJ^>^'t  [(ca  ..-»JnV  )+log  to  j.j]  ^  ^  „„;„„„  fo,  ,     (J 

(co8  2i  -5-8in*2f^ ) — log  tan  f  z^ 
will  give  the  position  of  wings  when  the  work  being  done  is  a  maximum* 
Therefore,  placing  the  first  differential  coefficient  s^  0,  and  s*>Iving  foa 
log  tan  l^i,  there  results 

log  tan  Jzj  ^=  (cos z^'T-Bin\)[l -^eo&h^  ibi/(4+eos*2i)], 
Subfitituting  in  (2)  tliis  second  value,  the  only  one  applicable, 
tan  g|  [1  +1  +co8^2i— i/(4H-oofi*gi)]  _  tan  z^  [2  +CQ6*jg^— v"(4 +co8^g| ) 

1 1 COS*Zi+v/(4H-COS*2i)  ~  \/(i+COB*Z^)^COBhi 

^  — tan  jj  +  Jtan2i[oos*rj  +  |/(4H-eos^2|)]  —  maximum  for  s^. 
Differentiating  a  second  time  and  reducing, 

cofi*2i — Jcos*2j — ^2cos^2j-f-2  ^  0,  from  which 
QO^z^  =  0.55154  ;  .'.z^=  42°2i'. 


SOLUTION  OF  A  PROBLEM. 


BY  PBOF,  C.  M.  WOODWARD,  WASHINGTON  UNIV.,  ST,  LOUIS,  MO* 

Problem. — Given  a  frustrum  of  an  oblique  cone  with  a  circular  base; 
frustrum  is  cut  in  two  by  a  plane  per|>endiculur  to  the  principal  plane  < 
the  cone,  and  tangent  to  the  two  bases.     Find  tlie  nitlo  of  the  volumes  of 
the  t%vo  parts  of  the  frustrum.  I 

Solution, — Let  vABClJ  be  the  sectien  ot 
the  cone  made  by  the  principul   plane,  and  | 
let  DBN  be  the  trace  of  the  intersecting 
plane  perpendicular  to  it.      The   section,  I 
projected  in  DB^  is  obviously  an  ellipse  of  I 
which  DB  is  the  major  axis.     Let  or  ^  A, 
As  =  r,  Dk  2=  R  and  on  =  a;.     Then 

Sin  if 
The  minor  axis  is  the  chord  of  a  circle 
whose  radius  is  J(72  +  r),  and  whose  dist. 
from  the  center  is  J(iJ  —  r) ;  its  length  is 
therefore  2]/(i?r). 


The  volume  of  the  oone  v — DB  is 
but 


R-i-r      Rr    .  .r  1     i  •        rA  i 

_J_  -=  —  ;  hence  K  =   —  ;rAam  0  R^r^* 
2  X  ^        Sx  ^ 


Now 


V8  =  —  and  vk  == 


Ai2 


hence 


one  V — AB  =   T'  =:  — ^  ;rAsm  ^  r*.  cone  v — CD  =  K  =  — -  jtA  sin  0  i?,. 

Vol.  ^5D  =  F  —  V^  =  ^nh sin f  (  i2*^4)   r* 

Vol  BDC=  V—  1;  =  -i  ;rA  sin  ^p (  R^—M  J2* 


lienoe 


Vol.  ^DC 

From  the  volumes  of  the  three  cones  we  see  that  the  elliptical  oone  is  a 
mean  proportional  between  the  other  two.  (This  striking  analogy  between 
the  cones  v  —  AB,  v  —  BD,  v~  CD^  and  the  triangles  AvB^  DvB,  DvQ  I 
had  never  before  noticed,  thoogh  it  must  have  been  well  known*  Neither 
had  I  ever  observed  that  the  semi-conjngute  axis  of  mich  a  conic  section  is 
a  mean  proportional  between  the  radii  of  the  bases  of  the  frustnun,) 

It  IB  obvious  that  the  plane  A  C  divides  the  frustrum  In  tbe  same  ratio 
as  the  plane  BB, 
If  the  altitude  of  the  frustrum  is  p  we  have  A  sin  f-7-x^=p-r-{R — r)  and 
V,  =  i«Tp[|/(iiV)^{iI_r)]. 
V,  =  i7:jif^^(R^)l  y,  =  injiR'MR-r)}, 


SOLUTION  OF  PROBLEM  255. 


BT  PBOF.  W.  W.  HEKBRICEBON,  NAVAL,  ACADEirT,  AKNAPOUS,  KD. 

I 

'  Dkkoti>o  the  distance  AB  by  a,  and  taking  the  axes  as  represented  in  the 
.figure,  file  equations  to  the  lines  AC  and  £C  are  (1.)  y  =  2;taii(f  +  a), 


mmmM 
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(2.)  y  ^  tan  2(p{a  —  ,t),  ElimitiatiLig  ^,  the 
equation  to  the  locus  is  3;r^^  —  y^  —  2€W7/  =^ 
tail  2a(x*  —  Zxy^  —  aa?  -{-  ay^),  ' 

By  the  conditions  of  the  problem  there  will 
be  an  Jisymptote  whenever  ^t'  and  BC  beeome  ' 
parallel;  that  is,  when  a+f?  =  nT: — 2f;  from  this  f  =  i(wr  —  a),  a 
=  J(7i;r+2flE),  and  the  direction  ratios  of  the  asymptotes  are  the  tangent 
the  angles  §a,  60°+  ^a,  and  120^+  |a.     The  asymptotes  all  pass  throu 
the  point  {Ja,  0)  as  will  be  seen  by  moving  the  origin  to  that  point,  wh 
all  the  terms  of  the  second  degree  in  the  equation  to  the  locus  will  dis 
pear.     The  equation  to  an  asymptote  is  y  ^  tau  J{/j!?r+2«)(ar — Ja). 

In  equations  (1.)  and  (2.)  let  a  ^  45°,  and  denote  tan  f  by  m,  then  the 
co-ordinates  of  Care 


X,   = 


2am 


rrr^  yi 


_         2am{l+vt) 


;  tan(90°  +  4f)= 


U6m*+m^ 


m^+4m+l'  ^^      (;rtH4m+l)(l— m) 
whence  (after  reduction)  the  equation  to  CE  Is 

4m(l— w%+(m*— 6m^+l)a:  =  2am(m*+l). 
Differentiating  in  reference  to  ?n, 

(9_6m^)^+(2m''— 6m)a?  =  a(3m^+l). 

-Sam^     —a{m^+dm*—9mr—l) 


(3) 


From  (3)  and  (4),  x= 


(m»+l)»' 


y  = 


2(m*+l)> 


and  addxng,  .^+y»  ^  T'rn^^rn^^V  ^^'^^^^^  K+IF^^^''^  '. 
the  value  of  m*^(m^+l)  obtaiueil  from  this  and  substituted  in  the  value  ( 
a?,  gives  (4arH4a^— <t^)*  =  27a*x^, 

wliich  is  the  eq'n  to  the  en/elop  of  (3)  and  is  the  two-cusped  epicycloid* 

[Prof,  Johnson  writes,  in  relation  to  the  solution  of  this  problem,  'The 
envelop  is  really  the  two-cusped  epicycloid.     Also,  the  result  cannot  beitt- 
de[>endent  of  a,  since  for  any  other  value  than  45*^  the  line  EC  recedes  to 
inhnity  when  C  recedes  to  infinity  on  one  of  the  asymptotes  of  the  cub 
locus,  and  this  indicates  parabolic  branches  of  the  envelop;"  Prof.  Johns** 
propose  the  following: 

Problem. — "Supposing  the  fig.  on  p.  91  constructed  for  a  =  45*^  as  in  1 
second  part  of  Prob.  255,  let  the  circle  whose  centre  is  A  and  radius  AB\& 
tersect  EC  in  M  and  N.  Prove  that  as  f  varies  M  and  N  move  with  uni- 
form but  unequal  rates  on  the  circumference  of  the  circle, 

"Note. —  This  theorem  reduces  the  quest,  in  Prob.  255  to  the  determio 
tion  of  the  envelop  of  a  chord  whose  extremities  move  uniformly  in  ac 

*This  envelop  is  always  an  epicycloid/'] 
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'OOMPUTATION  OF  THE  CUBE  ROOT  OF  2. 


h 


BY    ARTEMAS  MARTIN,  M.  A*,  EDITOE  OF  THE  MATHX  YISITORj  ERIE,  PA, 

Having  recently  computed  the  cube  root  of  2  to  o2  places  of  decimals, 
by  the  niethod  of  approximation  found  in  Simpson's  Algebra,  I  submit  it, 
with  the  work,  for  publication. 

Let  iZ  =  the  true  nth  root  of  a  number  iV,  and  r  =  a  near  approximate 
root,  and  put  q  ^  nr^-T-{N — r");  then  (Simpson's  Algebra,  p,  169) 

r{2q+n) 


R^  r 


,  very  nearly, 


q{2q+2n—l)+Un—l){2n—l) ' 
rhich  he  says  (p.  165)  "quintuples  the  number  of  figures  at  every  opera- 
,     tioD." 
I        Taking  n  ^  3  we  have  for  the  cube  root  of  N, 

: 

I      Wh 


^='-H-^''^^-^' very  nearly. 
To  compute  the  cube  root  of  2,  take  r  —  1.25  ^  f;  then 


l25(255}+4 
which  is  tnie  to  the  last  figure. 


Now  take 


^  96389 
'"       76504' 


then  H  — 


895534711311869 


447767355672064' 


and  after  some  reductions  wc  get 


556^174100732765358417747 


76504  ^3681291 779855851 2816199593918847364b4' 
^  463813700424535044109807007546772121 
368129177985585128169959391884736464' 

=  1.2699210498948731647672106072782283605702614647015079+. 


ON  THE  TRI8ECTI0N  OF  AN  ANGLE, 


BY  PKOF.  J.  SCHBPFEK,  M£RC£B5BUKG  COLLEGE,  PENN'a. 

I  SHALL  here  give  some  of  the  different  methods  which  have  been  devised 
for  the  solution  of  this  celebratc<l  problem  of  the  Platonic  school. 

1.  Let  AB  ^  a  represent  an  arc,  whose  radius  is  r,  and  let  F  represent 
the  point  in  which  AB  is  trisected. 
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Denoting'  CD  and  '£D  "re- 
spectively by  2/  and  y',  and  the 
coordinates  of  F  by  a;  and  j/, 
we  have  ^^=r  cos  t,  y'==r  sin  a ; 
X  ^  r  cos  Jff^  y  ^  r  sin  Jet, 

Since  rhin  §a  ^  2r  sin  |a  x 
rco8  Ja,  and  also  ^  r  sin  ax 
r  cos  Ja  —  r  cos  a  r  sin  ^a,  we 
have  2xy  ^  xy^ — a?'y,  or 

(1) 


_    w 


y  = 


2a;  +  ar'' 
Putting  X  —  ix'  in  place  of  I 

X,  and  — y  +  Jy'  in  place  of  y  \ 
we  obtain  the  simple  equation 
X3,  =  ixy,         _     (2)1 
which  represents  an  equilateral  hyperbola  referre<l  to  its  asymptote* 

From  equation  (2)  we  can  easily  construct  the  curve:  Make  CE—^CD, 
EG  ==  ^BD;  through  G  draw  the  two  axes  respectively  parallel  to  AA^ 
and  BD^  and  construct  the  equilateral  hyperbola,  cutting  the  arc  AB  at  F, 
then  will  the  arc  AB  be  trisected  at  K 

Combining  eqn.  (1)  with  the  equation  a^+y^  ^  r*  of  the  circle  we  obtain 
the  biquadratic  equation,  a?* +3?'^ —  f r*a?* —  r^x'x  —  JrV*  ^0;  whose  four 


roots  are 


a?  J  ^  — a;'  =  — rcosa 


x^  ^  rcosJ«, 
a?8=.-r  cos  (GO°  +  Ja), 
x^  =— rcos(60°— Ja), 
which  shows  that  there  are  four  points  of  intersection;  a?i  correspoDda  to 
the  point  F';  x^,  to  the  point  F;  x^  to  the  point  i*^"',  consequently  ^'. 
^  iA'VAB;  and  x^  corresponds  to  F'\  consequently  AF'  =  ^A'F'l 
For  a  =  45°,  J^'  and  jF'^  coincide.  It  follows  from  this  that  the  hyper- 
bola always  trisects  both  the  acute  and  its  supplementary  obtuse  angle.  If 
therefore  an  obtuse  angle  is  to  be  trisected,  it  is  only  necessary  to  trisect  its 
adjacent  acute  angle. 

Pappus  was  the  first  who  devised  and  employed  the  hyperbola  for  the 
solution  of  this  problem. 

2.     Let  ABC  he  the  angle  to  be  trisected.    [The  reader  will  readily  ocm- 
struct  this,  and  the  suKsequent  figures  in  this  Art.,  from  their  description*] 

Let  fall  the  perpendicular  AD;  make  CD  —  2ABj  and  describe,  with  B 
as  pole  and  AD  as  base,  the  upper  Conchoid,  CE;  draw  AE  parallel  to  5^ 
and  join  BE,  intersecting  AD  in  F,  then  is  /  CBE=  iZABC, 
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ilrawing  AG,CD=FE=  2AB  aooording 
to  ihe  nature  of  the  conchoid.  Since  FG  =  6E  =  AG  ^  AB^  we  easily 
£CBE=  \£ABC.  By  the  lower  conchoid  C'E\  the  obtuse  adja- 
ungle  is  triseited.  For,  bisecting  E'F'  {=  CD  =  2AB)  mG'  and 
ing  AG\  we  have  E'G'  =  Q'A  =  O'F'  =  AB,  from  which  at  once 
follows  I  E'BC  =  J I  ABC 

NkorneJcs  devised  the  eonchoid  for  the  trisection  of  an  angle  and  the 
diiplicatiou  of  a  culx*, 

3*    Let  BEC  represent  an  Archimedean  Spiral.     Divide  the  radius  BO 

af  the  circular  arc  AC,  into  three  equal  parts  so  that  BD^^BC^  then,  de- 

*^  I   _'  fipoui  B,  with  radius  BD^  an  arc^  which  intersects  the  spiral  at  E, 

ii^ie  ABE  =  \  angle  ABC     For,  according  to  the  definition  of  the 

iinJi^AB  :   BE(^BD)=  lABC  :    lABE. 

4    Monlucla  a*>cribes  the  following  two  solutions  to  the  Platonic  school. 

U    Let  ACB  [ye  the  angle  to  be  trisected.     From  C,  with  any  radius, 

cribe  a  semi -circle,  and  through  B  draw  BE^  interseting  the  circle  in  D, 

flOis  to  make  DE  —  the  mdius  of  the  eirclcj  then  angle  at  £^  ^ACB. 

Let  ABC  be  the  angle  to  be  trisected*  Complete  the  rectangle  above 

'  j8C.    Produce  the  up|»er  side,  and  through  B  draw  BE  meeting  the  upper 

Uide  produced  in  E  and  intersecting  the  perpendicular  CA  in  D,  so  as  to 

DE  ^  2ABf  then  angle  DBC  —  ^ABCy  as  can  be  easily  proved  by 

awing  AG  tA}  the  middle  point  of  DE. 

5*    The  Jesuit  Thomas  Ceva  devised  an  iastrument  for  the  trisection  of 

angle.    It  consists  of  four  rulers,  AE,  AFj  DB^  DC^  which  form  a  rhom- 

Ls,  ABDCy  and  are  movable  around  A^  B,  C,  D.     (The  points  Bj  G  and 

-ff  being,  respectively,  on  AE  mid  AF,)    If  the  angle  GDH  Is  to  be 

isccted,  we  take  GD=^DH^=  BD\  fasten  the  instrument  at  D^  and  move 

rulers  so  as  to  make  AE  and   AF  pa^s  through  G  and  If,  then  angle 

ZAF=IGDB, 

6.     By  approximation  we  can  trisect  the  angle  BCA  ^a,  in  the  follow- 
%g  manner: 
Make  AD  =  \a,  DE=  ^AD  =  |.a,  EF  =  JD£  =  ^i,  &a ;  then  we 
in  for  the  sum  of  all  these  arcs,  by  summing  the  infinite  geometric  se- 


Note  ox  the  Catenaby,  by  Prof.  W.  W.  Joh^'son.— The  following 
^nnul^  arise  in  the  consideration  of  the  measurement  of  a  base  line  by 
of  a  steel  tape  w^hich  is  allowed  to  assume  the  form  of  a  catenary. 
equation  of  the  curve  being 
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y=«(e"+c'),         (1) 


we  have 

whence 


lye-'—e   -j. 


.=  -^e— e 


(2) 
(3) 


8»  =  y»— a«  =  (y_a)(y+c). 

Now  suppose  the  ends  of  the  tape  to  be  on  a  level, and  that  d,  the  deflec- 
tion of  the  curve,  is  measured  j  the  length  of  the  tape  is  2«,  and  «  anJ  d  aiu 
the  known  quantities.    But  y — a  =  rf,  hence  from  (3),  y-\-a^=^-^d\  whenw 


_**  +  <*■ 


y= 


and  a  =: 


«»  — d» 


2d    '  2d 

From  ( 1 )  and  (2),  c  -  =  ?'-±i, 

a 
and  substituting  from  (4), 

'  _  g^+d*+2d«  _  «  +d 

whence  a,  =  alog  *-±^=  ^"Tl^log't^. 

or*  putting  L  for  2ar,  the  length  to  be  measured,  and  S  for  2s,  the  whole 
length  of  the  tape, 


L  = 


-1         *3 


4rf     *"^,S^2rf' 
the  logarithm  being  Naperian. 

If  we  develop  the  logarithm  by  the  formula 


lolSu 


"we  have 


_  ^r       2(2d)^_2m)^_2(M)«_2(^^^        1      .^v; 
L         3*S'=        3.5K*       5.7.S«       7,9S»      'J"     ^^ 


The  second  term  is  of  course  the  same  that  occurs  in  the  caise  of  a  circular  J 
arc. 


SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  THREE. 


Soi>tJTiONB  of  problems  111  No.  3  have  been  received,  as  follows : 
From  Prof  W.  P,  Casey,  259,  264 ;  Alexander  8.  Christie,  261 ;  Geo. 
Eastwood,  265 ;  W.  V.  Mcknight,  259  ;   W.  L.  Marcy,  263;  E.  B.  SdtJ " 
264,  265  ;  Prof.  J.  Scheffer,  259  and  answer  to  query  at  page  65*    Al« 
Prof.  J.  H,  Kersbner  and  R.  J.  Adcock  each  sent  ans*  to  query  at  p.  55t 
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"In  a  triangle,  one  side,  ^  400  ft*,  and  the  two  adjacent  angles,  70** 
80**,  are  given ;  to  compute  the  other  two  sides  without  the  aid  of 
ietry." 

UUTION  BY  PBOP.  W%  P,  CASEY,  SAN  FRANCISCO,  CAL, 

|,     About  the  triangle  describe  a  circle,  and  bisect  the  angle  ABChy  the  line 
3SD,  join  Z^Cand  draw  Bn  {icrpendicular  to  ^C 

Amg\eABC=SO%  IBAC=70'';  .*.  /ACB^SO^;  r ,  BO=AB 
:  a.     Let  BC{=  BD)  =  x  and  0C{=  DC)  =  y;  then  x  :  a  ::  y  :  OA 

=f;...0n=|,anda^-g=5;i^  =  i^. 


4a^-^-=x^; 


(1) 


but  (Eucl,  B.  VI.)  ASxBC=AOx  OC+BO';\ 
r.f  =  x:^—Qx.  (2)1 

By   substituting  this  value  for  y*  in  (1)  we  get 

from  which  we  find  x  ==  751, 752ft.     The  other  values  of  x  are  im^inary. 
The  value  of  y  (^  CO)  =  514.227ft.  and  AO  =  273.615ft.,  r  .  AO  = 

787.842ft. 
Qw.    AB  is  the  side  of  a  hexagon  inscribed  in  the  circle  ABCD,  and  if 

we  allow  pA  to  be  its  opposite  side,  then  will  arc  pC^  2CK  and  the  chord 

pC  is  the  side  of  a  figure  of  nine  sides,  inscribed  in  the  circle,  and  that  of 

Ch  the  side  of  a  figure  of  eighteen  aides. 
^A=diam.=2^J5=800,  C'A  =  |./MA*—a')=i/[(800f— (787.842)] ; 


and  CJ>  =  i/{Bp'^B(y)  =  |/[{800)'— (751.752)^ ; 
be  trisected  without  the  aid  of  trigonometry. 


,  an  are  of  60°  may 


260.  "A  sphere,  radius  r,  rolls  down  the  concave  are  of  a  circle,  radius 
iJ,  At  tlie  beginning  of  the  motion,  the  center  of  the  sphere  is  oo  the  ho- 
rizontal diameter  of  the  circle.  Find  the  time  of  descent  of  the  sphere  in 
terms  of  the  coordinates  of  its  center.^' 

No  solution  of  this  problem  has  been  received. 

[Putting  y?  for  the  arc  of  the  circle  over  which  Uie  sphere  lias  rolled  iq 
any  given  time  t,  and  9  for  the  angular  rotation  of  the  sphere  in  tlie  sxme 
time^  we  shall  have 

rCl^-V')  =  R<p.  (1) 

The  equations  of  motion  are  (see  Routh*s  Rigid  Dynamics,  page  103) 
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I    T  1  = — gcos^-\ , 


'^)ffi' 


m 
Substituting  for      -^  in  (4),  its  equivalent,  —  '^■-m>  **  found  from  (1}, 


Combining  (6)  and  (2)  we  get 

Substituting  for  J^in  (2)  its  value  as  here  found  and  reducing,  we  get 

dV  _  g  sin  if/. {R+r)l^ \  ^  _5g_    ■  ,5) 

de       R  —  r\      (R-ry-\-{R+r)l^}       7/2— 3r^'  _ 

Multiplying  by  2df-^dt  and  integrating  we  get,  after  correcting, 

&y=  7^^,(1 -«»f)  =  a(l-c«»y). 
Thereforewe  havedi  =  ^^^,^3  ,  whence  <-=/l_|._A-| 

=  X  a ^S^_  =  J^rj_  1      V(l+coey)-V2-]', 

Va^  „♦/(!— cos <c)        ^''<iLv2    *       V{1— cosy-)     J/ 

=  (2--^a)log{2-v'2).-Ed.] 


26  L  *^A  curve  of  the  nth  d^ee  rolls  upon  any  curve  whatever:  to  de- 
termine the  degree  and  position  of  the  locus  of  the  centers  of  curvature  of  Jl 
the  elements  described,  at  any  given  instantj  by  the  points  of  the  rol 
curve," 
SOLUTION  BY  ALEX.  8,  CHRISTIE,  TJ.  S.  COAST  SURVEY,  WASHINGTON,  T>,  C. 

In  the  more  general  case  of  a  curve  of  the  nth  degree, 

(where  u^,  denotes  the  aggregate  of  terms  of  the  pth  degree),  carried  by 
curve  rolling  on  any  otlier,  if  we  assume,  as  z  and  y  axes,  the  tangent 
normal  to  the  point  of  contact  of  the  two  curves,  and  reckon  0  from  the 
common  normal,  a  proper^  of  the  circle  of  inflex:ions  gives 

eoosgpi         ey 
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where  p  is  the  vector  of  a  point  of  the  carried  curve,  p^  the  vector  of  the 
coirespondiDg  point  of  the  sought  locus,  t  the  diameter  of  the  circle  of  in- 
flexion, and  fc^  =  <y+a:^+y^. 
Hence  the  required  locus  is 

0  =  u,k'^-+u^eyh''^^-^>  +  , . .  +«n(0)%  (2) 

which  reduces,  when  (1)  rolls  on  the  fixed  curve,  to 

0  =  y»  I  -^-^^pc-i)  4u2it2«"-2>  +W3e3r/.2<»-3>  ^  .  _  -{-ujetff-^  I,  (3) 

where  c^  is  the  coefficient  of  x^  in  (1),  and  r  is  the  radius  of  curV'ature  of  the 
BxeA  cnirve  at  the  point  of  contact. 

!EIquation  (2)  holds  in  form  in  whatever  manner  (1)  moves.  When  (1)  is 
a  ri^ht  line,  (2)  is  a  parabola,  an  liypcrbola,  or  an  ellipse,  according  as  (1) 
touches,  cuts,  or  does  not  meet  the  circle  of  inflexions,  and  (3)  gives  the  pa- 
rabola 3f*  =  0,  a  special  case  of  the  parabola  of  (2). 

When  (1)  is  a  conic,  (2)  is  of  the  4th  degree,  and  (3)  is  a  oonic  touching 
the  rolling  conic  at  the  instantaneous  center  of  rotation,  with  the  parabola 
y*  ^  O  {x  =  cW). 

In  general  (2)  and  (3)  are  each  of  the  (2n)th  deg*  with  n  and  7i-f  1  branches, 
respectively,  passing  through  the  origin  tangent  to  the  rolling  curve. 


262.  No  solution  receivecL 

263.  "On  tlie  17th  of  Aug.,  IK 78,  at  5*^  20'°  A,  M.,  an  observation  of 
polariB  was  taken  in  Lat  37*^30^,  Loiig-  107°  W.  from  Greenwich,  wth  an 

r's  transit;  from  the  meridian  thus  obtained,  the  Sun's  azimuth  at 
\\  A*  M,,  was  79'^10'30''.     What  was  the  error  of  the  watch,  and  of 
the  meridian? 


Sl^LUTION  BY  W\  L. 


E.,  LEADVILLE,  COL. 


The  right  ascension  and  declination  of  polaris,  for  Aug.  17, 1878,  Green- 
rich  mean  noon,  were,  respectively,  1"^  14"'  35^  and  88*^  39'  34".     The  diC 
'tinie  for  107°  of  longitude  is  7^  8*"  j  hence  the  observation  of  polaris  was 
taken  at  20  minutes  after  Greenwich  mean  noon.     Correcting  the  R,  S.  of 
^pcJaris  to  correspond  with  tlie  time  of  observation ,  I  find  the  azimnth  of 
lolaris  for  lat,  37°  30'  to  be  40'  57",  nearly. 

With  the  bearing  of  polaris  at  the  time  of  observation,  corrected  for  bis 
dmuth,  I  lay  off  the  approximate  meridian,  LP\ 

Reducing  the  time  of  the  Sun-observation  to  Greenwich  time,  I  find  it  t4) 
w  l***?!"*  53'  after  Greenwich  mean  noon.  The  Sun's  right  ascension  and 
lechmtion  for  Aug.  17,  1878,  were,  respectively,  9^  46'  48,6'',  and  13^23' 
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56.9",  from  which,  correcting  for  the  time  past  noon,  the  Sun's  declination 
at  the  time  of  the  observation  is  found  to  be  i3^  22'  43.4".  Henee,  if  S 
represents  the  apparent  plac«  of  the  Sun,  we  have  the  two  sides  LP'  and  SP 
in  the  spherical  triangle  LP^S  and  the  angle  SLP',  opposite  SP'  to  find 
angle  SP'L  ^  90°  14'  13J",  Coiiverttng  this  angle  into  time,  and  correet- 
ing  for  equation  of  time,  I  get  (}^  2"^  55.5*  for  mean  time  by  first  calcula- 
tion.    The  difference  iietwccn  this  and  the  assumed  time  is  20*"  57 i". 

Eepcating  the  c^alculiitlon,  with  eorreeted  time,  I  get  for  azim.  of  polaris, 
at  second  trial,  38' 23",  at  tiiird  trial,  38'  48'',  at  loiirth  trial,  38' 46.4'' j 
and  for  the  time  of  Sun-observation,  I  find,  from  second  cal.  6**  3*°  55.3% 
and  from  third  calculation,  6^  3™  52.4*.  Hence  I  find  the  error  of  the 
watch  to  be  20'"  LG',  and  that  of  the  meridian,  8'  10.4^', 


264.  "It  19  required  to  divide  a  given  straight  line  into  three  parts  such 
that  the  triangle  formed  of  them  shall  have  its  circumscribing  cirele  a  min- 
imum and  its  inscribed  oirtle  a  maximum.'^ 


eOLUTION  BY  E.  B.  SEITK,  GREENVILLE,  OinO* 

Let  2a,  x^  y  and  2a — x — y  =  the  length  of  the  line  and  the  three  princes, 
res|Tectively,  u  =  the  area  of  the  triangle  lornied,  v  and  iv  =^  the  radii  of 
the  circumscribed  and  inscribed  circles.    Then  we  have 

u  =  y{a{a--T){a—y){x-\-y-a)'\,  (1) 


u  ^  aWy 
4v%  ^  xy{2a — x—y\ 
Differentiating  (1),  (2)  and  (3),  r^ardiog  y  a  constant,  we  find 

^ a{a  -  y)(2a— 23; — y) 

dx  u  ' 

dw 1     da  __  ^ 

dv y(2a — 2x — y)_  v 

dx  An 

From  (4)  and  (5),  or  from  (4)  and  (6)  we  find 

2a  —  2a;  —  y  ^  0, 
Differentiating  (1),  (2)  and  (3),  regarding  x  a  oonstant|  we  find 

du a{a—  x){2a — x — 2y) 

dw      1     du 


u     dx 


(2) 
(3) 

(4) 
(5) 
(6) 


u 


d^      a'  dy        ' 


(8) 
(9) 
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^  _a;(2a— a;— 2y)_tJ    du  _  ^  t^q. 

<fy  4u  u*  dy         * 

From  (8)  and  (9),  or  from  (8)  and  (10)  we  find 

2a—x  —  2!/  =  0.  (11) 

From  (7)  and  (11)  we  find  a;  =  f a,  y  =  ^a,  2a  —a;  —  y  =  ?a, 

[Prof.  E.  J*  Edmunds  writes,  in  relation  to  this  problem,  "It  seems  to 
me  that  one  of  the  conditions  is  unnecessary*  For  tlic  second  condition 
alone  determines  the  three  divisions  of  the  line,  each  of  which  must  be  equal 
to  one-third  of  the  line. 

"It  is  well  known  that  r  ^  a-S-j) ;  and  r  will  be  a  max,  when  «  is  a  max. 
If  ar,  y,  z  are  the  three  parts,  «=  l/[p(p— «)(F — 3^)(p— ^)]i  where  a: +  y +2 
^  2p.  S  will  be  a  max.  with  (p— a^)(p— y)(p— z),  and  this  will  be  when 
p-^  =  p—y  =  p—t;  r.x  =  y  =  z=  §p.*'] 


266,  "At  age  a,  a  person  takes  out  a  life  policy  of  k  dollars,  for  which 
lie  agrees  to  pay  an  annual  premium  of  p  dollars.  At  age  a  -f^  n  he  ij^  not 
able  to  make  his  annua!  payment  antl  wants  to  sell^  or  surrender,  his  life- 
policy  for  full-paid  insurance  policy.  If  the  n  premiums  that  have  been 
paid  be  each  viewed  as  the  sum  of  a  series  of  infinitely  small  annuities,  pay- 
able at  infinitely  small  intervals  of  time,  within  each  year,  what  ought  to 
he  the  present  value  of  the  new  policy  ?" 

SOLUTION  BY  GEORGE  EASTWOOD,  8AXONVILLE,  MASS. 

Xiet  t  =■  rate  of  interest  allowed  by  the  iasuranca  company,  J^ a)  =^  num- 
ber  of  persons  alive  at  age  a^  as  per  mortality  tables,  'C„  ■=■  present  worth 
of  a  life  series  of  $1  per  annum,  payable  at  equal  intervals  t^  and  resting  on 
a  life  of  ^e  a.  Then  the  probability  that  the  insured  will  be  alive  at  age 
a-\-i  will  be  expressed  by/(a+<)-7-/(a)j  and  'C«  will  be  defined  by 

■^^('-•)-^ 

If  m  (1)  we  diminish  t  indefinitely,  we  shall  have 

Adapting  this  to  Euler's  formula,  we  deduce  an  approx.  int.  of  the  form 


•''•-Ptw'O +■•)"■- 


]• 


(1) 


+ 


2     12/(«)-'- 
By  virtue  of  eq's  (1)  and  (2),  the  first  two  right-haud  terms  of  (3)  give 
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and  when  t==0, 

Whence,  from  (4)  and  (5)       'C,  =  C„  +  J  —  Jt  (6) 

2.  Let  P,  ^  single  premium  to  be  paid  by  the  insured  to  the  company 
to  insure  payment  to  liira,  by  the  latter,  if  $1  at  his  decease.  The  proba- 
bility that  the  insured  will  be  alive  at  age  a-\-  x,  and  tliat  he  will  not  be 
alive  at  age  o+ar-f  rfar,  being,  respectively, /(a  -f  x)-r-J[a),  and  1 — [J{a  +  x 
-f-  dx)-t-J{a  -{-  xj],  the  probability  that  he  will  decease,  during  the  time  etc, 
will  be  expressed  by 


A'^+x) 


_df{a+x) 


in 


fia)    \_-        /{a-i-x)     J  /{«) 

By  multiply iDg  cq.  (7)  by  (I  +  t)""",  we  shall  have  what  French  Actua- 
ries term  the  niathematiL'al  hope  of  the  event  wliose  probability  we  ani  in 
search  of*  If  now  we  take  the  sum  of  all  the  analogous  hopes,  relatively  to 
the  values  of  x  comprised  between  zero  and  the  extreme  limit  of  the  mor- 
tality tables,  we  shall  have 


n 


=-/ 


— 'd/r«-(-g) 

.=0    M 


(.+.)-. 


Integrating  by  parts>  e*)nation  (8)  give^ 

The  integral  included  in  oq.  (9)  is  the  continuous  annuity  ^C^  of  eq.  (2)^ 
hence  P«     =  1— ^CJojr  (l+i). 

Hence,  also  P„+„  =  1  -^  Q,^  log  (1  +  a).  (10) 

3.     In  our  problem,  p  being  the  annual  premium,  the  value  of  the  un- 
paid premiums  at  the  time  of  default  of  payment  will  be  represented  by 

p(i+c;^)j 

while  the  value  of  the  whole  insurance,  considered  as  a  commercial  com-l 
modity,  will  be  expressed  l>y 

The  insured  then  may  be  euusidered  to  have  a  claim  upon  the  company 
at  age  a-\-n  worth,  at  bis  ilecea-se, 

If  A"  denote  its  present  value,  then  obviously, 

1  :  iV.  ::  A':  KP„^-p{l  +  C„^). 
Whenee  A'  =  A-[p -(/!,+„)]{!  +  C.+J 

=  A-[?'(i+c.+.)^^  I-- a+ Jog  (1-0  n 
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Note  by  Prof.  P,  E,  Chase. — To  eoostnict  tt,  approximately,  draw 

the    recitangular    axes    AX,    A  Y;  \ 

make  AX  =  60,  and  take,  on  the 

line  AX,  AB  ^  3,  AC :=  20.     On  ; 

the  axis  A  i\  lay  off^  negatively,  AD  1 

=  9»     Join  CD  and  draw  BE  par- 

^lel  to  CD;  make  ^F=^C^20  I 

and  join  XY,     Then  is  XY-^  AC^  3.14158499  =  tt,  very  nearly. 

[The  demonstration,  received  in  answer  to  query  at  p.  55,  is  deferred,  for 
^want  of  room,  to  a  future  numlxir.] 


PROBLEMS 


266.     By  Prof.  J.  H.  Kershner,  Mercersburg,  Pa, — Sum  the  series, 
cos'2<?cos3^ 


cos  2tf  cos  0  + 


2.3 


1  •  3      ^na  COS  5fl 


, . .  10  infinity. 


267*  By  Wm.  Hoover,  BelUfoniaine^  Ohio, — What  was  the  duration 
of  a  building  and  loan  association  in  wiiich,  for  the  first  eight  years,  money 
was  loaned  at  an  average  premium  of  $45  per  share  {of  $200),  interest  paid 
being  6  per  cent. 

268.  By  E. B.  Opdycke,  PuJaski^Ohio. — A  conical  vessel  whose  upper 
diameter  is  a,  lower  diameter  6  (o  >  b)  and  height  A,  contains  a  quantity  of 
water.  Find  the  greatest  perpendicular  depth  of  the  water  w^hen  the  vessel 
is  so  tipped  on  its  Ixjttom  as  to  balance,  the  vessel  being  uniform  in  thick- 
ness, and  of  one  material. 

269-     By  Geo.  H,  nAHViLi.,  Banner,  La, — Show  that  the  etiuations 

m  -=  (r^—ra)  cos  f-^nr^  0Qsr^~^^  f  L 

y  =  (rj— rj) sin  p— mrj  sin ^^^1^^^  f  j, 

at  the  prolate  and  curtate  hypocycloids;  and  also  that  when  rj=2r^ 
flie  curve  becomes  the  ellipse 


Tf+l 


.=  L 


(l  +  m)V,*  '  (1— m}27-/ 

270.    By  Prof.  E.  J.  EBMtJKDS,  New  OrkanSf  La, — Find  the  locus  of 
the  centres  of  circles  tangent  to  a  parabola  and  to  the  tangent  at  its  vertex. 
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271.  By  Prof.  J,  H.  Kerchner,  Meroersburg,  Pa. — If  three  pointo 
lie  taken  at  rutK.Iom  in  the  cireutiiferciu'e  of  a  ^irole,  required  the  probabll- 
ity  that  the  triangle  formed  by  joining  them  will  be  acute, 

272.  By.  Prof.  W.  W*  Johnson^  Anmipolis  Md, — Two  lines  rotate, 

uniformly,  hi  opposite  directions  about  two  fixed  poiiitSi  the  velocity  of  one 
being  n  times  that  of  the  other;  tiiul  the  rectangular  equation  of  their 
intersection. 

273.  By  E.  B,  Skitz,  OreeniiUe,  Ohio, — If  m  and  n  be  the  masses  of 
the  earth  and  inoon^  a  the  distanee  between  their  centers,  r  the  radiuB  of  the 
earth,  and  if  a  body  fall  toward  the  earth  from  the  point  of  equal  attraction 
in  the  line  joining  their  ccjiters,  Hnd  (he  time  of  falling  from  the  bight  h 
to  the  earth's  surface, 

274.  By  Prof.  L.  G.  Barbour,  Riehiiwndf  Kif, — ^Required  the  phort- 
est  distance  between  tw^o  curves  whose  ei|nations  are 

4a?*+9/— 144  ^  0, 

ar"  +/*  — 2Ga:'— 32j'  +  26  =  0. 

276.    By  Prof.  A*  Hall,   IlWiiii^ton,  D.  C\ — Find  the  moments  cjf 

inertia  of  an  elliptical  disk:  (1),  about  a  right  line  in  tlie  plane  of  the  disk 
and  parallel  to  the  axis  of  x :  (2),  about  a  right  line  parallel  to  the  axis  of 
y^  the  tK^uation  of  the  disk  being 

ax*  +  2bxtf  +  cy*  +  2<&  +  2«j/  +  /=  0, 

Query  by  W.  E.  Heau — Can  an  elliptic  function  of  the  third  species 
be  expressed  in  tenuB  of  elliptic©  of  the  Jird  and  8e4xmd  species?  If  so^  howT 
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MEM  ATA. 

On  pAge  8.%  line  11^  for  r  mn  ^  read^  r  cos  ^. 
**    ''      87j  mil  111  ply  Uie  farmiik  in  lintn  2,  d  and  9,  from  bottom,  hj  Uie  fador  ^. 
"    "    108,  Fijf,  1.  irisurl  the  letter  H  between  /and  C 
"    *'     111,  Fig,  2,  for  (;,  read  C 
**    "    118,  F,  in  tke  Fig.,  thould  mark  Hie  intersection  with  the  ore  AB, 
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THE  MOTION  OF  A  SATELLITE, 


BY  PROF.  ASAPH  HALL,  NAVAL  OBSERVATORY,  WASHINGTON,  D.  C, 

(1).     The  apparent  orbit  of  a  satellite*  arouiKl  its  primary  will  be  in 

aeml  an  ellipse,  which  will  he  the  projection  of  the  real  orbit  of  the  sat- 
ellite on  a  plane  perpendicular  to  the  line  of  sight,  or  to  a  right  line  drawn 
from  the  observer  to  the  centre  of  the  planet.  Assumiug  that  the  orbit  of 
the  satellite  around  its  primary  is  known,  and  that  its  motion  is  purely  el- 
lipti»Tal,  or  free  of  perturbation,  we  have  the  problem  of  determining  from 
the  known  orbital  motion  of  the  satellite  its  apparent  motion.  The  solution 
jX  this  problem  Las  been  given  by  Bessel  in  the  Astronoraische  Nachrich- 

1,  Bd.  !♦,  p,  7;  and  again  in  his  Astronomisc-he  T Jntersuchungen,  Bd.  2,  p. 
57;  and  also  by  Marth  in  the  Astronooiische  Nachrichten,  Bd.  44,  p.  113, 

Denote  by  s  and  p  tlie  apparent  distanc*e  and  angle  of  position  of  a  sat- 
ellite, or  its  j:)olar  (.^oortlinates  referred  to  the  centre  of  the  planet.  The 
jMiro  of  the  angle  p  is  the  circle  of  declination  passing  through  the  centre  of 
the  planet,  this  angle  being  counted  from  the  north  toward  the  east,  and 
frf»m  0^  to  360°. 

Let  a  and  i  be  the  right  ascension  and  declination  of  the  planet,  a' and  5' 
the  same  quantities  for  the  satellite.  From  the  splieriml  triangle  between 
tile  jKjle  of  the  equator,  the  planet  and  the  satellite,  we  have 

oos«  ^  sin  J  sin  o'-f  co6^co6  3'cos('i' — a)^ 
sinAco^p  =  cosdsin^J' — sin  ^cos^'cog{a'^«)  V.  (1) 

sin  «  sin  p  =  cos  ^'  sin  (a' — a)  ^ 

If  we  denote  by  r  the  radius  vector  of  the  satellite,  and  by  a  and  d  its 
right  ascension  and  de<»lination  seen  from  the  planet,  and  also  by  p  and  p' 
the  distancea  of  the  planet  and  the  siitellite  from  the  Earth,  we  shall  have 
by  efj[uating  the  values  of  the  rectangular  coordinates, 
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/>'  cos  8'  cos  a'  =  p  cos  8  cos  a  -f  r  ooe  d  cos  o, 

/)'  COS  i'  sin  a*  :^  p  cos  ^  sin  a  +  r  ooa  d  sin  a, 

/j'  sin  <5'  ^  pB\n8  +  r  sin  d, 

or  by  a  simple  transformation 

p^  cos  3'  cos  (flt'—  «)  i=  |f*  t^os  ^  -f  r  cos  d  cos  (a — a), 

/>'  cos  5'  sin  («' — a)  -=■  rcmd  sin  (a—  tf ), 

/^/  sin  3'  =  ^  sin  fJ  +  r  sin  d* 

If  we  multiply  eqaatloiis  (1)  by  p'  we  have  by  means  of  the  last  equa- 
tions 

p'  cos  8  =^  p-{-r  ,  [sin  d  sin  5+ cos  d  cos  3  cos(a — a)]  ^ 

p'  sin  »  cos p  =        r  ,  [sin  d  cos  d — cos  d  sin  d  cos(a — a)]  J-  •      (2) 
/>'  sin  8  sin  p  =^        r .  cos  d  sin  (a — «) 
If  we  place  now 

$  =:  -  .  COS  d  sin  {a — ^a), 

7  =     .  [gin  d  ci^s  d —  cos  d  sin  S  cos  (a — a)], 


'}■ 


C=^     .[sindsin  iJ+ooBcJco8^coe(o— «)3, 


equations  (2)  become 


We  have  therefore 


J 


/»  sm  «  cos  p  —  p,  7^ 
p'  sin  8  sin  p  ^=  p,^ 


(8) 


tang  s  sin  p  ^= 
tang  «  COS  p  ^ 


If  we  assume  tang  «  —  «,  which  may  generally  be  done  without  sensible 
error,  and  put aj  =  »Binpj    y  =  «oosp;we  shall  have  in  seoonds  of  arc 


X  ^ 


w  , 


1+C" 


*      1+C" 


where  ca  =  206264.8.  The  equations  (3)  give  the  values  of  p\  8  and  p 
when  those  of  f,  ij  and  (^  are  known.  It  is  evident  also  that  ^  has  no  influ* 
ence  on  the  value  of  p,  and  since  it  is  generally  very  small  with  respect  to 
unity  its  influence  on  the  value  of  a  is  slight. 


—131— 


We  have  now  to  express  the  quantities  c,  r^,  Cj  '^^  terms  of  the  elements 
of  the  orbit  of  the  satellite.     Contmiibg  the  use  of  Bes&el's  uotatioD,  let  N 
be  the  longitude  of  the  ascending  node  of  the  orbit  of  the  satellite  on  the 
Equator,  and  /  its  inclination  to  the  Equator.     Let  u  be  the  argument  of 
the  latitude,  or  the  angle  between  the  node  and  the  satellite  counted  in  the 
direction  of  the  motion.     From  the  right  angled  spherical  triangle  having 
u  for  a  hypotenuse,  and  the  sides  d^  and  a^N,  we  have 
cos  d  sin  (a — N)  ^  sin  u  cos  J, 
cos  <f  COS  (a — N)  =  cosu, 
sin  d  ^  sin  ti  ein  J. 

Eliminating  JVfrom  the  left  hand  side  of  these  equations  we  have 
cos  d  COS  (a — a)  =  sin  u  sin  {a — N )  cos  /+oos  u  cos  (a— JV^ ), 
C508  d  sin  (a — a)  ^  sin  u  cos  (a — ^iV)cos  / — cos  u  sin  {a — iV), 
sin  d  ^  sin  u sin  J, 

Denote  the  mean  distance  of  the  planet  from  the  sun  hy  p^,  and  the  semi- 
major  axis  of  the  orbit  of  the  satellite  by  /Sq  sin  J;  if  we  express  the  radius 
vector  r  by  means  of  the  semi-major  axis  the  value  of  r  will  be 

/>osiu  J.r, 
J 


■  n 


or  approximately  f/^ 

The  values  of  f,  j^,  f >  are  therefore 

tak,$  ^  r.P^J*   <  sin t*coe  {a — Jf  ) oos / — cos  u sin  (a — N)  > 

m,ij  =  r .  ^  ^.  {  sin  «  [oos  3  sin  / —  sin  5  cos  Jsin  (a — If  )] 

"  —  cos  u  sin  ^  cos  (a — N )  )- 

di.f  =  T.^A,  \  sin  u  [sin  5 sin  J+cos  d  cos  /sin  (a — N)\ 


w 


tntroducing  the  auxiliary  quantities  /,  F\  g^  (?,  A,  Hj  by  the  formulae 
sin  /cos  F  =  cos  (a — N)  eos  J, 
sin  /sin  J'  ==  — sin  {a — JV), 
cofi  /  =  — COS  [a — N)  sin  J", 

sin  g  008  O  —  cos  8 sin  J — sin  5  oos  /sin  (a — i^ ), 
sin  ^  sin  G  =  — sin  5  cos  {a — N)^ 
GOB  g  =  cos  <J  cos  J+sin  8  sin  /sin  {a — N), 

sin  haysH=i  sin  e?  sin  J-^-coB  S  cos  /sin  {a — N ), 
sin  A  sin  JJ  ^  cos  d  cos  (a — N), 
oofi  /i  =  sin  8  cos  /—cos  5  sin  /sin  (a — iV), 
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we  have 


ft*,C  =  r .  ^^  ii  sin  /sin  {F  +  u) 
m,ij  =^  r .  l1  J  SID  5f  sin  (G  +  u) 


(51 


m,^  ^^  rJ*^  J  sin  A  sin  (U  +  u) 

Denoting  the  mean  longitude  at  the  instant  from  whieh  the  time  t  is 
counted  by  jE,  the  daily  motion  by  ^  the  longitude  of  the  perihelion  by  P, 
the  eccentricity  of  the  orbit  by  e,  the  mean,  the  eccentric  and  the  true  anom- 
alies by  ft,  £  and  jp,  we  have 

fi  =  E-\-k — P  =  £ — esins  ^ 


4 


i^=^]^. 


tangle  = 


tangle 


r  =  1  — e  cos  €, 

The  preceding  formnhe  are  tliose  given  by  Bessel*  The  six  auxill 
t^nantities  J]  F,  y,  (?,  /j,  H,  are  similar  to  those  introduced  by  Gause 
computing  the  place  of  a  planet  (Zach's  Monatliche  CorrespondeDz,  Mai, 
1804,  or  Werke,  Bd,  6,  p,  94),  and  their  geometrical  meaning  is  readily 
seen.  Thus,  if  we  take  the  origin  of  rectangular  coordinates  at  the  oentre  of 
the  planet,  the  line  drawn  from  the  planet  to  the  Earth  as  the  axis  of  x  and 
take  the  axis  of  y  in  the  plane  of  the  declioatiou  circle,  we  shall  find  that 
/,  g^  A,  are  the  ares  drawn  from  the  north  pole  of  the  orbit  of  the  sateliit 
to  the  points  where  the  axes  of  x,  y  and  z  cut  the  sphere;  and  that  i^,  O-S 
Hy  are  the  angles  at  this  pole  between  the  arcs  drawn  to  the  north  pole  i 
the  Equator,  and  those  drawn  to  the  points  where  the  sphere  is  cut  by 
axes  of  X,  y  and  z. 

By  introducing  a  single  additional  auxiliary  quantity  Marth  has  given  a 
very  simple  and  elegant  method  of  fX)mputing  «  and  p.  Thius  if  we  com- 
pute the  angle  k  by  the  formula; 

sin  h  sin  k  ^=.      cos  {a — N)  sin  J  1 

sin  Acofi  i  =  — sin  (a — N)  sin  J  sin  5— oos/cos  d  /  * 
and  denote  by  e  the  supplement  of  the  angle  between  the  line  drawn  froii 
the  Earth  to  the  planet  and  the  radius  vector  of  the  satellite,  we  have  froB 
the  spherical  triangle  formed  by  tlie  directions  of  the  selines  and  the  pol 
of  the  satellite's  orbit, 

sin  a  sin  [p — k)  ^  cos  {H+ti)         % 

sin  a  cos  (p— A")  =^  sin  (H+u)  oosA  >,  (8^ 


(' 


€06  a 


^  sin  {H'\^u)  sin  A  - 
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We  evideDtly  have 

p'  sin  «  ^=  r  sin  ^, 

/>'  cos  «  ^  f  cos  <y+/?, 

and  therefore  we  can  Hud  p'y  s  and  p  from  the  er^uatloDB 

^^—^  ^/'  sin  s  sin  (p — U)  =  r  cos  (iJ+t*) 

^^^^^^  />'sin5C0B(p — A)  ^  rsln  (i3-fw)eosA 


f/  CO&8 


^  r  sin  (if-f  tt)  sin  A+/> 


}■ 


(9) 


ptitting 


sin  (ff+u)  sin  A+t  =  _ 


and  elimiDating  p'  we  have  for  computing  a  and  p, 
tang  «sm  (p — fc)  =  rcos  {H+u) 
tang  9  cos  (p — ^/j)  =  r  sin  {H+u)  cos  A. 
If  we  wish  to  use  the  angle  «t  we  may  compute  s  by  means  of  the  equa- 
tions 


r 


wad  for  p*  we  have 


sin  «  —  -  .sin(<T — «), 
P 


P'  =  f'. 


sin^ 


sin  (iT — 8) 
Both  these  equations  come  directly  from  the  plane  triangle  between  the 
Elarih^  the  centre  of  the  planet  and  the  position  of  the  satellite  in  its  orbit. 
The  preceding  form o lie  given  by  Marth  are  rigorous,  but  generally  it  will 
be  suflScient  to  use  the  iirst  two  equations  of  (9).  If  we  neglect  the  differ- 
ence between  p  and  />',  and  express  s  and  r  in  seconds  of  arc^  we  have 


s  sin  (p — A)  :=  -  .  COS  {3+u) 

r 

9  COS  (p — h)  ^  -  ,  Sin  (Jff+u)  cos  A 


(10) 


(Equations  (10)  are  convenient  for  use  if  from  the  observed  values  of  s 
and  p  we  wish  to  compute  r  and  u.     For  this  purpose  we  may  use  also  the 
(auxiliary  quantities  of  Bessel^  which  give 
r   BmXUF-\-G\+u\—''     ain^^inp+sin/casp 
but  it  is  more  convenient  to  use  the  formuUe  of  Marth. 

In  computing  the  quantities /,  Fj  g,  G,  A,  H,  we  use  the  quantities  J" 
and  Nj  which  are  themselves  subject  to  slow  changes  on  account  of  preces- 
sion.    But  we  may  easily  form  a  table  of  the  values  of  /  and  iV^  which  will 


2     smjsin^sm  Kf— Gf) 
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enable  us  to  take  account  of  these  cbangee  in  the  valuGE^  of  the  auxilianr 
quaotities.  If  moreover  we  wish  to  take  account  also  of  the  nutation^  and 
denote  by  dm  and  A I  the  nutation  in  the  obliquity  of  tlie  ecliptic  and  the 
longitude,  we  may  employ  the  differential  equations  of  a  spherical  triangle. 
\\m  be  the  obliquity  of  the  ecliptic  we  have 

dJ  ^  cos  N ,  Am sin  N%m  m.Al^ 

^    sin  JV,  Jm  4-  cos  ^sin  m  ♦  J I 


sin/  ' 

dN  ^  — cos  t7.  dw-f  cos  m ,  Jlj 
OP  dN  ^  — (sui  N,  Am  +COS  JVsin  m  .  AT)  ootg  Z+oos  m ,  AL 

The  first  and  last  of  these  formula?  will  give  the  corrections  to  the  values 
of  /and  N, 

(2),  If  we  assume  values  of  the  elements  of  the  orbit  of  a  satellite,  the 
preceding  formulie  enable  us  to  compare  our  observations  with  the  elements. 
In  order  to  correct  the  assumed  elements  we  must  form  ecjuations  of  condi- 
tion by  diflerentiatiug  the  first  two  of  e^juations  (5).  Denoting  the  partial 
differential  coefficients  by  a,  6,  Cj  d,  e,  /;  and  by  p  the  residual  =  compu- 
ted —  observed  valuer  the  equation  of  condition  will  be  of  the  form 
a .  dE+b . edP+c , de+d,dA+e  .  sin  JdN+f . dj+p  =  0. 

Each  observation  gives  two  equations,  one  from  the  value  of  c»  and  one 
from  the  value  of  7*     The  changes  in  the  value  of  ^  can  be  n^Iected. 

If  we  denote  by  n  the  longitude  of  the  ascending  node  of  the  orbit  of  tlie 
satellite  on  the  Ecliptic,  by  i  its  inclination  to  the  Ecliptic,  by  w  the 
distance  of  the  Ecliptic  from  the  Equator,  measured  on  the  orbit  of  the 
aatellite,  by  v  the  longitude  of  the  satellite  in  its  orbit,  we  have 

V — n+w  =  u,         and  f  ^  v — P* 
If  we  put 


f  =  P-^A8inf; 


jf  =  Po 


AAng\ 


A' =^  J  sin  A, 
P 


F'=  i^+w^n;      0'=  ff +w^n; 
the  values  of  I,  5  and  ^  become 

m  .Tj  ^^  T  ,g'  sin  ( G'  -f-r), 
fu  .  ^  ^s  f ,  /t/  sin  (fl'+r). 
The  value  of  fl> .  f  may  be  w^ritten  in  the  form 

fli .  e  ^/'.  [sin  {F'+P).  r  cos  (r— P)+oo8  {F'+P) . rain (v— P)]- 
Differentiating  with  respect  to  the  elementd  in  the  plane  of  the  orbit  we  tav« 
m.d^^f  sin  (F'+F) ,  d[r  co6{t?— P)]+/'  cos  {F'+P} ,  d[rsin(t^P)] 

+rroo8{F'+v).dP* 
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We  have  also,  einoe  v — P  is  the  tme  anomaly, 

r .  cos  (r — P)  =  cos  e  —  €, 

r .  sin  {v — P)  =  sin  t  V(l — c^)j 

£" — P  ^  e  —  6  sin  €, 
lierefore 

rf .  [r  C506  (v — ^P)]  =  — sin  c ,  rfe — de^ 

d .  [r  sin  (i?— P)]  -  COS  e ,  4/(1— e*) .  ^«— ^^^^^^^ 

rf.  (,E— P)  =  (1  —  €  006  f) ,  de  —  sin  e ,  de, 

ds  =  d{E—P)+sim,de 
I — eoosc 
Eliminating  dt  we  have 

,  /cose,  4/(1^6*)  tf        \     *        J 

\      1 — ccoee        |/(1 — e)/ 
Bot  since 

sin  t  sin  (t' — P)         j        /       t>y       cos  c  —  e 

^ s-  — -J -j( :  and  cos  (v — P)  =  ^^^ , 

1— ccosf         |/(1 — r)  1 — ecoee 

the  values  of  these  differentialB  become 

J   r         /        D^T  sin(y — P)     t/jri     ^.     /,  .sine  sin  ft? — P)\   * 

d.[ro06(.,-Pj]=-^_-^.d(^P)-(l  +  --^^;^-j-^^^)A 

Multiplying  the  first  differential  by  /'sin  (P'+P),  and  the  second  by 
^'oos  (P'  +  P),  the  value  of  <ii  .dc  becomes 

n^.df  =  _!'        .|cos{P'+r)+fiCos(P'+P)l.d£ 

+    7(t?y  {  "^  (^'+*^)[n/{l  -^e^-lj^ecos  (P'+  P)  I .  dP 

+  ^TTT^y  {  ^  (^'+^0 «'« ^  —  ^^«  (^'+^)  ^  »/(i-^)  } - de- 

If  we  substitute  the  value  of  r  =  1 — ecos  e,  in  the  eoefRcient  of  dP,  and 
observe  that  the  value  of  the  partial  differential  coefficient  d  is  evident,  we 
^all  have  the  values  of  the  first  four  coefficients  given  by  Bessel;  Astrono- 
ttlisehe  Nachrichten,  Bd.  9,  p,  10, 
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In  order  to  find  the  two  other  ooefficientSj  we  take  the  value  of  eo  .f 

<i> .  f  ^  r  .  t!^  J  ,[sin  u  coe(a — N)  cob  J — cos  u  sin  (a — N)'], 

Differentiating  with  respect  to  the  elements  that  determine  the  positiim 
of  the  plane  of  the  orbit  we  have 

w  ,d^  ^   r,^  J  ,  <  [cos  a  coe  (a — N)  cos  J-f  sin  u  sin  {a — N)]  .  du 

-f-  [sin  u  sln{a-JV)co8  J+oos  u  008(a-iV)]c?iV-ain  u  cos{a— N)  sin  JdJ  \ 
The  values  of  the  auxiliarj^  quantities/ and  J"  give 

w  .  rff  =  r/lJ  .  I  sin/oos  {F*^v).du+Bmf  oqb  (J"  +t?)  coe  J.  dS 

— COS  u  cos/sin  J  .  dJV-|-sin  u  cos/*  li/^y. 

If  we  now  consider  the  Bpherical  triangle  formed  by  the  equator,  the 
ecliptic  and  the  orbit  of  the  satellite,  we  shall  have  by  the  formulie  for  thf 
differentials  of  a  spherical  triangle, 

ff  w  ^^  cos  1  .  dn  —  cos  J ,  dJV, 

,  sin  W    J  r    t  008  w  sm  J      j  mr 

dn  ^^  —  --. — , .  dJ'{- — -, —  .  dN. 

sint  sm  t 

,              sin  w  COS  t    J  r   I  cos  w  cos  i  sin  J  ^%t  t  ^xi 

or  dw  = ^T—, —  -  dJ  + ^— . — - —  dN—coRjJN. 


iin  t 


sin  z 


We  have  therefore 

d(w^n)  s=  ( — cos  J — cos  w  sin  /  tang  1/) .  diNT-l-Bin  w  tang  Ji  .  dJ. 
Sinc^  du  =  d  (w — ti),  by  substituting  this  value  of  du  we  have 

(It ,  df= — sin  J.  <  / '.  tang  iicosw.roos(i?''+tj)-|-^  Joos/.roosu  >  .d. 

+  I  /'.  tang  Jt  sin  wt  cos(i^'+t»)+'^**  Joos/.rsintt  >  -  dJ. 

The  values  therefore  of  the  partial  differential  ooefficients  a,  h,  c,  d,  f,/, 
are  as  follows : 

c  =«,.-^  =  --^i^.|cos(i?''+r)8ine-sin(F+P).  |/(l-<»), 
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d  = 


CO, 


dl      ^ioj 

dJ  4  ' 

sin JdN         ^         ^^  ^     ^  ^     p  *' 

f  =  a^,     _i      =     /'.tang|isiiiw*rcos(i^+v)+^  J.cos/.  rsinE, 
ci*/  p 

(11) 

In  order  to  obtain  tie  coefficients  in  3y  wc  have  only  to  put  g'  and  G'  in 
the  place  of  /'  and  F', 

The  preceding  formula?  give  the  values  of  the  differential  coefficients 
adapted  to  tlie  quantites 

and  we  must  therefore  combine  our  observ^ed  quantities  s  and  p  to  find  the 
residuals  for  the  equations  of  condition.  Generally  it  is  l>etter  to  compare 
directly  witli  each  of  the  obsen^ed  quantities^  since  one  of  them  may  be  er- 
roneous and  the  other  not*  If  we  wish  to  do  this  in  the  present  case,  we 
must  use  the  formula 

c&  =  sin p .  da?  +  cosp  .  dy, 
8.dp  ^=^  Qosp.dx  —  sin p  ,  dy. 
By  means  of  equations  (1 1)  the  value  of  cfe  is 

dx  =  a.di:  -{-  b,€dP  +  c.de  +  d.dJ  +  e. sin  JdN +  f,dj, 
with  a  similar  value  for  dy.     Substituting  these  values  for  dx  and  dy  in  the 
preceding  equations  we  shall  have  the  equations  of  condition  for  ds  and 
«rfp.     If  we  make 

msin  M  =/'  oos  {F'+v\        n'sin  N'  :=/'cos  {F'+P), 
m coslf  =  j'  oos  (G'+t?),        n'cos N'  =  ^r'cos  ((?'-{- P); 

I  fiiJi  X  =/^8in  (F'+P),      i'sin  IP  =  £^  Jcos/, 

r 

Ico^L  =g'  sin  (G'+P),       A'  cos  A"'  =  ^  J  cos^. 

r 

The  values  of  the  differential  coefficients  for  ds  and  sdp  are  as  follows^ 
where  sin  f '  is  put  for  t  on  the  right-hand  side  oi"  the  equations. 
For  the  distances ; 


dB  ^  ^^.|mco8(Jf— p)+n^co8(i\r'— p)sin/| 

^  ^  ~-7.|mco8(Jf— j>)(coBeoospHtangJ/)+n'coe(iV^— p)  | 

-;—  =  ^ — — -^  .<  mcos{-5f-^)  sine  —  ZcosfZ — «)cos^'  > 

de  cos  f '      I  V         I-/  \        r/        T    j 
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13 


1 


-4^j^=    rA  mem {M—p) cos w tang Jt  +k' coe {K'^p) oosu  V 
J    =— r. <  m  cos  {M—p) sin  w  tang  li+k'  cos(K' — p)  ainu  J  • 


dJ 


(12) 


For  the  angles : 

sl   ^    ^^^-I'^s'"!^— 7')+n'«'n(•^-p)8i^^'|■ 
^P  ^    ^7'  •  {  "*  ^'°  (Jlf-p)(oofl  f  cos  f ' +taDg  Jy>')+«'8»n(-^— P) } 
'~£    "^     c^>'  •  {  "•  ^'°  (-^^-P)  ^i°  ^-'  ^''^  t-^  —  P)  '»^^'  } 

dJ  " 

"^'JdN  ^^  — *"  'I  "*  ^'°  (-^^""p)  t'os  w  t^ng  i^  +  ^'  sin  (-^^ — p)  «508  u  >        ^ 
l^P   =:     r  •  ■!  m  sin  (if — p)  sin  w  tang  Jf  +  i'  sin  {K' —  p)  sin  «  V         ^H 

(13) 
Generally  io  et]iiations  (12)  and  (13)  wc  may  put  f^^=0,  and  these  equa- 
tions will  become  simpler. 

The  values  of  i,  n  and  w  will  bo  found  from  the  spherical  triangle 
between  the  Equator,  the  Ecliptic  and  the  orbit  of  the  satellite-     This  tri- 
angle gives  by  means  of  tlic  Gaussian  equations,  if  w^e  denote  by  oi  the  ob 
liquity  of  the  ecliptic; 

cos  \i  SID  \{\v-\-n)  ^  — cos  ^iVoos  \{i0 — J)  ^ 
cos  \i  cos  J(w-|-n)  ^  sin  ^A^cos  \{(i}-{'J)  I 
SID  Jt  sin  i(w — n)=  cos  ^iVain  J(^i> — Jj  [ 
sin  |icos  |(w— n)  ^  — sin  J JV sin  ^(i^-\-J)  ) 

(3)  In  what  precedes  it  is  assumed  that  the  elements  of  the  orbit  of  the  | 
satellite  ai'e  known,  and  the  forraulie  given  are  sufficient  for  comparing  the  1 
observetl  positions  of  the  satellite  wuth  those  computed  from  the  elements, 
and  for  forming  the  equations  of  condition  necessary  to  correct  the  assumed  , 
values  of  these  elements.  In  order  to  obtain  an  approximate  knowledge  of  I 
the  oibit  of  a  satellite  various  methods  may  be  used,  but  in  this  case,  the ^ 
elaborate  formuluD  given  for  computing  the  orbit  of  a  planet  are  not  neoes* 
sary ;  and  in  my  own  experience  I  have  found  it  nearly  useless  to  employ 


(14) 
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them.  The  reason  of  this  is  that  the  small  errors  of  observation  exert  too 
great  an  influence  on  the  resulting  elements,  so  that  it  is  better  to  use  sim- 
pler methods.  If  we  assume  the  orbit  of  the  satellite  to  be  circular,  and 
di?termine  by  observation  the  form  of  the  apparent  ellipse  described  by  the 
eateUite^  and  the  position  of  its  major  axis,  the  solution  of  a  spherical  trian- 
gle will  give  the  values  of  N  and  J,  the  quantities  which  fix  the  iK>sition  of 
the  plane  of  the  orbit.  With  th(?se  quantities  we  can  compute  the  values 
of  the  auxiliaries  /,  g^  A,  &c.,  and  by  means  of  ecpiations  (10),  and  the 
obeerved  values  of  a  and  />,  we  shall  have  the  values  of  r  and  u,  the  polar 
<x»ordinates  of  the  satellite  in  the  plane  of  its  orbit.  It  is  then  easy  to  de- 
termine the  elements  of  the  ellipse  des*-Til)ifl  by  the  satellite  around  its  pri- 
mary, the  position  of  the  line  of  ap&ides,  and  the  place  of  the  satellite  in  its 
orbit  at  a  gi\ren  time. 

The  following  figure  explains  the  geometritiil  mciining  of  the  auxiliary 
quantities;  and  one  will  be  able  to  ihiliKi'  the  iorniuhe  for  computing  them 
<lirectly  from  the  spherical  trianfxle^- 

rz=/, 

TX=h, 
OTZ^F, 
OTY=  G, 
OTX^H; 
OT^J=m- 
clinatioa  of  orbit 
to  Equator, 
0Y=8, 
OA'=90°— <J, 
P,  the  planet, 
8,  the  satellite. 

STX  =    ttO"  —  {H  4-  u), 

7X0=180"  —  k, 

TXS=  180°  — (p  ^k), 

TOZ  =  270°  ^{a  —  N). 
I  am  indebted  to  Professor  Frisby  for  verifying  my  derivation  of  the 
formulic  (12)  and  (13),  which  will  be  found,  I  hope,  correct,  and  in  a  form 
oonveoieiit  for  use. 
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ON  UMYMMETRICAL  ADJUSTMENTS,  AND  THEIR  LIMU 


BY  E.  L..  DE  FOREST,  A.  M.,  WATERTOWN,  CONN. 

Denoting  any  series  of  equidistant  terras,  uuHniited  in  length,  by 

lefc  it  be  adjustcil,  for  example,  by  the  fornmla 

+LiW^x  +L2ti_a  +L8«-a  +L4U_4» 
which  diffei's  from  the  formulas  heretofore  used,  111  that  the  coefficients  I 
distant  from  tlie  middle,  as  l^  and  L3  far  instance,  are  not  necessarily  equal 
to  each  other,  so  that  when  they  are  all  regarded  as  ordinates  to  a  curve, 
curve  need  not  be  symmetrical  on  each  side  of  /^,     If  such  a  formula  is 
include  more  terms  on  one  side  of  u^  thuB  on  the  other,  we  have  simply  to 
suppose  that  the  coefficients  of  the  absent  terms  are  zero*    Having  obtained 
a  number  of  adjusted  terms 


ual I 

5  !5^ 


4 


(a 


let  them  be  adjusted  again  by  another  unsymmetrlcal  formula, 

<  =  Xo«%+i,ti'i+i^tt'2+i_i«'_,+i_3u'_^.  (2) 

By  a  process  of  substitution  quite  similar  to  that  followed  in  my  article 
in  the  Analyst  for  May  1878,  p,  65,  where  the  formulas  were  symmetri- 
cal, we  here  get  the  following  expression; 

+  (X^/3+i/i   -1X3^0  -\-L^ih+L.,J^)u^ 
+   Xo^a-fX,/,   +L^.^   +X_iO«a 

+  terms  containing  u_j,  u_2,  » . . .  ^^-^j. 

The  coefficients  of  k_  j,  i*^^  tfec,,  will  be  the  same  as  those  of  Wj,  tig 
respectively,  except  that  all  the  sub-indiees  of  X  and  /  will  have  their  siga 
changed.  This  formula  becomes  identical  with  (3)  of  the  former  articH 
when  the  negative  sub-indices  of  X  and  I  are  change<3  to  positive,  Itis^ 
resultant  formula  of  adjustment,  c<|Uivalent  to  (1)  and  (2)  used  in  suooessioa 

I^t  the  coefficients  of  the  several  terms  n  in  (1)  and  (2)  become  those  ( 
the  powers  of  z  in  the  two  polynomials 

X_2 +L^,2+L,^+L^2?^L^t'. 
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WhcMi  these  two  are  multiplied  together,  it  will  be  found  that  the  eoeffi- 
c^eotB  of  the  several  powers  oi^z  in  the  product  are  the  siimc  as  thf3se  of  the 
several  terms  n  in  the  formula  (3).  Like  results  are  obtained  when  formu- 
las other  than  (1)  and  (2),  that  h,  containing  diflerent  numl>ers  of  terms, 
lu^  ^wcc€ssively  used,  and  we  generalize  the  fact  thus.  Let  any  two  com- 
ponent formulas  be 

When  the  given  series  h  adjusted  by  these  two  in  succession,  no  matter 
which  is  used  first,  the  result  will  he  the  same  as  that  of  a  single  adjustment 
made  by  a  formula  whose  coefficients  arc  those  of  the  powers  of  z  in  the 
[iroduct  of  the  two  polynomials 


(4) 


iL^  -f  U+i  ^-f  U+a  2^[+  .  ^ .  +^0  ^-+^1 2-^H . .  .  +C  ^J^  1  ^5j 


In  the  resultant  formula,  the  coeflScient  of  the  term  h^  is  that  one  which 
iDcludes  the  product  L^^l^.     It  may  he  noticed  that  the  coefficients  in  the 
product  of  the  polynomial  factors  are  independent  of  the  particular  expo- 
nents assigned  to  s  in  the  two  factors,  provided  that  each  series  of  exponents 
an  arithmetical  progression,  and  that  both  progressions  mcrease  by  the 
le  constant  difference,     We  might  therefore  use  instead 

jfherc  the  indices  of  z  are  the  same  as  the  sub-indices  of  /,  L  and  u. 
It  follows  from  the  foregoing  that  if  a  series  is  adjusted  k  times  in  suc- 
eeasion  by  the  single  formula 

+  i^lU^l  +A^2U_2+ +^^-^w_^,  (7) 

1  aiKl  if  the  equivalent  or  resultant  formula  is  denotetl  by 

+  LiM^i+L3W_3+ +L,^t*_^,  (8) 

[then  the  coefficients  I  will  be  the  same  as  the  coefficients  of  the  powers  of  z 
{in  the  expansion  of 

(A_^+^»H.x«+^,+a2*+  .  .  ,  •  +;o^"  +  ^i^^^+  ....  +U^y*    (9) 

I A    convenient  general  form  of  this  expansion,  kno^\^  as  the  Multinomial 

jrormiila^  may  be  found  in  Bavies  and  Peck's  IMcUonary  of  Ilai/iejjiatics. 

I  (For  a  demonstration,  but  in  less  convenient  form,  see  Price^s  Cul€ulu8,Yo\. 

Ij  p,  161.)     It  is  such  that  if  we  write 
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(aa-{-aiZ-\-a^^+ +a.z-f  =  Bo  +  B,z+B^^+ +  7?*,**",  (10) 

then  any  group  of  n  +  1  coofficients  B  in  the  exiJansion,  taken  from  5^ 
up  to  B,  inclusive,  are  evidently  connected  by  the  relation 

««'■  i.  1 

(U.) 
This  relation,  by  the  way,  liolds  also  for  the  expansion  ejctended  backward 
to  terms  in  z"V»  -~^  *^^-f  proviJed  that  their  coefficients  Jff-n  B^2  ^"^'9  *^ 
made  zero,  8o  that,  remembering  that  B^  =  Cq,  we  can  find  the  other  ooef- 
ficieots  Bi^  B^  <tc.,  successively  from  (11),  by  giving  to  r  the  values  1,  % 
3  &c.,  in  snc<*ession.  Formulae  (10)  and  (11)  may  therefore  be  regarded  as 
expressing  the  mnltiuomial  theorem  in  a  concise  form. 

Now  let  us  l^ke  n  ^  2m,  and  change  the  notation  for  the  ooefficients  to 
oorresjiond  with  (8)  and  (9). 

Tor  tto,  a^j  a^  ♦...««  write  A_p„  A_«»+i  •  • . .  A_j,  Aq,  Aj  •  •  •  * 
For  -B^,  ^1,  B^,  ,  ,  -J?fc» write  L^^,  l-im-^i  ....  f_i,  l^f  /j  .  .  .  *  Ij^. 
Also  let  the  place  of  the  last  one  of  any  group  of  2m  +  1  coefficients  in  the 
expansion  Ijc  dcnotefl,  not  by  its  rank  r  reckoned  from  the  first  term,  but 
by  its  rank  ^t-j-m  reckoned  from  the  middle  term  /^ ;  go  that  /^  is  the  middle 
term  of  the  group,  and  i  is  its  rank  reckoned  from  /(,.     This  gives* 

r  =  kra  +  i  -{-  m, 
and  tiie  group 

is  now 

Substituting  the  above  in  (11),  we  get 

— (?7iA4  i+wi)^-«^<+-,— t(m— Ij/j+t-f  wi— l]i?^^+i  '.+«-i—  • 
-(   i+i'+l  );_j^..,^_i^,/.-f(i«{+l);j/,^i+(2A— 1+2)^3/^,+ 

-h  {mk — i  +  m);„  ^_„  =  0, 
and  consequently 

(12.) 
This,  like  (1 1 ),  is  simply  a  form  of  the  multinomial  theorem.  Our  chaDgtf 
of  notation  have  not  aflected  its  generabty,  for  if  the  numlver  of  ierms  in 
the  first  member  of  (10)  w*ere  an  even  number  2m,  we  could  always  mftke 
it  the  odd  number  2m -fl  without  altering  its  value,  by  adding  a  term  with 
coefficient  zero.  As  has  been  seen,  (12)  expresses  not  only  the  relation  be* 
twecn  any  2m~^-l  consecutive  coefficients  /  of  the  powers  of  z  m  the  eipaii* 
Hion  of  (9),  Ijut  also  the  relation  between  any  2w+ 1  consecutive  coefficieDta 


1 
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4  in  the  resultant  adjustmeDt  formula  (8),  which  Is  the  equivalent  of  k  suc- 
oessive  applicatious  of  (7).  When  we  suppose  (7)  to  l^e  symmetrical,  so 
tbat  X^i  ^^it  A-2  =  ^2  &c.f  then  (12)  becomes  identical  with  (3)  of  my 
article  in  Analyst  for  Septj  1878,  and  a  dcmoustnitiou  is  found  for  the 
property  which  was  there  inferred  only  from  a  number  of  isolated  eases. 

We  will  now  proceed  to  determine  the  limiting  curve  followed  by  the 
ooeiBcients  I  when  the  number  of  applications  of  the  uosymmctrical  formula 
i7\  becomes  infinite.     This  is  a  general  problem,  including  the  special  case 

^^k  symmetrical  formula.    I'he  process  will  be  similar  to  that  employed  for 

rae  special  ease,  in  my  article  just  mentioned. 

^^^t  the  finite  differences  of  the  series  /^,  l^^y  &c.,  be 

^^^J^  =  4+a-^^+i  +^t         ^4  =  4+4-44+8  +  6/,+2-44+i  +4, 

ind  let  differences  higher  than  J^  Ijc  neglected,  so  that  J^  is  regarded  as 
[jODBtant  for  any  six  consecutive  coefficients  L     Thus  we  find 

K^.,  =  /4+3J,+3J,+Js,  ^_g  =  4-3J,+6Ja— 10J3+15^4-2Ms, 

^H  &c.,  &c. 

'     The  law  ol  these  expressions  is  such  that  we  have  in  general 


-  n(n— l)(?i— 2)(ii— 3)J4  +& 


ic,  I 


they  will  be  the  same  if  diiferenocs  higher  than  J^  are  taken 
l>iint.     Substitute  them  in  (12),  and  write  for  brevity 

6„  =  ^,  +  (;,+^_,)+    (;,+A-.a)+  ....  +     (L+i-J) 
bi  =     1  (^,-^-i)+2(;,— La)+ 
6j  =     i»(;,+^_,)+2»(;5+;_j)+ 

<ic,, 


(13) 


into 


Ac. 


y   (14) 


will  be  seen  that  65,  64  Ax,,  here  are  not  the  same  as  they  were  at  p, 
I  of  my  former  article,  since  they  include  the  i  with  negative  sub- indices, 
king  the  numerator  and  denominator  of  the  first  member  of  (12)  by 
),  we  get 
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» 


(IS) 


It  will  be  found  that  in  the  coefficient  of  any  differenoe  J^  the  niimerid 
Cfjefficients  of  the  h  within  the  parentheses  are  the  same  as  those  of  the  pow- 
ers of  n  in  the  prochict  of  the  iactors 

(1  +  n),  (2+n), [(m-l)+n], 

so  that  the  above  expressions  for  iVand  D  raiglit  be  readily  extended  as  fo 
as  desired.  Now  when  k  liecomes  infinite,  and  the  siiceesgive  values  of /ifv 
regarded  as  consecutive  ordinates  to  a  limiting  curve,  we  have 

Let  ?o  lie  taken  as  the  axis  of  K  The  abscissa  x  eorres|>onding  to  any 
y,  w^hich  before  was  vc  ^  iJx^  becomes  w  ^=  idx  at  the  limit,  when  the  ordi- 
nates are  set  close  together  so  as  to  be  consecutive.     Thus  (15)  gives 

as  the  differential  equation  of  the  limiting  curve.  The  order  of  this  equation 
and  the  nature  of  the  curve  will  depend  upon  the  values  of  the  constADtsfr. 
To  show  their  significance,  supp43se  that  the  scries  of  terms  Uq,  Uj  Ac.t*'^ 
which  the  adjusting  process  is  applied,  is  of  algebraic  form  and  tlierefore 
represented  by  equidistant  ordinates  u  to  the  curve 

whose  degree  is  equal  to  the  order  of  the  series.  The  origin  may  be  taktt 
at  any  term  we  please,  and  we  take  it  at  Uq,  so  that  Uq  ^  A^.  TbecflO- 
stant  interval  between  the  ordinates  may  be  the  unit  of  x*  Thus  we  ^^ 
Ui  =  ^0+  A^-\-    ^2+  &c.,  i*_^  =^0—  ^1+    ^3— &c,, 

and  the  adjustment  formula  (7)  becomes  by  substitution  of  the 
sions,  and  by  using  the  notation  of  (14), 

u\  =  AQbQ+A^bi'\-A^b^+A^b^+&^ 


If  the  series  to  be  adjusted  is  of  the  zero  order,  so  that  all  its  terms  are 

equals  then  in  (17)  A^  A^t  &<^»)  ^iH  be  zero,  and  in  order  that  the  adjust- 
ed term  u\  shall  be  the  same  as  the  corresponding  given  term  u^  ^  -4o,  it 
iftiwcessary  and  sufficient  that  in  (18)  we  shall  have  i^  =j  1.  If  the  series 
is  of  the  first  order,  or  an  arithmetical  progression,  then  in  (17)  A^,  A^ 
&c.y  will  be  zero,  and  since  Af^  and  A^  may  have  any  values,  it  is  neo^sa- 
ly  and  sufficient  for  making  u\  =^  u^  that  in  (18)  we  should  have  A^  =  1 
Mid  6,  =0.  If  the  series  is  of  the  second  order,  A^j  A^  &c.,  will  be  zero^ 
fjii  to  make  «/^  ?r  we  must  have  i^  ^1,6^  =  0,  b^  ^0.  So  in  general, 
if  the  given  series  is  of  the  «th  order,  the  conditions  necessar}'  and  sufHcient 
to  make  the  adjusted  series  identical  with  the  given  one  are 

6^  =  1,        6i=0,        6,  .-=0,  ....  i.  =  0.  (19) 

This  is  Schiaparelli's  theorem  diflTerently  proved,  and  extended  to  include 
the  case  of  unsymraetrical  coefficients.  Since  after  any  number  k  of  succes- 
sive adjustments  the  final  adjusted  series,  in  the  cases  supposed,  will  be  the 
same  as  the  original  one,  we  see  that  if  the  conditions  (19)  are  satisfied  by 
the  coefficients  A  in  the  original  formula  (7),  they  will  also  be  satisfied  by  the 
I  m  the  resultant  formula  (8),  and  consequently  also  by  the  y  in  the  limit- 
iag  curve  (16).  The  numerical  coefficients  1",  2"*,  S^&c.,  of  the  X  in  (14)  will 
become  the  nth  powers  of  the  number  i  which  denotes  the  rank  of  the  I  in 
fI2)  and  of  the  y  in  (16),  Thus  the  conditions  if,  =  1  and  6*,  =  0  for  the 
|«d/astinent  formula  (7),  imply  for  (8)  and  (12)  the  conditions 

11=1,  Iiri  =  o.  (20) 

Every  adjustment  formula  must  obviously  be  such  that  if  we  apply  it  to 
aeiiee  of  given  terms  which  are  all  equal,  the  adjusted  terms  will  be  equal 
to  the  given  ones.  This  requires  that  the  sum  of  all  the  ^'s  in  (7)  shall  be 
unity f  so  that  we  always  have  b^  ^  1.  As  for  fi|,we  can  reduce  it  to  zero 
in  (16)  by  changing  the  place  of  the  origin  of  coordinates  on  the  axis  of  A'', 
The  cjoefficients  i  in  (7)  may  be  regarded  as  a  system  of  parallel  forces 
acting  perpendicularly  at  intervals  of  unity  along  the  axis,  which  is  itself 
regarded  as  a  mathematical  lever  with  fulcrum  at  ^^*  Thus  any  term  n^, 
in  the  expression  for  &j  in  (14)  is  the  moment  of  ^  about  the  fulcrum,  and 
^y  16  the  moment  of  the  whole  system.  If  the  fulcrum  coincides  with  the 
ceotre  of  parallel  forces,  there  is  equilibrium,  and  b^  ^  0.  In  this  ease, 
putting  b^  =  1  and  6|  3^  0  in  (16),  and  neglecdng  the  cPy,  <Ptf  &€,^  la  the 
dcnomiimtor,  in  comparison  with  ^,  we  get 
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Taking  tlie  problem  of  adjustment  in  its  most  general  form,  suppoeing 
the  i  to  have  any  arbitrarily  assigued  values  consistent  witii  6„  =  1,  the 
centre  of  parallel  forces  will  of  course  be  in  general  not  at  i^,  but  at  eome 
other  place.  The  values  of  the  coefficients  in  a  resultant  formula  after  k 
applications,  however,  are  independent  of  the  position  of  the  origin  or  zero 
point.  For  example,  let  the  adjustment  formula  include  six  terras,  whose 
coetEcients  are  —  ^t  y,  y,  f ,  |,  —  ^i  and  let  u.^  put  X^  equal  first  to  the  \, 
and  secondly  to  the  f ,  or  two  intervals  to  the  right  of  its  first  place. 
thus  have  the  two  formulas 


W 


/  


=  f{— i^^i+2n^   -j-4u^    +3i£2 +  1*3-21*^), 


I 


whose  coefficients  are  the  same  and  in  the  fiame  order,  but  differently  situa- 
ted with  reiercnce  to  the  origin.  If  the  given  series  is  adjusted  twice  by 
each  of  these,  the  coefficients  of  the  resultant  formulas  will  in  both  cases  be 
thc^e  of  the  powers  ol  2  in  the  expansion  of 

^_l4,2^+4iH32'+a*-2^^\« 

t  ~~1  }   ' 


so  that  the  two  resultant  formulas  are 

<=^(u„3-4u^j-4W(j   +10wi   +26rt,  +32u,  +9w-10w-llu.-4«v 

«; ^ ^{«.  g-4«_fi^w^4  +  10u_s  +  26w.,4-32u_j+9if -1 0 V 1  h^^^^^ 

The  cc^fB  sients  are  the  same  in  both,  but  the  origins  or  places  of  u^ 
are  sepafated  by  four  intervals,  being  twice  as  far  as  in  the  original  forroo- 
las.  If  each  formula  were  applied  k  times  in  succession,  the  origins  in  thf 
final  resultants  would  be  k  times  as  lar  apart  as  they  wei*e  at  first,  but  both 
sets  of  resultant  coelficients  would  still  be  alike.  If  therefore  we  suppose 
the  origin  or  fulcrum  in  (7)  to  be  transferred  to  the  center  of  parallel  foroeSi 
tliat  is,  shifted  through  an  interval  Aj  to  the  right  of  its  first  position,  the 
limiting  curve  %vill  be  unchanged,  and  w^ill  still  lie  characterized  by  Uie  dif- 
ferentia! equation  (16),  only  its  origin  will  be  transferred  through  a  distance 
b^kdx  to  the  right,  and  the  constants  6|,  i^,  63  &c.,  of  (14)  and  the «  in 
(20)  must  now  be  reckoned  from  the  new  origin  or  center  of  parallel  foroes, 
and  we  have  fij  =  0,  Thus  equation  (16)  has  lost  nothing  of  its  geoeml- 
ity  by  being  put  in  the  form  (21),  The  principle  of  continuity  implies 
that  a  shifting  of  the  origin  of  the  resultant  formula  through  an  interval 
of  tji  units  will  correspoftd  analytically  to  a  shifting  of  the  origin  in  the 
original  formula  through  6j  units,  even  though  6^  should  not  be  a  whole 
number.     In  such  a  case,  the  numbers  i  become  fractional. 

Now  if  b^  estimated  from  the  centre  of  parallel  forces,  is  not  zero,  neg- 
lecting in  (21)  the  differentials  of  a  higher  order  in  comparison  with  the* 
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rer  one,  we  have  th 


'(?)  = 


differential  equation  of  the  Bret  order, 
xdx 


dx' 


h,(k+l)(dxf 


(22) 


P  "nyV  -  {k+l){dxf 

The  denominator  b2(k-{-l){dxYis  a  finite  constant,  and  k  is  an  infinity  of 
the  second  order,     (Analyst,  May,  1879,  pp.  67  and  72.) 

The  constant  of  integration  will  be  determined  by  the  condition  io=^  1, 
which,  as  (20)  shows,  is  in  the  limiting  curve  equivalent  to  Jy  =  1,  that  is, 


(23) 


The  condition  fij  —  0  is  not  used  tor  determining  a  constant.     The  value 
of  ij  cannot  affect  the  dimensions  or  form  of  the  curve,  but  only  its  plaoei 
^Blbe  place  of  k^^  along  the  axis  of  X 
^wext,  suppose  that  besides  6^  ^==  1  we  have  b^  '^  0;  then  (21)  reduces  to 

K         ..  /tf^\      ^ ,   ^'.y_^^^ 

■         *^ny  i"iA+l)(da:)^ 


(24) 


Here  it  must  be  an  infinity  of  the  third  order,  if  x  is  finite  and  if  cPy  is 

ED  infinitesimal  of  the  second  order  as  compared  with  ^.     There  will  be  tw^o 

constants  ot  integration,  determined  by  the  two  conditions,  6^^— 1  an^^  ^,=0, 

h  (20)  shows  to  be  equivalent  at  the  limit  to  2*y  =^  1  and  i't^y  =  0, 

is  to  say,  since  i  —  x-s-tfar, 

—J      ydx  5=  1,  I      7?ydx  =  0. 

ikewise  when  b^  =s  0^  b^  ^=  0,  63  ^  0,  (21)  becomes 

—X-h   (^^^y\=        ^rfjT .    d^y_    —2.Sxy 

2T3  ^  \  y  /       tI+lX<^''         ' ' '  £^3  ~  6^(/r+lJ(c/ar, 
the  Uiree  conditions, 

t       /*05  /•flB  /•OO 

M      ydx  ^l,         i      a^ydx  =  0,        J      s^ydx  =  0,         (27) 

And  so  on  when  also  6^  —  0,  A^-  =  0  <t^\  Denoting  the  coefficients  of  ary  in 
J22),  (24),  (26)  <fee.,  by  a,  we  have  this  general  proposition;  that  the  limit* 
ng curve  is  always  characterized  by  a  linear  differential  equation  of  the  form 


(25) 


(26) 


Enirct: 


a  — 


1.2.3 


«(-ir 


d'y  _ 


K^^{k-ti){dxn' 


daf 


=  axy, 


(28) 


rbere  A  ii^  an  infinity  of  the  (n-f  1  }th  order,  and  the  n  constants  of  iutegra- 
ioD  are  to  be  determined  by  the  n  conditions 

^fjdx=l,  ] 

I       3^ydx  ^    I      gfydx  =  ,,,,==    I      x'^ydx  =  0. 
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The  origin  of  coordinates  is  at  the  centre  of  parallel  forces  for  the  ghrcn 
(^efficients  X,  and  the  constants  5  are  reckoned  from  that  point.  The  above 
proposition  holds  good  for  the  ultiraate  resultant  coefficients  of  any  adjasfe- 
ment  formula,  and  also  for  the  coefficients  in  the  expansion  of  any  given 
polynomial  to  the  power  k  ^  cso^  when  the  sum  of  the  given  ooefBciecits  ii 
unity.  It  has  long  been  known  that  when  p  and  g  are  positive  fracdoM 
whotfe  sum  is  unity,  the  terras  in  the  expansion  of  {p+5)*  take  the  form  of 
the  prohabillty  curve,  answering  to  the  case  n  ^  1  in  (28).  These  terms 
are  the  same  as  the  coefficients  of  the  powei^  of  i  in  the  expansion  of  the 
binomial  (p-^qz)^.  But  I  am  not  aware  that  any  writer  has  hitherto  shown 
that  the  limiting  form  of  the  coefficients  in  the  expansion  of  a  polynomiai 
is  also,  in  general,  the  probability  curve,  while  in  special  cases  it  may  be 
one  of  the  higher  curves  included  under  the  form  (28)  and  (29). 

The  order  n  of  the  differential  equation  will  always  be  less  than  the 
number  of  terms  which  compose  the  given  polynomial,  for  the  conditiona 
K^^  Ij  61  ^:  0,  &2  =0  &c.,  are  n  +  1  in  number,  and  to  satisfy  them  all, 
we  must  have  at  least  as  many  as  n  +  1  disposable  coefScicnts  I.  It  mav 
happen  that  there  will  be  no  limiting  curve  at  all,  the  consecutive  resultaui 
ooefBcients  diverging  from  each  other  as  k  increases,  bo  that  the  finite  differ- 
ences in  (16)  do  not  become  differentials.  Such  cases  appear  to  be  distio* 
guished  by  the  constants  of  integration  taking  ims^ioary  values.  (Analyst, 
Sept,  1878,  p<  140.) 

We  have  said  in  connection  with  (28),  that  k  is  an  infinity  of  the  (n-fl)th 
order.  The  whole  number  of  terms  in  a  resultant  formula  is  *^km  +  1,  as 
is  shown  in  (8),  Since  dx  is  the  iiiterval  between  consecutive  terms,  aod  is 
contained  co  times  in  a  finite  distance  on  the  axis  of  X,  the  \vhole  seri©  of 
resultant  coefficients  must  apparently  be  regarded!  as  reaching,  at  the  limit, 
to  a  distance  comparable  to  the  nth  power  of  infinity,  w^hich  would  be  the 
full  extent  of  the  limits  of  integration  in  (29).  Can  we  say  that  the  whole 
axis  of  X  may  be  regarded  as  reaching  not  only  to  the  distance  ^  bat  to 
If  so,  it  would  seem  that  the  higher  the  order  n  of  the  curve,  tbc 


QO' 


more  remote  will  the  limit  be,  and  that  for  a  given  finite  value  of  i,  the 

limiting   form  will  be  approached  more  nearl 

large. 

{To  be  contintt^d  in  No,  6.) 
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JtEMARKS  ON  THE  RESOLUTION  IN  INTEGERS  OF  THE 
EQUATION  X{X+i){X+2)  ....  (X+N)  =  Y'  (1), 
AND  SOLUTION  OF  PROS.  262, 


XUMUlTKV   from  *'NOtTVKLl.ES   ANNALE8   DE  MATHEMATTQTTES^*,  FTRST 
SERIES,  VOL.  XIX,  BY  PROF.  ABHER  B.  EVANS,  LOCK  PORT,  N.  Y. 

Every  divisor  common  to  aoy  two  of  the  integral  numbers  x,  (a?  +  1), 
(j-f  2),  • .  .  .  (aj+ii),  since  it  must  divide  their  differeBC^,  is  necessarily  one 
of  tlie  numbers  1,  2,  3,  4,  ....  n.  Therefore  every  prime  number  that  is 
a  divisor  of  any  two  of  the  integral  numbers  a?,  (a?4-l),  (ar+2), ...  {x-^-n)  is 
necessarily  one  of  the  prime  numbers  2,  3,  5,  .  .  .  p,  where  p  is  the  greatest 
of  the  prime  numbers  comprised  in  the  series  1,  2,  3,  4,  ,  •  .  .  n. 

If  the  product  x{x+l){x+2)  .  .  .  (a;  +  n)  is  an  exact  square,  as  equation 
(1)  supposes,  and  if  the  exponent  of  the  highest  power  of  a  prime  number 
dividing  one  of  its  factors  is  odd,  that  prime  number  will  belong  to  the 
attics  2,  3,  5,  ...  .  p;  for  it  will  divide  at  least  two  of  the  factors  of  the 
product:  hence  we  conclude  that  i 

I     1°.    If  a  factar  of  Uie  product  x(x+l)(x+2)  .  .  ,  .  (x+n)  is  not  diiisible 

Jyany  of  the  numbers  2,  3*  5, ,  ..p,  it  will  6e,  for  this  reason,  an  exact  square, 

¥^.    No  one  of  the  factors  x,  {x+1),  (x  +  2), (x+n)  oan  admit  as 

>  dm$or9  all  the  numbers  2,  3,  5,  ...  .  p, 

I  We  DOW  proceed  to  demonstrate  2^.  Let  us  in  the  first  place  suppose 
that  one  of  the  two  extreme  factor?,  for  example  x,  is  sejianitely  divisible 
by  2.3 . 5  * . .  p.  Then  (a:+l),  which  is  prime  to  x,  not  admitting  any  one 
of  these  divisors,  will  be  an  exact  square  (1*^);  and  as  z  is,  by  liyj)othesis,  a 

multiple  of  (2.3.5 p\  the  factors  (x+2\  (aJ+4)  will   be  divisible  by  2 

Afld  will  not  have  another  divisor  comprised  in  the  series  2,  3,  5,  ,  ...  .  p. 
Moreover,  neither  of  the  factors  (ar+S),  (a?+4),  is  an  exact  square,  for  (a'+l) 
being  the  square  of  an  integer  greater  than  unity,  no  other  number  greater 

ihun  x+1  can  be  the  square  of  a  whole  number  unless  it  exceeds  a?  -f  1  by 

it  least  two  units.     It  is  necessary  then  (1^)  that  (ic+Z),  {ic+4),  should  be 

fhole  numbers  of  the  form  2a*,  2i',  and  this  requires  that  6*— a*==  1,    We 
vwe  therefore  arrived  at  this  conclusion,  that  if  a;  is  a  multiple  of  (2  ,  3  .6 
.  ,  -  p),  the  difference  of  the  squares  of  two  whole  numbers  will  be  unity. 
The  same  demonstration  applies  to  the  other  extreme  factor  (ar+n). 
With  reference  to  the  intermediate  factors  (iP+1),  (x+2),  . ,  .  (a?-f  w — 1^ 
r  oiie  of  them,  (x+ 1)  for  example,  were  a  multiple  of  (2.3.5  •  -  *  p),  the  t 
fetors  x  and  {x+2)  which  include  it,  w^ould  be  squares  (1°);  which  is  < 
)eniiy  impossible,  since  they  differ  by  only  two  units. 
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CppltSltions  of  the  Fohegoiko. 


[If  x{x+t)  (x+2)  (a:+3)  (a?+4)  =  f  (2),  then  p  ^  3,  (2  .p)  =  e^uj 
(2^),  x  =  6m  +  l;  and(r),  x  =  6m+l  =  a^  and  x+4  ^  6m  +  5  =  6"; 
whence  &* — a'  =  4 ;  which  is  evidently  impossible  in  inte^rs.    Translator.] 

[So/u^ion  of  Problem  /K,  Mathemdtkal  Mojiikly^  VoL  L,  No.  //,]— If 
x{x+J)ix+2){x+^){x+4)ix+6)  =  f  (3),  p  z^  5,  (2,3. p)  ^  30. 

We  will  proceed  to  show  that  if  (3)  admits  of  a  solution  in  integers,  it 
produces  the  absurdity  that,  of  six  consecutive  integers,  no  one  is  divisible 
by  6. 

If  xs=  6a,  the  whole  number  a  is  not  divisible  by  5  (2*^),   Now  the  eqii»- 
tion  X  ^=  6a  gives  a?-f  5  ^  Ba-j-5i  moreover  we  see  that  aj+5  is  prime  to 
2,  3,  5-  then  (x+5)  is  a  square  (1°).     It  follows  that  x{x+'\){x-i-2){x+Z) 
X{x-\  4),  the  product  of  five  consecutive  integers,  would  be  a  square;  that  ^ 
which  never  takes  place.  ■ 

The  same  demoDstration  applies  to  the  other  extreme  &ctor  (x+S)* 

It  remains  to  consider  the  remaiDing  intermediate  factors  (a?+l),  (x+fjt 
(x+3),  {ar-f  4),  If  one  of  them,  (x  +  2)  for  example,  is  a  multiple  of  6  it 
is  evident  that  the  two  factors  (a;-f  3),  (ir+1)  which  comprise  (x  -\-  2),  will 
be  prime  to  6  j  and  as  they  cannot  be  both  multiples  of  5,  one  of  them  will 
not  admit  of  any  of  the  divisors  2,  3,  5,  and  will  therefore  be  the  square, 
a*,  of  a  whole  number. 

The  other  factor,  a*  ±  2,  not  being  a  square  ought  to  be  divisible  by  6 
(1°J.  We  shall  then  have  a'  dz  2=^  dm;  now  this  equation  cannot  exist, 
for  we  kno%v  that  the  formula  ior  squares  that  are  not  multiples  of  5,  i« 
a^  =  5m±l.  It  follows  irom  what  precedes  that  the  product  of  six  consec- 
utive integers  cannot  b<^  a  square. 

[Solution  of  Problem  262,  Analyst,  VoL  VL,  No.  3.]— If  x(x+l)(ar+2) 
X(a?+3)  (a:+4)  ^a:+5)  (x-\-6)  =  f  (4),  admitted  of  a  solution  in  int^en, 
no  one  of  the  seven  numbers  x,  (x+l),  (a7+2),  {x+3),  (x  +  4)t  (2; 4- 5), (a;+6) 
would  be  divisible  by  6.  In  reality  p  being  still  equal  to  5,  we  will  demon- 
strate as  in  the  preceding  case,  that  it  is  impossible  that  one  of  the  factofs 
{x+l)y  (x+2),  {x+2),  (x+A),  {x+S)  can  be  a  multiple  of  6, 

We  will  now  demonstrate  that  the  extreme  factors  x,  (x  -\-  6)  cannot  be 
multiples  of  6,    Supposing  x  ^  6m,  we  shall  have  x+6  ^  6(m+l);  WJ^ 
neither  of  the  members  m,  (m  +  1)  will  be  divisible  by  5  (2°).     Now,  the 
equalities  x  ^  6to,  z+B  =  6(m-f  1)  give  ar  +  1  =  B{tn+ 1) — 5  and  ar-f  5=^6"^ 
4-6,     These  last  show  that  the  factors  {x  +  1),  (x-^-b)  are  not  divisible  l^H 
any  of  the  three  prime  factors  2,  3,  5.     Then  (1°)  we  must  have  :r+l  ^<^H 
x-f  5  ==  6^  whence  6' — a'  =  4 ;  an  equality  which  is  impossible^  since  it  ^^^ 
quires  that  the  difference  of  the  squares  of  two  integers  A,  a,  greater  thi^| 
unity,  be  less  than  5.    It  is  also  proved  that  the  proposed  equation  (4)  doflH 
not  admit  of  a  solution  in  integers,  ^^^M 
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DEMONSTRATION  OF  A  PROPOSITION  {SEE  QUERY,  P.  55). 


BY  R.  J,  ADCOCK,  MONMOUTH,  ILL, 

Let  ABC  represent  the  triangle.     Draw  AP  perpendicular  to  CD^  the 

radius  of  the  sphere.     In  the  planp  DRQ  perpend  ion  lar  to  TA  dr«w  PO 

^  Bine  of  J?C 

Then  twice  the  area  of  APG. 

the  orthographic  projection   ol 

the  plane  triangle  ABC  upon 

the  plane  through  A  perpend  ic 

nlar  to  C/),  =  sin  a  sin  6  ein  C 

and  likewise  the  projections  ot 

the  plane  triangle  ABC  upon 

planes  through  B  and  C,  per^ 

pendicular  to  DB  and  DA  are 
Bin  a  sin  c  sin  £,  sin  b  sin  c  sin  A , 

which  projections  are  equal,  be- 
ing upon  planes  equally  inclined  to  tlie  plane  ABC 

I  Also,  sin  AObiuBO  sin  A  OB  is  twice  the  projection  of  the  plane  trian- 
gle AOB  upon  a  plane  perpendicular  to  Oi),  the  inclination  of  which  plane 
[|o  APG  is  the  arc  OC  Hence  the  projection  of  sin  -40  sin  BO  Bin  AOB 
ibi  APO  is  sin  ^  O  sin  £  0  sio  ^  OB  cos  OC 

^T*brough  A,  draw  AK^  the  sine  of  AO,  KR  perpendicular  to  CD,  and 
^HL  parallel  and  equal  to  PG  ]  then  the  triangle  LKH  is  the  projection  of 
ftbe  plane  triangle  05C  upon  a  plane  perpendicular  to  CD,  and  LHxHK 
\  xsin  C:=sin  a  coe^Osin  CO  sin  C^siu  ^Oein  CO  sin  50Ccos^0, 
I     In  like  manner  the  projection  of  the  plane  triangle  ^OCupon  a  plane 

perpendicular  to  CD  is  equal  to  sin  ^10  sin  CO  sin  ^OC  cos  B0»  Hence 
I  dfi  a  sin  6  s!n  C^  sin  a  sin  o  sin  B  ^  sin  b  sin  c  sin  A  ^ain  A  0  sin  BO 
I  X  dn -4  OB  cos  CO  +  sin  £0  sin  CO  sin  BOCcos^O  +  sin  ^10  sin  CO  sin 
UOCoo6BO=sin^08in£Osin  CO  (cot  ^0  sin  500+ cot -BO  sin  ^OC 
L^^COsin^OB). 

^Bon:  ON  THE  Solution  op  Pr(»blem  260,  by  the  Editor  —In  the 
Wmtion  of  this  problem  (pp,  121-22),  the  equations  from  Routh  were  in- 
cwrrectly  written,  and  should  be  corrected  as  follows:     In  (1),  for  — ,  read 
+,  mud  ID  (2),  for  "sin",  read  cos;  also,  in  (3),  for  "cos"  read  sin. 
Bj  introducing  these  corrections  in  the  solution  at  p«  121  we  get 
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dJP  ~~  1{R—T) 


cos  f  ^  -i^  COS  ^j 


where  I  is  put  for  R^r,     Integrating  ooee,  and  reducing,  we  find 


If  we  put  /ein  y?  =  x,  we  have 
dx 


df  = 


di  = 


4/\siu  (P) 
I dg 


This  value  of  dt  is  (see  Brande's  Eneyc,  art,  pend,)  the  differeDtial  of 
the  time  of  a  semi-oscillation  of  a  |>eodulum  whose  length  is  /,  through  nn 
arc  =  TT,  or  a  semi-circumference;  the  accelerating  force  being  ^. 

We  are  imder  obligations  to  Mr.  Adcoek  and  Mr,  Siverly  foradling 
attention  to  the  errors  above  alluded  to.     The  above  corrections  being  intro- 
duced, this  solution  agrees  with  Mr.  Adeock's  solution,  he  WTites,  **by  the 
principle  that  twice  the  work  of  gravity  equals  via  viva  due  to  trandation 
pluB  that  due  to  rotation." 

'*If  t'  18  the  time  ot  a  simple  pendulum  through  the  same  arc  jf,  t—t^  Vf ; 
length  of  pendulum  ^siZ — r/' 


inn 

ouiB 

tro-V 
a-     1 


SO  I VTIONS  OF  PROBLEMS  IN  NUMBER  FO  UB. 


Solutions  of  problems  in  No.  4  have  been  received  as  follows: 

From  R.  J,  Adcoek,  271,  272;  G.  M.  Day,  275;  Geo.  Eastwood,  2671 
Prof.  Edgar  Frisby,  266;  H.  Beaton,  266,  271 ;  W.  K  Heal,  270,  274J| 
Prof  A,  Hall,  275;  Chas.  H.  Kummell,  270,  271,  273,  274,  275;  ?n 
B.  J.  McAdam,  269,  270,  274,  275 ;  Artemas  Martin,  271 ;  P.  Richard- 
son, 270;  E.  B.  Seiiz,  267,  269,  270,  271,  272,  273,  274,  275. 

We  have  also  received  from  Prof.  W.  P.  Casey,  of  San  Francisco,  Cal.,ft 
very  elaborate  and  elegant  solution  of  problem  85,  and  a  geometrical  coo- 
struction  of  problem  126;  also  a  very  simple  construction  of  problem  23^H 
all  of  which  we  would  be  pleased  to  publish  if  our  space  permitted,         ^^ 

At  the  time  of  the  publication  of  problem  85,  we  received  several  solutioni 
of  it,  but  as  all  the  solutions  that  have  yet  been  received,  except  for  parti<^ 
ular  cases,  involve  equations  of  a  higher  degree  than  the  second,  we  think 
the  quadrilatenil  has  not  yet  been  "constructed"-  Nevertheless,  as  the  solu* 
tion  by  Prof.  Casey,  above  alluded  to,  is  perhaps  the  most  complete  anil 
elegant  that  has  been  received,  it  will  be  inserted  as  soon  as  our  space  will 
permit;  and  we  hope  also  to  be  able,  at  some  future  time^  to  present  the  ge- 
ometrical construction  of  126,  above  referred  to* 
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266*     **Suin  the  series 


006  2<?  cos  »  + 


cos^2tf  cos3»  ,  1.3 


cos  5fl 


2.3 


+i^?-'2'^-5-+ 


to  infinity/' 


SOLUTION  BY  PROF,  EDOAR  FRISBY,  NAVAL  OBSERVATORY,  WASH.,   D.   C, 


X      ^  e  —  coBm±i  ( —  I) sin  iiu, 


rt  X    "=e""^     '  ==  cos  nff  ±  I  '( —  I)  sin  iiS,  (1) 

jc"4-a?—  =2  cosh/?.  (2) 

28  =  cos2fl(:F+3r-i)  +  icos'2fl(^^±^)+i.J  cos«2fl  (^"X^)  ^*'^' 
t  +af-»cos^2^  + J.tr-».i(cos^2fl+i.|a:-*,f(cos^2fl+  ^c,  j 
=  |/(cos2fl).[ain-'i  a?|/(cos2</)+siii-i  x'i^/(cos2fl)] 

=  |/^(oos2tf}.sin-^[a!/(cofl2e)/(l— a;'2eos2tf)+5:-V(t^o«2S) 

Xi/(1— a:*0O8  2^)] 

=  |/^(cos  2»),8iD-'  ^/(eo8  29)  [y'(ic'— cos  2/?)  +  ^(a?-'— oos  2^)] 
=  ^/(('os  2d)sm-^  i/(cos  2fl)  [i/(sin  2/?  v-1  +^/(-sin  2d  |-1)],  by  (1). 
-But  v/(:tsin  20^/— I)  =  ^/(isin  2fl)Jzv/(-Jsin  ^^)i 
•  -.26^=  >/(cos  2^).gin-*  v/(cos2tf)^/(2sin  2ff)  =  |.'^(cob 2fl).8in-i /(sin  4fl), 
S  =  Jv'Cc^  2fl)  .sin- Vlsin  4(?). 
[Mr.  Heaton,  by  a  similar  pmoess,  obtains  the  same  r^ult  under  a  slight- 
ly different  form.] 


267*  ''What  was  the  duration  of  a  building  and  loan  assbciation  in 
'Which,  for  the  first  eight  years,  money  was  Icmned  at  an  avei*age  preniium 
of  $45  per  share  {of  $200),  interest  paid  Ix^ing  6  per  cent/' 

SOLUTION  BY   E.   B.   SEITZ,   GREENVILLK,  OHIO. 

Let  a  =  the  value  of  a  share,  n  =  the  number  of  shares,  nd  ^  the  aratt 
of  dues  paid  at  the  end  of  each  interval  of  time  ^  p  =  the  premium  paid 
for  a  loan  on  a  share,  r  =  the  rate  of  interest,  and  x  ^  the  required  time 
in  years.     Then,  the  interest  on  the  loans  being  payable  monthly,  we  have 

nd(t+Ary*<'-'>,  nd{l+^y'^--^%  nd(l+yyr^'"^'*i 

for  the  ooroponnd  amounts  of  the  suocessi  /e  payments  of  dues;  and  the  sum 
of  these  amounts  must  be  equal  to  n{a — p).  Hence,  since  the  amounts 
form  ft  geometrical  series  whose  least  tei'm  is  mi^  and  ratio,  (1  +  i^it*}^%  we 
hftve 
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wbence  we  find 


]21og(l+3Vr) 
In  the  question  we  have  a  ^=^  $200,  j)  ^^  $45,  and  r  ==  .06. 
In  these  associations  the  dues  are  generally  payable  weekly*  and  theaiBt* 

due  OD  a  share  is  -^  of  the  yearly  interest  ou  the  same;  therefore  t=-^y^*'^ 

and  d  ^  $J.     ,  • ,  a;  =  9.015  years. 


268.  [No  solution  received.] 

269.  "Show  that  the  equations 

X  —  (r^ — fj)  cos  y?+w*^3  cosf -i— ^  ip\ 
y  =  (rj— r^) sin  y'—mr 2  sin f^JJZ!!l  (p\ 

reprc^nt  the  prolate  and  curtate  hypocjcloids;  and  also  that  when  r^^'lr^ 
the  curve  becomes  the  ellipse 


ar* 


tak 


SOLUXrON  BY  PROF.  D,  J,  MCADAMj  WASHINGTON,  PA. 

Take  for  axis  of  a;  the  position  of  the  common  diameter  of  the  two  circles 
the  generating 
without  the  i 


figure ' 


Let  CA  =  r„,  OA  =  r, ,  CP  = 


jg 
mr 


%  * 


COB\ 

—  f*     Then  OF=x,  OE+EF=  OCcos  COB 
+  CPcos  CPD  =  (r,— f^icosf +mr2cos  CPD. 
^ni  AG  =AB  =  r^f,r,  lACG=r^f^r^A 
and  ylCG  =  CPD  +  f,  .*,  Z  CPD^r^jP-^r^   I 


—  f 


—.   M 


ri— rn 


yf;    ,  • ,  :c  ^  (rj^ — r2)c!G&^-\'mr^cm  f^J — ^^  ^  j, 
and  CE^CD  =  y  =  (r^^ — r^)  sin  p— mrj  sin  f^t       a  j^ V 


Making  fi  =  2r^f  aj  =  r,  cos  ys-j-mrjcos  ^;  y  ^  r^  sin  yj— mr^ein  f- 


«       f     wo  1 

r  — 

r^(l+m) 

\^;y 

Stjuaring  (1) 

and 

(2)  and  add 

ing, 

x^ 

-1- 

y« 

sin  {f  = 


_  9 


r^{l  —  m) 


(S 


ri(l  +  m)'    '  r«(i  —  m)^ 


sioY+cosY  =  !• 


—$55— 


270.     '*rind  the  locus  of  the  centres  of  circles  tangent  to  a  parabola  and 
k>  the  tangent  at  its  vertex/^ 

SOLtmON  BY  CHA.8.  H,  KUMMELL,  U,  8,  lAKE  SUBV.,  DETROIT,  MICH, 

liet  3^"  =  fx'  (1) 

Ib   the  equation  of  the  paralwla,  origin  of  coordinates  at  vertex.    We  obtain 
^y  po"i^  of  tlie  re<|iiired  Iwus  if  at  the  poiut  {^\/)  of  the  parabola  a  nor- 


/'_y'  ^  ^M[x"—X' 


(2) 


drawn  and  |)rolouged  until  its  terminating  j>oint  is  as  distant  from  the 
araabola  bb  fnjin  the  tangent  at  the  vertex,  and  this  distance  is  eciual  to  the 
^Bpissa  X  of  the  required  locus.     We  have  then 
^  x=y  [(a^'-5tr)"+(y'— ^n  ^  ^'—^  t^os  [tan'i  (2y'^p)] 

px 


^  X  ■ 


pnce  y'  =  \/(px'),  by  (1) 
X  =  v^lix'-xf+ii/px'-t/f}^  x' 


(3) 


'rom  the  latter  of  these  two  equations,  by  transposing  and  squaring  we 
{x'^xf{p+4x^)^p2^; 
4x'*-\-(p—Sx)x'  =  2x(p — 2x\  and  solving, 

x^  =  x^lp±yl(x-lpf+^x{p-2x)} 
=  x-ip±lylp{x-\--^p)'], 
tuting  this  in  the  first  of  (4)  we  obtain 

lie  double  sign  refers  to  two  loei,  the  external  and  internal. 


!1,     *'If  three  points  be  taken  at  random  in  the  circumference  of  a  cir* 
ie^  required  the  probability  that  the  triangle  formed  by  joining  them  will 


cute." 


SOLUTION  BY  HEN'RV  HEATOX,  ATLANTIC,  IOWA, 


?t  ^  be  the  angle  between  the  diameters  drawn  f:om  two  of  the  random 

ilts*    Then,  in  order  that  the  triangle  be  acute,  the  third  point  must  fall 

the  arc  between  the  opfiosite  extremities  of  these  diameters.     The 

abih'ty  of  this  is  ^-^2".     The  probability  of  fl  having  any  particular 

Jue  less  than  n  is  dd-i-n.     Hence  the  required  probability  is 


—^56— 


272.     '*Two  lines  rotate,  uniform ly,  in  opposite  dir 
fixetl  iKjints,  the  velocity  of  one  being  n  times  that  of  the  other;  find 
rectangular  equation  of  their  intersection." 

SOLtTTION  BY  E    B.  SEITZ. 

Let  AP  and  BP  Ite  the  two  lines  rotating  ahofit  t!ie  fixed  points  A  and 
Bf  the  lines  initially  IxMiig  coincident  with  AB, 

Draw  P3f  perpenrlinthir  hi  AD.  Let  AM 
^  X,  PM  =  y,AB  =  a,  /PAM  ^  ^  atul 
/  PBiJ  ^  nd.  Then  we  have  tan  fi  ^^  y  ^  x^ 
and  tan  nff  ^  y-^{a—x).     But 

tan  nff  = - 1M^_  __.     1,2A4^ ■ 

12  1.2.3.4  ^J 


—  . . ,     ,  the  required  equation. 


273.  '*If  m  and  tt  be  the  masses  of  the  earth  and  moon,  a  the  distance 
between  their  t^enter^,  r  the  rtidius  of  the  eartli,aofI  if  a  body  fall  t4>ward  the 
earth  from  the  point  of  equal  attraction  in  the  line  joining  their  cent 
find  the  time  of  falling  frou)  the  hight  h  to  the  earth^s  surface," 

80LUTK>N  BY  E.  B.  SEITZ,  GREENVII.LE,  OHIO*. 

Let  E  he  the  center  of  the  earth,  il  that  of  the  moon,  P  the  point  of  eql 
attraction,  N  the  position  of  the  body  at  any  time  during  its  motion  towarJ  - 
the  earth  ;  and  let  JiM  ^  a,  EN  ^  x^  t  ^=  I  he  time  in  seconds  of  falling 
from  P  to  Nj  t?  ^  the  velocity  at  iV,  anrl  t^  ^  the  required  time.    Then 

ym  +  yn'  x^     m{a — x)^ 

=  force  aeting  on  the  body  at  N  toward  the  center  of  the  earthy 

vdv  =  —g'dxy  di  ^ ^. 


(1,3)1 


*We  have  jitst  learned  that  Mr.  Seita  has  accepted  the  position  of  Ptofeiaor  of  M»this 
ic»  in  the  State  Normal  School,  iit  Kirkavillt*,  Mo.,  mid  that  after  Aug.  28th  hb  ndiitm  will 
be  KirksviJle,  Mo. — EiI 


rMH>^titniing  the  value  of  g^  in  (1),  iutegratiog,  and  obfterving  that  when 
X  ^  a\/m^{ym-\-yn)^  v  =:=  0,  we  have 

am{a3t — a?") 
Substj tilting  the  valoe  of  v  in  (2),  and  integrating,  we  have 

Put  X  =  .7\  ;  then  |/(aa?— a;')  = -^       a  y/  m  —  (j/  m  +  |/  n)ar 
y  =     l[-      J"**  -  j  ^==3/2,  when  x^h-^r.     Therefore 

ix  { ^.(.,-H)-,w+')-(*+')^ +"(^^;)  »«-v  C-V) 

f    . /j^^m-|Ai\  .     1    i  /r\     a  V_(»» «)  i^^rVia'f^-r)\/m+i/{h+r){/.] 
\       Vm+i/n/  \'  Va/^ym+i/n    ^l_i/(a-k'r)\/m—i/(h+r)tynj 

_a  V(m  n) ,     r y^fg— r)  Vm+  y  r  ^ /n   1  ) 

CoB,^ — If  n  ^  0,  and  H  =  a — r,  we  have 
ne  asaal  formula  for  the  time  of  a  body  falling  from  a  great  distance. 


274.     "Required  the  shortest  distance  between  two  curves  whose  eq'g  are 
43t?+df—lU  =0, 

aj/i  -i-y/a  _26a;'— 32i/'+2&  =  0/' 

SOI^UTION  BY  CHA8.  H.  KUMAtELL,  U.  8.  LAKE  BUKVEY. 

The  fir»t  curve  is  an  ellipse,  the  semi  axes  of  which  are  a  ^  6  and  6  =  4, 
the  center  being  at  the  origin  and  the  major  axis  coinciding  with  thear-axis. 
The  shortest  distance  between  this  ellipse  and  any  other  curve  must  always 
be  measured  on  a  normal.     Now  the  aquation  of  the  normal  to  (1)  at  the 


point  (a:,  if)  is 


/'_„  =  m."  - 


(."-.). 


Equation  (2)  is  that  of  a  circle,  radius  20  and  x*^  =^  13;  y\  =  16  as  co- 
iijiat€6  of  the  center.     The  shortest  line  between  the  ellipse  and  circle 


—^58— 

must  pass  througli  tho  renter.     Causing  the  nornial  (3)  to  pass  through  t 
fenter  ol  tljt*  circle,  we  obtaia  the  ei|iiatuju  ot"  tluit  nortnal  on  whicli  lUf 
sbortest  distance  is  measured,  viz. ; 


y  =  .6.^.»(x"-4 


(4i 


To  find  the  intersectioii  of  this  line  with  the  ellipse,  we  have,  Bubetitu- 


^  for  *,. :  16%-16)  =  36y(jT^  13),  .  • .  y  - 


ting 

By  (1)  we  have 


64it 


117-5^' 


If  =   S  i^(36-a^); 


,^^     -^=^ix/{iG-x^),  or  25a;*-1170a^+22005x'+ 4212ai;-4028O-* 
117  —  5a; 

The  real  roots  of  this  ec|'n  arc  a?!  =  +4.238395  ;  x^  =  — ii>6895. 

Tlie  latter  evidently  Ix-longs  to  the  maximum  distance  and  is  not  oonsid*_ 

ered.     By  (6)  or  (6)  we  obtain  jj  =  +2.831258. 

We  have  now,  for  the  shortest  distance, 

do  =  V[(x'o-a;,)H(y'o-yir]-''', 
where  r'  =  radius  of  circle  =  20.     We  have  then,  in  numbers, 
rfo  =  15.817126—20  =  --4J82874, 


275.     **Find  the  moments  cf  inertia  of  an  ellipttciil  disk:  (1),  about  a 
right  line  in  the  ^ilane  of  tlie  di\sk  and  pamllel  to  llie  axis  of  x:  (2),  about 
a  right  line  parallel  to  the  axis  of  y,  the  equation  of  the  disk  being 
oa^  +  260:3^  +  cy"  +  2dx  +  2eij  +  /=  0/' 


SOLUTION    BY   PBOF.  HALL. 


Solving  the  equation  for  a;,  we  have 

If  Jt  be  the  mass  of  a  unit  of  nrea^  and  q  be  the  distance  of  the  right  Itnc 
from  the  axis  of  x,  the  moment  of  inertia  is 

a*/  yj 

The  values  of  y^  and  y^  for  the  limits  of  integration  are  found  by  putting 
the  quantity  under  the  radiml  equal  to  «ero-  The  integrals  involved  are 
all  01  known  formsj  but  the  reductions  are  complicated,  and  it  is  better  to 
proceed  as  follows. 

Let  M  be  the  mass  of  the  disk,  and  if  2*4  and  2B  are  the  principal  axes 
of  the  disk  we  know  that  the  moments  of  inertia  about  these  axes  are 


— >859— 

IM,B^:  and  iM,A\ 
We  have  therefore  only  to  resolve  these  moments  aloog  the  direction  of 
tlie  given  right  Hue  and  add  the  quantities, 

iifffi         and  3fj/y 
q  and  p  being  now  the  distances  of  the  right  line  from  centre  of  the  ellipse* 
If  the  equation  be  transferred  to  the  centre  of  the  ellipse  it  becomes 

ac — b^ 


whence 


If  S  be  the  angle  that  the  axis  of  x  makes  with  the  major  axis  of  the  el- 
lipse, and  if  we  put  JV  =  v  [(^^ — <5)*+46^,  we  have 

««<?«=  ^^^g^v  and  sin  ^'  =  ^=^^. 


We  have  also  for  the  semi-axes 


B^=- 


2 


ac^b^  '  a+c  +  N'  "        ae — b* '  a+e  —  N' 

The  moment  of  inertia  about  a  line  parallel  to  the  axis  of  x  and  passing 
througb  the  centre  of  the  ellipse  is  ^3I.{B'^cos  tf^+  j4*sin  6^),  which  becumes 
on  reduction 

^-^  • Tirr^  •  antl  the  required  moment  is 

4      (ac — 6^)'  * 

4      [ac—b^]^  ^ 

For  the  moment  about  a  line  parallel  to  the  axis  of  y  we  have,  sincc^  the 
equation  of  the  disk  is  symmetrical| 

M  ad 


+  3V. 


PROBLEMS, 


276.  By  O.  L.  MaOmSy  ReiMtertown^  JM— Given  the  chord  ^C  of  a 
circle,  the  side  i4J?  of  a  right  angled  triangle  constructed  on  -4  C  as  hypoth- 
enuse,  and  the  length  of  a  perpendicular  from  A  upon  the  line  joining  the 
right  angle  at  B  with  the  centre  of  the  circle;  to  find  the  radius  of  the  eir- 


de. 


277.     By  TF.  E.  Heal^  Whtding^  Indiana, — Sol  ve,  algebraically  the  eq'n 

a;''  — 1  =0^ 


I 

278.  By  Prof,  K  X  Edmunds,  New  Orkam,  La.— A  Chord  ^B  of  • 
circle,  whose  centre  is  at  0,  remains  constantly  parallel  to  itself;  A  and  B 
are  connecteil  to  the  centre  O,  and  on  AO  and  JSO,  or  those  lines  pro* 
dnced,  if  and  iV^are  taken  so  that  AM^  BN^^AB,  Required  the  Iocik 
of  J/and  N. 

279.  By  Prof  D,  J.  McAdam,  Washington^  Pa, — If  the  ^th  be  pro- 
jectecl,  when  in  perihelion,  at  right  angles  to  a  line  joining  the  Earth  and 
SuD,  with  a  velocity  siiffieient  to  cause  it  to  describe  a  parabola,  how  long 
would  it  take  it  to  reach  the  orbit  of  Jupiter?  The  orbits  of  the  Earth  and 
Jupiter  supposed  in  the  same  plane,  both  circles,  and  the  radius  of  Jupiter's 
orbit  five  times  that  of  the  Earth. 

280.  By  Prof,  J,  Sche^er^  Mercerab'g^  Pa, — Find  the  sum  of  the  series 

a^sin  2a  ,  z^sinSa     x*sin4a  ,  ^     •  /=   •. 

xsm« j^  +  ^^^-_.-2-^_^  +  ...  to  ,r.fiB.ty, 

l_a:co6a-4— ^^-_-^  +  — 3--  ...  to  mfin.ty. 
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ERRATA, 

On  page  91,  line  2,  from  bottom,  for  tan  a(^ — «)i*t  rrawl  tan  2a(^r)jt*. 
«    "    122,     "  H  ^or  (2^i/a)  log  (2-/2),  read  (lH-/2a)  log  (1— 1/2). 
**    "     133,  in  the  eqiialionB  for  r  and  it,  5tb  and  6th  line  from  bottom,  It  is  aaiiimed 
that  fl~2  is  reductMi  to  the  mean  distance  of  the  planet  from  thi£  Earth. 
"     "     133,  line  14^  for  equations,  read  equation, 
*'    "     138,  linea  2  and  3,  transpose  the  aigns  before  r,  via.,  read  — r  Ac,  in  line  2 

and  -f-f  &C.J  in  line  :i 
'*    *'     147,  line  19,  IW  6o  ^  0,  read  b^  =  1. 


THE  ANALYST. 


Vol..  VL 
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No.  6. 


ON  UN8YMMETRICAL  ADJUSTMENTS,  AND  THEIR  LIMITS, 


BY  E.  L.  BE  FOREST, 

(QmHwuedfrtm  page  148.) 

Let  118  now  consider  the  simplest  case  under  (28),  putting  n  =  1.    If,  as 
asaally  happens,  63  is  p)08itive,  (22)  shows  that  a  is  negative.    We  will  take 

1 


a  =  —2h\ 


.  h*^ 


(30) 


2b^(k  +  l){(ttf 

Integrating  and  applying  the  condition  (23),  and  also  writing  F==y-v-da?, 
we  find  that  the  curve  is  the  probability  curve 


A      .-AW 


or,  since  x  =  tdx,  and  putting  {hilx)*  =  g, 

1 


9  = 


=  >/(f) 


.-**» 


(31) 


(32) 


2^+  1)' 

A  ItJiough  these  formulas  are  strictly  true  only  when  k  and  i  are  infinities 
af  the  second  and  first  orders,  respectively,  so  that  y  is  infinitesimal,  yet 
they  give  approximately  true  results  when  these  numbers  are  finite.  Take 
for  example  eight  applications  of 

<  =  i(w-i+3u,+2ttj). 
Here  we  have  ^^  =  1,     ^1  ==  h     ^-1  =  h     *o  =  1»     *  -  ^: 
The  plac*e  of  the  centre  of  parallel  forces  is 

1(— 1)+3X0+2X1_1 
1+3+2  ^' 

or  on«  sixth  of  the  way  from  u^  to  u^.     The  value  of  b^  estimated  with 
refen^ice  to  this  centre  as  an  origin  is, 


—162— 


Formula  (32)  then  gives 
2 
^=17' 


"  =\/(ifc)' 


—  JLa 


logy  =  1.28671  —  .051093t». 
The  origin  or  vertex  of  the  curve  will  be  placed  at  an  interval  of  i  X  i 
=  f^  to  the  right  of  Uq,  so  that  the  resultant  coefficient  of  u^  is  found  by 
putting  t  =  — ^,  and  proceeding  from  this  at  intervals  of  unity  we  get  the 
other  coefficients  y  in  Table  I.  They  do  not  differ  greatly  from  the  true 
coefficients  I  of  the  resultant  formula,  which  are  also  shown  in  the  table,  as 
given  by  expanding  the  polynomial 

and  the  approximation  would  be  closer  if  k  were  greater. 

Table  I. 


i 

y 

I 

i 

y 

I 

i 

y 

/   ; 

-¥ 

.002 

.001 

-i 

.102 

.099        1 

.084 

.084 

-¥ 

.007 

.005 

-* 

.157 

.158      V- 

.040 

.035 

-¥ 

.021 

.018 

-i 

.191 

.198 

¥ 

.015 

.010 

-^ 

.052 

.049 

1 

!         1 

.184 
.140 

.194 
.147 

¥ 

.004 

.002 

We  pass  now  to  the  second  case  under  (28)  where  n  ==  2,  and  the  equa- 
tion and  its  conditions  are 


^J    y^  =  h      J  _«»j^  =  o. 


(33) 


d^y 
To  integrate  this  by  series,  using  the  method  of  indeterminate  ooefficientB, 


we  assame 


y  =  A+Bx+Ge'+Da?+&c., 

r^=  1.2C+2.SDx+SAEx'+i.6Fa*+&c., 
.'.    <da;^ 

vaajy=  Aax+Baa?-{-Oaa?+&c., 

these  last  two  being  equal,  so  that 

1.2C+{2.SD—Aa)x+{3AE—Bay+{4.5F—Oi)!i»+&c.  =  0. 

Coefficients  of  each  power  of  x  being  separately  zero, 


C=0,  D  = 


Aa 
273' 


E  = 


Ba 
374' 


^•=0, 


—163— 


(?  =  r^  = 


Aef 


5.6       2.3.5.6' 
and  the  equation  of  the  curve  is 

oar*  ,  (ax^)^ 


H  =  §St  = 


Ba* 


6.7       3.4.6.7 


,&c.. 


=  .{ 


ifFo-i 


(oajS)' 


2.3  '  2.3.5.6 


-f5a:{l+??!+^'^'>' 


2.3.6.6.8.9 


+  &C.,  I 


(34) 


3.4  '  3.4.6.7  '  3.4.6.7.9.10 
We  may  write  it  thus, 

and  tabulate  the  logarithms  of  H^  and  if,  for  the  first  14  terms  of  each  se- 
ries, as  below. 

Table  II. 

"    •'>g-ff.      log  if,   in    logJa;      log  if, 

1  1.2218487   2.9208188  I  8  17.5936919 

2  '  3.7447274   3.2975696  9  20.7473648 

3  I  6.8873949   5.3433270  I  TO  23.807835o 

4  I  7.766H210   7.1502024  11  26.7841716 

5  I  9.4446017  I  10.7699912  12  29.6838011 

6  12  9588803  '  12.2359651  ||  13  32  5129529 

7  14.3356310  I  15.5713231  P  14  35.2769198 


18.7931718 
21.9146500 

24.9461671 
27.8961742 
.30.7716700 
33.5785454 
36.3218277 


I    -ifi 


The  tw»>  iimditions  in  (33)  suffit-c  to  determine  the  two  constants  A  and 
B.  Id  making  the  int^rutions  we  consider  as  Ijelbre  (Analyst,  Septem- 
ber, 1878,  p.  135),  that  y  will  be  so  small  as  to  be  insensible  when  x  equals 
or  exceeiJs  a  moderately  large  finite  value  x, ,  .so  that  it  is  not  necessary  to 
integrate  up  to  infinity.     We  have  then 

J"'      tfdx  =  'ZAx,  [1+ jiZ,((w?)*+^i/4(f«;f  )«+tV^8{cu;?)»+&c.] 

+  2Bxf  [       JA',(oxJ)  +^K,laxiy  +TVA%(ozf  )»+&e.], 

"**  ^  2Bxil       |A',(ax?)  +^Ki{axiy+&c.-]. 

Denoting  the  sums  of  the  ta-ma  in  these  four  series  by  Sj,  5,,  8^,  84, 
the  conditions  (33)  give 

2.4x,6i  +2Bx»*fa  =  dx,        AS^+BxiS^  =  0, 
IVom  which  we  get 

A=  &«tig ^___^ 


2x,{8^S^  -  S^S^y 


x,5/ 


Putting  dxl  =:  c^  we  have  ajj  =  ^(o-i-a),  and  therefore 

Since  5| ,  521  &c.y  are  functionB  of  c,  they  are  constant  so  long  as  o  tfl 
stant,  though  a  may  diminish  and  x^  increase*  Thus  it  appears  that  j4"S 
equal  to  a'^'dx  multiplied  by  a  constant  number,  and  B-^  A  is  equal  to  a^ 
multiplied  by  another  eonstaut  number.  Assuming  any  eufficientlj  large 
and  c«mvenieut  value  of  0  we  can  compute  5^,  5^  &c,,  and  consequently 
find  the  numb>ers  in  question.     With  log  0  =  2.7,  I  found 

5i  =  19302.99,     5j  ^  3333.390,    8^  ^  17550.55,     5^  =  3030.792^ 


and  (35)  became 

A  ^  Ma^dx,     B  ^  — J29012Aa^. 

An  identical  result  had  been  reached  with  log  0  =  2,6,  except  that  the 
figure  of  the  second  ooefficient  was  1  instead  of  2.  The  first  cocffi«^ient  ,36 
contains  only  two  figures  because  S^S^  and  5^53  in  (35)  are  so  nearly  equal 
that  when  computed  by  logarithms  to  seveu  figures  their  difference  contains 
only  two  figures.  The  result  obtained  is  accurate  enough  to  show  the  aa- 
ture  of  the  curve.  We  sec  that  A  and  B  vary  as  a'^  and  a'%  respectively. 
If  however  a  is  essentially  negative,  5^,  5^  and  c  will  be  also  negative,  and 
(35)  will  give 

A=  —  Ma^dx, 
We  have  then  the  general  values 

A  =  ib*36a^cir,  B  ^  T.262i44a**da?,  (J 

the  upper  or  lower  sign  being  used  atxx>rding  as  a  is  essentially  positive 
negative.     Substituting  in  (34),  the  equation  becomes 

y  =  ±.36a.^cb[14-iIi(aaT')+^3(aj^)*-f-&c.] 

^  .262444a'^a!rfa;[  1  +  K^  {aa?) + K^  {ax'^f + &^-li^  (^1 

The  presence  of  the  factor  dx  shows  that  y  is  an  infinitesimal  of  the  fii^t 
order.     Writing  F=:  y-r-djXy  we  have 

^.262444a*i41  -^K^{a^)+K^{a3?f+&^^\  i^) 

where  the  ordinate  Y  is  finite,  and  is  proportional  to,  but  numerically  in- 
finitely greater  than  the  elementary  area  Ydx  ^=  y  which  represents  the  co- 
efficient of  the  resultant  adjustment  formula  at  the  limit.  Again,  if  ^ 
write  g  ™  di^Yf  and  remember  that  x^idx^  (28)  and  (37)  give 

"  +  .262444<7«i[l + A',  (^r?) + K^{s??-\r&^\  (39) 

which  can  be  used  aA  (32)  was,  to  give  approximately  the  ooefficients  /  wb*  | 
A  is  a  finite  number. 


We  will  take,  however,  a  =  .01 »  and  compute  a  series  of  values  of  Y 
from  (3H),  and  arrange  them  in  Table  III.  The  curve  which  they  follow 
shfm*§  points  of  inflexioD  at  a:  ^^  0  and  at  ;y  =^  0  as  (33)  requires. 

Table  III.    (a  =  j^.) 


X 

Y 

X 

1" 

X 

r 

—24 

.0591 

—8 

.0826 

8 

.0115 

—22 

.0826 

-6 

.1122 

10 

.0060 

1  —20 

.0370 

—4 

.1156 

1  12 

.0029 

-18 

—  .0368 

—2 

.1007 

1  14 

.0014 

—16 

—.0856 

0 

.0776 

16 

.0006 

—14 

—.0839 

2 

.0641 

le 

.0002 

—12 

—.0370 

4 

.0346 

20 

.0000 

1  —10 

.0278 

6 

.0206 

22 

Ac. 

For  positive  values  of  a;  in  the  table,  Y  is  positive  and  the  axis  of  A"  ap- 
pears as  an  asymptote  to  the  curve.  For  negative  values  of  a?,  the  nirve 
consista  of  an  infinite  series  of  undulations  lying  alternately  above  and 
below  the  axis,  only  two  of  which,  however,  appear  in  the  table.  Since  the 
equation  contains  only  one  arbitrary  constant  a,  and  the  area 

is  alwavB  unity,  the  curves  for  different  values  of  a  are  similar  figures  in 
the  same  sense  as  all  probability  curves  are  similar.  The  dimensions  in  the 
direction  of  x  vary  inversely  as  those  in  the  direction  ot  F,  and  since  the 
latter  vary  as  A  and  therefore  as  the  absolute  values  of  a^  or  ^^',  it  follows 
from  (28)  that  the  x  dimensions  vary  directly  as  the  cube  root  of  6g  without 
regard  to  sign,  and  also  as  the  cube  root  of  A*  +  l.  Since  the  tabulated  val- 
ues of  y  are  the  same  as  those  of  y  in  (39)  would  be  if  we  took  g  =  ,01 
And  gave  i  the  same  values  which  x  has  in  the  table,  it  results  that  the  table 
am  be  used  to  compute  approximately  the  coefficients  for  a  fioitt*  number 
of  applications  of  a  given  formula.     Take  lor  instance  eighl  appliL-ations  of 

Here  we  have  l^  =  |,  i^  —  |,  X^^  =  — |,  6^  ^1,  i  =  8- 
The  place  of  the  centre  of  parallel  forces  is 

[I  — 1(— 1)+6X0+3X1  _, 

or  half  way  from  w^  to  lij.     Taking  this  centre  as  an  origioi  6^  is 
l(-|+Kf)=0»  and  63  is 

aud  (39)  gives  ir=if- 
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any  resultant  coefficient,  we  take  the  corresponding  Y  Srom  the 
tnble,  and  multiply  it  by  the  ratio 

(M-^tUY-  =  3.90. 
Multiplying  this  ratio  into 

....  -2,  -1,  0,  1,  2,  3,  4,  ...  . 
we  get  the  ab^issas 

—23.4,  — 19.5j  —15.6,  —11.7,  —7.8,  —3.9,  0,  3.9,  7.8,  11.7,  16.6,  19.6. 
The  corresponding  ordinates,  by  interpolation  in  Table  III.,  are 
.075,  .018, —.081. —.030,  .085,  .115,  .078,  mo,  .012,  .003.  .001,  .000. 
Multiplying  these  by  3.90,  we  have  the  approximate  coefficients  of  the  re- 
sultant formula 

w^"'*'  =  — .31tt<>— .12ui+.33u2  +.45tt3+,30?i^ +.141*5  4-.05W6 +  ,01 +&e. 

+  .07u_i+.29t^_2— Ac. 
Since  in  the  original  formula  the  centre  of  parallel  forces  lay  at  an  inter- 
val  of  i  to  the  right  of  Uq,  tlie  resultant  coefficient  .30  corresponding  to 
X  =  0  in  the  table  belongs  to  the  term  u^,  which  is  at  an  inter %'al  of  itX} 
=  4  to  the  right  of  u^.  The  aLiovc  series  of  coefficients  bears  only  a  gen- 
eral reeemblance  to  that  of  the  true  iormula  for  eight  applications. 

Uo^'^'  =  — .lluo— JlKi   +.19U2  +.42u3+.35it^ +.161*5 +,04wg+&e. 
+.04u_i  +.02it_3— .02u_3  +,01u^^— &e., 
as  found  by  expansion  of  the  polynomial 

/— 1  +  62+33^\« 
I  8  /    ' 

but  the  approximation  would  be  (closer  if  k  were  greater.  This  and  othe^ 
trials  which  have  been  made  indicate  that  unsymmetrical  limits  are  not  ap* 
pruached  as  closely  as  symmetrical  ones  are,  ibr  given  finite  values  of  L 

When  the  constant  a  in  (33)  is  negative,  the  effect  will  be  to  reverse  the 
position  of  the  limiting  curve,  so  that  the  untlulations  will  \ye  on  the  right 
tiand  of  the  origin.  The  sigu  of  a  depends  upon  that  of  65,  as  (28)  shows. 
If  the  order  of  the  ccjefficiejits  in  the  given  adjustment  formula  were  re- 
versed, so  that  for  instance  in  the  example  just  considered,  we  should  have 

the  resultant  coefficients  would  evidently  be  the  same  as  before,  but  in  the 
reverse  order.  We  should  iStill  have  6^  ^1,  and  6^  ^  0  when  refemftd 
to  the  centre  of  parallel  forces,  but  6g  would  became 

S(-3+l-¥)  =  ~h 

being  the  same  as  belbre  only  with  sign  changed.  Thus  a  and  r/  would  re- 
main unaltered  in  absolute  value,  but  with  n^ative  signs.    The  form  of  tl>f 
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ition  of  the  limiting  rarve  remains  the  same^  for  with  given  absolute 
ilnm  of  a  and  x  in  (38),  it  makes  no  difference  with  the  value  of  y  wheth- 
er we  use  the  upper  signs  with  positive  a,  or  the  lower  signs  with  negative 
O,  provided  we  reverse  the  sign  of  x. 

Passing  now  to  the  third  cB.se  under  (28),  where  w  =  3,  and  the  equation 
And  its  conditions  are 


(40^ 


^1  ^  axii,    ^J      ycfr  =  1,    J      x^ydx  =  0,    J      x^ydx  =  0, 

there  is  not  much  to  be  added  to  what  was  said  in  the  discussion  of  sym- 
inetrieal  formulas  in  my  article  already  referreil  to.  (Analyst,  Sept.  1878, 
p,  134,  and  May.  1879,  p.  12.)  As  in  the  case  of  /i  =  1,  so  here^  the  re- 
soltant  or  limiting  curve  will  always  be  symmetrical  with  respect  to  the 
ordinate  through  the  centre  of  parallel  forces,  whether  the  original  eoefli- 
cientB  i  be  80  or  not.  For  the  i  do  not  enter  into  the  general  differential 
equation  (28)  of  these  curves,  except  as  they  affect  the  constant  6^^^  .  The 
Constanta  of  even  order,  6^,  &^,  &g  «\i:c.,  are  not  altered  by  a  reversing  of 
the  seqaenc3e  of  the  L     Take  for  example  the  adjustment  formula 

«o  =  A(— 4«-i+3O«^  +  60ui— Stt^), 
and  its  reverse 

u'q  =  ^_5tt_^  +60i4(,  +30ui— 4U5). 

The  oentre  of  parallel  forces  in  the  first  one  is  |  of  the  way  from  u^  to 
Wj,  and  consequently  in  the  second  one  it  is  J  of  the  way  from  n^  to  u^. 
Since  the  first  one  satisfies  the  three  conditions  b^  =  1,  6^  =  0^  b^  ^  0, 
with  reference  to  its  centre  of  forces,  the  second  also  satisfies  them  with  re- 
ference to  its  centre  of  forces,  and  the  value  of  b^  is  in  both  cases 

ii'T[-4{4)H30(3)H60(J)'-5(jy]  ^  -H. 
SO  that  a  is  the  same  for  both*     The  equations  of  the  two  limiting  cur/es 
will  thus  be  alike  in  all  resjjects;  but  one  curve  is  the  reverse  of  the  other, 
therefore  the  curve  must  be  symmetrical  on  either  side  of  the  axis  of  Y  or 
ordinate  passing  through  the  centre  of  parallel  forces*     Its  equation  is 


y  =  ,40545a**rfe     1-| 


C' 


CKB* 


(ax^y 


(ax 


4\2 


2,3.4  •  2,3.4,6.7,8  '  2.3.4.6J,8.i0.11.12 


+&C. 


•] 


—  .IZSObllaSx^dx  fl  +  ^*^ -f  ^J^^^)^  ^  +&c,l ,  f41 ) 

L       4.5.6     4.5.6.8.y.lO  ^       J  ^     ' 

We  might  put  this  int^  forms  analogous  to  (38)  and  (39J,  taking 

Y  ^  y-T-ftc,  X  =  idXf  g  =s  a{diF)*. 

The  value  of  g  will  he  given  by  (28), 


The  significance  of  64  here  must  not  be  confounded  with  that  which  it 
had  in  my  previous  article  (Sept.  1878,  pp.  134-7),  being  somewhat  differ- 
ent, as  ah'eady  stated  in  connection  \^ith  (14)  and  (21).  If  fe^  is  positive, 
a  will  be  negative,  the  factors  a^  and  a^  in  (41)  will  be  imaginaiyt  *w*d 
there  will  be  no  linuting  curve.  This  corresponds  to  the  case  under  the 
probability  curve  (3J),  where  v''( — <^)f  being  evidently  a  factor  in  the  ex- 
pression for  y,  becomes  imaginary  when  b^iB  negative,  making  a  essentially 
positive.  Taking  a  ^  .001,  the  values  of  F  =  y-=-(ir  in  (41)  are  given  in 
the  subjoined  table,  tor  values  of  x  from  0  to  36.  They  are  the  same  as 
what  were  somewhat  improperly  called  values  of  y,  at  p.  137  of  the  previ- 
ous article  referred  to. 


Table  IV.     (a  = 


nVor*) 


X 

Y 

X 

Y 

X 

y 

0 

.0726 

10 

.0196 

20 

—.0068 

1 

.0719 

11 

.0133 

21 

—.0069 

2 

.0696 

12 

.0077 

22 

—.0048 

3 

.0669 

13 

.0029 

23 

—,0037 

4 

,0610 

14 

—  .0009 

24 

—.0026 

5 

.0550 

16 

—.0038 

25 

-.0016 

6 

.0483 

i6 

-.0058 

26 

—.0007  ; 

7 

.0412 

17 

—.0070 

27 

—.0000 

8 

.0338 

18 

-.0075 

28 

.0005 

9 

.0265 

19 

— .(X>74 

29 

.0008 

X 

Y 

30 

.0010 

31 

.ooin 

32 

.0009 

33 

.0008  1 

34 

.0006  ' 

35 

.0(_)04 

36 

.0002 

37 

etc. 

38 

39 

, 

Now  let  us  take  as  an  illiistmtion  the  formula  just  oonsideretli 

^*'o  =  iV{-4^'-i+'^<>«o  +  60iii— 6ttj), 

for  which  64  ^=  —  ^.  With  six  applications  we  have  jfc  =  6,  and  ooose- 
quently  gr^^^.  To  find  the  resultant  coefficients  approximately  we  take 
the  corresponding  values  of  Y  from  the  table  and  multiply  them  by  the  ratio 

(HS-TA7r)'*  =  6.465. 

First  multiplying  this  ratio  into  0,  1,  2,  3  &c.,  we  have  the  abBcisHas 
0,         6.5,         12,9,         19,4,         25,8,         32.3. 
The  corresponding  ordinate^,  by  interpolation  in  Table  IV,  are 
.0726,         .0448,         .0033,         —.0072,         —.0009,         .0009. 
Multiplying  these  by  6.45,  we  get  the  approximate  coefficients  of  the  re* 
sultant  formula 

u^'-'  =  .468u^  +  .289(M3-hU5)+,021(tx3+«g)— .046(Ui+u,) 

— ,006K+Ug)+.006(tCi+ttt)--&C' 
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In  the  original  formula  the  centre  of  parallel  forces  was  at  an  interval  of 
}  to  the  right  of  m^,  so  that  the  resultant  troefficient  .468  oorrespondiiig  to 
;d  ^=  0  ID  the  table  belongs  now  to  the  term  u^  which  is  at  the  interval 
jtx  I  =  4  to  the  right  ofu^.     The  true  resultant  formula  in  this  ease  is 

u^''  =  .503W4+.3I8V5— •020we— .04^»7+.014«g  — ,002t*g+&c. 
+.269Ug+,006«2— .030ui— X)02t<<j  -f.002u_^  +&C., 

foaod  by  expaDsion  of 

/— 4+3OZ+6O2'— 5g^\^ 
\  81  ~ )  ' 

It  does  not  agree  very  closely  with  the  other,  because  k  ^  6  is  not  a 
( number. 

Reasoning  from  the  analogy  of  the  cases  here  considered,  as  well  as  from 
the  case  of  «  =  5,  discussed  at  p.  138  of  my  former  article,  we  can  make 
some  general  inferences  respecting  all  the  curves  included  under  (28)  and 
(29). 

Since  they  contain  only  one  parameter  a,  and  their  area  is  constant,  the 
curves  for  a  given  order  n,  are  similar  figures  in  the  sense  already  stated. 
To  make  this  more  clear,  we  may  remark  that  in  the  probability  curve 
(31),  if  we  write 

ci;  E==  /u?  4/  2  =^  ( — a)^a?, 

the  et^uation  of  the  curve  becomes 

r  =  (-a)>*[(2;r)-»*e-H^], 
which  may  be  written 

So  also  in  (38),  if  we  take  to  ^  a^x,  the  equation  of  the  curve  becomes 

ich  may  be  written 
Again  in  (41),  putting  w  =  a**a?,  we  have  the  equation 

r=  ,..{  .40845  {^+^,+^:^^,  +*-  ) 

— .138061 7w2  (l  +  m+.cJ^».»  +<feC' 
\       4.0/ 

which  we  may  write 


6  '  4.5.6.8.9.10 


.)}. 
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Thus  it  appeal's  that  for  any  curve  whose  order  is  n  we  shall  have 

SO  that  to  and  /,(«*>)  are  what  x  and  Y  become  when  rta  is  unity-    R^rdiri 
io  as  the  abscissa  and  /„(<«>)  as  the  ordinate  of  an  initial  curve,  and  Uik 
at  for  instance  equal  to  0,  1,  2,  3,  rf-c,  in  succession,  we  cmn  compote  I 
corresponding  values  offj^m)^  and  these  values  will  be  independent  of 
particular  value  which  a  afterward  may  receive. 

To  construct  the  curve  for  a  given  value  of  a,  taking  the  abscissa  m  i 
ordinate  fj^ui)  of  any  point  in  the  initial  curve,  we  have  simply  to  divi4 

the  one  and  multiply  the  other  by  the  same  quantity  (±a)'»+i,  in  order  I 
get  the  abscissa  x  and  ordinate  Y  of  a  point  in  the  curve  required,    LiU 
wise  if  we  have  given  the  abscissa  x*  and  ordinate   Y'  of  a  curve  wh 
parameter  is  a^,  and  wish  to  find  the  correaponding  aKscissa  and  ordina 
of  another  curve  whose  parameter  is  a^,  we  shall  simply  have  to  multiplj 
the  x'  and  divide  the  Y^  by  the  common  ratio 

or  what  comes  to  tlie  same  tilings  divide  the  x^  and  multiply  the  P  by 


\»+i 


and  this  is  what  wc  have  practically  done  in  various  examples. 


Thi 


see  that  for  all  this  class  of  curves,  the  dimensions  in  the  direction  of  ! 
vary  invei'sely  ajs  those  in  the  direction  of  F,  and  the  Y  dimensions  van* 
directly  as  the  (n  -f  l)th  root  of  rt  a*  But  by  (28),  a  varies  invcTsely 
b^^i  and  i*  +  1,  consequently  the  x  dimensions  of  the  curves  vary  directl| 
as  the  (ii  -f  l)th  root  of  ±.  ft^+j  and  also  as  the  [n  -f  1)  th  root  of  A 
If  the  order  n  is  odd,  the  curve  will  be  symmetrical  on  either  side  of  1 
axis  of  F,  but  if  n  is  even,  the  curve  will  be  uusymmetrical  and  itii  posi-^ 
tion  will  be  direct  or  reversed,  according  to  the  sign  of  6^^  .  Since  1 
equation  of  the  curve  always  contains  the  (74-)-l)th  root  of  ±  a  as  a  i 
it  may  be  imaginary  if  n  is  odd,  but  is  always  real  if  n  is  even. 
seems  to  indicate  that  the  absence  of  any  limiting  curve  can  octiur  aolj 
when  the  order  n  is  odd,  so  that  the  curve,  if  there  were  one,  would  I 
symmetrical. 

( lb  bt  conclude  in  No,  1.   Vol,  YU.) 
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ON  A  THEOREM  OF  LAMBERTS. 


BY  PROF*  ASAPH  HALX.,  NAYAI.  OBSERVATORY,  WASHINGTON,  D.  C. 

John  Hekhy  Lambert  was  bom  at  Miilhausen,  In  Alsare,  Aug.  26, 
1728,  and  died  at  Berlin,  Sopt,  25,  1777*  Lambert's  father,  a  French  ref- 
a^€?e,  was  a  tailor,  and  on  account  of  poverty  and  a  large  iamily  of  children, 
he  ^vas  able  to  give  liis  son  hut  little  assistance  in  his  early  Htudies,  Lam- 
l>ert,  however,  by  means  of  bis  own  wonderful  industry  and  applictitlon 
became  one  of  the  most  accompb'shed  pliilosophei's  of  his  time.  He  wa.'*  the 
author  of  many  seieiititic  and  matl»eniatieal  papei^s,  and  aniorig  the  most 
important  of  his  works  may  l>c  mentioned  the  following: 

(1).  Photometria,  give  de  mensura  et  gradibus  luminis,  oolorum,  et  um- 
brae.     Augsburg,  1760. 

^2)*      Ini=igniores  Orbitie  Cometanim  Proprietates.     Augsburg,  1761, 
(3).     The  es^tablishment  of"  the  Astronomisches  Jahrhnch.     Berlin,  1774, 
Iq    the  second  of  these  works,  Lambert  gives  the  elegant  theorem  now 
tnouvn  by  his  name  and  in  common  use  for  computing  the  orbit  of  a  c<iinet. 
This   theorem  had  indeed  been  proven  for  the  paralwla  by  Euler  in  1740, 
but  it  had  been  fbrgottonj  and  was  I'e-discovered  by  Ijambert  and  extended 
by  him  to  the  ellipse  and  liyperbola.     Another  formula  given  by  Lambert 
in  this  work  has  been  used  by  Encke  in  his  excellent  discussion  of  Olber's 
llffetliod  for  computing  the  orbit  of  a  comet*     This  formida  gives  the  rela- 
tion   between  the  chord,  the  sum  of  the  radii  vectores  and  the  time,  by 
means  of  a  rapidly  converging  series;  and  by  tabulating  this  series  for  dif- 
ferent values  of  the  variable,  and  by  giving  a  proper  form  to  the  computa- 
tion, Encke  has  reduced  the  solution  of  Lamberts  Equation  by  trial  to  a 
sure  methodical  process. 

lo  the  Memoirs  of  the  Berlin  Academy  1771,  p.  352,  Laml>ert  gives  a 
theorem  on  the  apparent  orbit  of  a  comet  which  is  intenjsting.  This  theo- 
rem may  be  stated  as  follows: 

"Take  two  not  very  distant  points  on  the  apparent  orbit  of  a  comet,  and 
draw  through  these  points  an  arc  of  a  great  circle.  If  the  apparent  orbit 
between  these  points  turns  from  this  great  circle  toward  the  places  of  the 
Sun  for  the  intermediate  times,  the  comet  is  farther  fmm  the  Sun  than  the 
ih  is,  and  in  the  other  case,  it  is  nearer.  If  the  comet  moves  in  a  great 
lie,  the  comet  and  the  Earth  are  at  the  same  distance  from  the  Sun.^' 
This  theorem  is  indeed  of  no  great  practical  importance,  since  as  sooti  «« 
know  the  real  orbit  of  a  comet  we  t^an  compute  its  apparent  geo 
I,  but  it  gives  us  in  a  very  simple  manner  some  idea  of  tb 
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:r:^>4 


a  comet     In  his  Mecanique  CelcBte,  Tome  I.,  p.  208,  Lapkoe  ht»  giv 
an  analytical  proof  of  this  theorem,  but  it  is  interesting  to  consider  the  s 
pie  geometrical  method  by  which  Lambert  establishes  it. 

Let  S  be  the  place  of  the  Sun,  I 
MQN  a  small  arc  of  the  orbit  of 
the  comet,  and  ABC  the  corres- 1 
ponding  places  of  the  Eaith  in  it^ 
orbit.     Let  Q  and  B  be  the  mid- 
dle points  of  the  arc^  J/iVand  AC  I 
and  draw  the  lines  as  in  the  figure. 
The  curvature  of  the  arcs  MN  and 
ilC  being  a  result  of  gravity,  we 
shall  have  very  nearly 

"^^  •  ^^ '•'■  W'  -  A' 

k  being  a  constant  depending  on 
the  attractive  force  of  the  Sun.     If  we  suppc«se  the  Earth  and  comet  to  de- 
scribe the  chords  AbC,  MqN  with  uniform  velo*3ities  the  a])pareDt  orbit 
the  comet  will  be  a  great  circle  of  the  sphere.     In  the  case  of  the  actual  < 
bits  when  the  Earth  is  at  B,  the  comet  is  seen  at  §,  but  in  the  c^ase  of 
rectilinear  orbits  when  the  Earth  is  at  6  the  comet  is  seen  at  ejr.    If  the  lin 
BQ  and  bq  are  parallel,  th^e  apparent  places  are  the  same.     Since  th^ 
points  6  and  q  are  in  the  lines  8B  and  SQ^  if  we  suppose  BQ  parallel 
65,  we  have 

Bb    :    Qq  II  SB   :    JSQ, 

and  hence,  by  means  of  the  firet  proportion, 

SQ  =  SB. 

Thus  when  the  right  lines  BQ  and  bq  are  parallel^  the  comet  and  the 
Earth  are  at  the  same  distance  firom  the  Sun. 

If  we  now  suppose  SQ  greater  than  SB,  then  Bb  will  be  greau.'i  ma 
Qq^  and  the  right  lines  BQ  and  bq  intersect  at  a  point  i2,  beyond  the  romc 
The  angle  SBR  is  smaller  than  the  angle  SbE^  and  the  apparent  place  < 
the  comet  seen  from  the  Earth  is  less  removed  from  the  Sun  than  when  1 
from  the  point  b,  or  than  in  the  case  of  its  motion  on  a  great  circle. 

Again,  suppose  SQ  less  than  SB,  then  Bb  is  smaller  than  Qq^  and  1 
angle  SBQ  will  be  greater  than  the  angle  Sbq,  or  the  apparent  place  of  tlifj 
comet  will  be  more  removed  from  the  Sun  than  in  the  case  of  its  motion  on  | 
a  great  circle.     If  the  comet  moved  exactly  in  the  plane  of  the  Ecliptic,  its 
apparent  orbit  would  be  a  great  circle,  but  such  an  exceptional  case  has  nev- 
er been  known  to  occur. 


—173— 


It  will  be  remembered  that  a  century  ago  the  problem  of  computing  the 

[orbit  of  a  comet  was  much  discussed  by  mathematicians  and  astronomers, 

ad  almost  every  eminent  man  tried  his  hand  on  this  problem*     Kepler 

C4ia»ed  this  i|uestion,  and  assumed  that  the  comets  moved  in  right  lines; 

\wA  he  never  wanted  for  an  hypothesis,  he  also  assumed  that  the.se  ernit- 

odiej?  were  generated  in  the  celestial  spaces,  and  then  were  destroyed  in 

mystc-rious  manner.     Newton's  discovery  of  the  law  of  gravitation 

Ired  that  tlie  rectilinear  motion  of  a  comet  was  impossible,  but  this  mo- 

f  eontinueil  to  be  assumed  for  small  portions  of  the  orbit,  and  was  used 

fewton  himself  as  a  tii-st  appn»xiniation.     It  is  worthy  of  notice  that  in 

emoir  refei'ed  to  above,  Lambert  divides  the  choi-d  3IN  at  the  point 

fsuch  a  manner  that  the  segments  of  this  chord  are  proportional  to  the 

bvals  of  time  between  the  observations.    This  assumption  was  afterward 

Ited  by  Olbers  in  his  method  of  computing  the  orbit  of  a  comet,  a  meth- 

Irhich  is  now  almost  the  only  one  in  use. 


'ACCOUNT  OF  CAUCHrS  ''OALCUL  DES  RESIDUSJ 


BY  CHAS.    H.    EUMMELIi^  ASSISTANT  F.  S.  LAKE  SURVEY,  DETHOIT,    MICH. 

(CortUiniitd  fnyni  pagf  46.) 
§6. 

There  are  otlier  applications,  more  or  less  direct,  of  which  a  few  exam- 
>l€S  may  be  given. 

Ex.  6.  Assume  in  (6)  J{2)  =  c"^^  =  e'^^''^^'^  ^  e-^^^'^>  {cos2Ay 
— i  sin  2(?xy\ 

Since  e""*^  =  o^  if  z  =  0  ±:  o*ai  there  would  be  a  point  of  discontinuity 
if  0  was  witJiin  the  z-intcgration  and  ±:  oo  the  upper  or  lower  limit  of  the 
^-int^ration.     But  the  correction  would  be  0  nevertheless  for  we  have  by 

here  is  consequently  no  correction,  and  we  have  by  (6) 
•<tr[e-^'***»;>{c082c*iKy,-  isin  2c=a?y,)— e-^«^*P(co6  2(?xy^-i^m  2o*a7^o)] 

•  <fy[«-^'t-**'(co8  2c*ir4r-  isin  2c'a;^)— e-^<•^*'>(coe  2t!»a;oy-f  sin  2^x^y)'\. 
t  jTj^  =  0  ^  y^,,  then 


i9) 
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=  if'  dy  ["«!-<*< V(oo8  2(?x^-i  sin  2«*x^)— «^  ]] ,  (?') 
which  gives  the  following  two  relations : 
f"  dx  fc-^^Sf >(cos  2c»a:y»-«-*'  ~|  =  J""  dy  e-*^1r*^  sin  2c*x4r,  (j^i) 

pdxe-^-'^'i^  sin  2c»a^.  =  — J^"dy  e'*^r6-rcos2<Ar4(— l].      0/',) 
In  this  let  a;,  =  cso,  then 

J"(ic  r«-*<'^lf)co8  2c»a:y.-  c^*^]  =  0,  (j/'O 

Pdir  e-^*^)  sin  2c««y,  =  C'dy  i^.  ^») 

•/  0  "^  0 

We  have  I    dare"**  =  jr  *  ^^^^  known  int^ral,  therefore  from  (^j') 

Cdxe-^  cos  2c»a:y.  =  ^c^^.  (j^',') 

Ex.  7.    Let  /(z)  =  J^^'j_,  then  we  have  in  (6) 

Let  x,  =  cso;  ar„=-c«,  then  ^|g+gl,=  Oif^(±o«  +  yt)=0 

or  a  finite  quantity,  or  an  infinity  of  a  lower  order  than  c",  and  we  have 
from  (A) 

Let  us  suppose  (p(z)  continuous  (if  not,  we  may  subsequently  correct  for 
it),  then  the  points  of  discontinuity  are  given  by  the  equation 

e=  ±  e—  =  0.  (t) 

1.     For  the  upper  sign  the  roots  are 

.  ;r  .  .  3r  .  .   5;r .  iCZn — IW. 

*±i=T±2*'   ^±i  =  ±2~*5   2+}  =  ±-2-*'-"  ^^^^^^"^^^ — 2~        '•• 

(*) 
The  correction  for  discontinuity  due  the  general  value  of  these  roots,  as 

formula  (10)  gives  it,  is 
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^±V^  ^  =  2ot  y  ^±_-^  m^  p 
o  ■     /^2tt— 1     .\ 


4(2n— IjTrTl 


1 


=  +25-_!,i 


e±x(a«-i)«< — erF)»<j»-i)»< 


=  +  ff«"«*f[±i{2n— IX]- 


(/) 


By  virtue  of  (IO3')  one  half  this  correction  is  taken  if  the  discontinuous 
element  coincides  with  one  of  the  limits  of  the  y-integration. 
Let  y^  =  nn  and  y^  =:  0,  then  by  (ft') 

or,  since  €*•*  =  e  **"*  =  ( — 1)~, 

Let  4plz)  =  c"**^  then  since    ,^,, -^  ^. ^ 0  we  can  use (m).  We  have 

Separatiag  the  possible  from  the  impossible,  we  have 
J*"  ^pj\f^* oo4n7:(l  -  2c»a;)]-l~[  =  ;ri  |  e'"""'^'"^)''^  l,(ni) 


f 


-«e'-fe 


^e'*"*'8iD[n;r(l— 2c»a!)]  =  0, 


(«i) 


^C+an^-v) 


■  let  v(s)  =  «'"  then  ^,4^_^^,_,^  =-  0,  and  from  (m) 


(") 


The  series  on  the  right  is  a  geometrical  series  of  n  terms.    We  have  then 


']='-'{ 


i-ltili 


r 


das 


,e*-  = 


l+c-'*^e>i»*-fe-''***' 


r.F^'»»*-=^ii»r^K);Jl^^«-*-=o- 


It  is  also  evident  that 


^  For  w^int  of  sorts,  k  is  here,  and  tkroughoiit  the  reBt  of  this  article,  written  instead  of 
the  AgAte  Gre^  n, — Compodtor. 

♦*  The  name  re«alt  would  be  found  if  in  (o)  we  place  ?» =  1*  It  should  also  be  noted  that 
this  form  satisfies  (11)  and  could  be  calculated  bj  (12). 
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Because  — - — —  =  0,  any  algebraical  form  may  be  chosen  for  f{z) 

in  (m). 

2.     For  the  lower  sign  the  roots  of  (t)  are: 

Zq  =0;  z±i  =  ±  TCI)  2+2  =  2;ri  .  .  .  z+»=  zb  nari  ...  (p) 

If  we  put  yn=27r  and  y^  =  0,  then  z^=^  nn  and  Zq  =0  coincide  with  these 
limits  and  formulae  (IO3)  and  (IO3)  respectively  are  to  be  used  for  these  nxyta^ 
which  is  one  half  of  what  (10)  gives.  For  ^^  =  «ri  we  have  the  whole  cor- 
rection by  (10), 

We  have  then  by  (A') 

+^**y!(rwri)  >,  or,  since  e^  =  e~^, 

+J«r«^fm)}.  (r) 

Let  ^(2)  =  6""**^ ,  then  as  we  have  already  shown  the  condition  for  (A')  to 
be  true  is  satisfied  and  we  have 

•^  — ta^      ^  1 

Separating  the  possible  from  the  impossible,  we  obtain  : 

r  ^^.  <  «'*"*'««  Mi-2c*a;)]-i  \ = 0,     (.\) 

—on*'         «5 

^^^-  sin  [n7r(l— 2c=^a?)]  =  —ne'^'^^  [j+2'(e'**+'^ *  )+ j,^i*H-«*].  ^) 
Also  let  (p{z)  =  e**^,  then  in  (r) 

Place  n  =  1,  then 

/:.£?-. = e^i(*-*«-")  m.  "^  j:.^^ =«.  «) 

/*    sin  6a;  dE „  r*sin  bx<b;  _ir    c** — 1  ,^ « 

_«"?=^7^  ~    J  oe'-e-'  ~  2  •  ?^+i'  ^*»' 

This  may  suffice  to  show  at  least  a  glimpse  of  the  method  for  the  form 
z  =  rc+yi.  Other  forms  may  be  developed  in  a  similar  manner  which  give 
rise  to  new  relations.  The  method  requires  extreme  caution  with  r^ard  to 
the  conditions  to  be  satisfied  by  the  element  Ainction. 


SOLUTION  OF  THE  CfENERAL  CASE  OF  PROBLEM.  87, 
MATH.  VISITOR,  N  0.2. 


BY  PROF.  WM.  WOOI-SEY  JOHNSON,  ANNAPOLIS,  MARYLAND, 

Let  there  be  a  series  of  casks  containing  a^^a^  etc.  gallons,  of  which  the 
[first  is  fille<l  with  a  mixture  containing  a  gallons  of  wine,  and  the  rest  are 
[filled  with  water.  Water  nms  into  the  first  cask  at  the  rate  of  m  gallons 
'per  minute,  the  mixture  escapes  into  the  second  cask  at  the  same  rate,  and 

the  mixture  in  the  second  cask  escapes  into  the  third  at  the  same  rate,  and 
,  @o  on.     It  !8  required  to  find  the  quantity  of  wine  in  each  cask  at  the  end 

of  <  minutes,  the  fluids  being  supposed  to  mingle  perfiectly. 

Denoting  the  required  quantities  by  x^^  x^  etc.,  my  published  solution  of 

the  special  case  (Math.  Visitor,  Jan.,  1879)  suggests  what  will  be  verified 

in  the  following  solution ;  namely,  that  the  quantities  take  the  form. 


x^  =  ^1,  2  «  •"  +-^a. 


e   "« 

ml 


(1) 


T^=A^^^e    ->*+^2,  ,e    «•     + +A^^,e   % 

m  which  ^j,i  etc.,  are  constants  to  be  determined.  The  first  subscript 
refers  to  the  exponential  to  w^hich  the  coefficient  belongs  and  the  second  to 
the  variable  in  whose  expression  it  occurs.  It  is  to  be  remarked  that  4,  « 
vanishes  when  r^n. 

Since  Xy-^a^  represents  the  fractional  part  of  the  mixture  in  the  first  cask 
which  consists  of  w^ine,  m(xi-5-ai),  mix^-^a^)^  etc.,  denote  the  rates  at  which 
wine  is  escaping  from  tlie  1st,  2nd,  etc.  casks,  and,  at  the  same  time,  the 
rate  at  which  wine  is  entering  the  2nd,  3rd,  etc.  casks.  Hence  the  oondi- 
fiODd  of  the  problem  give  the  differeatial  equations, 

dx^  __  Tnxi 


dt 
dx^ 

di 


jnx^ 


mx^ 


mx^ 


_  ^8   ^' 


dXf. 


mx^ 


<V-i 


(2) 


andj  potting  ^=0  in  (1),  we  havei  to  determine  the  constants  of  integration, 
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^1.1  =a 

-^1,  2    1-^2,  2  ^^  ^ 
-^1,  S"f'-^2.  8"I'-^S,  8  ^^  ^ 

DifferentiatiDg  the  assumed  values  in  (1),  we  have 
da?i  m  J,         ---- 

ctt  a,      ' 


(8) 


m 


CuCa  Y/*     J  — -  Ilk     A  - 

d^  ttj      ^'  *  «2 

eft  a^  a^  ^3 


da;, 


at  ttj    *  tta 


6     «i , 


m 


-4,,^    «   •• 


(4) 


If  now  we  substitute  the  assumed  values  (1 )  in  equations  (2),  and  oompaie 
the  results  with  equations  (4)^  the  first  of  these  is  verified ;  and,  hy  equa- 
ting the  ooe£Scients  of  the  exponentials  in  the  nth  equations,  we  have 

tn  A       ^    A  ^  A 


«-l 


ffl   A         ^     A  ^  A 


——A     — 


— -^  »,• 


(fi) 


the  last  of  which  is  an  identity.    The  general  equation  in  (6)  rednoes  to 


_  ^rdn 


Ar^n-l} 


an^i(ar  —  an) 
by  substituting  the  corresponding  expression  for  ^r,»-i,  we  obtain 


^r., 


a?an 


an-2(«r — a*-i  )(o». — On) 
etc.  etc. ;  the  (n — r)th  equation  being 


Ar,m^%9 


X.n=: 


a^"^^  a^'Ar^r 


(g\ 

(ar — a^i)(a,— (V+2)  •  •  •  •  (^r — ^Y 
By  means  of  this  relation  and  the  group  (3)  the  values  of  the  constants 
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ly  be  determined*    ThuB  from  (3)  we  Imve  ^i,  ^  =^  a,  hence  from  (6) 


^1  .  =  . 


T*-2 


'1.* 


OnCi 


Againi  making  n  =  2  in  (7), 


(7) 


a^a 


^1.2  = 


substituting  in  the  second  of  group  (3),  we  derive 


-^2.  2  — 


a^<i 


rlienoe^  from  (6)^ 


-"2,n  ; 


^3 0| 


The  form  of  eqaations  (7)  and  (S)  suggests  that  iu  general 

^r,n     


(8) 


(9) 


(a,  — oi)  (a,  —  a^) , , .  (a, — a^) 
[(the  subscripti  of  the  second  letter  m  the  binomials  taking  all  values  from 
1 1  to  n  except  r),  and  this  expression  will  be  deraooBlrated  when  it  is  sho^vn 
that  it  satisfies  the  nth  equation  of  group  (3);  that  is,  the  equation 

Making  the  substitutions,  dividing  by  a^a,  and  multiplying  by  the  ex* 

llOQ 

{a,— Gj)  (a^—a^) . . .  (aj— o^)  x  (a^— aa)(a2— a^)  - . .  {a2—a^) 

I  the  equation  to  he  verified  becomes 
+  «r'  (a,— ag)..  .(a^— oO  .(aa— a^) .  •  •  (03— c^) ,, . (o^j  — a»)  ^ 

+ar  M«^i—«i)  («i—«4)  •-•  («*i -««)••• ' 


1^0, 


I 


in  which  the  coefficient  of  a^^  ib  the  product  of  all  the  differences  which 
do  not  involve  a^.  Using  the  determinant  expressions  for  these  products, 
tlia  equation  takes  the  form 


T—t 


1,  1 ....  1 

-«",-' 

k-\ «r' 

1,  1  ,.-.1,  1 

1.1.. 

a,,    .  .  .  Cg,  Oi 
a»,    .  .  .  a3,  a» 

m                                                                     • 

+«r' 

a»  .  .. 
^'  ••etc.=0. 

<-' a"-' 

^•.. 

Now  the  right  hand  member  of  this  equation  lb  equivalent  to  the  deter- 
minant 
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"2-1, 


,  1 
.  a. 


,«i 


^1*^3       n^"^ 


Q7,- 


,*-a 


1  y 
-1  f 


•-a    rt'i-a 


»«-2 
2       I 


,«-a 


which  is  identically  =  0,  because  the  last  two  rows  are  identical.     He 
the  solation  of  tbe  prohlem  is  given  by  (1),  the  coeflBcients  being  determin* 
ed  by  (9), 

It  is  a  remarkable  result  of  this  solution  that  the  value  of  the  fraction 
^n-^^nt  or  ratio  of  the  wine  to  tlie  whole  contents  of  the  last  cask,  is  wboijj 
mdependent  of  the  order  of  the  casks. 


NOTE  ON  A  F0R3I  OF  THE  EQ.  OF  THE  TANG.  TO  A  CONIC 


BY  PEOF,  W-  W,  REKDRICKSON,  U.  S.  NAVAI*  ACADEMY- 

The  envelope  of  any  line  Aa^  -{-  Ba  +  'C  ^=  0,  where  a  is  an  arbitrair 

parameter,  and  A,  B  and  Care  functions  of  a?  and  j/,  is  J5^  =  4JIC;  it  fol* 
lows  that  if  the  equation  to  any  conic  be  put  in  the  form  £'  =  4J.C, 
equation  to  the  tangent  may  be  written  either  as  Ao?  +  Ba  -j-  C  —  0 

The  equations  to  the  conic  sections  and  their  tangents  may  be  written 
follows : 

Circle,        y*  ^  {a-\-z){a — «),    tangent,         (a — a?)a*+ 2ya+a+a;  —  0. 
Panibola,    y^  ^  4aa?,  "  aa*+ya+a:  =  0. 

Ellipse,    ay  =  b\a+x){a—x),       "    b(a—xy  +2aya  +6(a+j)  =  0. 
Hyperb.,  a*6^  =  {bx+ay){bx^ay\  **    {bx^ay)a^+2aba  +  6iP  +  ay  ==0» 

This  form  of  the  equation  to  the  (angent  will  be  found  useful  in  oci 
problems  of  Analytical  Geometry ;  thus,  suppose  it  required  to  find 
tangents  to  the  conic 

f—2zt/+2x'+Sy+6x+49  =  0, 
which  pass  through  ( —  14,  —  22).     The  equation  may  be  put  in  the 
(y  —  X  +  Aj*  '\-  {x  -f  ]  1)(.T  -|-  3)  =  0,  and  the  equation  to  the  tangei 
(:r+ll)a'+2(y — x+4)a — jj— 3^0;  substituting  the  co-ordinates  of 
given  point,  we  have  3a*  +  8a  —  11  =^  0,  whence  a  =  1  or  —  ^^  and 
equations  to  the  required  tangents  are  y — ar+8  =  0,  and  89a^33y-f620 


fol* 
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PROBLEM  RELATIVE  70  THE  MOVE  OF  THE  KNIGHT 
AT  IHE  GAME  OF  CHESS. 


BY  T.  F.  8TOWELL,  EOCHESTER,  NEW  YORK. 

**The  Knight  being  placed  on  any  given  square  of  the  chess  board,  it  is 
required,  at  sixty-three  successive  moves,  to  cause  it  to  move  over  the  re- 
maining sixty-three  squares,** 

This  curious  question  is  perhaps  well  known  to  most  of  those  who  are 
familiar  with  the  game  of  chess.  It  was  considered  of  sufficient  importance 
in  the  time  of  Euler  for  him  to  furnish  an  extended  article  on  it  to  the  St, 
Petersburg  Academy, 

I  propose  to  show  that  the  Knight  may  be  placed  on  any  square  of  the 
chess  board  and,  by  sixty-three  or  sixty-four  moves,  may  land  on  any  other 
designated  square  of  the  board,  moving  in  its  course  over  everj'  square  on 
the  ch^is  board. 

There  is  a  great  variety  of  courses  which  the  Knight  may  take»  starting 
from  any  particular  square,  and  move  over  all  the  remaining  sixty-three 
squares  at  sixty-three  successive  moves.  If  we  can  once  obtain  what  may 
be  termed  a  reentering  course,  such  as  is  shown  in  figures  1  and  2,  the  last 
move  being  but  one  move  from  the  starting  point,  it  is  plain  that  we  may 
from  tliis  course  obtain  as  many  courses  as  we  please. 

Suppose^  for  instance,  we  wish  to  have  the  Knight  end  his  course  on  No, 
28,  Fig.  1,  All  we  have  to  do  is  to  reverse  the  numbers,  putting  64  in  place 
of  28,  63  for  29,  62  for  30,  61  for  31,  &c.,  until  we  arrive  at  64,  which  will 
be  28  J  then,  afterward,  from  27  down  to  I  the  moves  will  be   unchanged. 

In  the  same  manner,  if  we  wished  the  Kuight  to  end  his  course  on  No. 
66,  reversing  the  numbers  to  64,  then  from  55  to  1  the  course  is  uuchanged. 
Pursuing  the  same  course,  we  may,  in  a  very  iew  transformations,  have  the 
Knight  end  his  course  on  any  one  of  the  squares  represented  by  even  Nos, 

Fig.  1.  Fig.  2, 
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It  will  be  observed  that^  diagonally  across  the  board  in  either  direction 
the  rows  of  figures  are  alternately  odd  and  even,  and,  from  the  nature  of  th 
moves  of  the  Knight^  it  would  be  impossible  for  it,  in  sixty-three  moves,  1 
commence  and  land  on  any  square  in  the  odd  rows.    When  a  new  course  ia 
found  in  the  way  proposed  another  new  course  may  be  obtained  from  thm 
one,  and,  commencing  with  Fig.  1,  in  the  corner,  the  Knight  may  be  niadi 
to  move  successively  over  all  the  remaining  sixty -three  squares  and  end  hii 
journey  on  any  one  of  the  squares  in  the  alternate  row^  represented  by  i 
numbers.    In  Fig.  2,  the  Knight  is  supposed  to  commence  on  another  squa 
Here,  as  in  the  1st  figure,  each  alternate  row^  diagonally,  has  odd  and  eve 
numbers  and  the  Knight  can  be  made  to  end  his  journey  on  any  sqi 
represented  by  even  numbers,  tJie  same  as  in  Fig.  1,  in  sixty-three  move 

It  may  further  be  observed  that,  in  either  Fig.  1  or  Fig.  2,  if  we 
to  have  the  Knight  end  on  any  square  oti  the  boards  rcgJirdless  ol  where 
starting  point  is,  it  can  be  done,  by  one  transformation,  in  this  manner: 

Suppose  in  Fig.  2  we  want  the  Knight  to  end  his  course  on  No.  29.  In- 
stead of  29,  28,  27,  Jkc.,  write  64,  63,  62,  &o,,  down  to  No.  I  on  the 
The  whole  course  will  be  29  to  1,  written  64  to  36,  and  64  to  30  written 
to  L  The  starting  point  of  this  new  course  will  be  30,  ending  at  29,  AnJ 
in  this  way  courses  may  be  found,  without  number,  beginning  and  eodinfl 
Within  one  move  of  each  other;  each  course  being  a  reentering  oourse. 

The  Kni'ght,  from  the  nature  oi  his  moves,  canjiot,  at  sixty-three  move 
begin  and  end  his  course  on  any  of  the  squares  represented  by  odd  or  ev< 
numbers;  if  he  commences  on  an  odd  row  he  must  end  on  an  even  rov 
and  vice  versa.     So  that  by  placing  the  Knight  on  any  square  represent 
by  an  odd  number,  he  may  finish  his  course  ending  on  either  of  the  thirty^ 
two  even  numbers,  and  vice  versa ;  and  again  these  courses,  in  each 
may  be  varied  in  many  vmys.     The  Knight  may  thus  in  reentering  cour 
begin  or  end  on  any  particular  square  that  may  be  named.     The  recreatic 
is  a  pleasant  one  to  practice,  and  upon  once  getting  started  is  quite  easy 
perform, 

Euler^s  article  was  mainly  to  show  how  to  obtain  by  trial  and  chane 
what  I  have  here  termed  a  reentering  course. 


Correspondence, — Editor  of  Analyst:    Problem  258^  published 

in  Analyst,  No.  2,  Vol.  VI,  probably  admits  of  no  purely  mathematical 
solutiou,  as  several  numbers  of  the  Analyst  have  since  appeared  and  no 
solution  has  been  given. 

The  only  attempt  at  an  exact  determination  of  the  arc  required,  that 
know  of,  is  by  Prof,  Phillips  of  the  Polytechnic  school  at  Paris;  the  resu 


of  whwh  I  give  in  the  following  extract  from  Samiier*8  "Tfaite'  D'  Horlo- 
gme  Moderne,^* 

"M.  Phillips  a  de'inontre',  dans  un  Me  moire  pr^'sente  a^  V  Acade  mie 
des  sciences,  que  1'  e'tendue  dee  oscillations  du  balancier,  ou^  le  de'faut  d' 
equilibre  s'aperce\'Ta  le  moins  au  re'glage  dans  les  diffe'rentes  positions  in- 
cline'es,  est  de  439*^28',  soit  en  nombre  rond  440"^,  un  peu  moins  de  1 
tour  i." 

Whether  this  demonstration  was  analytical  or  experimental  I  <^Dnot  say, 
not  having  seen  the  Memoir  referred  to.  In  the  course  of  twenty  years  ex- 
perience in  rating  and  adjusting  watches  and  pocket  chronomelers,  many 
opportunities  have  occurred  to  verify  Prof  Phillips'  conclusion. 

The  arc  mentioned  seems  to  be  independent  of  the  amount  of  en^or  of 
poise,  as  experiments  with  a  balance  only  slightly  out  of  poise,  and  with 
the  same  balance  after  removing  a  whole  screw  from  one  portion  of  its  rim 
will  show. 

In  a  marine  chronometer,  the  balance  vibrates  in  a  horizontal  plane,  and 
18  not  so  sosceptible  to  errors  of  poise,  but  if  the  balance  is  made  to  vibrate 
as  near  to  this  arc  as  possible,  any  inducefl  polarity,  caused  by  the  magneto 
ism  of  iron  ships,  will  not  cause  so  much  irregularity  in  the  rate  as  it  would 
if  the  balance  had  either  a  larger  or  smaller  arc  of  vibration. 

J.  M.  Arnold, 

Boston,  Mass. 


Further  Remarks  ok  the  Solution  op  Problem  260,  by  the  Ed- 
itor.— The  solution  of  problem  260,  given  at  pp.  121-122,  as  corre*::ted  by 
the  Note  at  p,  151,  is,  we  trust,  a  sufficient  discussion  of  that  question,  aa 
inced  at  ju  95.  It  w^ill  be  seen,  however,  that  equations  (2)  and  (3) 
itten  at  the  t^op  of  p.  122  (with  a  slight  alteration  of  signs),  are  adapt- 
ed to  the  solution  of  a  different  question,  viz.,  Prob.  8,  Analyst,  VoL  I, 
page  35. 

Writing  B  +  r  instead  of  iZ — r  in  (2)  and  changing  all  the  signs  in  (3), 
equation  (1)  retaining  the  negative  sign,  as  written  at  p.  121,  we  have,  for 
the  equivalent  of  (6)  on  p.  122, 

©'=V%y— ^)^  (•) 

'and  writing  iJ'  =  0  in  (3)  it  becomes 

(7) 


-jf+r'^'P' 


Equating  the  right  hand  members  of  (6)  and  (7)  and  reducing,  we  get 
co6  f  =  fj-    (See  foot-note,  p.  35,  Anal.  Vol.  h) 


If,  instead  of  quitting  the  sphere  when  iJ'  =  0,  the  rolHog  sphere  is  con- 
strained to  move  on  the  surface  of  the  fixefl  sphere  until  cos  y  — 0,  then  will 
the  solution  of  (6)  give  the  time  (,  in  whidi  the  rolling  sphere  will  de 
from  the  summit  of  the  fixed  sphere  over  one  fourth  of  its  clrcuoif.,  vi*.; 

i/aLv2    ^       i/{l-cm^)      Jo 
where  a  =  10^-^7(iJ+r), 

This  /alue  of  ^,  is  not  [2  -^  i/(2<2)]  log  (1  — 1/2),  as  indicated  at  p.  IS 
[2  -~  i/(2a)]  log  (1  —  v^2)  being  the  value  of  the  Int^ral  at  the  superid 
limit  only.     At  the  inferior  limit  we  have 

y  (  -j-cmip  —y    =  r.,s.  vanishing  fractioD,  vheoce 
l/(l— cos^)  0 

— 1/(1— eoRy)  _  —0  _  _Q 

l/(lH-cos^)       i/2 

2      ,       1— 1/2  2     ,     |/2— 1 

That  is,  the  time  requireil,  to  roll  from  the  eummU  of  the  fixed  sphemi 
one  fourth  of  its  circumference,  is  infinite. 

If,  instead  of  starting  from  the  summit  of  the  fixed  sphere,  the  roUiag 
sphere  should  start  from  a  point,  say  1''  from  the  summit,  the  time,  ab 
viouslv,  would  be  finite.     In  that  case  the  time  would  be,  as  calculated  ' 
Mr.  Kummell,  t  =  |/(2-^a)  x  12.7418368. 


SOL  UTIONS  OF  PROBLEMS  IN  NUMBER  FIVE. 


Solutions  of  problems  in  No,  5  have  been  received  as  folloT!i*s: 
From  R.  J.  Adcock,  277  ;  Alt^x,  S.  Christie,  276,  278,  279,  280;  Pn 
W.  P.  Casey,  278;  G.  M.  Day,  276,  278  •  Prof  K  J.  Edmunds,  276,271] 
278;  Henry  Gunder,  276,  278,  280;  Henry  Heaton,  276,  277,  278,  27 
280;  Chus,  H.  Kummell,  276,  277,  278,  279,  280;  Prot:  D.  J.  McAd 
279;  O.  L.  Mathiot,  276;  W.  L.  Marcy,  276,  278,  279;  K,S.  Puto 
276;  P.  Richardson,  276;  Prof.  K  B.  Seitz,  276,  278,  279,  280;  Prot< 
Scheffer,  278,  280;  Prof  D.  Trowbridge,  278,  279,  280. 


276.     "Given  the  chord  -4Cof  a  circle,  the  side  j4B  of  a  right  an; 
triangle  constructed  on  ilCas  hypothenuse,  and  the  length  of  a  perp€ndi< 
lar  from  A  upon  the  line  joining  the  right  angle  at  ^  with  the  centre  of 
circle;  to  find  the  radius  of  the  circle." 
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SOLUTION  BY  OCTAVIAN  L.  MATHIOT,  BALTIMOBE,  MARYLAND, 

Let  AC  ^  a^  represent  the  given 
efaord,  AB  J=  &,  the  given  side  of  the 
right  angled  triaugle  ABC,  and  j4F== 
c,  the  given  j)erpendicular  upon  BG, 

Bisect  ^C  in  /  and  through  /draw 
EG^  at  right  angl^  with  AC  Then, 
frtini  the  similar  triangles  ABC  and 
AIEj  we  find 

AE^AC^--'2AB=a^^2b.  (1) 
.  • .    EB  =  AB—AE=b—a^-r-2b.  (2) 

From  the  similar  triangles  BFA  and  ABD  we  tind 
AD  =  AB'-AF  =  b'-^e; 
and  from  the  right  angled  triangle  ABI)  we  have 

BD  =  y{AD^-AB^)  =  by'{b^—<?)^c) 
r.  CD  ^  BD—BC=[bi/ib^—c^)^(q—i/(d'—b% 
From  the  similar  triangles  GEB  and  ACD  we  find 

AD.EB       fb^  26^-a3-|      pfc    i.  v  n 

And  from  the  similar  triauglcs  ABD  and  GHB  we  find 


(3) 

(5) 
(6) 


BH  = 


GH= 


AD 
BA.BO 


AD 


Also^  we  have 


(8) 


(9) 


Finally  we  have  GA  =  ^{GH^^AH^) 

\\  Lfcy^i'— 0*)— c^^lo"— 6»j]»'  j 

^  Q|/a'6*— 46ct7[(Q'— 6')(6^— ^] 
2[6  V  (6*—  c*)—c  V  (a*— 6')i    " 
[Prof.  Seitz  and  P.  RichardBon  each  obtains  the  same  result  as  the  above 
hot  bj  a  somewhat  different  coastruction  atid  calculatioa.] 
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277,     "Solve,  algebraically,  the  equation  x>^ — 1  =  0/' 

SOLUTION  BY  R,  J.  ADCXXK,  MONMOUTH,  ILLTKOIS. 

All  tlie  roots  of  this  equation  are  contained  in  the  form 
X  =■  cos^2n?r)  ±:  sin  -^{2^1::^ — 1), 
where  n  may  be  any  entire  number  not  greater  than  tlie  half  of  17^  that  \b 
n  =  0,  U  2,  3,  4,  5,  6,  7,  8,  giving  the  seventeen  roots^ 

X  ^=^  cos  -f^TTdisin  iV^k^ — 1 
X  ^=  cos  ^;rd:8in  ^J^\/ — 1 
X  ^  cos-^ndnBm  -f'jTTi/ — 1 
2  ^  006  -^TTibsin  -^Ky/ — 1 
X  =  coe|^?r±:8in  ff*i/ — 1 
X  =  009  f^rrdisin  ff tti/ — 1 
X  =  oo8^;r±8in  |4^>^ — 1 
«  ^  cos  {'f  ;rifc8in  |f^|/  — 1. 
Hence  the  binomial  and  quadratic  factors  of  x^^ — 1  ^=  0,  are 
a;'^  —  1  =  0  =  (x—l)ix'—2xQos  ^r+l)(a^— 2xcos  ^K+1) 

(a^—2x  cos  ^;r+ 1  }(x^—2x  cos  ^7:+l){x^^2x  oce  {^z+l\ 
(a?*— 2r  cos  ffn-+ 1  Kar' -2a:  cos  |4;r+ iXic*— 2a;  008  {f  r+1)- 
Similar  expressions  are  given.  Art.  40,  p.  1^,  of  l^eiroe's  Curves,  Fodc- 
tions  and  Forces,  Vol.  IL  1846. 

SOLUTION  BY  HJENBY  HEATON,  ATLANTIC,  IOWA, 

Factoring  we  have  (x—l)(x^^+x^^+x^*+  . . .  +«?+!)  =  0,  lH 

,  • .  a?  =  1,  or  x'^+x'^'+x^* ...x  =  —h  (2' 

Since  a:"  =  1,  a?"  ^  a:,  x^^  =  a?^  &c-;  .  • .  we  have 

=  4(a?«+a?'*+sc**+  ...  +5?)  =  —4;  (3) 

.  * .  a;-f  a^+a:*+a:^+ar»*+aT»+ic"+^  =  — i±h/17,  (^) 

aJ+a*+a:^Ha:Ha:»*+ar»»+a:»+^''  =  — iTii/H,  (5) 

{x+ji'+x'^+x'^}(x'+7^-^x''+x^)  =  —1.  (6) 
Combining  equations  (4)  and  (6),  we  find 

a;H-a!*+ic'*+«*«  =  — i±ii/n±ii/(34T2|/17),  (7) 

o-t^aji+a-i^+j^  ^  — i±h''17=Fii/(34±2|/17).  (»1 
Similarlv  we  find 
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a^+«"+***+a:'  =  — i+il/17±ij/(34±2»/17),  (9) 

a^+aj'+as'Ha'"  =  —\^ii/n^ii/{^±2^n),  (10) 

l^+Jt^Xa^+i")  =  a^+aj'«+a»+ar"  =  — i+,  '17±Jt/(34±2v'17).(ll) 
Uombining  (7)  ao<t  (1 1)  we  find 
E*"  =  J[— l±^^l7±l/(34±2^/17)]±i[i7±3,   17+2,/(34±'2i/17) 

+  1/(34+2^/17)]'-. 
SnoeaH^  =  1,  »'•  =  l-s-a:;  x  =  ^cC— l±|/17±v  (34+2|/17)] 

'17+2l/(34±2^/17)Tl/(34+2v'']7)P±i  ^  — 34d:2v/17 
Pq:2v'17)±4[17±3i/17±2i,'(34±2v/17  ±,/  (34+2v/17)]'»  )■''. 


278.  "A  Chord  AJi  of  a  circle,  whose  centre  is  at  <J,  remains  constant- 
ly parallel  to  itself;  A  and  B  are  connected  to  the  centre  O,  and  on  AO 
and  BO,  or  those  lines  produced,  M  and  N  are  taken  so  that  AM^  BN 
=  AB.    Required  the  locus  of  J/ and  N." 


^. 


SOLUTION  BY  PROP.  W.  P.  CASEY,  SAN  PRANCISOO,  GAL* 


Tjet  8R  and  HE  represent  two  fliamelers  at  ri^ht  anj^lcn  to  eiidi  other, 
8R  being  parallel  to  AB,  Let  A  POM 
=  9;  PO  =  xand  PM  -  y.  Then  Oj/ 
'=  |/  <a:^+y*).  -d 0  X  008  ^  =  ^2>,  or  2/*  cos  fl 
j=  2^Z>  ^  JJ/  ^  r+i/(:r--ft/');  therefore 
|(2cos<?— l)r  --  vMa?'-hy),  or  (2  cos  #-!)»/ 
!=  «*+y^,  which  is  the  equation  of  the  Im^ufi 
of  3f.  By  giving  in  succession  vahiej^  to  ^, 
iand  taking  the  corresponding  values  of  -43/, 
the  curve  which  is  the  locus  of  M  will  be 
traced.  The  curv^e  will  pass  through  the 
points  E^  O  and  R,  The  locus  of  A^  will  be  a  similar  curve  and  will  pass 
rtbipugh  the  points  E^  0  and  S. 

SOLUTION  BY  D.  TROWBRIDGE,  A,  M,,  WATERBURGH,  N.  Y, 

*at  the  radius  of  the  circle=a,  coHsrdinates  of  Jlf^j?,  y^  and  of  A  x*  y'. 

j now  have  AB  —  AO±OM,  or  l2a?'  =  a  ±  x/{q?  +  y*),  and  xy'  =  m'y 

»|/(a*  —  x%  x'^i:^  +  f)  =  aV,  and   2x'  =  2ax -^  1/(2^  +  f)  =  a 

+  3/*).     Put  x^+y'  =  H,  and  x  =  rcosd,  then  2acosO  =  a±r, 

r  =  a{2cm0—  1),  r  =  a{l  —  2co6^). 

t  are  the  eq'ns  of  the  trisectrix.     (See  Hadden's  Diff.  Cal.,  p.  IIO-) 


-lis- 


279.     "If  the  earth  be  projected,  when  in  perihelion,  at  right  angles  to_ 
a  line  joining  the  Earth  and  Sun,  with  a  velocity  sufficient  to  cause  it^ 
describe  a  parabola,  how  long  would  it  take  it  to  reach  the  orbit  of  Juptt 
The  orbits  of  the  Earth  and  Jupiter  supposed  in  the  same  plane^  boib  i 
deSy  and  the  radius  of  Jupiter's  orbit  live  times  that  of  the  Earth." 

SOLUTION  BY  PKOF.  D.  J.  MCADAMr,  WASHINGTON,  PA, 

As  in  problem  50,  Analyst,  Vol.  II,  let 
the  circle  DEBF  be  the  orbit  of  Jupiter,  then 
the  area  ASD  (D  being  the  point  of  exit  from 
Jupiter's  orbit) 

=  iP(tan  J#  +  i  tan»J^)  =  l^R\ 
(Where  d==  lASC) 

Then,  putting  tan  \H  ■=  2  (see  Analyst, 
p.  30,VoLII), 

l/(10i?)  :   T/(4fi)  ::  25.Ti2*  :  U)nR^ 
=^  the  area  described  by  the  earth  in  one  of 
Jupiter's  years. 

Therefore  the  time  it  will  take  the  Earth 
to  describe  the  portion  of  its  orbit  within  Ju- 
piter's orbit  will  -=  ^i?H-  50;ri2S  of  Jupiter's  year,  =  389.3  da>^. 


280.     '*Find  the  sum  of  the  series 

,8m«--j^+-3^^-j^^+  ...  to  infinity, 

^  ,  ^006  2a    a^cosS^  ,  a?*oo84a  .    •  is  •x.  » 

l-««««4-^^-^^^+.j^^— .  . .  to  mfimty.' 

SOLUTION  BY  CHAS.  H,  KUMMELL,  U.  8.  LAKE  StTRV.,  DETROCT,  MICH. 


We  have  ^3  it  s^i  =  1  —  *r^+'''-|- 


K2 


L2.3 


^  e 


(where  t  :=  V — 1), 
then  •l<+<)  =  <r '*"•", 

and  _/?iJli4  =  e+'-*-% 

or,  taking  logaritfims, 

-'»-€:-^(y"-i(i;)'-  ■] 


n 


(S) 


Xli 


(4) 
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,  •  •  «j  =•  «j  tan  (:r  sin  a), 
dWiltitiDg  this  in  (2)  we  obtain 

«5  =  ^'  "*"*  cos  {x  sin  a\ 
.by  (4) 

«^  =:  e~' *=**"'  Bin  (a:  sin  a). 
Tn  Kutmneli  has  ako  sent  us  a  solution  of  prob.  266,  done  by  a  meth- 
imilar  to  the  above.] 


LUTION  OF  PROB,  86  (SEE  P.  193^  VOL.  ll)  BY  PROP.  W.  P.  CASEY, 

tnn  be  the  given  line,  passing  through  the  given  point  A^  BnH  and 
e  given  circles, 
rough  the  given  p*t  I 
w    the    diameter 
and  make  HP  and  ] 
ittcfa  ==  Twn,  .  •  *  P 
[£)  are  given   pointi=5, 1 
are  in  the  loeui^  of  | 
nt  m. 
fig  perpendicular  to  UH,     I^et  Ag^=^x^  gf^'^lh  BH=d^  AB=^a, 
;  then  oy^  =  BgxgH,  or  y^  =:  {x — a)  [a^d—x)  ^  (x—a)  (n — x) 
^  a+d),  and  y*  =  — 2?-\-\a-^c)x^ — ac.     Let  An'=r^  /_A  ^^^  then 
^r  sin  ^,  3;=r  cos  &;  .  • .  by  substitution  Ain^tf  =  — r*cos*fl-f  (o+cj/'oos  tf 
and  r* — (a4-c)rco6#^  — ac\ 

.  • .  r  =  J-^  (a-ho)costfdii/[(a-|-o)cos"^ — 4ac]  }, 
use  -4m  =  mn  —  An  =  A  —  *',  by  giving  suece^ssive  values  to  fl,  and 
!ng  the  corre8|>onding  vahies  of  r,  the  curve,  which  is  the  locus  of  m, 
will  be  traced.  The  curve  is  an  oval,  whose  axis  PD  ^  BH  ^=  d.  The 
H>int  m  is  therefore  given  and  the  line  mn  is  in  position, 
[Prof.  Casey  also  discusses  the  case  when  An  —  Am  is  given,  but  our 
will  not  permit  its  insertion  J 


^mTRtrcriON  of  the  Metian  Ratio  by  Phof.  Chase. —  Make  AB 
7;  BC=%;  BI)  =  i);  DF  =  15;   AE 

AC;  AB  perpeodicular  to  CD  mvl  DF 

^ndicular  to  AD^  and  draw  EG  pan)l- 

FC     AF^AG  =  355-r- 1  Ki  =  3  1 4 

PH2+,  n-  l>eing  :3, 141 59265. 

be  error  ih  Ipss  than  one  one  Imndred 

en  thousandths  of  one  per  cent. 
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281.  By  Prof,  Elias  Sch^teideTf  MiUmt^  Pa,  — Suppose  the  Earth  to  be 
a  smooth  sphere  25000  miles  in  eircumference,  and  suppose  a  spherical  ball^ 
5  miles  in  diameter,  its  mass  being  to  that  of  the  earth  in  proportion  to  the 
cubes  of  tlieir  diameters,  to  rest  at  a  point  A^  on  the  earth^s  surface;  and 
suppose  further  that  the  only  influ«auoe  acting  on  the  hall  and  the  earth  i^ 
their  mutual  attraction,  and  that  while  the  ball  remains  stationarj'  upon  the 
earth *s  suHJaee  at  A^  the  earth  rotates  on  its  axis  onee  in  24  hours. 

Suppose  now  that  the  attraction  of  the  sun  acts  upon  the  ball  in  the 
rection  of  the  diameter  AE^  the  earth  having  no  other  motion  than  rotal 
OD  its  axis ;  when,  from  the  rotation  of  the  earth,  the  diameter  AJE 
to  point  toward  the  sun,  the  ball  will  cease  to  be  in  equilibrium^  and  will 
roll  over  the  earth's  surfac^e  toward  E.  Keqiiired  the  relative  velocity  of 
the  ball  on  the  surface  of  the  earth  and  the  distance  it  will  have  advanced 
from  the  point  j4,  when  the  point  A  shall  have  moved  over  180°. 

282.  By  George  Easiv^oitd^  SaxonrUlet  3Ia8s. —  Suppose  a  manufactun 
of  textile  fabrics,  who  can  operate  sixty  looms,  ascertains  by  trial,  (1)  that 
when  he  makes  his  weavers  sure  of  a  dollar  a  day  with  constant  work,  tlia 
each  loom,  when  it  runs  a  whole  day,  will  net  three  dollars;  (2)  that,  fri>i 
the  nature  of  the  w^ork  to  be  done,  all  the  looms  are  never  in  running  order 
at  the  same  time;  (3)  that  at  any  time  it  is  equally  iK)s.sibie  that  one,  two» 
or  three,  or  any  number  of  them  may  be  standing  for  repairs.  Now,  under 
these  conditions,  it  is  required  to  assign  the  least  number  of  weavers  to  be 
placed  under  permanent  pay,  so  that  the  average  daily  profits  may  be  the 
greatest  possible. 

283.  (Selected)  By  Prof.  Asaph  HalL—lf  from  any  |>oint  in  the  pU 
of  a  parallelogmm  perpendiculars  are  let  fall  on  the  diagonal  and  on  th 
two  sides  that  contain  this  diagonal,  the  product  of  the  diagonal  by  its  ] 
peudicular  is  equal  to  the  sum  of  the  products  of  the  sides  by  their 
ive  |)erpendiculars  if  the  point  falls  outside  of  the  parallelogram^  or  tot 
difference  if  it  lies  within  the  parallelogram. 

Varignon's  Theorem :  Mecanique  Analytique,  Tome  I,  p,  13. 

284.  By  Prof.  E,  B,  Sdtz,  Kirkamlle,  Mo.—  M,  N%ud  P,  Q  are 
pairs  of  random  points  within  a  circle,  but  on  opposite  sides  of  a  given  dt" 
ameter  AB  :  find  the  chance  that  the  sum  of  the  squares  of  the  chnri1«  i\\7^^ 
M,  P  and  N,  Q  is  less  than  the  square  of  the  diameter. 
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285.  By  W.  E.  HeaJ,  Wheding,  Ind.  —  If  JE(e,  x)  denote  the  length  of 
an  elliptic  are,  semi  major  axis  unity  and  eccentricity  e ;  prove,  without  the 
aid  of  the  Integral  Calculus,  that 

2^6.  By  6eo»  M*  Dayf  Lookportf  N,  \\ — Three  points  are  taken  at 
random  in  a  given  circle,  and  a  circle  is  drawn  through  them.  What  is  the 
probability  that  the  circle  through  the  random  points  will  be  wholly  in  the 
given  circle. 

287,  By  G.  H,  HarmU^  Bonner^  La. — A  ladder,  40  feet  long,  stands 
upright  against  a  vertical  wall,  on  a  horizontal  plane.  A  boy  ascends  the 
ladder,  at  a  uniform  rate,  and  at  the  same  time  the  foot  of  the  ladder  slides* 
out  horizontally  at  the  same  uniform  rate.     How  long  is  the  boy's  path  ? 

288.  By  Prof,  E.  J.  Edmunds^  Nmo  OrleanSy  La,  —Two  circles  are  tan- 
gCDi  to  a  given  line  AB;  from  a  point  C,  on  the  line  AB  the  other  tang*t8j 
to  the  two  circles,  CM  and  CN,  are  drawn.  Find  the  envelop  of  MN,  and 
the  locus  of  its  middle  point. 

Query,  By  Cha^,  H.  Kumrnell^  Assi^.  IL  S,  Lake  Survey,  DetroUf  Musk. 
— Prove,  otherwise  than  by  induction,  that 


^Wt 


on-\        %^  f  n+m  —  I  n+m — 2 
2       ="^{—1 2 


m\2J    I 


m  n  are  positive  inters,  and  give,  if  possible  a  value  for 


Tl 


n+m  —  1  n+i7i- 


which  reduces  to  2*^^  for  x  ^  J. 


An^oukcbmekt  op  Voi^  VII. — With  this  No.  is  completed  the  si:xth 
anal  volume  of  the  Analyst.  And,  though  we  have  not  been  able  to 
kit  any  great  improvement  ijd  its  mechanical  execution,  we  trust  that,  in 
respect  to  the  subject-matter  presented  in  its  pages,  it  has  not  deteriorated 
in  the  late  volumes,  but  that,  on  the  other  hand,  it  has  steadily  improved; 
and  we  feel  flattered  that  many  of  our  ablest  contributors  have  expressed  a 
desire  that  the  publication  may  be  continued.  We  take  pleasure,  therefore, 
in  announcing  that  we  have  made  definite  arrangement  ibr  the  publication 
of  Vol-  VII ;  and,  if  our  health  permits,  we  hope,  and  expect,  to  be  able 
to  publish  other  additional  volumes. 
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As  many  of  our  readers  are  sufficiently  interested  in  the  problecns  pro- 
posed in  each  No,  to  furnish  solutions  in  detail,  of  one  or  more,  for  publi* 
cation,  we  embrace  this  opportunity  to  say  that,  lu  general,  our  publication 
is  mailed  about  the  25th  of  the  month  preceding  the  one  named  under  iu 
title,  and  that  only  solutions  that  are  rec'd  on  or  before  the  10th  preceding 
tne  25th  above  named,  are  included  in  the  regular  notice  of  solutions  recU 

Though  we  do  not  desire  to  make  the  solution  of  questions  a  promineol 
feature  of  our  pubtication,  yet  we  think  about  one-fourth  of  its  space  mar 
be  profitably  devoted  to  tliat  purpose;  we  suggest,  however,  that  the  eSbrte 
of  many  of  our  contributors,  in  the  solution  of  problems,  should  be  concm- 
trdUd.  One  solution  well  made  is  worth  more,  for  our  )>urpose,  than  half 
a  dozen  careless  and  imperfect  solutions*  And,  when  diagrams  are  requirci 
for  illustration,  they  should  Im?  neatly  drawn,  of  as  small  dimensions  a^  i* 
practicable,  and  detachable  from  the  solutions,  so  that  they  can  be  sent  to 
the  engraver  while  tlie  solution  is  in  the  hands  of  the  compositor*  Hiiiy 
solutions  go  into  the  wajite  basket  for  want  of  compliance  with  the  abott 
namerl  obvious  conditions. 

Editoiu 

PUBLICATIONS   RECEIVED. 


Ty  El^fneniJ<  ft/  Ohftrdhiate  (tttrmrtfy.    In  Thrtt  Pnrtjt,     I,  Cartej^ian  Qeomdry,     11*  Qiteitt^ 

nitmn,     HI.  M^Utn  Gtomth%  atid  an  Appendix.    By  De  VoiSON  VVuoi\  Prof^  of  M^h- 

cmttiicji  and  M^rhank^  itt^  SUveM  ImHtttU  oj  Tf^hidoify.     :*29  pp.,  8vo.     New  York: 

John  Wiley  aotl  SonH.    1879. 

In  the  first  part  of  this  work,  t^oiupriaiiig  228  pp.,  the  Biibject«  ttituiilljr   prttentcd  ifl 

work**  oD  AiialyticiJ  Geometry  are  disciiissed  mid  illustruieij  by  oumerout  ifx^unptfu.     Urn 

Becond  part  orcupiet*  70  pagt^,  and  i*  devoted,  a**  the  title  imports,  to  a  diflcustdon  of  the  El* 

f  men  18  of  i:^ti:nemioni^:  this*  part  will  be  found  e«peciiiJly  intcrestiDg  to  ^todeota  who  hare 

not  read  more  extended  di  eUi^ioiih  of  the  subje<!t.     **Moderri  i  Tcomctry'*  occupies  14  pM^CB* 

and  dirtcuRse^s  brieHy  the  varioiw  i*yHiemi4  of  co-ordinates  whicli  have  been  iiitroduced  mux 

the  C'Eirtt^bn  i^jKteni  wiw  recogniaed.     In  the  Appendix  ( 1^  pp. )  we  hftve  a  hijftoricai  mkmcki 

of  tlie  development  of  the  doctrine  of  Quatemiona  ;  from  wkkh  it  appears  ikat,  tbougii  1^ 

method  hiis  been  elaborated  mainly  ihruugh  the  hibors  of  Sir  Wm.  IL  Hamilton,  the  tfeifdiQl 

the  doctrine  have  germinated  in  many  minds,  stiinulated  by  a  desire  lo  erpUin  n  reeognlied 

(acfU 

Tht  CbfUMJa  Scho^  JottrwiL    24  pp.,  4to :    Fuhliahed  monthly  at  Toronto,  Oinada ;  hit  ft 
Mathematical  Department  edited  by  Alfred  Baker,  M.  A. 


ERMATA. 


On  pa^e  269  [159],  line  21,  for  a  A,  read  cA« 
•*    -      16G,  "      12,  fur  .Ol-fAc^  reftd  .Ui  n    !<**% 


THE  ANALYST. 


A  JOURNAL  OF 


PURE  AND  APPLIED  MATHEMATICS. 


4 


EDITED  AND  PUBLISHED  BT 


J.   E.   HENDRICKS,  A.M. 


VOLUME    VIL 


DE8  MOINES,  IOWA : 

MILLS  A  CO.|   BOOK  AND  JOB  PRINTERS. 

1880. 

3 


ALPHABETICAL  INDEX. 


/ 


PAGE 

A  Fourth  Proportional,  .  .  .128 
A  General  Solution  of  Problem  292,  145 
A  Quasi  proof  of  the  Arithmetical  Mean,  1 50 
Answers  to  Queries  in  No.  4,  .  .  164 
Announcement  of  VoL  VIII,    .  1 99 

Applegate,  Jesse,  ....     128 

Adoock,  R  J.,  ....  22,  189 

Barbour,  Prof:  L.  G.,  ...       17 

Beman,  Prof.  W.  W 116 

Correspondence,  .        .        .        54,  151 

Continuation  of  Note  at  pag^  57,    .  88 

Oirve  of  Pursuit,        ....        89 

Criticisms, 185 

Christie,  Alexander  S.,  .  .  .  185 
Craig,  Dr.  Thomas,         ...  13 

Casey,  Prof.  W.  P 120 

Determination  of  a  Sphere  which  Cuts 

Five  given  Spheres  at  the  Same  Angle,  13 
Demonstration  of  the  Cissoid,  -  -  23 
Determination  of  the  area  of  an  Ellipse 

Geometricallj,  -  -  -  -  72 
De  Forest,  E.  L.,  1,  39,  54,  73,  105,  169 
Extension  of  the  Method  of  Least  Sq's,  22 
Experimental  Determination  of  the 

Formula  for  Probable  Error,  -  189 
Eastwood,  Greorge,        -        -        -  158 

Errata,  -  32,  64,  104,  136,  168,  200 
Formula  for  Force  of  Mortality,  -  54 
Geometrical  Solution  of  Problem  126,  120 
Heal,  William  E.,        ...  53 

Hall,  Prof.  Asaph,  ...  82 

Harvill,  George  H.,  ...       56 

Hyde,  Prof.  E.  W.,  -         137,  157,  177 

Hoover,  William,  -  -  -  -  160 
Introduction  to  Differentiation,      -  152 

Ingalls.  Lieut.  James  M.,  -        89,  117 

Johnson,  Prof.  William  Woolsey,  -  62 

Kummell,  Charles  H.,        84,  145,  160,  191 


PAOK 

Kirkwood,  Prof.  Daniel,        -        -  9 

Ladd,  Miss  Christine,  -  -  -  147 
Mr.  Glaisher^s  Enumeration  of  Primes,  118 
Mechanics  by  Quaternions,  -  137,  177 
Macule  John,        -        -        -  152,  190 

Mathiot  Octaviah,  L.  -  -  -  72 
Note  on  Schulenburg's  Solution  of  the 

Greneral  Equation  of  the  5th  Degree,  53 
New  Demons,  of  the  Binomial  Theorem,  190 
Note  on  the  Computation  of  ^r,        -  55 

On  Unsymmetrical  Adjustments  and 

their  Limits,  -        -        -        -  1 

On  the  Varia'n  of  the  Length  of  the  Day,  9 
On  some  Properties  of  Polyno's,  29,  73,  105 
Origin  of  the  name  Quaternion,        •  52 

On  the  Quadrature  of  Curves  aiid  the 

Cubature  of  Solids  by  Infinite  Series,  47 
On  the  Phenomena  of  the  Tides,  -  154 
On  a  Theorem  in  Probability,        -  169 

Problems,  31,  63,  103,  135,  167,  199 

Public'ns  Re'cd,  32,  64,  104,  136,  168,  200 
Parallel  Chords  in  an  Ellipse,         -  82 

Proof  of  some  Remarkable  Properties 

in  the  Method  of  Least  Squares,  84 

Proof  of  a  Proposition  in  Solid  G^m.  154 
Quaternions,        -        -  11,  33,  65,  121 

Solutions  of  Problems  in  No.  6,  Vol.  VI,  24 

in  No.  1.  58,    in  No.  2,  97,    in  No  3,  132 

in  No.  4.  164,  in  No.  5,  -  -  193 
Solution  of  Special  Case  of  Prob.  288,  115 
Solution  of  a  Prob.  in  Curves  of  Pursuit,  117 
Solution  of  Prob.  292  with  Cond.  Ch'd,  160 
Siverly,  Walter,  ...  -  54 
Scheffer  Prof.  J.  -        ...     55 

Stone,  Ormond,  .  .  .  150,  162 
The  Prunoid  or  Plum  Curve,  .  .  17 
The  Nine-line  Conic,  .  .  .  147 
Trowdridge,  Prof.  David,    ...       47 


THE  ANALYST. 


VII.  January,  1880.  No.  1. 


UN8YMMETRICAL  ADJUSTMENTS,  AND  THEIR  LIMITS. 


BY  £.  L.  D£  FOREST. 

(Ckmiiimed  from  page  VJ(>f  VoL  VI.) 

IE  origin  is  always  at  the  centre  of  parallel  forces,  and  this  is  the  posi- 
of  the  vertex,  or  the  maximum  ordinate,  if  the  curve  is  a  symmetrical 
The  centre  of  forces  for  the  resultant  of  k  applications  of  a  given 
ula  keeps  the  same  position  relatively  to  the  two  ends  of  the  resultant 
ula,  as  the  centre  for  the  given  formula  had  with  reference  to  its  two 
To  prove  this,  let  us  regard  the  coefficients  of  the  given  formula 
ly  as  coefficients  of  powers  of  z  in  the  polynomial 

Go  +ai2+a22»+ +a.z",  (42) 

the  condition 

Oo+«i+----+a,  =  l.  (43) 

lese  parallel  forces  a  being  supposed  to  act  at  right  angles  to  the  axis 
and  at  intervals  equal  to  Ax,  let  h^  denote  the  interval  between  a^  and 
«ntre  of  forces,  in  other  words,  the  lever  arm  of  the  system  about  the 
ion  of  Oq  as  a  fulcrum.  Then  we  have  as  the  condition  of  equilibrium 
e  centre  of  forces, 

6iJa;  =  ao(— Ai)+ai(— Aj  f4a;)+ +a.(— A^+nJa;)  =  0, 

from  this,  with  the  condition  (43),  we  get 

A,  =  (ai  +2a  J  +  . . . .  +na^)iia:,  (44) 

h  is  also  evidently  the  statical  moment  of  the  system  about  the  place 
.  For  two  applications  of  the  given  formula,  the  resultant  coefficients 
be  those  of  the  powers  of  z  in  the  square  of  (42).  To  form  the  square 
rst  multiply  (42)  by  a^,  and  in  this  product,  taking  account  of  the 
ition  (43),  the  moment  of  the  coefficients  about  the  place  of  the  first 
B  a^h^.     Multiplying  next  by  a^z  we  get  a  product  with  the  moment 
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ai{hi  +Jz).     Likewise  multiplying  by  a^s*^  the  moment  for  the  product  is 
a,^{hi'^2Jz),  and  so  on,  the  total  being 

«o^i  +a^{hi  +  Jx)+  . . .  +an{k^+nJx), 
which  by  virtue  of  (43)  and  (44)  is  equal  to  2hif  or  double  the  moment  fiur 
the  original  polynomial  (42).  And  since  the  sum  of  the  coefficients  in  any 
power  of  (42)  will  remain  unity,  2A^  is  the  lever  arm  of  the  square,  or  the 
distance  of  its  centre  of  forces  from  its  first  term.  Likewise  for  the  third 
power,  the  lever  arm  can  be  shown  to  be  Shy^,  and  so  on.  But  to  make  the 
demonstration  general,  let  us  suppose  that  for  the  k  power  of  (42)  we  have 
found  that  the  lever  arm  is  khj^.  Then  in  the  (^  +  l)th  power  the  total 
moment  about  the  place  of  its  first  coefficient  will  be 

aQkh^+ai{khy^-^Jx)+  ...  +aJkhy^+nJx), 
which  by  (43)  and  (44)  reduces  to  (i  +  l)Ai9  and  this  is  the  expression  for 
the  lever  arm.  But  we  have  shown  that  the  lever  arm  is  khi  when  £  =  2, 
therefore  it  is  also  kh^  when  A;  =  3,  £  =  4,  and  so  on;  so  that  always,  the 
lever  arm  of  the  coefficients  in  the  k  power  of  a  polynomial  will  be  k  times 
the  lever  arm  of  the  coefficients  of  the  polynomid.  But  the  whole  interval 
between  the  first  and  last  term  of  .the  k  power  is  k  times  the  interval  be- 
tween the  first  and  last  term  of  the  first  power.  Hence,  as  k  increases,  the 
lever  arm  of  the  product  increases  in  the  same  ratio  as  the  whole  length  of 
the  product  does,  and  the  extremity  of  the  lever  arm,  or  the  centre  of  par- 
allel forces,  divides  the  length  of  the  product  in  a  constant  ratio.  This  is 
exemplified  in  the  simple  case  of  the  expansion  of  (p+g)"*,  or  of  (p  +  jz)*, 
where  p  and  q  are  probabilities  whose  sum  is  unity.  The  centre  of  parallel 
forces  in  the  first  power  of  thisi  binomial,  according  to  (44),  is  at  the  distance 
hi=qJx  measured  from  the  place  of  the  first  coefficient  j:>,  the  whole  length 
of  the  binomial  being  Jx.  In  the  expansion  to  the  mth  power,  the  whole 
length  of  the  expansion  is  mJxy  and  by  the  foregoing  principle,  the  distance 
from  the  first  term  of  the  expansion  to  its  centre  of  parallel  forces  is  mh^ 
=  qmJx.  But  we  already  know  that  this  distance  is  that  of  the  maximoin 
coefficient  in  the  expansion  whenever  ^  is  a  whole  number  (Analtst, 
May  1879,  p.  66),  and  that  this  maximum  forms  the  vertex  of  the  proba- 
bility curve  which  is  the  limit  of  the  series  of  coefficients  when  m  becomeB 
infinite.  If  gm  is  not  a  whole  number,  it  of  course  cannot  denote  the  exact 
rank  of  any  term  in  the  series  of  coefficients,  and  the  rank  of  the  greatest 
term  will  difier  from  it  by  a  fraction.     Formula  (3)  of  the  art.  just  cited  is 

^y  —  (9^ — p)^x — X 
~y  p{x-\-Jx)     ' 

where  y  denotes  any  term,  and  a;  is  its  distance  from  the  first  term.    If  now 
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we  regard  y  as  a  continuously  varying  function  of  x  or  ordinate  to  a  curve, 
and  put  Jy  =  0,  we  get 

X  =  (qm — p)Jar, 

showing  that  the  two  ordinates  whose  ranks  are 


qm  —  p, 


and 


qm—p  +  1, 


always  equal  to  each  other.  The  greatest  term  must  obviously  fall  be- 
en these  two.  The  maximum  ordinate  to  the  curve,  however,  does  not 
in  general  coincide  with  the  gi'eat^t  term  of  the  series,  nor  does  it  have  the 
precise  rank  qm.  To  show  this,  let  us  take  the  general  term  whose  rank 
reckoned  from  the  first  term  is  i^ 


.i,1.2,3.,.(m— i) 


p" 


"»+?«/?-« 


^'      1.2.3, 
"and  apply  Stirling's  formula 

1.2.3.,.m  =  (27r)«m"'+% 
which  giv^  after  reduction 

/(2;r)-->m-^V\/gy 

Neglecting  constant  factors  and  taking  the  Napierian  logarithm,  the  sec- 
ond member  becomes 

/(i)  ^  %  log'(g-4-p)  —  i  log'i  —  Jlog'i— (fn+ i)  log'(m— f)-f»  log'(m— i), 
and  the  value  of  i  which  renders  this  a  maximum  will  render  y^  a  maxi- 
mum.    It  is  given  by  the  condition 

f = '<© +''^<""-)-'"«''+ 2(^ -  A = »• 

When  we  put  %^=^qm^  this  condition  reduces  to  q—p^=Q^  indicating  that 
the  rank  of  the  maximum  ordinate  cannot  be  precisely  qm  unless  p^q-  If 
we  apply  Newion^s  rule  for  finding  a  root  of  an  equation,  we  get  as  the  ap- 
proximate rank  of  the  maximum  ordinate  the  value 

or  when  m  is  very  large 

It  is  true  that  Stirling's  formula  is  exact  only  when  m  is  infinite,  but  it 
aes  very  near  the  truth  when  m  has  any  large  finite  value. 
SiDce  the  distance  from  the  greatest  term  in  the  expansion  of  (p+g)"*  to 
any  other  term  represents  an  error  or  deviation  from  the  most  probable 
value  of  an  observed  ([uantity,  and  since  any  term  in  the  expansion  is  pro- 
portional to  the  number  of  times  which  the  corresponding  error  may  be 
expected  to  occur,  our  demonstration  that  the  greatest  term  is  at  the  centre 


of  parallel  foroeSy  whether  m  be  finite  or  infinite^  provided  that  the  nuk  911 
of  that  centre  is  an  integer,  is  a  proof  that  in  this  case  the  probable  sum  of 
all  the  errors  on  one  side  of  the  most  probable  value,  is  equal  to  the  proba- 
ble sum  of  all  those  on  the  other  side.  But  this  is  the  characteristic  of  the 
arithmetical  mean,  that  the  sum  of  the  deviations  in  excess  of  the  mean  is 
equal  to  the  sum  of  those  in  defect,  or  in  other  words,  that  the  algebraic  som 
of  all  the  deviations  is  zero.  Thus  the  property  which  we  have  demonstra- 
ted gives  support  to  the  assumption,  which  some  writers  have  accepted  as 
an  axiom,  that  in  a  series  of  observed  values  of  a  single  quantity,  when  the 
observations  are  of  equal  weight,  the  most  probable  value  of  the  quantity  is 
the  arithmetical  mean  of  all  the  observed  values.  (Compare  Merriman's 
Least  Squares,  pp.  127  and  196.) 

From  what  we  have  seen  in  connection  with  (19)  and  (20),  it  follows  that 
if  the  conditions  63  =  0,  63  =  0,  . . . .  5»  =  0,  or  what  comes  to  the  sanie 
thing,  b^(Axf  =  0,  h^{Axf  =  0, . . . .  K{Axf  =  0,  are  satisfied  in  the  giv- 
en polynomial  when  63,  63  &c.,  are  estimated  from  the  centre  of  paralM 
forces,  the  same  coudtions  will  be  satisfied  for  the  centre  of  forces  in  the  I 
power.     To  illustrate,  take  the  polynomial 

^i(— 4+302+602*— 5z»), 
whose  centre  of  parallel  forces,  by  (44),  is  at  the  distance 

*^  =  |?(30+2X60-3X5)  =  |  Jx, 

reckoned  from  the  place  of  the  first  coefficient,  being  }  of  the  way  from 
the  30  to  the  60.  For  this  centre  we  have  not  only  h^Ax  -=  0,  but  also  in 
this  instance 

M^)-<^{-4H)'+3o(-|)'H-0'-a(|)'}-o, 
M^^-^{-H)'+30(-i)'+O'-.g)'}-0. 

Now  for  example  let  £  =  3.    The  third  power  of  the  polyDomial  is 

T,Tlj„(-64+1440a;-7920a^-16440x»+122400aj«+317700!r' 

+161700!B«— 51760a;'+4500«»— 126a*), 

and  by  the  forgoing  theorem,  its  centre  of  forces  should  be  at  the  distance 

3(f  Jx)  =  5Jx  from  thf  first  coefficient,  and  therefore  coincident  with  the 

317700.     By  actual  calculation,  we  find  at  this  centre 

^^^^  =  g^^|_64(-5)+1440(-4)-7920(-3)-16440(-2) 
+122400(—1)H-161700(1)—61750(2)+4600(3)— 126(4)  \  =0, 
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'^~  ^fiil"^  -64(— 5)»+1440(— 4)*-7920(-3)»-16440(— 2)* 
+122400(—l)*+161700(l)*—51750(2)*+4500(a)»— 125(4)'  }  =0, 
^J^^J  _64(— 6)»-f  1440(— 4)»-7920{— 3)»— 16440(— 2)* 

+122400{— 1)>+I61700(lf— 51750(2)»+4500(3)»— 125{4)>  }  =0, 
10  that  the  calculation  agrees  with  the  theory. 

Let  us  now  pass  oo  to  consider  another  property.  In  the  polynomial  (42) 
luppose  that  b^i^xf  is  not  zero,  but  has  si^me  other  value.  It  is  required 
\o  find  its  value  for  the  k  power  of  the  polynomial.  Let  us  denote  the  val» 
ties  of  5^  for  the  1st,  2nd,  3rd  &c.,  powers  by  63,  b*^t  62'  *^^**>  ^^^^  '^*  ^^^ 
ever  arms  of  the  several  systems  of  ooeflBcients  about  the  first  or  left  hand 
Coefficients  as  fulcrums  be  A^,  Ag,  h^  &c.  Again,  let  us  suppose  that  the 
coefficients  in  each  of  these  powers  represent  a  system  of  material  points  at* 
Uiched  to  the  axis  of  X  and  rotating  in  the  plane  of  XY  about  the  place  of 
the  left  hand  coefficient  as  an  axis,  and  denote  the  radii  of  gyration  of  the 
grstems  f(»r  the  1st,  2nd,  3rd  Ac.,  powers  by  ^,,  ^3,  ^3  &c.  This  is  merely 
|br  convenience  of  description  and  notation,  since  material  points  or  masses 
^re  positive,  while  some  of  the  coefficients  a  may  be  negative,  a  circum- 
(tanoei  however^  which  makes  no  difference  in  the  analysis.  We  write  then, 
gr  the  first  power, 

■  9l  =  (I'fli  +2'aa  +  . . .  +n'a^){Jx)\  (45) 
^But  from  the  nature  of  62  we  have 

+  (Jx)'(ra,+2^a,+  ..,+n*a,), 
rhenoei  by  virtue  of  (43)  (44)  and  (45), 

b'.iJxY  =  gl-hl  (46) 

kat  for  any  polynomial,  the  value  of  6j(Jx)'  is  the  excess  of  the  square 
the  radius   of  gyration  above  the  square  of  the  lever  arm,  both  being 
ckoned  from  the  left  hand  term  as  an  axis  or  fulcrum.     In  the  second 
bBBT  of  (42)  therefore,  we  shall  have  likewise 

■  b^^[Jxf=gl^hl  (47) 
Hbt  A3  is  equal  to  2A,,  as  already  proved.  To  find  g^,  we  remember 
Sat  the  sum  of  the  coefficients  in  the  square  of  (42)  is  unity,  so  that  the 
boment  of  inertia  of  the  system  about  its  first  term  as  an  axis  is^|,  and  this 
foment  is  equal  to  the  sum  of  the  moments  for  the  portions  of  the  prwluct 
brmed  by  multiplying  (42)  by  a^,  a^^,  a^^  <fcc*r  '^  succession.  We  have  then 


— 6— 

gl  =  ao(l*ai  +2«Oj+  .  • .  +n*a^)(J«)*+Oi[l*Oo+2*ai  +  •  •  •  +(»+l]Mp 
X  ( Jx)*+Oa[5J*Oo  +3*Oi  +  . . .  +(n+2)*a,']{^x)*+  .... 

+a.[n»Oo+(»+l)*«i+(»+2)*o,+  . . .  +(n4  n)*a.](4t)*. 
In  the  last  or  general  term,  the  coefficient  of  a,  {^xf,  by  expansion  of  fte  j 
binomials  in  it,  and  by  virtue  of  (43)  (44)  and  (45)  reduces  to 


•■+^(*i) 


+&)'. 


and  assigning  to  n  the  valaes  0,  1,  2  &c.j  in  suooession,  we  get'  expreasiotf 
for  the  coefficients  oi  a^{Axf^  ai{Jxy  &c,,  and  thus  find 

9i  =  aofl'?+«i[l'(^^)*+2.Ui  Ja;+5r2]+aj[2Va:)*+2.2AiJar+y|] 
+  . . . .  +a^ln\Jx)^+2.nh^Jx+gll 
which  by  means  of  (43),  (44)  and  (45),  reduces  to 

Substituting  this  in  (47)  we  get 

Vi{^xr  =  2{g^,-hl), 
and  comparing  it  with  (46),  we  see  that  the  value  of  b^i^xf  for  the  second 
power  of  the  given  polynomial  is  twice  as  great  as  it  is  for  the  first  power. 
We  might  proceed  to  show  that  for  the  third  power  it  is  three  times  as  grot 
as  for  the  first,  and  so  on.  But  to  make  the  demonstration  general  foriU 
powers,  let  us  suppose  that  for  the  k  power  of  (42)  we  have  found,  as  in  (48), 

i^**=%?+(*-i)A?].  m 

Let  us  write  also,  as  in  (10), 

{a^+a,z+  . . .  +a,«-)*  =  B^+BiZ+B^^+  ...+B^. 

We  have  obviously,  as  in  (43),  (44)  and  (45), 

5o+5i+-Bj+.... +£*,  =  !,  ^ 

h=(B^+2B^+....  +knB^)Jx,  J-  (50) 

g„'  =  [VB^+2*B^+ .  ..:+(knyB^JJxy.  J 

In  the  i+1  power  of  (42)  we  have,  for  the  moment  of  inertia  about  the 
place  of  the  first  term  as  an  axis, 

9hi  =  ao[P5i+2»5,+  . . .  +(fei)»5*.](Jx)'+a,[l'Bo+2*^i+  •••• 
+(A7.+l)»5»,](Jx)»+a,[2«5o+3'5i+ . . .  +{kn+2yBj^-]{Jxn... 
+a.[n»£o+(n+l)*^i+  •  •  •  +(ftn+n)«.B*,](Ja;)*. 
In  the  last  or  general  term,  the  series  is  reducible,  as  before,  by  expan- 
sion of  its  binomials,  and  by  virtue  of  (50),  to 
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ssipitngto  n  the  values  0, 1,  2  &c,,  in  suocession,  we  get  equivalents  for 
i€  series  in  the  first,  second  and  other  terms,  whence 

+  . . . .  +0.  in\Jxf+2.nh^Jx+g2l 
[  By  means  of  (43),  (44)  and  (45),  this  is  reduced  to 

WF^e  know  that  h),-=khi,  and  assigning  to  g^  the  value  in  (4^),  we  iiave 

9hi  =  hi  +  A(i— 1  )A?  +.9?  +2khl, 
id  finally 

ghi  ={k+l)(gl+kk\). 

But  this  expression  may  be  obtained  from  (49)  by  merely  changing  k  lu- 
\  ik+1,  whence  it  appears  that  if  (49)  holds  good  for  any  one  power  of  the 
ven  polynomial,  it  also  holds  good  for  the  next  higher  power.  And  in 
8)  it  was  proved  to  be  true  for  A  s=  2,  therefore  it  is  true  for  k  —  S^  tor 
it=  4,  and  so  on  without  limit. 

I  Xow  as  WBJB  shown  in  (46),  so  here,  we  shall  have  in  the  expanded  k  power 
!  h<^\Jxf^gi-hl, 

{here  h^  =  kh^  and  gi  has  its  value  from  (49),  whenue 

6»'(  Jx)*  =  kg\+l\k-l)k\-k^h\, 
id  finallv 
^  bf(Jx)*  =  ki9\-h\). 

Comparing  this  with  (46)  we  see  that  the  value  o(b^{dxf  for  the  it  pow- 
p  of  the  given  polynomial  is  k  times  as  great  as  it  is  for  the  first  power. 
t  may  be  noticed  that,  according  to  the  mechauical  analogy  which  we  have 
mployed,  the  quantity  b^{Jxf  corresponds  to  tlie  square  of  the  radius  of 
^mtion^  when  the  centre  of  parallel  forces  is  taken  as  an  axis. 

Ab  an  illustration  of  the  foregoing  theorem,  takelhe  polynomial 

there  by  (44)  the  centre  of  parallel  forces  is  at  the  distance 

^kred  from  the  first  coefficient,  and  therefore  one  fourth  of  the  way  from 
^B  to  the  3.     We  have  here 

I  Now  take  for  instanoe  fc  =  4,  and  the  fourth  power  of  the  polynomial  is 

,|^16  +  9<>?+1843'+722*— Ills*— 36z*+462'^^r2rHi*). 
lAooording  to  the  theorem  we  have  established,  the  centre  of  paeallel  for- 
bere  is  at  the  distance  4(JA^)  =  Aa^  1^om  the  first  coefficient,  that  is, 


it  coincides  with  the  96.     Also  we  ought  to  have 

b:\Axy  =  4[-^A»)«]  =  -KA«)*. 
And  bj  actual  computation,  we  find 

6.'XAar)*  =  7iT(Ax)'[16(-l)«+184(l)»+72(2)«-lll(3)»-36(4)' 
+46(5)«-12(6)*+l(7)»]  =-  -i(A«)», 
80  that  the  result  confirms  the  previous  work. 

As  a  further  illustration,  take  the  binomial  p+q  or  p  +  qzy  where  p  and 
q  are  probabilities  whose  sum  is  unity.  As  already  shown,  the  centre  of 
parallel  forces  is  at  the  distance  q^x  measured  from  the  first  coefficient  p. 
We  have  then 

b'^i^xY  =  i/SxYW+qp"^  =  pq{^x)K 

Now  in  the  expansion  of  (p+j)"*  our  theorem  gives 

Since  M<P^(A^)'  is  estimated  from  the  centre  of  parallel  forces,  which  co- 
incides, as  we  have  before  seen,  with  the  greatest  coefficient  or  maximum 
probability,  and  since  it  is  the  sum  of  the  products'  formed  by  multiplying 
each  term  of  the  expansion  into  the  square  of  its  distance  from  the  greatest 
term,  we  see  that  it  is  here  identical  with  €*,  or  the  si^uare  of  the  quadntic 
(mean)  error.     Hence 

^^pqm{t.x)\  (61) 

and  we  have  a  complete  demonstration  of  the  property  which  I  had  origin- 
ally found  only  by  induction  from  a  number  of  particular  cases.  (Analyst, 
May  1879,  p.  71.)  As  was  there  shown,  when  A^  's  lebuoed  to  rfr,  and 
m  is  increased  to  an  infinity  of  the  second  order,  e  still  remains  finite  and 
has  the  well  known  value 

€  =  dx  i/(pqm). 

In  conclusion,  it  may  be  observed  that  the  lever  arm  of  a  system  of  par- 
allel forces,  and  the  radius  of  gyration  of  a  system  of  material  points,  will 
remain  unchanged  when  all  the  forces,  or  the  infinitesimal  masses  of  all  the 
material  points,  are  increased  or  diminished  in  a  constant  ratio.  Any  ra- 
tional and  entire  polynomial  is  equal  to  a  polynomial  the  sum  of  whooe 
coefficients  is  unity,  multiplied  by  a  numerical  factor.  Hence  we  shall 
always  have 

K  =  kh,,  b^$\^xy  =  kb'^i^xY, 

whether  the  condition  (43)  is  fulfilled  or  not. 

Note.—  In  that  portion  of  the  present  paper  which  appeared  in  the  No- 
vember number,  it  ought  perhaps  to  have  been  said  respecting  the  curves 
given  by  equations  (37)  and  (41),  that  the  method  of  int^rating  betweoJ 
the  finite  limits  ±  x^,  instead  of  ±  eo,  is  not  a  very  satidbctory  one^  and 


shoald  be  taken  only  as  provisional,  enabling  us  to  go  on  and  examine  the 
general  properties  of  the  carves.  The  ordinates  beyond  the  limits  Xi  are 
not  zerOy  though  they  may  be  small  enough  to  be  n^lected  without  materi- 
al OTor.  I  think  that  the  decimal  coefficients  in  (41)  are  very  nearly  if  not 
entirely  correct,  but  am  not  so  sure  of  those  in  (37),  because  so  &r  as  we 
can  judge  from  Table  III,  the  values  of  Y  beyond  the  adopted  lower  limit 
—  a?  J  =  —  37  nearly,  will  not  be  very  small.  It  is  to  be  hoped  that  the 
integrals  of  (33)  and  (40)  may  yet  be  evaluated  rigorously  between  the  limits 
d:  o*o,  so  as  to  give  the  constants  of  integration  for  these  curves  in  an  exact 
form,  as  has  been  done  in  the  simpler  and  well  known  case  of  the  probabil- 
ity carve  (31). 

The  last  one  of  the  three  conditions  in  (40)  is  satisfied  necessarily,  because 
the  curve  is  symmetrical  with  respect  to  the  axis  of  F,  and  thus  its  equa- 
tion (41)  shows  only  two  constants  of  integration.  In  all  cases  where  the 
order  n  of  the  general  differential  equation  (28)  is  odd,  the  curve  is  sym- 
metrical, the  alternate  conditions 

^08  /•BB  /•BD 

J      z^ydx  =  0,  J      x^ydx  =  0,  J      x''ydx  =  0,  i&c., 

are  necessarily  satisfied,  and  the  number  of  constants  of  int^ration  to  be 
determined  is  only  ^(n+1). 


ON  IHE  VARIATION  IN  THE  LENGTH  OF  THE  DA  Y. 


BY  PROF£8SOR  DANIEL.  KIRKWOOD. 

If  we  let  m  =  the  mass  of  a  rotating  globe  in  the  process  of  condensation ; 

<    =  its  time  of  rotation ; 

A  =  its  principal  radius  of  gyration ; 

r  =  its  radius,  and 

01  =  its  angular  velocity;  then  the  principle  of  the  preservation 

of  areas  gives  us 

mwh?  =  ^(or^  =  c  =  a  constant. 

5c     1  .  .  ,     , 

.•.  a;  =s  — — .__;  or.  Since  m  is  constant, 

o)  3=  — ;  that  is,  the  angular  velocity  varies  inverse- 
ly as  the  square  of  the  radius. 
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If  now  we  let  <',  r'  and  w'  represent  the  time,  radius  and  angalar  velodtf 
for  any  other  epoch,  we  shall  have 


and 


w  :  w'  ::   t 


9 


or,  the  time  of  rotation  varies  as  the  square  of  the  radius.     This  proportion 
gives  us 

'■='(^)' 

We  may  apply  this  formula  to  determine  what  was  the  length  of  the  day 
when  the  earth's  radius  was  100  miles  greater  than  at  present 

i'  =  23\933(^^y  =  25»^9"29V 
\3966/ 

When  the  radius  was  about  21,500  ms.  the  day  was  equal  to  the  moon's 
period  of  revolution,  so  that,  during  an  indefinite  period,  the  moon  remain- 
ed constantly  on  the  same  meridian.  In  this  estimate  the  moon's  meao 
distance  from  the  earth  is  supposed  to  be  constant  and  the  effect  of  tidal  re- 
tardation is  disregarded.  We  find  in  the  same  manner  that  when  the  radios 
was  about  75,000  miles  the  day  and  the  year  were  equal.  Finally,  if  the 
earth  ever  extended  to  the  moon's  orbit  the  period  of  rotation,  by  the  same 
formula,  was  nearly  ten  years.  So  likewise  when  Mars  filled  the  orbit  of 
Phobos,  his  rotation  period  was  7^.65,  or  24  times  the  orbital  period  of  the 
satellite.  It  is  probable,  however,  that  in  the  gaseous  form  all  parts  of  the 
mass  would  not  rotate  in  the  same  time. 

In  the  case  of  the  earth  or  in  that  of  any  planet  attended  by  satellites, 
the  acceleration  due  to  contraction  would  probably  compensate,  or  more  than 
compensate,  any  tidal  retardation."*"  As  each  of  these  opposing  forces,  how- 
ever, has  evidently  been  variable,  the  determination  of  their  relative  efieds 
is  a  problem  of  great  difficulty. 

[If  it  be  true  that  the  several  planets  of  the  solar  system  were  detached 
from  a  central  rotating  gaseous  mass,  as  is  assumed  in  the  Nebular  Hy- 
pothesis, then  it  appears,  by  application  of  the  above  formula,  that  when 
the  rotating  mass  extended  to  the  orbits  of  the  several  planets  the  angular 
velocity  of  its  equatorial  surface  must  have  been  much  less  than  that  of  its 
central  portion,  so  that  it  is  possible  the  rings,  which  subsequently  formed 
several,  or  all,  of  the  planets,  may  have  been  detached  simultaneously. — Ed.] 


^he  effects  of  the  tidal  retardation  have  been  ably  discussed  hy  Delaonay,  Adama^  G.  H. 
Darwin,  and  others,  but  the  data  are  insufficient  to  justify  any  definite  oondofdoii. 
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QUATERNIONS, 


BY  PROF.  DE  VOLSON  WOOD,  HOBOKEN,  NEW  JEHSEY* 

1.  QtTATERXioNS  IS  a  svstem  of  mathematics  invented  by  Sir  William 
Rowan  Hamilton,  an  Irish  Mathematician,  about  the  year  1843.  He  gave 
to  it  the  above  name  because  it  involves  four  fundamental  arbitrary  units, 
Tix,  Vector,  Tensor,  Verssor  and  Scalar.  These  t«rms  will  be  defined 
hereafter* 

The  system  grew  out  of  an  attempt  to  geometrize  the  imaginaries  of  al- 
gebra^ of  the  form  a  V — 1.  During  the  early  part  of  the  present  oeijtury 
there  were  many  attempts  in  this  direction,  but  most  of  them  amounted  to 
but  little  more  than  suggestions  and  expressions  of  opinion*  There  was, 
however,  one  notable  exception  id  the  labors  of  one  M.  Argand^  a  French 
mathematician,  who,  in  1806,  published  an  essay  on  the  manner  of  repre- 
senting Imaginary  Quantitie.*?,  whase  methods  were  substantially  reproducjed 
by  a  Mr  Warren,  in  England  In  1828,  and  also  during  the  same  year  by 
one  M.  Mourey,  in  Paris.  These  writei-s  produced  some  algebraic  expres- 
sions which  are  substantially  the  same  as  those  used  by  Hamilton— also 
their  modulus  corresponds  with  Hamilton'^i  tensor,  and  their  vet^ser  is  iden- 
tical with  his  versor  (the  former  being  the  French  and  the  latter  the  English 
of  the  same  word}.  Their  method  of  nniltiplying  together  two  directed 
lines  in  a  plane — which  consists  in  multiplying  together  their  modulti  and 
adding  their  versers— is  apparently  the  same  as  Hamilton's.  But  Hamil- 
ton's fundamental  conceptions  of  methods  were  evidently  diflFerent  from 
thoee  of  his  predecessors  and  contemporaries.  Thus,  M.  Argand^s  opera- 
tions for  multiplying  two  direct*!d  lines  were  in  one  plane,  producing  a 
third  line  in  the  same  plane;  but  Hamilton's  method  produces  a  third  line 
perpendicular  to  the  plane  of  the  two  lines,  aud  hence  the  operation  involves 
the  three  rectangular  dimensions  of  space.  It  is  worthy  of  remark,  that  no 
method  of  treating  imaginaries  except  Hamilton's,  grew  to  a  system;  bur 
this,  by  the  hands  of  the  inventor  was  so  developed  tis  to  make  a  complete 
system  of  geometry,  including  its  application  to  trigonometry  and  mechanics, 

One  of  the  earliest  statements  on  record,  in  regard  to  the  geometrical  sig- 
nification ot  the  even  roots  of  negative  numbers,  was  by  Dr*  Wallis  of 
Oxford,  in  his  *Treati8e  of  Algebra*,  published  in  1685;  in  which  he  stata< 
tluit  positive  implies  one  direction  along  a  line,  negative  the  opposite  direc- 
tion along  the  same  line,  but  the  4/— a  cannot  be  found  in  the  line  but 
ttliove  the  line,  it  may  be  in  the  same  plane. 
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Id  the  Philosophical  Transactions  (London)  for  1806  is  a  paper  by  H. 
Abbe'  Bn^,  in  which  the  writer  maintained  that  the  ^Z — 1,  as  a  symbol, 
denoted  perpendicularity — a  view  which  had  been  suggested  by  others,  bat 
no  system  ever  grew  out  of  it. 

The  negatives  and  imaginaries  of  algebra  are  not  considered  as  quantities*; 
they  are,  primarily,  symbols  of  unexecuted  operations,  but  when  they  ap- 
pear in  the  result  of  ai;  analytical  process,  they  are  to  be  interpreted^  and  the 
interpretation  sometimes  leads  to  an  enlargement  of  the  language  of  the 
problem,  and  in  other  cases  to  a  limitation  of  it.  For  instance,  if  the  lao- 
guage  implies  that  the  results  are  to  be  all  positive,  but  a  solution  shows 
that  there  are  several  sets  of  results,  some  of  which  are  positive  and  others 
negative,  it  shows  that  the  language  need  not  be  taken  literally.  Similarly, 
those  conditions  which  would  produce  imaginary  results,  seem  to  limit  the 
problem;  as  for  instance  in  the  equation  to  the  circle,  those  values  of  the 
coordinates  which  give  imaginary  results  do  not  belong  to  the  locus. 

The  positives  and  negatives  of  algebra  are  readily  geometrized,  and  siixx 
certain  real  quantities  may  be  represented  in  forms  involving  imaginarieB, 
it  is  natural  to  seek  a  geometrical  expression  for  them.  Such  is  the  case 
with  Euler^s  formulas — 

X|/— 1  — l/— 1 

2i/(— 1 )  sin  a;  =  e  —e  =  28hx^ 

Xy/—\  —Xx/—l 

2cosa;  =  6  +e  =  2ChXf 

(Shx  and  Chx  being  the  modern  notation)  where  sin  x  and  cos  x  are  real  fiwr 
all  values  of  a;. 

The  ]/ — 1  when  deduced  according  to  Hamilton's  system,  has,  in  that 
system,  a  real  geometrical  signification,  and  can  be  conceived  of  as  definite- 
ly as  an  arc,  or  angle,  or  any  other  geometrical  magnitude;  yet  his  system 
does  not  pretend  to  geometrize  the  V — 1  of  algebra.  It  leaves  that  symbol, 
when  it  is  the  result  of  an  algebraic  operation,  as  imaginary  as  ever,  as  un- 
real as  ever,  as  ungeometrical  as  ever,  and  as  Hamilton  saysf  it  "represents 
no  real  line".  I  have  emphasized  this  fact,  because  we  occasionally  meet 
with  writers  of  recent  date  who  boldly  assert  that  the  j/— 1  of  algebra  is 
real  and  may  be  represented  by  a  geometrical  line;  although  they  are  com- 
pelled to  admit  that  it  is  impossible  to  find  a  quantity  whose  square  is  neg- 
ative. It  is  not  improbable  that  many  have  been  mislead  by  the  identity 
of  the  symbol  \^ — 1  in  the  two  systems,  so  that  while  they  see  its  real  char- 
acter in  quaternions,  they  do  not  understand  why  its  application  is  not 

*Hamilton'8  Lectures  on  Quatemiong,  preface,  p.  '2. 
f  Hamilton^  liCctures,  p.  688. 
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E 


I 


Tcrsal;  but  the  cxpretision  is  the  result  of  very  different  operations  in 

\e  two  systems.     Modern  mathematics  has  given  new  meanings  to  old 

bole,  or,  more  proptTly  speaking,  it  has  used  old  symbols  to  repi*esent 

\ew  idea?,  and  thus  the  same  symb<»l  has  a  double  meaning  — and  in  some 

s  g^veral  meanings.     Thus,  in  algebra,  dx  implies  that  x  is  multiplied 

y  f/,  but  in  4>:ilculus  d  implies  an  o[>eration;  iu  the  expression  cPx,  the  tig- 

ri»  2  may  i'mply  a  Bi^uare  or  a  second  operation;  — 1  in  the  expression  a~^ 

a  reeiproi'al,  but  in  the  ex[>res.sion  sin^^i?  an  inv-erse  fiUK'tion ;  the 

*)  is  used  to  denote  a  decimal  traction,  multiplication,  or  a  fluxion; 

^  0  in  algebra  means  that  fi  ib  zero,  but  in  modern  geometry  it  may  j*ep- 

t  the  equation  of  a  line ;  &c.    Con  .ersely,  the  same  symbol  may  be  put 

different  forms;  thus  we  have 


b 


^?;  (/a:  =  x;  |/— 1  =  (-1) 


&c. 


amihon*9  system  of  quaternions  and  the  imaginaries  of  algebra  have  a 

ion  to  each  other  similar  to  that  lietween    Chemistry  and  Alcljemy. 

he  false  science  of  alchemy  gave  birth  to  the  true  science  of  chemistry^* 

\it  the  latter,  instead  of  solvinji;  the  problem  of  the  former — the  traasmu- 

ion  of  metals  into  gold — shows  it  to  lie  all  the  more  impossible,  and  has 

itered  new  fields  of  inquiry' ;  so  the  iniaginarias  of  algebra  gave  rise  to  the 

p^  system  of  Quaternions,  but  instead  of  geometrizing  the  former  leaves 

Ihem  as  imaginary  as  before  and  enters  its  own  field  of  inquiry  by  develop- 

ng  new  processes  of  analysis. 

As  soon  as  chemistry  was  established  there  was  a  deluge  of  pretenders  in 
iK^ience  who  attempted  to  find  the  philosopher's  stone;  so  after  the  establish- 
leot  of  the  science  of  quaternions,  there  were,  and  still  are,  some  wlio  hold 
all  imaginaries  are  so  only  in  name,  but  are  in  fact  real  quantiti^. 

(To  be  continued.) 


.DETERMINATION  OF  A  SPHERE  WHICH  CUTS  FIVE 
GI VEN  ;SPBERES  A  T  THE  SA ME  ANGLE, 


BY  DR*  THOMAS  CRAIG,  WASHINGTON,  D.  C. 

SNKHAL  Benjamin  Alvord  a  few  days  ago  attract^  my  attention  to  this 
Jem  as  being  one  which  had,  at  one  time,  [>ossessed  a  peculiar  interest 

I.  AnUrvw,  in  tlit^  ninth  eililion  f»f  the  Enr3rrlop.HtliH  liriUtnira,  sajs^  "'Ahhemy  wai?,  we 


fVL}\  the  viokly  but  imuglnnitrt^ 
£fur«  It  tstiitfied  iu  msjoHtjr/' 


1  n  tJiii'v 


iHtrv   li'wl    t** 


puss 
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for  him  on  aocount  of  iia  connection  with  the  large  clafis  of  problems  od 
intersections  and  tangencies  to  Which  he  has  given  so  mach  attentioD,  and 
from  which  he  has  obtained  so  many  valuable  results  bj  the  elegant  prooeB- 
ses  of  synthetic  geometry.  Gren.  Alvord  at  the  same  time  informed  metbt 
he  had  communicated  the  problem  to  the  Analyst,  through  the  agcDcjof 
Marcus  Baker ,  ^^-i  and  that  Mr.  Adcock,  in  the  Sept.  number  of  the  Ak- 
ALYST  for  1877,  had  furnished  the  equations  necessary  for  its*  solution,  bat 
did  not  give  the  solution. 

Having  given  the  necessary  equations,  I  presume  that  Mr.  Adcock  thoagkt 
it  mere  journeyman's  work  to  obtain  from  them  the  required  forms  of  the 
unknown  quantities.  The  following  solution  is  extremely  simple  bat  I 
have  thought  that  it  might  not  be  destitute  of  interest  to  the  readers  of  the 
Analyst  on  account  of  the  symmetry  of  the  expressions  and  the  ease  with 
which  the  eliminations  can  be  performed. 

Call  d  the  angle  of  intersection  and  (x^^yi,  z^),  {x^^  Vsi  23)  &c.«  the  co- 
ordinates ot  the  centers  of  the  given  spheres,  r^,  rj,  r^,  r^^  r^  their  radii, 
p  the  radius  of  the  required  sphere  and  (a,  /9,  y)  the  coordinates  of  its  center, 
then  we  have  by  equating  the  expressions  for  the  distances  between  the  cen- 
ters of  any  one  sphere  and  the  required  sphere,  in  polar  and  rectangobr 
coordinates 

cos  9  =  (^^  -  af+(:y.-^niz.-r)*-r,^-p\  (1) 

where  i  has  the  values  1,  2,  3,  4,  5. 

These  are  the  expressions  given  by  Mr.  Adcock  for  the  determination  of 
the  four  unknown  quantities  (a,  /9,  y,  p) ;  after  these  are  determined  simple 
substitution  will  give  a  value  of  cos  0  for  any  given  system  of  five  spheres. 

For  the  determination  of  (a,  fi,  fy  P)  ^^  ^^^^  ^^  equations 

r,[(Xr«)'+(y-^)'+(^.-r)*-r;-/>»]  =  ri[K-a)*+(y.-^)»+(z.-r)*-r:-/^ 

rs[(»-,-«)'+(y-^)'+(^rr)*-r:-iO*]  =  rSxr'^rMyr^y-\-{zrrr-<-f^ 
r4[(*.-«)*+(y-^)'+(^,-r)*-'-!-/'*]  -  r,[(x-a)'+(yr^)*+(«rr)*-'^-/^ 

r6[(=r,-«)HCv.-^)*+(2,-r)'-r!-i»']  =  r,  \(x^-af+(yr??Mzrr?-<-f\- 

(2) 
Expand  these  expressions  and  for  brevity  write 

r,r,(r,-r,)+rj(a;H-^  +  2j)-ri(;r;+2^+2;)  =  P^ 

•  •  •  • 

'•ir5(r5-ri)+r5(x;+y|+0-ri(a::+y|+<)  =  P^, 
Pi,  Pj  &c.,  being  of  course  determinate  constants.     We  find  now 
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'•«-»-iK«*+^+r'-/»')-2C(rj«i-r,ir,)o+(r2y,-riy,)^+(r,ji,-riij)r]=Pi 
'•»-»-iX«*+^+r'-/'*)-2[(r,«,-ria!,)a+(r,yi-riy8)^+ (r3Zi-ri2,)r]  =  P, 
'•4-*-,){«*+^+r*-/'*)-2[(r4Xi^ia!4)a+(r4yi-riyJ^+{r4Zi-r,Z4)r]=P, 
r.-Ti  )(«*+^+r*-/>*)-2[(rs«,-r,«5)a+(r5yi-riy5)^+(r52,-ri2s)r]  =  P4 

(3) 


Divide  these  through  by  r,- 
D(l  place 


^If  ^z' 


^  i> 


^i,  ^6—^1  respectively 


r,— ri 


=  «i>:H^=«2&«- 


ben  sabtract  the  second  equation  from  the  first,  the  third  from  the  second 
nd  so  on :  by  this  means  we  eliminate  the  quantity 

«*  +  iS*  +  r"  —  / 

nd  in  fact  eliminate  p  altogether  and  have  left  three  equations  containing 
bree  unknown  quantities  a,  fi,  y 
The  result  of  the  first  substitution  is  oT  the  form 

[r;(a?3— a?a)+r^r^(a;i— a;8)+r^r3(a?a--a;^)]a  —  n  _o 

(r3-ri)(r,-ri)  + «^     «»' 

he  terms  in  /9  and  y  are  obtained  bj  merely  changing  x  into  y  and  z  respeo- 
ivelj.     The  next  equations  have  their  first  terms  in  the  forms 

[f;(x4— a;,)+r,f,(gt— gJ+rir^Cgg— g,)>  ,  _  o  _/> 

{r,-ri)(r.-r,)  + «»     ««' 

K(g5— »4)+rif4(gi— g8)+rtrg(g4— a!t)]a  ,  ^  ^  ^^ 

(r4-ri)(rs-ri)  "         ^*     ^*" 

These  equations  can  all  be  given  in  the  determinant  form  as  follows : 


'^if  '8 


'^If 


a  + 


«  + 


a  + 


yi.  yj*  ys 

^  + 

n*  »"i.  '•1 

yi»  ys.  y4 

^  + 

'•1.  »*i»  »"i 

'1>   '4>    '5 

yi>  y4.  ye 
'•1.  '•i»  '•1 


^  + 


^1.   ^11   '•l 


1>   ^8> 


1>  M> 
5^1  J   2:4, 


r={«.-«.)(»-.-^.)K-^.). 

r  =  ($.-«.)(r.-r.)(r,^.), 
r  =  («r«.)(r,-»-.)(r.-r.). 


(4) 

The  coefficients  ofa^  fiyf  are  constants  and  of  course  can  be  readily  com- 
utedy  for  any  particular  case,  by  merely  expanding  these  determinants ;  the 
ime  is  true  of  the  quantities  on  the  right  hand  side  of  the  equations,  they 
re  constants  and  readily  computed.  Call  the  values  of  the  determinants 
I  the  first  second  and  third  equations,  respectively, 


^8, 


—16— 


and  denote  the  second  members  of  the  equations  by 

A.       ^2,      ^8, 

respectively,  then  these  are 

^ga  +  B^^  +  c,r  =  -D8; 
Mrriting  for  brevity  J  =  the  determinants  of  the  coefficients  A,  B,  C,  i.  t, 


J  = 


we  have  by  direct  solution 


^  =  : 


^="J 


b" 
b" 

1" 

§ 

^8. 

^8, 

(^8 

^1. 

^.. 

^1 

C. 

d;, 

4 

c„ 

i?8, 

^8 

I » 


^ 


c 


8> 


'8> 


D, 


(«) 


Nothing  in  the  second  members  of  these  equations  but  known  qoantitieB, 
therefore  the  center  of  the  sphere  is  determined.  In  order  to  find  the  radi- 
us />,  it  is  only  necessary  to  substitute  these  values  of  a,  ^,  7^  in  any  one. of 
equations  (2),  and  solve  the  result  for  /o'.     In  fact  we  have 


r^—r. 


r  = 

'2  ""'1 

The  position  of  the  center  and  the  radius  of  the  required  sphere  are  now 
found.  If  it  is  desired  to  find  at  what  angle  the  sphere  intersects  the  five 
given  oneSy  the  quantities  a,  ^,  y  and  p  must  be  substituted  in  equation  (1) 
and  the  result  will  be  the  cosine  of  the  required  angle. 

It  is  worth  while  to  observe  that  the  coefficients  of  a,  fi,  y  in  the  preced- 
ing linear  equations  are  all  derived  from  the  same  determinant,  are  in  &c( 
second  minors  of 


29 


8> 
^8, 


P4> 


Vu  y2i   y^f  y^y  ys 


'If 

'u 


'29 
^1> 


"8? 
^1. 


'A9 

^1. 


This  consideration  would  enable  us  to  replace  A,  B^  C  by  certain  second 
difierential  coefficients  of  V,  but  it  is  not  necessary  to  go  into  that. 
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THE  PRUNOID  OR  PLUM  CURVE. 


BY  PROFESSOR  L-  G.  BARBOUR,  RICHMOND,  KENTUCKT, 

In  a  former  number  of  the  Anai.Y8T  (p,  111^  Vol.  VI)  I  had  occasion 
to  discuss  the  Polar  Equation, 

m  4-  cosfl 

Making  m  >  1,  we  found  as  a  result  what  was  called  the  Curve  of  Capture. 
At  the  time,  I  did  not  intend  to  refer  to  this  equation  again,  but  some 
results  of  further  consideratiou  seem  to  me  worthy  the  attention  of  mathe- 
maticians. 

I.  Let  m  =  1 ;  then  p  =^  oo  for  every  value  of  d  except  180^,  and  we 
have  a  circle  of  in&nite  radius  for  all  values  of  d  other  than  180*^,  For 
^  =  180°  /?  ^O-hO,  i.  e.,  is  indeterminate.  The  true  value,  howevei',  is  ea- 
sily obtained : 


m  —  1 


P  —   —T ^  ^   ^  =   rt*    This  eives  an  isolated  point. 

^  m'-   1         m+1         2  ^  ^ 

II.     A   much  more  remarkable  result  emerges  by  taking  m<l.     In 
drawing  the  curve  it  is  necessary  to  observe  the  signs  closely.     For  a  par- 
ticular case,  take  m  =  i.     Let  #  =  0;  then  is 
_  m+cosff  _      1.5 


P  = 


—  .75 
Lay  off  BA  =  2  in.  to  the  leR  of  5. 

**    tf  =  180^";       **     f>  =  £C=      |. 

••   9  =  270^  ;      "     /i  =  ££  =  —  f, 

«    8  =  360^  :       ''     ff  ^  BA  =  —2. 

For  all  values  of  6  between  0"^  and 

90^  we  get  points  of  the  curve  between  A 

and  F;  and  for  all  values  between  270*^' 

and  360°,  we  get  points  between  E  and 

A,     Let   us  now  determine  the  points 

JBand  Gon  FBGC. 


=  —% 


At  B,p  = 


m+cosfl 


=  0;  ,*.  wi  =  .5  =  — ooetf;  r.  0=120^.     Desig- 


nating by  G  the  highest  point  between  B  and  Q  let  fall  ON  perpendicular 
to  AB.     GN  is  a  maximum,  OB  =  p.     ON  =  /t) sin  Z  OBN  =  p  sin  d. 


Creocnil 


iising  we  get  ?^il^^,  gi^  §^  fo^  the  distance  of  the  highest  or  lowest 
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point  of  the  curve  from  the  line  AD;  .*.  m8in9-f-O0698ia<?  =  a  nuudmiim 
or  minimum, .  • .  m  cob  (?  +  cos'fl — biu^O  =  0,     Therefore,  for  m  =?  .6, 

co8*(?  +  .25coB(?  =  .6, 

.  • .  COB  ^  =  .5931  or  —  .8931; 

. ' .  .9-  53^37'  or  147^28'. 
The  former  value  belongs  to  K;  the  latter  to  67.  It  is  evident  that  the 
curve  is  symmetrical  in  reference  to  the  initial  line  AB;  for,  bj  using  neg- 
ative angles,  — 0  for  +0,  we  construct  the  curve  from  A  through  /,  £,  L, 
B  and  fl'to  C,  and  cos  ( —  tf)  =  cos  fl,  always.  Hence  /and  H  are  sym- 
metrical with  K  and  G. 

To  find  the  greatest  and  least  values  of  />  :=^  ?L^^^.  Omit  the  denom- 
inator, and  m  +  COR0  iB  greatest  when  (7  =  0,  viz.,  .6+1  =  1.6;  it  is  least 
algebraically  when  0  —  180°,  viz.,  .5 — 1  =  —  .6,  and  it  is  least  numeri- 
cally when  0  =  120°  or  240°,  viz.,  .5— .5  =  0.  The  successive  points  are 
A,  Cand  the  double  point  B.  The  corresponding  values  of  p  are — 2,  +} 
and  0. 

To  find  the  angles  at  which  the  curve  or  its  tangent  cuts  the  initial  line 
AD.  The  trigonometrical  tangent  of  the  angle  formed  by  a  tangent  line  to 
the  curve  and  the  radius  vector  to  the  point  of  contact  is 

pd0  _  m  +  cosg 
dp  — sin  0 

This  becomes  infinite  only  when  sin  (? =0;  .  • .  for  (?  s=  0°  or  180°,  the  tang- 
ent an  tM;  and  tberefi»re  the  curve  is  perpendicular  to  AD  at  Cand  A,  and 
no  whiM  ebt.  ▲Ia0|  the  tangent  to  the  curve  makes  a  right  angle  with  the 
nditti  Yietor  at  no  other  pointa. 

IV  iftd  tlli  point  whtm  th«  angle  between  the  tangent  line  and  the  ndi- 

UmHtOili^mattK    Let ^  +  «'^<^  ^   Q;  .-.  cosg  =  — ma=  — .5,  .-.g  =^ 
— Bin  0 

lt0^offt4O^    ThiBiBatB. 

1M  tiM  radioB  veetor  start  from  the  position  BA.  The  tangent  line  at  A 
in  it  right  angles  with  the  t.  v.  As  the  r.  v.  revolves  through  K^  F^  if,  to 
M,  thd  angle  increases  fh>m  80°  to  180°.  Setting  out  anew  at  B  and  pro- 
ceeding by  way  of  O  to  C,  the  angle  may  be  conceived  as  b^inning  wiA  V 
and  reaching  90°  again  at  C.  It  then  increases  up  to  180°  or  coincidence 
again  at  the  multiple  point  B ;  and  once  more  setting  out  as  firom  zero,  goes 
back  gradually  to  90°  at  A. 

While  there  are  only  two  points,  A  and  C,  at  which  the  tangent  line  is 
perp.  to  the  r.  v.,  it  is  manifest  that  there  are  two  other  points^  as  X  and 
Mj  the  tangent  line  through  which  is  perpendicular  to  AD. 
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To  find  the  point  M,    DBQ*  = 
line  and  Uie  radius  vector. 


Tang.  BKR  =  —  tang,  BMD'  = 
already  seen  that 

.  tan  BMR  =  —  — ^ — ^^ ;  .  * 


BMR  is  the  angle  between  the  tang. 

RM  prolonged  to  D^  is  perpendicular  to  BJ), 

1  1 


tan  MBD        tanS 
1     cos  d m  +  009  8 


Bat  we  have 


tan  8       sin  0 
2o(Md  =  ^m=^  —  .5,r\oo80  =  —  ,25 ; 
m  +  cm0       .6— .26 


BM^p^ 


Bin  (? 
,  fl  =  104^29'. 

3' 


IVafa,— As  it  is  always  desirable  to  test  our  work,  we  notice  that  at  the 
points  /,  (?,  H  and  Kj  the  tangent  line  is  parallel  to  the  initial  line  AB* 
For  example,  let  TI  be  the  tang,  line  at  i,  and  be  parallel  to  5jD.     Then 

tan  TIB  ^  —  tan  IBP  =  —  tan  ff ; 
E  .         wi  +  costf sin  # 


*,  eos^^H-mooetf^sin*^, 


sin  0  cos  #  ' 

This  is  the  previous  result  over  again. 

There  is  a  neat  test  also  for  the  points  A,  C,  L  and  M,  Let  ua  suppose 
it  undetermined  whether  the  farthest  ]x>int  to  the  left  of  B  is  on  the  initial 
line.     It  might  be,  say,  at  If'.     Draw  WV  perpendicular  to  BA  at  F. 


BV  =  poosO^ 


m  *f  <-'os  ^ 


cos  tf ;  ,  • .  m  cos  fl  +  cos*5  ^  a  maximum. 


,  • .  —  m  fiin  5  —  2  cos  8  sin  8  =  0. 
This  equation  may  be  verified  either  by  sin  ^  —  0,  and  therefore  /?  =  0**  or 
180°,  giving  the  points  A  and  C;  or  by  — m  =  — 2co8  0y . ' .  ooe0a= — .26, 
giving  L  and  M^  as  before* 

mtanqents.-S.  T.  =  (^  ^  ^  (m  +  cosg)'     ^^  g^^  ^^  ^g^, 

a.  t  =  CO.     When  costf=  —  m=  —  .5,  /?^  120^  or  240";  then  s,  t  =  0. 
This  IS  at  -B,  where  the  tangent  and  the  radius  vector  coincide.     The  pro- 
priety of  testing  this  will  appear  in  The  quadrature  of  the  area* 
The  differential  of  the  area  of  a  polar  curve  is  i^oV^; 

m^-h2mcos^+oos'l? 


dA  = 


2(m3— 1)M 


2{m'—lf 


dd: 


m*fl+2msinff +  ^4 


sin 


2d 


2 


+a 


When  9  =  0,  the  area  =  0,  .  • .  C=  0, 


9  =  120%  A  =  ii2jt  +  3  sin  d)  ^  L9736. 
d  =  180*,  ^  ^  f  .  3jr  =  f;r         =  2.0944, 
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The  first  of  these  nreas  is  BAKFM.  The  second  is  BAKFMBOC,  i.  e., 
one  half  of  the  whole  area  and  one  half  of  the  inner  area  BOCM.  Hence 
one  half  of  the  inner  area  is  .1208.     (The  recognized  notation  for  this  is 


^]^oiP*<^9  =  2.0944— C, 


in  which  case  C=  1.9736;  area=.1208.)    The  whole  area  then  is  3.9472, 
and  the  inner  area  is  .2416. 

OubcUure  of  Volume. — Let  any  radius  vector,  as  5P,  be  revolved  aboat 
the  initial  line  AD,  describing  the  surface  of  a  cone.  Then  let  another  ra- 
dius vector  from  £  to  a  point  on  the  curve  indefinitely  near  P,  describe  the 
surface  of  another  cone.  The  volume  between  these  surfaces  will  have  a 
thickness  of  zero  at  B,  and  of  pd0  at  P.  The  base = 27rPQfHW = 2;r/>*sin  Odd, 
and  the  volume  =  J/o27r/>%in  Odd  =  |;r/>'sin  Odd.  For  all  values  of />  from 
0  to  — 2  its  intrinsic  sign  is  minus;  and  we  have  to  integrate  — §;r/o%in  Wtf, 

For  <^  =  90"  cos  0  =  0.  Take  the  volume  here  =  0  and  we  get  C—  0. 
For  e^  O",  oostf  ==  1;  .-.  V  =  -  W=f(J  +  f  +  i  +  i)  =  -  W«. 
The  minus  sign  indicates  that  this  volume  is  to  the  left  of  a  plane  passing 
through  EF  perpendicular  to  AB. 

Fortf  =  120«,costf~i;  .-.  V=- li^7r{-^+^^^+^)=^. 
The  plus  sign  shows  that  this  volume  is  on  the  right  of  the  aforesaid  plane. 
The  arithmetical  sum  of  these  two  volumes  is  the  entire  volume  described  by 
AFMBf  and  is  =  2;r  =  vol.  of  a  cylinder  whose  altitude,  and  the  diameter 
of  whose  base,  =  2  =  AB.  Like  the  cylinder,  its  volume  =  f  of  a  sphere 
whose  diameter  is  AB. 

Interior  Volume. — By  this  I  mean  the  vol,  described  hj  BOC.  We  in- 
t^rate  between  the  limits  0  =  120*,  cos^=— J  and  »  =  18(y,  costf=— 1. 


'coe=  — 1  _      _2^__2^ 
coe  =  -}  81  81* 


Hence  the  interior  vol.  lies  wholly  on  the  left  of  EBF,  and  is  equal  to 
the  button-shaped  vol.  described  by  BMF. 

Moreover,  each  of  these  two  volumes  is  equal  to  the  vol.  of  a  cone  whose 
altitude  is  £C  or  BF,  i.  e.,  },  and  the  diameter  of  whose  base  is  the  same; 
and  the  sum  of  the  two  volumes  is  equal  to  that  of  a  sphere  whose  diameter 
equals  BC  or  BF;  so  that  the  three  round  bodies  are  severally  represented. 
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Test, — The  following  test  is  subjoioed  partly  to  certify  the  reader  of  the 
accuracy  of  the  work  thus  far,  and  partly  to  present  a  neat  method  of  iDte* 
graiioD  which  chanoes  to  oflFer  itself.     Resume  the  formulae 

m  +  QOB0 


dV=  —  i7rfjhinBde, 


m^-1 


DifiFerentiatiug,  sin  6d$  =  —  (m' — l)dp  ^=  Idtf ; 

.  • .  dV=  —\np^dp  ;  .  • .  V=  — |r/?*  +  a 
Pursuing  the  same  plan  as  before,  we  make  V^=0  for  ff  =  90°; 
Hence  the  integnil  is  —  ^7^  +  C;  ,  * ,  C  =  ^?r. 

For  p  =  —  2,  V=  —  2n  +  ^7t  =  —^^ir.     For  0  =  120°,  P  =  0\ 


p=—i. 


r=  e  = 


Forl?=  \m\p=  +  f  ; 


y^-i^iz  + 


TT" 


T  =  a 


The  former  of  these,  — ^^tt,  is  the  interior  volume,  and  tlie  latter  is  the 
small  exterior  volume  on  the  right  of  the  plane  passing  through  EBF. 

The  singular  resemblance  of  this  curve  to  a  section  of  peach  or  plum  in- 
clusive of  the  seed  suggests  the  name  of  Prunoid  or  Plum  Curve. 

Note* — Looking  though  Haddon's  "Examples  and  Solutions  in  Diff. 
Calc."  (Weale's  Series),  I  find  two  curves  which  may  be  regarded  as  partic- 
ular cases  of  the  Prunoid. 

One,  which  he  calls  the  Trisectrix,  has  for  its  equation,  r=  a(2eos^d:l). 

In  the  equation  of  the  Prunoid,  I  originally  introduced  the  constant  a, 
but  afterward  for  simplicity's  sake  treated  it  as  unity.  But  as  Haddon  em- 
ploys it,  I  restore  this  oonstant  and  write  the  equation  of  the  Prunoid, 

iw+cosd' 

Let  m  =?  j  and  a  ^  fa' ;  also  let  the  sign  of  w?  be  minus,  then 

r^a'(2cas/9±l), 

Haddon 's  second  curve  has  r  ^^  a  cc^  \d.  Here  m  s=  0,  tf  ==  J0'  *  sign  of 
1  is  plus ;  . ' ,  r  ^  a  cos  \6*, 

The  former  of  the^  two  curves  seems,  by  a  remarkable  coincidence,  iden- 
tical with  the  Prunoid  for  7;*  c^  J  as  drawn  and  described  in  the  foregoing 
article,  except  that  the  curve  lies  in  an  opposite  direction.     But  even  this 
discrepancy  can  be  eliminated  by  writing,  as  Haddon  suggests, 
r  ^  d  (2  cos  6  —  1);  also  make  a  =  §. 

For  instance,  Haddon  finds  the  distance  AB  =  3a,  I  get  it — 2a.  He 
^ves  00  aecjount  of  the  origin  of  the  equation  in  the  first  case,  but  in  the 
second  the  equation  grows  out  of  this  problem: 

**Two  points  start  from  the  opposite  extremities  of  the  diameter  of  a 
circle,  and  move  with  uniform  velocity  in  the  same  direction  round  the  cir- 
cumferenoe ;  their  velocities  are  in  the  ratio  of  2  :  L     Determine  the  locus 
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of  the  bisection  of  the  chords  which  join  the  position  of  the  two  points^  and 
find  the  polar  subtangent  of  the  curve/' 

The  curve  lies  in  a  contrary  direction  to  the  figure  in  this  irticlei  and  Ae 
pole  is  at  C     CA  =  2CB ;  therefore  the  curve  is  not  identical  with  can. 

The  equation  of  the  Oardioid  is  r =0(1  +co6  0).  Write  the  Pninoid  thn^ 

^m  +  cosd     Letm  =  landa=:2a';  thena?^±^  =  a'(l+coB*). 
As  its  name  indicates^  the  Cardioid  is  shaped  like  a  heart 


Note  bt  E.  L.  De  Fobest.— Since  the  paper  concluded  at  page  9  bi 
been  in  the  printer's  hands,  I  have  found  that  the  theorems  diere  given  rel- 
ative to  the  lever  arm  and  the  radius  of  gyration,  are  comprehended  under 
two  more  general  ones  which  may  be  bri^y  stated  as  follows. 

If  any  number  of  polynomials  are  multiplied  together,  the  lever  arm  of 
the  coefficients  in  the  product,  about  the  first  one  as  a  fulcram,  is  equal  to 
the  sum  of  the  lever  arms  in  all  the  &ctors;  and  the  square  of  the  radios 
of  gyration  in  the  product,  about  the  centre  of  parallel  forces  as  an  axis,  is 
ei{ual  to  the  sum  of  the  squares  of  the  radii  of  gyration  in  all  the  ficton. 
Proof,  of  these  and  some  other  properties  must  be  res^red  finr  a  fhtoie 
article. 

A  correction  should  be  made  in  the  sentence  at  middle  of  page  8,  whnh 
is  so  worded  as  to  be  not  strictly  true  nor  consistent  with  what  hid  beeo 
said  before. 

The  centre  of  parallel  forces  does  not  precisely  ''coincide"  with  the  great- 
est coefficient  unless  the  rank  qm  of  that  centre  is  a  whole  number.  In  all 
other  cases,  their  positions  diffisr  by  a  fraction  of  the  interval  Ax.  When 
this  diffisrence  exists,  the  quadratic  mean  error  e  is  to  be  obtained  by  reck- 
oning the  distances  of  the  terms  from  the  centre  of  forces,  and  not  from  the 
greatest  term.  The  difference  vanishes  when  m  is  infinite  and  Jb  beoomeB 
dan. 

EXTENSION  OF  THE  METHOD  OF  LEAST  SQ  UAREB 
TO  ANY  NUMBER  OF  VARIABLES. 


BY  B.  J.  ADOOCK,  BOSEVILLE,  ILL. 

Any  point,  line  or  surface  is  in  its  most  probable  position  whoi  the  som 
of  the  squares  of  the  normals  upon  it,  from  the  given  points,  is  a  min- 
imum (Analyst,  Vol.  IV,  p.  184).    That  is,  the  most  probable  position 
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requires  that  the  sum  of  the  squares  of  the  errors  of  the  coordinates,  or  va- 
riables measured,  shall  be  a  minimum*  And  since  the  law  of  errors  in  all 
observations  is  the  same,  which  law  is  given  by  the  equation 

(AifALTST,  p.  61  VoL  V),  where  y  is  the  probability  of  the  error  of 
magnitude  x;  therefore,  universally,  when  the  constants  in  an  equation  or 
eqoatioQB,  of  any  number  of  variables,  are  to  be  determined  from  measured 
Talnes  of  the  variables,  they  must  be  determined  by  the  condition  that  the 
mim  of  the  squares  of  the  errors  of  these  measured  values  shall  be  a  minimum. 


DEMONSTRATION  OF  THE  C18S0ID. 


BY  JAUES  SIMMONS,  JB.,  BELOIT|  WIS. 

The  following  construction  is  founded  on  the  definition  of  the  Cissoid 
given  in  Olney's  General  Geometry  and  Calculus.  CO  is  the  fixed  line,  D 
Ithe  fixed  point,  CED  the  right  angle,  whose  side  CE^DO,  Required  to 
Ifind  the  locus  of  its  middle  point  P, 

With  a  center  0,  and  radios  CP  describe  thc| 
semicircle.     Join  0  and  E^  O  and  F^  A  and  P 
Draw  PHand  FG  parallel  to  CO ;  PI  to  BD,  \ 
and  produce  CE  to  K, 

Since  CEJ  and  DOJ  are  equal  right  angles 
JE  =  JOj  and  the  triangle  OJE  is  isosceles;  .  * . 
JEO  =  JOE;  .'.  PEG  =  DOE;  .  ■ .  OEK  ^ 
EOE,  and  the  triangle  OKE  is  isosceles. 

But  PE=  AO;  . ' .  triangle  AKP  is  isosceleSj 
AP  is  parallel  to  OE,  and  EPO  =  GAP.  Now  since  UI^A  ^  OAF,  FO 
ja  parallel  to  PE  and  OFG  =  PCI  But  since  FO  =  CP,  CIP  and  FGO 
are  equal  right  triangle  and  IP  =  60^  and  the  point  P  describes  the  cis- 
loid  according  to  the  definition. 

To  obtain  the  equation  of  the  cissoid,  make  CE  =  AB  =^  2a;  AII^=x; 
J^H  ^  y.     Then,  from  the  similar  triangles  AHP  and  AOL^  we  get 

X    :    y   i:   a    \    Oh. 

But     Oi=  iCO=-  i[y+Cr(=FG)]  =  H  y+i/[(2a-ir)a?]  \; 
.  • ,  ar :  y  ::  a\\{  y+|/  [(2a— a?>]  \  \ 

a 

which  gives  y^  ^  - — ,  the  equation  of  the  cissoid. 
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SOLUTIONS  OF  PROBLEMS  IN  NUMBER  SIX,  VOL.  FT. 


Solutions  of  problems  in  No.  6,  Vol.  VT,  have  been  received  as  follows; 

From  R.  J.  Adcock,  284,  286  ;  Prof.  W.  P.  Casey,  283 ;  George  East- 
wood, 282,  283,  287;  Prof.  E.  W.  Hyde,  283,  287;  George  H.  Harvill, 
287;  O.  L.  Mathiot,  283;  Prof.  E.  B.  Seitz,  283,  284,  285,  286,  287. 

Prof.  Casey  sent  solutions  of  276,  277  and  280,  in  time  for  the  notice  in 
last  No.,  but  they  were  accidentally  overlooked ;  and  W.  E.  Heal  sent  a 
good  algebraic  solution  of  277  which  was  received  too  late  for  the  notice  in 
last  No. 


281.  No  solution  has  been  received. 

282.  '^Suppose  a  manufacturer  of  textile  fabrics,  who  can  operate  sixty 
looms,  ascertains  by  trial,  (1)  that  when  he  makes  his  weavers  sure  of  a  dol- 
lar a  day  with  constant  work,  then  each  loom,  when  it  runs  a  whole  day, 
will  net  three  dollars;  (2)  that,  from  the  nature  of  the  work  to  be  done,  all 
the  looms  are  never  in  running  order  at  the  same  time;  (3)  that  at  any  time 
it  is  equally  possible  that  one,  two,  or  three,  or  any  number  of  them  may 
be  standing  for  repairs.  Now,  under  these  conditions,  it  is  required  to  as- 
sign the  least  number  of  weavers  to  be  placed  under  permanent  pay,  so  tbat 
the  average  daily  profits  may  be  the  greatest  possible." 

SOLUTION  By  GEORGE  EASTWOOD,  SAXONVILLE,  MASS. 

Represent  the  number  of  weavers  required  by  x  and  the  average  daily 
profits  by  y.     Then, 
If  1  loom  is  out  of  order,  the  profits  are  evidently  3a;, 
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The  sum  of  these  divided  by  60  gives,  for  the  daily  average, 
y  =  uV[3(60  -  x)x  +  ^{x  -  1)0;  -Jf^  +  ^)x'] 
=  MnSx-2x^); 
.'.dy  =  -^d.  (178a;—  2a;2)  =  0, 
which   gives  x  =  J(178)  =  44  +  J;  hence  the  least  number  of  weavers 
to  be  kept  on  permanent  pay  is  44,  and  the  average  daily  profits  of  the 
manufacturer  is  $66,008^. 


—25— 

Tiwtoid  of  60  loomSy  let  there  be  n  looms^  and  let  us  suppose  the  profit 
on  each  loom,  when  it  works  a  whole  day,  to  be  m  times  the  pay  of  the 
weaver.    Then,  x  and  y  being  as  before. 

If  1  loom    is   not  in  working  condition  the  profits  are  mx. 


**  2          looms 
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Summing  and  dividing  by  n,  the  average  profit  will  be 

~      2n    LVm+i       2/       V         m+1^2/  J' 
Thb  is  the  greatest  possible  when 

mn      1 

^  ~  m  +  1         2' 

or  the  integer  nearest  to  this  value  of  a;.    Hence  the  general  value  of  y  is 

m+1/  mn    1\^ 

"aTVm+l       2/   ' 


283.  '^If  from  any  point  in  the  plane  of  a  parallelogram  perpendiculars 
are  let  fall  on  the  diagonal  and  on  the  two  sides  that  contain  this  diagonal, 
the  product  of  the  diagonal  by  its  perpendicular  is  equal  to  the  sum  of  the 
products  of  the  sides  by  their  respective  perpendiculars  if  the  point  falls  out- 
side of  the  parallelogram,  or  to  their  difference  if  it  lies  within  the  parallel- 

Varignon's  Theorem :  Mecanique  Analytique,  Tome  I,  p.  13." 

SOLUTION  BY  PBOP.  W.  P.  CASEY,  SAN  FRANCI800,  CAX. 

Let  ABCD  be  the  parallelogram  ami  0  the  point;  draw  the  perpendicu- 
laiB  Om^  Op,  On)  and  draw  AO, BO,  CO  and  DO.    Through  0  draw  Ox 
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perallel  to  AB^  and  through  x  draw  yz  parallel 
Gr^=  parallelogram  Ax. 
To  each  add  the  parallel- 
ogram Xb,  and  .  •  -  par. 
-42  =  par,  O,  or  triangle 
AxD  =  triangle  DOC*; 
but  triangle  OBx  ^  A 
OAx,  to  each  add  trian- 
gle I>Ox,  and  therefijre 
^BOD^qnad.AxDO 

=  AAxD±^AOD=  ^DOC±d.AODi  that  is,  BDxOm^CDxOp 
±ADx(M.    Q.  KD. 
This  theorem  is  of  great  use  in  the  doctrine  of  statical  momeDts^ 

SOLUTION  (by  quaternions)  BY  PROF.  E.  W,  HYDE,  CIN„  OHTa 

Let  AB  =  ^,  AD  =  a  and  AP  =  p  ; 
then  we  have  at  once 

which  contains  the  prrjof,  since  Uap  =  U^p 
=  U(a-\-lT)p^  and  therefore 

Tap^Tlip  =  T(a+[i)p, 
when  P  IS  outside  the  parallelogram;  and 

Uap  =  —  U^p  =  ±  f/(a+j8)/?, 
and  therefore 

Tap—T^p  =  ±T{a-\-^)p 

when  P  is  inside.     These  tensors  are  the  products  required. 


I 


SOLUTION  BY  O.  L.  MATHIOT,  BALTIMORE,  MARYLAKP. 

Referring  to  the  marginal  diagramj  we  find  from  the  eimilar  trianerles^ 
ADH,  -VJVFand  HRV 

AH.MN 
AD     ' 


MV  = 


RV=  MR^MV  =  Jlf/J_4^^, 

AD.RV _  AD.RM—A H.MN 
DU  DR 


RH^^ 


And  from  the  similar  triangles  HDL,  8HTv(&  find 
RS  -  {DL.RM)^DH, 

AD.  RM—AH.MN—DL.RM 


J3S  =  HB—ES=: 


DH 
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ST{=3IZ)  =  ^ 


DH.H8      AD.RM—AH,MN—DL.RM 


HL 


HL 


uting  for  AD  ita  equivalent,  AL-\-DL  we  have 

,™        AL.RM+DL.RM—AU,MN—DLMM 
MZ  = JJJ-- _, 

.  ••  MZML  =  AL  (=  CH)MM—AHJfN, 
or  AHMN^  CH.RM—HL.MZ; 
which  was  to  be  proved. 

In  a  similar  mauuer  the  prop,  may  be  proved  for  an  external  point. 

[Prof.  Hall  writes,  in  relation  to  this  theorem,  "liagrange  says:  'Varig- 
non  shows,  by  a  very  simple  eonstructioii,  that  in  forming  the  triangles 
which  have  the  diagonal  and  the  two  sides  for  bases,  and  the  given  point 
for  a  commou  summit,  the  triangle  formed  on  the  diagonal  is,  in  the  first 
case,  e<\im\  to  the  sum,  and,  in  the  second  case,  to  the  difference  of  the  two 
triangles  formed  on  the  sides;  that  which  is  in  itself  a  beautiful  theorem  of 
geometry,  independently  of  its  application  to  mechanics/  " 

At  the  risk  of  seeming  tedious  in  the  discussion  of  this  proposition,  we 
l^abmit  the  following  construction  which  presents  a  very  direct  and  easy 
^Method  of  demonstration. 

^B  Let  A  BCD  represent  the  paratlelagram,  and  let  I 
^T  be  either  an  external  or  an  internal  point;  alsoi 
let  E  denote  the  intersection  of  DP,  or  DP  pro- 
duoed|  with  the  side  BCl  Then,  because  the  sum 
of  the  areas  of  the  triangles  ABP  and  CDP  is  half  I 
the  area  of  the  parallelogram,  we  may  easily  prove 
that  the  triangles  BCP  and  AEP  have  equal  areas. 

Now  if  from  the  quadrilateral  DARP  we  take  ] 
tlie  triangle  ABD,  which  is  half  the  parallelogram,  we  have  left  tbe  trian- 
gle BDPf  which  has  for  its  base  the  diagonal  BD  and  for  its  summit  the 
point  P.  And  if  from  the  same  quadrilateral,  DABP,  wc  take  the  triang. 
ADP^:  the  triangle  AEP  (which  difference  or  sum  is  half  the  parallelo- 
gntm),  we  have  left  the  triangles  ABP  ±:  AEP,  which  sum  or  difference  is 
therefore  equal  to  the  triangle  BDP,  But  we  have  shown  that  the  triangle 
AEP  is  equal  to  the  triangl  BCP)  therefore  the  triangle  BDP  is  equal  to 
the  triangle  ABP  =b  the  triangle  £CP,— Ed,] 


284*  "if  J  N  and  P,  Q  are  two  pairs  of  random  points  within  a  circle, 
but  on  opposite  sides  of  a  given  diameter  AB :  find  the  chance  that  the 
gum  of  tlie  squares  of  the  chords  through  Jf,  P  and  N^  Q  is  less  than  the 
aqoare  of  tlie  diameter/' 
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SOLUTION  BY  PROF,  E.  B*  SErTZ,  KTRKSVn.LE,  MO. 

Let  CD  and  EF  be  the  chords  through  3f,  P\ 
aod  Nf  Qy  intersecting  AB  m  R  and  *S,  and  0\ 
the  center  of  the  circle.  Draw  OH  and  0K\ 
perpendicular  to  CD  and  EF. 

Now  the  sum  of  the  squares  of  CD  and  EF\ 
is  leaa  than  the  square  of  AB^  if  the  sum  of  x\\v 
angles  COD  and  EOF  is  less  than  two  right! 
angl^. 

Let  0^=r,  BM=w,  IiC=w\  RP  =  x,  RD  =  x\  SN  =  y, 
=  f$  SQ  =  z,  SF=z',  ICOH  =  8,  lEOK^tp^  /.BOB=^,\ 
I  SDK  ^  /ju    Then  we  have 

w?'  =  r(sin  fl  +  cos  ^  tan  ^^'), 
x^  =  r(8iD  ff  —  cos  0  tan  tft)^ 
y'  =-  r(sin  y?  H-  cos  jp  tan  ju), 
2'  =  r(sin  (p  — ^  cos  p  tan  //). 

An  element  of  surface  at  M  is  r  sin  ddS  dw;  at  P,  {w  +  st)d^  dx;  Bi. 
r(Bm  ipdf  dy\  and  at  Q,  (y+2)  c?;^  di.  The  limits  of  <?  are  0  and  \n\  off, 
0  and  ^K — 0*,  of  i/ff  — 8  and  8  and  doubled;  of /^,  — 0  and  0,  and  doubled; 
of  w,  0  and  w' ;  of  x,  0  and  x^ ;  of  y,  0  and  y' ;  and  of  «,  0  and  «'. 

Hence,  since  the  whole  number  of  ways  the  four  points  can  be  taken  is 
-^TT^T^y  the  required  chance  is 

P==i\PT'T  r     r  r  r    r  rsme^r^n.df 

X  d^fdfi  dw  (M7+a?)rfa;  dy  (y +t)« 

"=  ^Jo'' Jo''   f-0 i\ f  1-^'^ 8ec»i/0(l— eosV ^f^) 8m*<?sinV 

^  —4- J      J        (^ — s"*^  ^  ^<^  5)(y?— sin  ^  cos  y )  sin'fl  sinY  dO  df 
^  ^J*""  (;r— 2<?— sin  20)\8~Bm  0  cos  tf)  sin^fl  dd 


-^  +  ^- 


320 


285.    "If  E{€j  x)  denote  the  length  of  an  elliptic  arc,  semi  major  axis  1 
ty  and  eccentricity  e;  prove,  without  tlie  aid  of  the  Integral  Calculus,  thi 
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SOLUTION  BY  PBOFE8SOR  8EITZ. 

Let  Cil  =  o  =  1,  CB  =  b,  CM  =  x,  PM  =  y, 

are  BP  =  JS(e,  x),  Pp  =  dE{e,  x),  np=dx,  /  PTM 
=  Ppn  =  <?.     Now  by  Analytical  geometry  we  have 


and  dMf^  x)=^Becti  dx  —  dx^  f   ~    ,  j 


2S6,     "Three  points  are  taken  at  random  in  a  given  circle,  and  a  circle 
^drawn  through  them.  What  is  the  probability  that  the  circle  tliroogh  the 
dim  points  will  be  wholly  in  the  given  circle?"  • 

8l)LUTION  BY  B,  J.'ADCJOCK,  R06ETILLE,  ILL, 

Let  m  represent  the  number  of  points  on  a  nnit  of  surface,  then  is 
ftmr*  ^=  the  number  of  points  on  a  circle,  radius  r,  and 
jAwV^  =•   "         '*       ot  positions  of  thee  |)oints  on  circle,  radian  r; 
27rr  ^m  =   "        "       of  points  on  the  circumference  2;rr 

==   "         "      of  positions  of  two  points  on  circumf,  and  at  a 
eonstaut  distance  from  each  other. 
'*       of  pOBitioDS  of  two  points  on  the  circumf. ; 
"       **         "         of  three  points  on  circumf* 
"       *'         **         wholly  in  the  given  circle,  which 
a  circle  of  radiua  x,  can  have.     Hence 

Sji^m?  ^'m.{r  —  a?)V  =  the  number  of  positions  which  three  points  can 
have  on  the  circle  r  and  at  the  same  time  on  the  circumference  of  the  with- 
in circle  of  radius  x.    Therefore 

=  the  number  of  positions  of  three  points,  on  circle  r,  through  each  of 
which  poeitioDS  a  within  circle  may  be  passed.     Therefore 

^*  -^     =  —  ^  the  required  probability^ 
[Mr.  Seit£  has  furnished  a  very  e]al)orate  solation  of  this  problem  and 


4;rVm=  " 
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obtains  for  the  required  probability  p  =  f-  We  have  not  examined,  criti' 
cally,  either  solution,  and  cannot  say  whether  the  discrepancy  in  the  resalte 
arises  from  error  in  reduction  or  error  in  logic.  If  it  shall  be  found  that 
there  is  error  in  the  logic  of  the  foregoing  solution^  we  will  publish  Mr. 
Seitz's  solution  in  No,  2.— Ed.] 


287.  "A  ladder^  40  feet  long,  stands  upright  against  a  vertical  wall, 
on  a  horizontal  plane.  A  boy  ascends  the  ladder,  at  a  uniform  rate^  and 
at  the  same  time  the  foot  of  the  ladder  slides  out  horizontally  at  the  same 
uniform  rate.     How  long  is  the  boy^s  path  ?" 

SOLUTION  BY  QEOBGE  EASTWOOD,  SAXONVILLE,  MA83, 

In  the  annexed  diagram,  let  -45  =  a  represent  I 
the  ladder  and  P  the  p(jsitii>n  of  the  boy  at  any  J 
time.    Join  OP  and  draw  AD  perpend  icutar  to  it.  I 

Put  OP  =  rand    lBOP=e.     Then,  since 
AD  bisects  OP  (because  j40  =  ^iP,  as  per  quest.)  I 
the  10AD=  lBOP  =  e;  r .  AO  =  a cos2d,  and  OP  =  r  =  20lh 
,  • ,  r  =3  2a  sin  0  cos  2S,  the  polar  equation  of  the  curve* 

To  find  its  length  :  We  have 

^  =  r*- 

=  2a(l— 12  sin'tf +44  sin'fl— 32  am»tf>"* 
=  2a(l—  6sin*(?+  48m*^+  8  8in*<?+...) 

Whence  »  =  2aJ'(l— 6  8in'#+4  ein'fl+S  8in«^+  .,.)de 

=  2a[2»+  ...  —  cos  (sin  ff + f  sin^tf +|  sia'A  +...)], 
in  which  the  limits  of  d  are  0  and  45°. 
The  area  of  the  curve  =  .0694o'. 

[Prof.   Hyde  solves  this  problem  also  by  quaternions  and  obtaiDH  (cA 
Scalar  equation  to  the  curve 

^4_  %f,iSa(t—AlS^ap  =0; 
from  which  he  deduces  the  Cartesian  equation, 

(a?+y»)»— 2/x(aJ+y')  +  4te'  =  0. 
Mr.  Harvill  finds  the  rectangular  equation 

(y*+a;*)'  =  2ax{^ — ar*),  and  tJie  polar  equation 
r  ==  2o  V2.(8in  8  coe'^— sin'flcoel?),— Ed.] 


+ 


S)']^ 


fi88«    No  solution  of  this  problem  has  been  reoeived. 


PROBLEMS. 


289*     {Sel£cled)  By  Prof.  M.  X.  Gm^och — In  any  spherical  triangle, 

cot  J.  cot  a-f-cot  J?  cot  6 


show  that 


tanc  = 


cot  a  cot  6— cos  A  cosB' 


290.  Bif  Geo.  LUleij^  A*  M,^  Corning,  Iowa, —  Integrate 

*    dx 

^"71^^—2(22?  4-1)' 

ivhere  <  is  the  Napierian  base  aD<l  n  a  constant. 

291.  By  Prof,  W.  W.  Johnson --If  ABC,  A^B'C  are  two  tcirectiui- 
gtilar  triangles  on  the  surface  of  a  sphere  (the  letters  being  arranged  in  the 
iaverae  order  of  rotation);  show  that 

006  A  A'  =  cos  BB'  cos  CC  —  ooe  B'Ccob  BO. 

292.  By  Chas.  H.  Kummell,  U.  S.  Lake  Survey,  Detroit,  MkK  —  Two 
saxveyor^  measure  a  plane  quadrangular  field,  one  measuring  the  imw  .sides 

WUff  c,  d  with  a  chain  and  the  other,  the  angles  (a6),  {he),  (cd)^  {da)  with  a 
Weodolite.  From  former  experience  it  is  known  that  the  first  is  liable  to  a 
probable  error  of  m  inches  per  chain  and  the  other  to  a  probable  error  of  ti" 
per  angle.  Required  the  weights  of  the  linear  and  angular  measurements, 
alfio  conditions  to  be  fulfilletl  by  the  measured  quautitit^  ia  appaoximute 
liBear  form  and  the  analytical  formation  of  the  normal  equatians  for  deter- 
tnining  the  most  probable  corrections  to  the  measured  quantities. 

293-  By  J2,  X  Adcock,  RosevVU,  HI. — Assuming  that  the  surface  of 
the  earth  is  an  ellipsoidal  level  surface,  whose  principal  diameters  are  2a,  26, 
26 1,  the  force  of  gravity  at  their  extremities,  p,  q,  r;  what  then  is  the  fortie 
of  gravity  at  any  other  point  whose  latitude  is  /,  and  longitude,  measured 
firom  the  meridian  of  one  extremity  of  2a,  is  L  ? 

294.  By  Alex.  S.  Christk,  U.  8,  Coawt  Surt\,  Wash.,  D,  a—One  curve 
ftjlls  upon  another;  prove  that  a  series  of  came<l  parallel  curves  envelojie 

series  of  parallel  curves,  or,  involutes  of  the  same  evolute  envelope  invo- 
Intes  of  the  same  evolute. 

296.     By  Professor  HaU. — Given  the  common  astronomical  equations 
tang  {X  —  i2)  =  008 1  tang  u, 
sin  ^  =^  fiin  i    sin  u, 
fljminitf*^  tt,  and  show  in  this  manner  that 

tang  ^  ==  tang  iain  (^  —  O), 
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Mathematical  Tables,  ChUfy  to  Four  FigureSf  First  Series,    By  Jambb  Mll«u  Fxibce,  Uni- 
versity  Professor  of  mathematics  iu  Harvard  Universiiff.    8vo.    43  pp.    Boeton :  Ginn 
and  Heath.    1879. 
This  collection  of  Tables,  consisting  of  table  of  logarithms,  table  of  logarithms  of  boids 
and  differences,  table  of  logarithms  of  circular  functions,  table  of  inverse  drciilar  ftmcdoQa, 
table  of  logarithms  of  hyperbolic  functions,  table  of  natural  sines  and  oodneBi  table  of  nat- 
ural tangents  and  cotangents  and  table  of  natural  secants  and  cosecants,  is  made  spedally 
interesting  and  valuable  by  the  very  full  and  lucid  explanations  of  the  tables,  which  occa- 
py  17  pages  of  the  book. 

Elements  of  the  Differential  Calculus^  with  Examples  and  Applications.    A  Text  Book :  Bj 

W.   E.   Byebly,  Ph.  D.,  Assistant  Professor  of  Mathematics  in  Harvard  UmversUfi. 

258  pp.,  8vo.    Boeton :  Published  by  Ginn  and  Heath.    1879. 

As  we  could  not,  by  a  hasty  review,  do  justice  to  this  very  hadsome  volume,  we  quote  the 

following  paragraph  from  the  Pre&ce,  which  will  sufficiently  indicate  the  character  of  the 

book. 

''Its  peculiarities  are  the  rigorous  use  of  the  Doctrine  of  Limits  as  a  foundation  of  the  sob- 
ject,  and  as  preliminary  to  the  adoption  of  the  more  direct  and  practically  ooavenient  infini- 
tesimal notation  and  nomenclature ;  the  early  introduction  of  a  few  simple  formalas  and 
methods  for  integrating ;  a  rather  elaborate  treatment  of  the  use  of  infiinitesimala  in  pore 
geometry ;  and  the  attempt  to  excite  and  keep  up  the  interest  of  the  student  by  bringing  in 
throughout  the  whole  book,  and  not  merely  at  the  end,  numerous  applicatioiia  to  pncticil 
problems  in  geometry  and  mechanics.^' 

An  Elementary  Treatise  on  the  Differential  OalculuSf  Founded  on  the  Method  of  Bairn  or  FbU' 
ions.    By  John  Minot  Rice,  Professor  of  Mathematics  in  the  U.  S.  ^ooy,  and  Wjujim 
WooLBEY  Johnson,  Professor  ofMathemaiies  in  St.  John*s  CoUeae^AnnapoUt,  Marykmi, 
Beiised  Edition,    8vo.    469  pp.    New  York :  John  Wiley  and  Sons.    1879. 
The  notion  of  rates,  which  lies  at  the  foundation  of  this  treatise,  was  first  brouglii  to  notice 
by  the  authors  in  a  paper  communicated  to  the  Amer.  Acad,  of  Arts  and  Sdenoes  in  1873; 
and  afterward  revised  and  pabli8hed  as  a  pamphlet  in  1875.    The  present  treatiM  contisti  of 
an  exposition  of  the  new  method  of  obtaining  the  differentials  of  functions,  occupying  103  pp. 
Following  this,  we  have,  Evaluation  of  Indeterminate  Forms,  Maxima  and  Minima,  the 
Development  of  functions,  125  pp. ;  Curve  Tracing,  51  pp. ;  Higher  plane  GorveB  and  Appli- 
cation of  the  Diff.  Cal.  to  plane  curves,  125  pp.    The  remaining  55  pp.  are  devoted  to  the 
consideration  of  functions  of  two  or  more  variables. 

It  would  be  RuperfluoiiB  for  us  to  recommend  this  book  to  readers  of  the  AKAiiTerr,  who  tre 
conversant  with  the  many  elegant  solutions,  and  mathematcal  papers,  by  Plot  Johnson  (one 
of  the  authors  of  this  book)  which  wc  have  published ;  we  may  say,  however,  that  upon  tiie 
very  interesting  subject  of  Curve  Tracing  and  the  discussion  of  Higher  Plane  CorreBi  tfaii 
work  will  be  found  especially  interesting. 

ERBATA. 


On  page  188  (Vol.  VI),  line  15,  for  5(hri2»,  read  5(hr22«-f-|/(10). 

II      u  u  tt  u     20     "  "  **  "  "      " 

"    "       "  "  •'    20,'  "  389.3  days,  read  383.6  day^ 

"    "        3,  line  11,  for  ^  read  ^  . 

"    "       5,    "    23,for2a,H-...  +  a„  read  2a,-|-...+na». 
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QUATERNIONS. 


BY   PROF.    DE   VOUSON   WOOD,   HOBOKEN,   NEW  JERSEY, 

(Continued  front  page  13.) 

Hamilton  sought  to  establish  a  system  which  would,  at  the  outset, 
a  clear  interpretation  to  the  square  roots  of  negatives  without  introdu- 
cing considerations  so  expressly  geometrical  as  those  which  involve  the  idea 
of  an  angle,  and  was  thus  lead  to  consider  Algebra  as  the  Science  of  Pure 
Tike  ;  an  essay  upon  which  he  read  before  the  Royal  Irish  Academy  in  the 
year  1843.*  From  this  as  a  starting  point  he  proceeded  by  a  logical  pro* 
cess  to  the  establishment  of  his  new  system.f  But  Hamilton,  like  many 
other  inventoi-s,  was  not  fortunate  in  the  popular  presentation  of  his  sys- 
tem. His  lectures  upon  the  subject — delivered  in  Trinity  College,  Dublin,  in 
1848  and  subsequent  years — were,  in  1853,  published  in  book  form  of  736 
pages  ;t  but  the  style  is  so  peculiar,  being  diffuse  and  hesitating  as  if  he  la- 
bared  to  make  his  readers  understand,  and  the  arrangement  being  such  as 
to  separate  parts  of  essential  principles,  that,  probably,  comparatively  few 
of  its  readers,  without  other  aids^  have  mastered  its  principles.  Still  the 
work  IB  remarkably  thorough,  and  remains  a  monument  to  the  genius  of  the 
'man.  As  these  articles  are  designed  for  those  who  have  little  or  no  knowl- 
edge of  the  subject^  we  shall  seek  the  most  direct  and  simple  manner  of 
Explaining  its  principles.  Frequent  references  will  be  made  to  Hamilton's 
fLectures,  for  the  convenience  of  those  who  have  aooess  to  that  work  and 
who  may  desire  to  compare  results  and  processes. 

3-     The  system  may  be  developed  from  the  two  following  lemmas,  here 
stated  in  the  form  of  postulates: — 


♦PSroceedingB  of  the  Royal  Irish  Academy,  VoL  XVH  Part  TI,  pp.  293-422. 
JHAOulton's  Lectured^  Preface,  p.  2.  XNow  out  of  print 
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1. — Let  it  be  granted^  that  the  relations  between  the  sides  of  a  plane 
triangle^  represented  in  length  and  direction  respectively  by  the  letters  a,  ^, 
Tf  may  be  expressed  by  the  equation 

«  =  i9  +  r.  (1) 

2. — Let  it  be  granted  that^  if  three  mutually  perpendicular  lines  ber^ 
resented  respectively  by  ai,  bjy  i,— where  f,^,  i,  are  each  unify  in  length— 
the  operation  of  turning  ai  about  ^  as  an  axis  through  a  quadrant  to  coin- 
cide in  direction  with  j  and  comparing  the  length  of  hj  with  ai^  may  be 
represented  by  the  equation 

a  at 

Developing  these  equations  according  to  the  laws  involved  in  the  respect- 
ive propositions^  and  introducing  from  time  to  time  suitable  notation  for 
expressing  certain  operations^  we  may  build  up  the  entire  system  of  Quir 
temions.  And,  in  order  to  make  it  practical,  it  will  only  be  neceseary  to 
interpret  the  results  in  accordance  with  the  fundamental  principles  und  the 
signification  of  the  notation  employed.  This  method  was  recognized  as  a 
correct  logical  process  by  Hamilton  ;"*"  but  as  it  is  very  arbitrary,  we  prefer 
to  show  in  what  sense  the  lemmas  may  be  true. 

4.  Let  the  reader  imagine  that  he  travels  three  miles  due  south,  thence 
northwesterly  five  miles  reaching  a  point  four  miles  due  west  of  the  start- 
ing point.  Let  8  represent  one  mile  in  a  due  southerly  direction  {N.  W)^ 
one  mile  in  the  northwesterly  direction,  and  W  one  mile  due  west.  Then 
the  operation  of  traveling  may  be  expressed  thus, 

the  result  of  which — in  r^rd  to  the  initial  and  terminal  positions—is  the 
same  as  if  one  traveled  due  west  four  miles,  or  4  W.  Hence,  in  r^ard  to 
these  positions,  we  may  write 

4Tr=3S+5(JV^.Tr). 
This  equation  is  not  algebraic,  though  its  form  appears  to  be  such;  for 
the  letters  TT,  &c.,  represent  both  length  and  direction.  The  entire  dis- 
tance traveled  in  one  case  is  eight  miles,  and  in  the  other  four  miles;  which 
distances  are  unequal.  Still,  there  is  equality  in  the  sense  that  each  mem- 
ber represents  the  remli  of  two  independent  operations.  The  addition  in 
the  second  member  is  not  algebraic,  since,  in  algebra,  two  quantities  having 
incongruous  units  cannot  be  added,  but  addition  here  implies  a  succeeding 
similar  operation — one  followed  by  another  step. 

^Lectures,  p.  38. 
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5.  In  a  similar  manner,  if  the  length  and  direction  of  | 
AB  be  represented  bj  ;-,  which  direction  may  be  parallel 
to  Borne  fixed  line  in  space^  and  need  have  no  reference  to  I 
the  points  of  the  compass;  and  similarly  ^  represent  CA 
and  a,  CB;  then  may  the  ix>sition  o{ B  in  reference  to  CI 
be  represented  in  the  same  manner  by  the  equation 

a  =  i?  +  r* 
An  extension  of  this  principle  gives,  for  the  relation  between  two  adja- 
cent angles  of  a  polygon,  the  equation 

The  signs  =  and  -p  as  here  used  have  a  broader  meaning  than  in  algebra, 
bat  they  include  their  full  signification  as  used  in  that  science. 

6.  A  Vector  literally  implies  a  tmnsferenoe  of  a  point  a  given  distance 
in  a  given  direction. f  Vectors  which  have  the  same  direction  are  parallel.l 
Parallel  vectors  whose  lengths  are  equal  are  said  to  be  equal ;  and  if  their 
lengths  are  unequal  they  are  multiples  of  each  other.  Thus  one  of  the 
parallel  sides  of  a  trapezoid  is  a  multiple  vector  of  the  other.  If  the 
length  of  a  vector  be  unity,  it  is  called  a  unit  vector,  A  vector  being  posi- 
tive in  one  direction,  will  be  negative  in  the  opposite  direction.**  The 
positive  sign  of  a  vector  may  lie  fixed  arbitrarily,  but  being  fixed  it  must 
retain  that  sign  in  that  direction  throughout  any  particular  discussion-  Co- 
initial  vectors  are  such  as  radiate  from  one  point. 

If,  in  the  triangle  ABC,  the  transference  be  from  B  completely  round 
the  triangle  and  positive  right-handed,  we  have 

r  +  ^  +  a^  o.tt 

If  poettve  left-handed,  we  have 

«  +  i9  +  r  =  0, 

or,  passing  around  right-handed, 

—  r  — /9-«  =  0; 

which  18  the  same  as  the  preceding  with  the  signs  changed. 

7.  The  coMMUTAxrvE  principle  consists  in  interchanging  the  terms. 
Thus  in  the  triangle  ^JSC— vectors  positive  left-handed — we  have,  begin- 
ning at  ^,  T'  +  fl  +  /9  =  0, 

and  beginning  atQ  ^  +  f  +  (a=:0. 

Hence  the  terms  may  be  interchanged  as  in  algebra. 

•Lcacttircs,  pp.  29,  30,  44.  f  Ibid.  p.  16.  ♦*Ibid.  p.  5L  ttlbid.  p.  144. 

iJSttsmt  BOthon!  of  elementary  geometry  define  pamllel  lines  as  those  which  ha^e  the  mme 
HbectioDf  and  thongh  it  is  strictly  correct,  and  possibly  the  best  definition  erer  giTen^  yet, 
^bcrknoe  with  beginneiB  Bhowi  that  it  is  not  the  nuwt  elementary. 
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8.  The  associative  principle  consists  in  combining  the  terms  in  dif- 
fenat  groapa,  thus 

(a  +  ^)  +  r  =  «  +  (^  +  r)  =  («  +  r)  +  A 

which  is  the  same  as  in  algebra.* 

9.  A  Tensor  is  a  numerical  factor  by  which  a  vector  is  multiplied.t 
Thus,  in  the  expressions  6a,  — c^,  Sy,  the  factors  6,  — c,  and  3,  are  tenson. 
A  tensor  is  sometimes  denoted  by  the  letter  T,  thus,  in  the  preceding  ex- 
pressions Ja=6,  Tp  =  — c,  TV  =  3.  If  a  be  a  unit  vector,  and  aj=  ba  be 

the  entire  vector  then  we  have 

«!  =  Ta{a). 

10.  The  law  of  signs  in  relation  to  the  transposition  of  terms  is  the  same 
as  in  algebra^  For  in  the  triangle  ABC,  if  we  have,  as  given  in  eq'n  (1), 
the  position  of  B  in  reference  to  C> 

«  =  i9  +  r, 

then  for  A  in  reference  to  C,  we  have 

or,  of  A  in  reference  to  B, 

—  y  =  -a  +  P;t 
which  results  may  be  obtained  from  (1)  by  the  transposition  of  terms. 

11.  Co-planar  vectors  are  such  as  are  in  one  plane/  Any  three  co-pla- 
nar vectors  which  give  the  relation 

aa  +  b^  +  cr  =  0, 

will  form  a  closed  triangle.  For,  constructing  a  plane  triangle  the  lengths 
of  whose  sides  are  the  lengths  respectively  of  aa,  bfi,  cj'  (or  if  a,  ^8, ;',  be 
unit-vectors,  then  the  lengths  will  be  a,  6,  c,  respectively)  the  triangle  may 
be  placed  in  such  a  position  that  its  sides  will  be  parallel  to  the  respective 
vectors. 

12.  If  as  the  result  of  analysis  we  have 

ItL+   Ip  =  0, 

then  must  Ha  =  0,  and  Sfi  =  0. 

For  la  is  typical  of  a  set  of  parallel  vectors,  and  in  a  developed  form  may 
be  represented  by  ma+na+fa+&c.;  and  similarly  2'j8  ==  p^  +  3i9  +  Ac> 
another  set  of  parallel  vectors;  and  since  two  vectors  cannot  enclose  a  space, 
or,  more  generally,  since  two  vectors  not  parallel  have  no  common  unit, 
each  must  be  zero  in  order  that  their  sum  shall  be  zero. 

This  may  be  illustrated  by  a  familiar  example.  Thus,  if  one  travels 
north  and  south,  different  distances  at  different  times;  also  east  and  west  in 

♦Lecturea,  pp.  102, 103.    f  Ibid.  pp.  57,  87,  88, 114.    t  Ibid.  pp.  30, 101, 102. 
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a  similar  manner,  he  will  not  end  his  journey  at  the  starting  point  iid1(«8  the 
of  the  north  and  south  distances  be  zero,  and  the  sura  of  the  east  and 

0 

distances,  also  zeroj  and  if  these  separately  are  zero  his  terminal  posi- 
tion  will  coincide  with  the  initial,  and  the  resultant  of  all  the  distances  will 
hf  zero, 

13.  The  principles  now  established  are  sufficient  for  the  solution  of  a 
large  class  of  problems.  OperatioDs  under  equation  (1)  are  called  the  Addi* 
lion  and  Subtraction  of  vectors. 

Applications. 

1 — If  the  cxjrrespondlng  sides  of  two  triangles  are  proportional,  the  tri- 
angles are  similar. 

Let  ABC  and  FEC  be  two  triangles  in  which  we 
have 

AB  _BC^AC 
IE      EC      BC 


then  will  the  corresponding  angles  be  equal  and  hence 
the  triangles  will  be  similar.     One  side  CE  of  one 
triangle  may  be  made  to  coincide  in  direction  with 
the  side  CB  of  the  other.     Let  the  lengths  of  the  sides  h^  CE  =  I,  EF  = 
in,  FC  =  n,  CB  =  a?,  BA  ==  y,  AC=^z\  and  the  unit- vectors  of  the  cor- 
responding sides  a,  ^,  y^  o^f  9,  €;  observing  that  the  unit-vector  for  CB  is 
the  same  as  for  CE. 
The  triangle  CEF  gives 

la  +  m^  +  nx  =  0, 

and  CBAf  xa  -\-  yS  +ze  =  0. 

Eliminating  a  gives 

soni^  —  tfli  +  xnj-  —  zU  =^0* 

Bat  the  sides  being  proportional,  we  have 

-  =  —  =  '-  or  a?ro  ^  vL  and  xn  ^  zli 
X       y        z*  ^  ■ 

which  reduces  the  former  equation  to 

y{li-fi)^z(r-€)  =  0. 

The  relation  of  y  to  z  is  fixed  by  the  condition  of  the  problem,  and  ^  and 
f  are  known ;  hence  the  equation  can  be  satisfied  only  by  making  8  ^  ^ 
and  e  =  J';  hence  BA  must  be  parallel  to  EF  and  CA  to  CF,  and  henoe 
Z  CEF^  I  CBA,  and  /  CFE  =  Z  CAB.  In  the  figure  CA  coincides 
with  CFf  but,  according  to  the  analysis,  it  is  only  necessary  that  the  sides 
l>e  paxmlleL 

2. — To  find  the  centre  of  gravity  of  four  equal  particles  situated  any- 
where in  apace. 
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Let  A,  B,  E,  D,  represent  the  position 
of  the  particles.  The  centre  of  gravity  of 
thoee  at  A  and  B  will  be  at  M,  the  middle 
point  of  the  line  AB.  Similarly,  the  centre 
of  gravity  of  D  and  £  will  be  at  N,  the 
middle  point  of  /)£*.  Joining  M  and  N, 
the  centre  of  gravity  of  all  the  particles  will 
be  at  C,  the  middle  point  of  MN. 

To  find  the  position  of  this  point,  take  any  point  O  as  the  origin  of  vp«^ 
tors,  and  draw  the  vectors  OA  =  a,  OB  =  fi,  OE  =  y,  OD  =  ^,  and  0\ 
—  fi.    Then  as  vectors  OA  +  AB  =  OB, 

a  -i-.AB  =  ^; 
.  • .  AB  =  /3  —  a, 
AM=^(fi  —  a). 
DN=l{r-3). 
ON^OD+  DN, 

OM  =  \{a  +  ^). 
0N+  NM=  OM, 

NM^OM—ON', 

JVC=i(a  +  ^-r-^. 

OC=ON-{-  NC, 

that  is,  the  vector  to  the  centre  of  gravity  is  the  mean  of  all  the  veetois 
This  point  is  also  called  the  mean  point  of  the  polygon  formed  by  joinin 
the  several  particles,*  It  will  he  observed  that  the  mode  of  solution  i 
sists  in  reaching  a  point  by  two  independent  routes*  The  partiele8»  are  not 
confined  to  one  plane,  and  the  quadrilateral  ^-B£i^  formed  by  joining  the 
particles,  may  be  a  warped  surtace.  An  interpretation  of  the  last  result 
shows  that — If  a  polygon  be  formed,  beginning  at  the  origin,  whose  8uoo»- 
sive  sides  are  equal  and  parallel  to  the  respective  vectors  and  the  closing 
Bide  be  divided  into  the  same  number  of  equal  parts  as  there  are  pardclea, 
the  centre  of  gravity  will  be  at  the  first  point  of  division  fbom  the  origin. 

(To  be  continued.) 


or 

and 

Similarly, 

Also 
or,  substituting  for  DN^ 
reduciug, 

Similarlyi 

Also, 
or 
substituting, 

hence 

Finally, 
or 
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ON  SOME  PROPERTIES  OF  POLYNOMIALS. 


BY   E.   L.   DE   FOREST,    M,    A*,   WATERTOWN,   OONN, 

It  was  shown  by  me  in  the  Analyst  for  Sept,  1879,  that  if  a  single  se- 
of  equidistant  terms,  unlimited  in  lengthy  such  as 

•  •  •  .  t*.3,    tt_i,    Uq,    Uj,    1*2,    Mj,  *  -  *  ., 

i  adjusted  by  an  unsymmetrical  formula,  for  example 

+Liu_i  H-L2U_a  +LaU_3+L4t*_4,  (I) 

thus  affording  the  adjuBted  terms 

•  ,  •  .  tt  _3,  u  ^if  n  0  II  ji  it  J,  II  gi  .  • .  ,| 
10  such  manner  that 

I  u\  =  ku^+li  tia+fg  ti3   +^3  u  4+/^  Wg 

^^^B  tt'j  =  ^otij+^i  tij+Za  ti4   +ij  U5   +^4  Uq 

^^f  +Ljtti+Latto   +L5ti,i+L4U_,^, 

^  Ac.,  <&C,,  &€., 

Sa  if  this  new  series  is  adjusted  again  by  another  unsymmetrical  formula^ 
for  example 

«o  =  L^u\+L^u\  +X2«'2-^X^ittLi+X_a«L5,  (2) 

the  repeated  adjustment  thus  obtained  is  equivalent  to  one  adjustment  of 
the  original  series  by  a  resultant  formula  in  which  the  adjusted  term  w"  is 
expressed  in  linear  terms  of  Uq,  Up  tij,  &«.,  the  coefficients  of  these  last 
being  sums  of  products  of  i  and  /.  For  instanccj  the  term  tij  enters  the 
fesultant  formula  with  the  coefficient 

L_^l^+L_^l^  +  L,t^+L,l,^L^l,.  (3) 

Let  us  look  a  little  more  closely  at  the  w^ay  in  which  this  hapi)ens.  In 
«'-!,  w'-i?  ^'ot^'if  ^'a?  ^'f  ^^^  ^^^  ^a  enters  with  the  coefficieots  l^^  l^, 
'a?  'i>  'a>  ^^'i  respectively.  In  w'J  the  terms  t*'-^,  '^'-u  ^'o>  ^'i»  ^^2*  ^^' 
ter  with  the  coefficients  i-^,  L^^  i^,  i^,  i^,  respect! vely.  Hence,  u^ 
enters  into  iIq  through  ti'.j,  u'_,,  u'^,  u'j,  and  ti'^  with  the  coefficients 
L-^l^f  L^il^^  L^l^^  L^l^  and  L^Iq  respectively,  the  sum  of  the  sub-indices 
of  the  L  and  I  in  each  of  these  coefficients  being  2,  the  sub-index  of  ?fj. 
The  total  influence  of  u^  upon  Ug  is  proportioned  to  the  sum  of  all  these 
cx)efficients  as  seen  in  (3). 

Thus  the  resultant  of  two  adjustments  by  any  given  component  formulas 
limikr  to  (1)  and  (2),  no  matter  how  many  terms  they  may  contain^  will  be  a 
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fonnala  in  which  any  term  Ur  of  the  original  series  enters  with  a  coefficient 
made  up  of  the  sum  of  all  the  products  which  can  be  formed  by  multiply- 
ing the  L  into  the  I  in  such  manner  that  the  sum  of  their  sub-indices  shall 
be  r.  And  since  it  makes  no  difference  whether  we  multiply  an  L  into  an 
Z^  or  an  Z  into  an  L,  the  resultant  formula  will  be  unchanged  if  we  suppose 
the  order  of  the  operations  to  be  reversed^  so  that  the  series  is  adjusted  first 
by  (2)  and  then  by  (1). 

This  mode  of  combining  the  coefficients  L  and  I  is  precisely  the  same  as 
that  which  occurs  when  we  multiply  together  the  two  polynomials 

where  the  indices  of  z  are  the  same  as  the  sub-  indices  of  I  and  L,  and  the 
same  also  as  those  of  u  in  (1)  and  (2).  In  the  product^  any  power  of  z,  for 
example  s?,  will  have  for  its  coefficient  the  sum  of  all  those  products  of  X 
and  I  which  have  the  sum  of  their  sub-indices  equal  to  2,  the  index  of  the 
power  of  z  under  consideration.  So  too  if  we  increase  all  the  indices  of  z 
in  the  first  factor  by  any  number,  for  instance  4,  and  likewise  increase  all 
those  of  the  second  factor  by  any  number,  for  instance  2,  the  product  will 
be  unchanged,  except  that  all  the  indices  of  2  in  it  will  be  increased  by  4+ 
2  =  6.  The  coefficient  of  z^"*"®,  for  instance,  will  be  formed  by  those  same 
combinations  of  L  with  I  which  formed  the  coefficient  of  2*  in  the  previous 
case.  Thus  we  establish  the  proposition,  that  any  two  component  formulas 
of  adjustment 

no  matter  which  is  used  first,  are  equivalent  to  a  single  resultant  formulai 
whose  coefficients  are  the  same  and  in  the  same  order  as  those  of  the  powers 
of  z  in  the  product  of  the  polynomials 

The  resultant  cofficients  of  UQyU^jU^,  &c.,  are  the  same  as  those  of  ^1 
-gm-M+i  ^  2i*+*+2  ,  &c.,  respectively.  The  whole  number  of  terms  in  the  re- 
sultant is  2{m+n)+l. 

Combinations  analogous  to  these  are  found  to  arise  in  the  repeated  adjust- 
ment of  a  double  series,  or  table  of  values  of  a  function  of  two  variables. 
The  terms  of  the  series  are  supposed  to  be  arranged  in  rectangular  form,  as 
in  (6),  and  each  of  them  has  two  sub-indices,  the  first  denoting  its  rank  in 
the  horizontal  direction,  reckoned  from  an  initial  term  Uq,  q,  and  the  second 


(<) 
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«-l.  1 

«0.« 

«1.J 

«».« 

«-l.l 

«0.  1 

«1.1 

»a.  1 

«-1.0 

«0.  0 

»I.  0 

«».. 

«-t.-I 

«0.-l 

«t.-l 

«».-! 

(«) 


its  rank  in  the  vertical  direction.  The  series  may  be  extended  withont 
limit  in  both  directions.  For  an  investigation  of  some  simple  symmetrical 
formulas  for  the  adjustment  of  such  series,  see  the  Staithsonian  Reports  of 
1871  and  1873,  pp.  321  and  332;  an  error  being  corrected  in  the  Ana- 
lyst, May  ,1877,  p.  84.  We  will  now  consider  the  adjustment  formulas 
in  the  mc»st  general  way,  as  unsymmetrieal,  the  term»  u  having  coefficients 
I  which  may  be  any  numbers,  subject  only  to  the  condition  that  their  alge- 
braic sum  is  unity.  Each  /  will  have  the  same  two  sub-indices  as  the  u  to 
which  it  originally  belongs. 

For  the  sake  of  simplicity^  suppose  that  a  first  adjustment  is  made  by  the 
nine  term  formula 

+  'o.l    ^0.1    +'i 


To  make  the  notation  more  compact,  we  will  designate  any  such  rectan- 
gular formula  by  means  of  the  terms  in  its  four  angles  only,  thus; 


0.  0 


«=L_ 


u. 


-1. 1 


^1. 


Ui_L 


It  ^ves  an  nnlimited  number  of  adjusted  terms, 


(7) 


I. 


u 


1    0 


r=  -Itl lO. 


i"^-^,  «'i.  1  =  r"'  ""<|j^J-^S  Ac,  Ac. 


Let  these  be  adjusted  again  by  another  formula,  for  instance 


» 


0.0  «- 


—  -^-a.  1 


w'_ 


2j-L 


Ulu 


1  ^1, 1 


which  includes  15  terms  in  three  horizontal  rows  or  five  columns.  A  par- 
ticular term  in  the  original  series  (6),  as  u,^  ^  for  instance,  can  only  enter 
into  formula  (8)  through  the  adjusted  values  of  the  nine  terms  which  have 
ttj^  I  in  their  middle,  and  which  we  will  denote  by  their  corner  terms  only, 


w 


'8»  0 
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It  would  enter  through  these  nine  terms  respectively  with  the  nine  ooefi- 
cients 

but  for  the  fact  that  the  first  or  horizontal  sub-index  of  L  in  (8)  nowhen 
exceeds  2,  and  the  second  or  vertical  one  nowhere  exceeds  1.  Thus  the  five 
coefficients  which  contain  L^^  j,  ij,  a»  ^z,  2>  ^z,  i  ^"^  ^8.  o  *^^  *''  ^ 
and  u^,  1  really  enters  (8)  with  only  the  four  remaining  coefficients  from (9), 
its  total  influence  upon  u^^  ^  being  proportioned  to  their  sum 

-^1,  1  ^1.  ©+-''2,  1  ^0,  0+-^l.  0  'l.  l+-^2.  0  ^0.  1- 

In  each  of  these  products  LI  the  sum  of  the  two  horizontal  sub-indices  is  2, 
and  the  sum  of  the  two  vertical  ones  is  1,  being  the  same  as  in  yi,^  ^.  Thus 
it  appears  that  the  resultant  of  any  two  component  formulas  such  as  (7) 
and  (8),  no  matter  how  many  terms  they  may  contain,  will  be  a  formula  in 
which  any  term  u^^ ,  of  the  original  series  enters  with  a  coefficient  made  ap 
of  the  sum  of  all  the  products  which  can  be  formed  by  multiplying  the  L 
into  the  ly  in  such  manner  that  in  each  pntduct  the  sum  of  the  two  horizon- 
tal sub-indices  shall  be  r,  and  the  sum  of  the  two  vertical  ones  shall  be  i. 
And  as  in  the  case  of  a  single  series^  so  here,  the  result  will  be  unchanged 
if  we  reverse  the  order  of  operation,  and  adjust  the  double  series  first  by  (8) 
and  then  by  (7)» 

Now  let  each  u  be  replaced  by  the  product  of  two  variables,  x  and  y,  giv- 
ing to  the  X  an  index  or  exponent  equal  to  the  horizontal  sub-index  of  tt, 
and  to  the  y  an  index  equal  to  the  vertical  sub-index  of  u.  Then  any  two 
adjustment  formulas,  such  as  (7)  and  (8)  for  instance,  will  be  respectivelj 
converted  into  the  polynomials 

^-1,1  a?-\v     |?t.,   xy  J^-2, 1   ^"^y     I  -^2.  1  ^^y  nO) 

If  these  two  are  multiplied  together,  the  coefficient  of  a  term  in  the  pro- 
duct, that  of  x^y  for  example,  will  be  just  the  same  as  that  of  the  corre|X)Dd- 
ing  term  ^2,  i  in  the  resultant  formula  of  adjustment,  for  it  will  be  the 
sum  of  all  those  products  of  the  L  and  I  which  can  be  formed  so  as  to  make 
the  sum  of  the  two  horizontal  or  x  indices  equal  to  2,  and  the  sum  of  the 
two  vertical  or  y  indices  equal  to  I.  If  we  increase  all  the  indices  of  x  and 
y  in  the  first  polynomial  by  any  two  numbers,  for  instance  by  1  and  1  re- 
spectively, and  increase  those  of  the  second  polynomial  by  any  two  numbers, 
for  instance  2  and  1  respectively,  the  product  will  be  unchanged,  except 
that  all  the  indices  of  x  will  be  increased  by  1+2  =  3,  and  all  those  of  Jf 
by  1  +  1  —  2.  This  proposition  then  is  established,  that  any  two  compo- 
nent formulas  of  adjustment^ 
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latter  which  is  used  first,  are  equivalent  to  a  single  resultant  formula 
e  coefficients  are  the  same  and  in  the  same  order  as  those  of  the  pro- 
I  of  the  powers  of  x  and  y  in  the  product  of  the  two  polynomials 


^>**  ^fe»»,fe>^^  (16) 


'km.-km^km.-kn 


le  resultant  coefficients  of  Uq,  09  ^1.  o^  ^1.  i>  ^'9  ^^  respectively  the 
as  those  of 

whole  number  of  terms  in  the  component  formulas  being  respectively 
|-l)(2n+l)  and  (2p4-l){2g+l),  the  whole  number  in  the  resultant  is 

[2(m+p)+l][2(n+7)+l]-  (13) 

follows  from  the  foregoing  that  if  a  double  series  is  adjusted  h  times 
coession  by  a  single  formula 

if  the  equivalent  or  resultant  formula  is  denoted  by 
^e.  0  —  1 ' 

ft-ibn.  -*ii**-*m.  "km 

^efficients  I  will  be  the  same  as  the  coefficients  in  the  expansion  of  tlie 
nomial 

number  of  terms  in  the  expansion  is  (2foii+l)(2in+l). 

was  shown  in  the  Analyst  for  Jan.,  1880,  p.  2,  that  if  the  coefficients 

polynomial  of  one  varia))ley 

■egarded  as  a  system  of  equidistant  parallel  forces  acting  at  right  angles 
le  axis  of  X  taken  as  a  mathematical  lever,  and  if  A|  denotes  the  dis- 
e  from  the  centre  of  parallel  forces  to  the  point  of  application  of  Cq,  or 
;her  words,  the  lever  arm  of  the  system  about  the  place  of  a^  as  a  ful- 
ly then  in  the  k  power  of  this  polynomial  the  le/er  arm  of  the  system 
efficients  about  the  pface  of  the  first  one  as  a  fulcrum  will  be  hh^.  This 
be  proved  in  a  manner  rather  more  simple  and  general,  and  without  in- 
ucing  the  condition 

ii  holds  when  a^,  a,,  &c.,  represent  coefficients  in  a  formula  of  adjust- 
L     Let  any  two  polynomials  in  2  be 
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and  let  the  sams  of  their  ooeffieieDts  be 

^1  =  «o+ai+«a  +  .  . .  +cr«,  1  ^gx 

Regarding  these  as  systems  of  equidistant  parallel  forces,  let  the  lever  anni 
of  the  two  systems  about  the  points  of  application  of  a^  and  c^  be  A^  and  &|, 
respectively,  and  in  each  system  let  Jx  be  the  interval  between  the  consec- 
utive points  of  application  of  the  forces.  The  moments  of  the  two  systems 
about  the  places  of  a^  and  c^  will  be 

^1^1  =  (ai+2aj  +  3a8+  .  .  .  +maJ)Jx,    I  ,.q, 

S^Aj  =  (c,+2cj+3c8+ ... +nc.)Ja?.    f  ^    ' 

When  the  two  polynominls  17  are  multiplied  together,  the  moment  of 
the  coefficients  of  that  part  of  the  product  which  is  due  to  e^  about  the  place 
of  f^^  will  be  cJSihi.  The  moment  of  those  of  the  part  which  is  due  to 
OiZ  will  be 

for  the  part  due  to  e^^  it  will  be 

c^S,{h^  +  2Jx\ 
and  so  on.   Denoting  by  H  the  lever  arm  of  the  whole  system  of  coefficients 
in  the  product,  we  shall  have  for  the  moment  of  this  system  about  the  place 
of  the  first  term  as  a  fulcrum, 
8i8^H=^cJS^hi+c^8^{h^  +  Jx)+c^S^(h^  +  2Jx)+...+c^8^{h^+n^) 

=5iA|l<'o+<5i+  .-.  +cO+5i(cx  +  2cj+  ...+nc^)Jx. 
fiy  (18)  and  (19)  this  reduces  to 

.-.  H^h,+h,,  (20) 

flo  that  the  lever  arm  of  the  coefficients  in  the  product  is  equal  to  the  sum 
of  the  lever  arms  of  th<»se  in  the  two  factors.  From  th's  it  follows  tl  at  if 
any  numl)er  of  polynomials  are  multiplied  together,  the  lever  arm  of  the 
coefficients  in  the  final  product,  al)out  its  first  term  as  a  fulcrum,  is  equal 
to  the  sum  of  the  lever  arms  in  all  the  factors,  about  their  first  terms  as  ful- 
crums.  Hence,  if  the  first  polynomial  in  (17)  is  to  be  raised  to  the  k  power, 
the  lever  arm  of  the  coefficients  in  the  expansion  ef 

(c/o+ai«+Oj2*+  .  .  .  +awO* 
will  be  equal  to  kh^.     Now  the  whole  length  of  the  polynomial  is  mix, 
and  the  whole  length  of  its  expansion  to  the  k  power  is  kmJx.     Thus  it  is 
proved  that  as  k  increases  from  one  integer  to  another,  the  lever  arm  of  the 
product  increases  in  the  same  ratio  as  the  whole  length  of  the  product  doee, 
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so  that  the  extremity  of  the  lever  arm,  or  the  centre  of  parallel  forces, 
divides  the  length  of  the  expanded  polynomial  in  a  constant  ratio.  If  the 
coefficients  are  all  poeitive,  they  may  be  regarded  as  masses  in  a  Rystem  of 
material  points,  and  the  centre  of  iorces  becomes  the  centre  of  gravity. 

Analogous  properties  are  found  to  belong  to  polynomials  of  two  variables, 
whose  terms  are  supposed  to  be  arranged  thus, 

"7     •   •   •  ~j-    •   *  *  ~y"    •   *   •  ~j~    •    •  • 

H-cr^,  %y^      +<^i.  3«y'  +«3.  2^V+  •  •  • 

80  that  the  indices  of  x  and  y  in  any  term  correspond  to  the  rank  of  that 
terra  reckoned  from  the  left  hand  column  and  the  lower  row  respectively. 
Let  any  two  such  polynomials  be  denoted  for  brevity  by 


(21) 


^^^ 


.  xY  I 


a,,,a^f\a„^,x-f' 


c,^,xy\c,^^j/^' 


(22) 


[  that  the  first  one  has  m+1  and  n+1  terms  in  its  rows  and  columns^  re- 
spectively, while  the  second  one  has  p+1  and  9+I.  Let  the  sums  of  their 
ooetficients  be 


8^="^ 


8,^ 


^0*0! 


(23) 


Regarding  these  coefhcients  as  systems  of  equidistant  parallel  forces  act- 
ing upon  the  plane  of  XFat  right  angles  to  it,  let  the  lever  arms  of  the  two 
^sterns  about  the  lower  row  or  axis  of  A"  be  ft j  and  ft^,  and  lei  those  about 
the  left  hand  column  or  axis  of  Fbe  A^  and  h^.  Also  in  each  system  let 
Ax  and  Jy  be  the  intervals  l>etween  consecutive  points  of  appli(*ation  of  the 
forree,  in  the  directions  of  JTand  Y,  In  the  second  system,  let  the  sum  of 
the  coefficients  in  the  first  or  low^r  row  be  ir^,  and  let  the  sums  of  those  in 
the  other  successive  rows  be  «j »  82,  b%^  &c.,  wherefore 

S,  =a';+ij;'4-..,  +<.  (24) 

The  moment  of  the  second  system  about  the  axis  of  JTis 

6',ft,  =  K  +  2«';+  •  ■  ■  +9<')^y-  (25) 

Vhen  the  two  polynomials  (22)  are  multiplied  together,  the  moment  of 
[  coefficients  of  that  part  of  the  prmluct  due  to  the  first  row  in  the  second 
lynomial,  about  the  axis  of  X  or  place  of  the  first  row  in  the  product, 
will  be  «0S|A^*     The  moment  tor  the  part  due  to  the  second  row  wiU  be 

In  the  part  due  to  the  third  row  the  moment  will  be 

«i'5,(A,-f2Jy), 
and  so  en.     Denoting  by  H  and  K  the  lever  arms  of  the  whole  system  of 
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ooef&dentB  in  the  prodaot  alioat  the  axes  of  JTand  F,  we  have  for  the  total 
moment  of  this  pystem  about  the  line  of  its  lower  row  as  a  fulcmm, 

=  8M^'i+a'(+  . . .  +<')+^i(«i+2«'j  +  . . .  +?<My- 
By  (24)  and  (25)  this  redaoes  to 

.'.    H  =  h^  +  Aj,  (26) 

showing  that  the  lever  arm  of  the  coefficients  in  the  product,  about  the  line 
of  its  lower  row^  is  equal  to  the  sum  of  the  lever  arms  of  those  in  the  two 
factors,  about  the  lines  of  their  lower  rows.  From  the  similarity  of  situa- 
tion of  the  axes  of  X  and  Y  with  respect  to  the  rectangular  system  of  coelS- 
cientSy  it  follows  that  we  shall  have  in  like  manner 

K=k^   +  Jfcj.  (27) 

Hence,  if  any  number  of  such  polynomials  in  x  and  y  are  multiplied  together, 
the  lever  arm  of  the  system  of  coefficients  in  the  final  product,  about  the  line 
of  its  lower  row,  is  equal  to  the  sum  of  the  lever  arms  of  the  systems  in  all 
the  factors,  about  the  lines  of  their  lower  rows;  and  likewise  the  lever  arm 
for  the  product,  about  the  line  of  its  lett  hand  column,  is  equal  to  the  sam 
of  the  lever  arms  for  all  the  factors,  about  the  lines  of  their  left  hand  columns. 
Similar  properties  would  evidently  exist  if  the  rotations  were  supposed  to 
be  about  the  line  of  the  upper  row  or  of  the  right  hand  column,  for  the  co- 
efficients in  the  factors  being  arbitrary,  their  positions  may  be  reversed,  and 
those  of  the  product  will  be  reversed  also.  Hence  too,  if  a  single  polyno- 
mial, the  first  one  in  (22)  for  instance,  is  to  be  raised  to  the  k  power,  the  lever 
arms  fiTand  f  of  the  coefficients  in  the  expansion  of 

will  be  equal  to  kh^  and  kk^  respectively.  But  the  length  and  breadth  of 
the  given  polynomial  are  mJx  and  n Jy,  and  the  length  and  breadth  of  its 
expansion  to  the  k  power  will  be  kmJx  and  knJy.  Thus  it  is  proved  that 
as  k  increases  from  one  integer  to  another,  the  lever  arms  of  the  product  in- 
crease in  the  same  ratio  as  the  dimensions  of  the  product  do.  The  centre  of 
parallel  forces  in  each  case  will  be  that  point  in  the  plane  of  XF  whose  dis- 
tancijs  from  the  axes  of  X  and  Y  are  h^  and  k^  for  the  given  polynomial, 
and  kh^  and  kki  for  its  expansion  to  the  k  power,  so  that  as  ifc  is  increased, 
the  position  of  this  centre  of  forces,  relatively  to  the  four  sides  of  the  rectan- 
gle formed  by  the  polynomial,  will  remain  unchanged.  If  the  coefficients 
are  all  positive,  we  may  regard  them  as  masses,  and  the  centre  of  forces  is 

their  centre  of  gravity. 

(To  be  contiiiaed.) 


I 
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ON  TEE  QUADRATURE  OF  CURVES  AND  THE  CUBATDRE 
OF  SOLIDS  B  Y  MEANS  OF  INFINITE  SERIES, 


BY  PROF,  D,  TROW  BRIDGE,  A.  M,,  WATERBUGH,  N.  T. 

We  shall  Deed  the  sum  of  the  series 

P+2'+y  +  . , .  +«'  =  A^n'^^+  , . .  suppose. 
To  find  A^  —  for  the  coefficients  of  the  remainmg  terms  of  the  sum  we 
shall  Dot  Deed, — let  n  =  n+l,  then  we  shall  have 


1^  +  2*  +  . . ,  +n'  +  (n+l)^=  AJn+iy^^  +  .  -  =  (»+!)'  +AX^^  + 
.  • .  n'  +  pn'^^  +  .  • .  =  AJi{n  +  lY^^  —  n^^  ]+...  =  (p+ l)^n'  +  . . . 
Equating  the  coeffieients  of  like  powers  of  n,  we  find 

1 


A,  ^ 


P+r 


Hence  1^+2'+. 


(1) 


Wherever  the  first  member  of  (I)  occurs  in  what  foltuws,  it  is  sufficient 
to  put  in  its  place  the  the  term  given  in  the  second  member  of  (1);  for  we 
shall  always  have  n'"^*  multiplied  by  a:"^^ ,  n  being  infinitely  great  and  x* 
infinitely  small,  and  ru:'=  some  finite  nuantity.  Since  the  remaining  terms 
io  the  second  member  of  (1)  will  contain  the  powers  n',  vf^ ,  <&c*,  and 
these  will  be  multiplied  by  x*^^  >  it  will  be  seen  that 

n^.x^'^^  =  a/  X  finite  quantity  —  0,  and  so  of  the  other  terms. 
I.    The  Circle. 

Let  the  origin  be  at  the  centre  of  the  circle,  and  let  ord-nntes  be  drawn 
perpendicular  to  the  radius  CD  dividing^  the 
quadrant  ACD  into  rectangles  of  infinitely 
small  widths  each  equal  to  z'.  Let  CB  —  2t 
=£  nx\  and  eall  tlie  area  oiACBP  =  ^,  tl*e 
radius  of  the  circle  being  unity.  We  know 
from  Elementary  Geometry  that  the  area  ol 
the  quadrant  ACD  equals  ^z^  n  ==  3,14159..,     It  will  now  be  seen  that 

aince  y,*  =  1— liV^,  n  being  an  integer. 

If  wc  expand  the  radicals  in  the  third  member  of  (2)  and  arrange  the 
terms,  we  shall  have  (1  -|- 1  +  • » •  =•  »*) 

A  =  «'[n-Jx«tl'-4-2»+...+n»Hi!^"(lH2*+...+n*Ki.Tr*'*(l*+2*+..)-] 


3.6  a:» 


(3) 
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If  we  make  «  =  1  =  CDy  we  shall  have 

*''  =  ^-^3-^-2^7  — ••  ^^ 

Now  make  the  angle  ACP  =  Oy  and  we  find 

A  =  Jtf + Jsin  tf  COS  tf  =  i^ +ia:v/(l— «»).    Whence,  by  (3), 

=  '  +  2:3  +  2X6+  2A6T+---  ^^^ 

If  this  series  be  reverted  we  shall  have 

If  we  divide  equation  (6)  by  0^  and  then  make  (7  s=s  0,  we  see  that 

!!£0  =  1.  (7) 

If  we  make  sin  0  =s  dt,z—  1 — y.^-^-^ .. . ,  we  have  cos  tf  =  ^{i—IN) 
■=  1— J^a»-  . . . ,  008  tf— 1  =  —  ji/V— . . . ,  and  (008  tf-  l)-»-tf  =  -}W. 

If  ia  (6)  we  make  d  =  d-\-h,  we  shall  have 
8m{/?+A)  =  8in<?co8A+co8<?8mA=  <?+A-^4i?+rtt^— • 

l.J.O  1.46U.4.0 

If  we  now  subtract  (6)  from  this  equation,  divide  by  h  and  then  make  A= 
Of  we  shall  have 

V      0      /^  0  1.2^1.z.3.4  ' 

or  by  (7)  and  (8), 

-'-■-S  +  rl^— •  '" 

If  <  =  tan  tf,  then  sin  tf  =  a?  =  <  -^- 1/(1  +  0-     If  this  value  of  x  be  put 
in  (6),  and  the  second  member  be  reduced,  we  shall  find 

e=^t-\e  +  ifi-...  (10) 

The  reversion  of  this  will  give  t  in  terms  of  d, 
II.    The  Ellipse. 
The  equation  of  the  ellipse  is 

ayr=ib  V(a"— a:*)  =  a6i/(l^arj),  x  =  ax^.  (11) 

Area  =  a«;[y,+y3+...yJ  =  a6a:\[|/(l-<rJ)+,/(l-4a:f)+...|/(l-n^^^^ 
=  obA  by  (3).    When  a?  =  1,  Eq.  (4),  J  area  of  ellipse  =  \nab.        (12) 
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III-    The  Parabola, 

Let  the  axis  of  the  parabola  be  vertical,  and  also  be  the  axis  of  y,  and  let 
h  be  the  greatest  value  of  y,  a  being  the  greatest  value  of -p-  The  equation 
of  the  curve  will  be 


a?'  =  2p(A— y),  or  y  =  h—^. 
Since  imp'  ^  a,  the  area  of  the  curve  is 

^  2aA  —  *i  ^  ^  4^'*  ^^  I  circunificribing  rectangle. 
IV.    The  Hyperbola. 

Let  SAE  be  ope  branch  of  a  hyperbola, 
CAX  the  axis,  CN  the  asymptote.  If  CD 
=  iF,  EB  parallel  to  CN,  ED^^y,  perpen- 
dicular tc»  CN;  if  a  and  &  are  the  semi-axes^ 
then  we  have 

2xy  =  ab  {15) 

The  area  of  ABDE  =  x\y^  +y^  + , . ,  y.) 
2x] 


(13) 


(14) 


=  JoAa:' 


yhere  ar^  =  CB.     It  is  easy  now  to  find  the  area  of  the  hyperbola- 

V,    The  Sphere. 

To  find  the  surface  of  the  sphere  conceive  it  to 
be  divitleil  by  planes  perpendicular  to  a  diameter 
into  elementary  solids  (frusta  of  cones)  the  thick- 
nesgj  or  height  of  each  being  x\  and  let  the  slant 
height  of  these  be  #|,  ^j,  &c.  Then  the  surlace 
of  a  hemi-sphere  will  be,  y  being  an  ordinate, 

S  =  2n[s,y^  +8^y^  +  ...  +mJ'         (1') 

Let  ABoF  be  one  of  the  elementary  frustums, 


(16) 


AB  =  ab=: «',  aP  =^8,£P  =  y,  CP=  r  =  radius  of  the  sphere.  If  oi 
is  perpendicular  to  Aa  the  two  triangles  abP  and  a^lC  will  be  similar  tsA 
give  fiy  =  rx\    Hence  s^j/i  =  a^yj  = . . .  ^  «;^,  =  ra/.    This  in  (17)  gives 

/8  =  2;rma?' =  2;rraj,  (18) 

where  nx'  =  rr  =  CA.  It  x  =  r,  this  gives  for  the  surfiice  of  the  hemi- 
sphere 2;rr*,  and  of  the  whole  sphere,  4;rr'. 

VI.  The  Pbolate  Spheboid. 

To  find  the  surface  of  the  prolate  spheroid^  conceive  it  divided,  as  in  the 
case  of  the  sphere,  by  planes  perpendicular  to  the  transveilie  axis.  Then 
the  surface  of  a  hemi-sphere  (or  a  part  of  it)  will  be 

S  =  2<«i.yi+«,y,+  ...  +ny.].  (19) 

If  in  the  last  fig.  we  consider  PC  a  normal,  JY,  we  shall  have  «y  e=  Nx^,  and 
8=  27rx'lN^+N^+  . . .  +N.I  (20) 

ButN  =:b  V[l  —  (e^aj'-J-o*)].    Hence 

«=w[V(i^+V('+^)+-+V('-^')]-w 

Suppose  in  the  first  figure  that  CB^^ex-i-a  sss  nex'-i-a  =  sin  (7;  then,  as 
in  Prob.  II, 

We  therefore  have  for  that  portion  of  the  surface  of  the  prolate  spheroid, 
which  is  included  between  two  planes  drawn  perpendicular  to  the  transverse 
axis  of  the  generating  ellipse,  one  through  the  centre  and  the  other  at  the 
distance  x  from  it. 

If  a;  =  a,  surface  of  whole  spheroid  equals 

28'  =  27:ab  f-  sin-^ «  +  |/(  1  —  ««)"1 .  (23) 

VII.  The  Oblate  Spheroid. 

Equation  (20)  will  give  the  surface  of  the  oblate  spheroid  if  we  make  N 
=  ai/[l+(ctVa?*-f-6*)],  and  bh  ==■  aex,  so  that 

S=-%^^[^/(l+,'«)+^(l  +  42'«)+...  +  (24) 

If  the  terms  of  (24)  be  expanded  and  the  result  treated  as  in  Prob.  II, 
we  shall  find,  since  nz'  =  ar, 
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VIII.    The  Logaritrmic  Curve. 

ir  yn  have  y  =  a%  (26) 

of  curve  =  ii  =  it'O,  +y,+  . . .  +y.]  =  x'la"-\-a'"+  . . .  +o~'] 

=  a:'|^n+V(l+2+  ...  +n)+^J*^''(l+4+  ...  +n»)+...^ 

IX.    The  Ellipsoid. 

o  find  the  eolid  cootente  of  the  ellipsoid,  eupjKjee  ^eclionH  loado  by  planes 
perpendicular  to  the  ajtis  of  «,  the  distance  between  the  planes  lieiug  2\ 
'Each  section  will  be  an  ellipse  whose  axes  we  shall  call  2x  and  %.  The 
area  of  a  section  will  then  be  jrxy.  The  solid  contents  of  a  pcrtiou  of  the 
|elUpsoid  will  now  be 

Now  let  two  sections  be  made,  one  passing  through  the  axes  of  x  and  2, 
ftnd  the  other  through  y  and  s,  each  section  will  Ik?  an  ellipse,  giving 

ex  =  01/(0* — «'),  c^  =  by(i^ — z^) 

The  product  of  these  will  be 

<^xy  =  ab{(^ — 2*). 
^JVe  now  have,  since  ni'  ^=  i, 

■  S  =  '^[m^-,«(l+4+  ...n«)]  =  '^(A-0. 

^^f  t  ss  e,  2jS  =  ^nabOf  (32).     This  solution  includes  the  sphere  and  the 
spheroids. 

It  is  easy  to  extend  this  method  to  the  paraboloid,  hyperboloid  of  revo- 
lution, elliptical  paraboloid,  and  a  great  variety  of  other  cases,  but  the 

j  process  is  so  easy  that  we  need  not  work  out  these  cases  here.     We  see  here 
bow  the  Integral  Calculus  sorts  out  the  terms  of  series  which  are  needed  in 

I  the  final  result. 

The  surface  of  the  hyperboloid  of  revolution  can  be  found  without  diffi- 
culty. For  this  case,  N  in  Eq.  (20)  is  equal  to  6|./[(«*ir'^a')-l]  =*|/(2*-1), 
az  =^  ex.     Hence 

S  =  ?^'[,/(a''-l)+/(4z'«-l}+  . . .  +v/(nV'-l)J . 

Bv  using  Prob*  IV,  we  cao  find  this  equal  to 

e  can  also  ^sily  find  the  surface  of  the  paraboloid  of  revolution* 


(29) 

(30) 

(31) 
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ORIGIN  OF  THE  NAME  "  Q  UA  TERNI0N8'\ 


BY  PROP.  W.  W.  JOHNSON^  ANNAPOLIS,  MD. 

Pbof.  Wood  appears  to  have  fiiUen  inadvertently  into  error  in  reforiDg 
the  name  of  Quaternions  to  the  fonr  quantities;  Yectori  Tensor,  Versor, 
Scalar:  See  page  11.  It  appears  from  the  Preface  to  the  '^Lectures"  (see 
page  47),  that  the  four  units  are  the  heterogeneous  quantities  1,  »,  j  and  k, 
of  which  the  first  is  the  real  or  scalar  unit,  and  the  others  correspond  to  three 
mutually  rectangular  directions  in  space.  Hamilton  had  in  fact  foand  that 
expressing  directed  lines  in  the  triplex  form  ix  +jy  +  kZjX,y  and  t  beiog 
real  coefficients,  he  was  able  to  interpret  their  product  as  of  the  form 

w+ix+jy+kz, 
a  quadruplex  quantity,  viz. — the  sum  of  a  number  and  line,  the  latter  being 
perpendicular  to  the  plane  of  the  factor  lines. 

It  seems  to  have  been  a  favorite  conception  of  Hamilton's  to  refer  the  retl 
quantities  of  simple  Algebra  to  the  uni-dimensional  quantity  time,  as  in 
his  Essay  on  Algebra  as  the  Science  of  Pure  Time;  thus  in  the  combinatioii 
of  line  and  number  to  which  his  investigations  led  him,  he  saw  united  the 
one  of  time  and  the  three  of  space,  as  expressed  in  the  sonnet  below,  which 
was  published  after  his  death  in  an  Article  upon  the  life  and  genius  of 
Hamilton,  in  the  North  British  Review. 

Sonnet  by  the 
Inventor  op  Quaternions. 

(Supposed  to  have  been  addressed  to  Sir  John  Herschel.) 

.  The  Tetractys, 
Or  high  Matheis,  with  her  charm  severe 

Of  line  and  number,  was  our  theme;  and  we 

Sought  to  behold  her  unborn  progeny. 
And  thrones  reserved  in  Truth's  celestial  sphere: 
While  views,  before  attained,  became  more  dear; 

And  how  the  One  of  Time,  of  Space  the  Three, 

Might,  in  the  chain  of  Symbol,  girdled  be: 
And  when  my  eager  and  reverted  ear 
Caught  some  &int  echoes  of  an  ancient  strain, 

Some  shadowy  outlines  of  old  thoughts  sublime. 
Gently  he  smiled  to  see,  revived  again. 

In  later  age,  and  occidental  clime, 
A  dimly  traced  Pythagorean  lore, 
A  westward  floating,  mystic  dream  of  fovb. 
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"JOTE  ON  SCHULENBURG'S  SOLUTION  OF  THE  GENERAL 
EQUATION  OF  THE  FIFTH  DEGREE. 


I 


BY  W.  B»  HBALj  WHEELING,  INDIANA. 

ULENBITBO  makes  the  solution  of  the  qaiotic 

opon  that  of  the  sextic 

Analyst,  Vol  IV,  page  60,  Eq.  V.) 
If  from  (1)  and  (4)  of  Eq.  VIII  (Vol.  IV,  pp.  51  and  62)  we  eliminate 
^{a—20d,)  we  find 

**IX.     (1)  Function  a^S  =  0;  thus 

(2)  Function  A>  B.  C  D^N  having  been  formed,  N  must  =  0/' 
I  use  the  letters  g^,  g^,  q^^  q^  instead  of  Ay  B^  C,  D  and  I  write  *'IX, 

{2f  thus;  F{q^,  q^,  q^,  q^)  =  K 

If  we  write  (1)  and  (4)  of  Eq,  ''VIII'*  in  the  form 
a^m*+6im'+ojm^+ctjm+C|  ^  0, 
a2m^+b2fn^+02m^+d^fn+e2  ^  0, 

ud  det-ermine  the  eliminant  ^p^,  p^t  Pe*  Ps)^  (®^  Salmon's  Algebra,  p. 
396),  it  18  readily  seen  that  the  term  afcj  does  not  vanish  and  therefore 
^Pif  P^^PBf  Ps)  <5annot  ^  0.  Or,  in  other  words,  the  equation  A^=  0, 
which  is  assumed  to  be  true  hy  Schulenburg,  is  not  true. 


Note  by  Prop.  Hyde. — In  my  solution  of  Frob*  283,  in  the  Analyst 
for  Jan.  1880,  by  inadvertence,  a  V  was  omitted  from  all  the  equations  af- 
ter the  first  which  makes  the  results  untrue*     It  should  have  been 

Vap+Vfip  V(a+^)p, 
which  contains  the  proof,  since 

UVap  =  UVfip  =  UV{a+^)p, 
(because  a,  fi  and  p  are  coplanar),  and  therefore 

TVap+TV^p  =  TV{a+^)p, 
when  P  is  outside  the  parallelogram;  aud 

UVap  =  —  UVfip  =  ±  UV{a+^)p,  and 
.-.  TVap—TV^p  =  zt  TV(a+fi)p, 
when  P  is  inside.     Theae  tensors  are  the  product  required. 


FORMULA  FOB  FORCE  OF  MORTALITY. 


Editor  Analyst: 

An  essaj  of  mine  on  ^'Methods  of  Interpolation  applicable  to  the  gndn- 
ation  of  irr^ular  series,  such  as  tables  of  mortality,  &cJ\  part  of  whidi 
appeared  in  the  Smithsonian  Report  of  1873,  contained  among  other  tfaiqp, 
at  page  343  of  that  report,  a  demonstration  of  the  formula 

^*  12ys 

where  yi>  ^31  &c.,  are  the  '^numbers  living"  at  any  five  consecutive  birth- 
days, out  of  a  certain  number  of  persons  born,  and  /i^  is  the  '^foroe  of  mor* 
tality'^  at  the  middle  birthday.  The  same  formula  has  since  beoi  puUiahed, 
with  a  different  demonstration  and  notation,  in  an  article  by  Mr.  W.  S.  & 
Woolhouse,  in  the  London  Journal  of  the  Institute  ofAotuaries  and  jMit- 
ranee  Magazine  for  April,  1878,  page  64.  I  wrote  to  the  editor  in  the 
October  following,  stating  my  priority,  and  asking  to  have  it  mentioned  m 
the  Journal.  This  request  has  not  been  complied  with  up  to  July,  1879, 
the  date  of  the  latest  number  I  have  seen.  The  January  1879  number  con- 
tains, at  page  286,  a  laudatory  reference  to  the  formula,  and  the  name  of 
Mr.  Woolhouse  only  is  mentioned  as  its  author.  I  ask  leave  therefore  to 
put  the  facts  on  record,  and  remark  further,  that  a  copy  of  the  Smithsonian 
Report  referred  to  was  sent  to  the  editor  of  the  Journal  in  1876,  so  that  be 
had  no  need  to  be  in  ignorance — if  he  was  ignorant— of  the  existence  of  mj 
work,  in  April,  1878. 

E.  L.  Db  Fobbbt. 
Watertown,  Conn.,  Jan.  8,  1880. 


Correspondence  Relative  to  Problem  286. 

Editor  Analyst: 

Problem  286  was  proposd  some  years  ago,  in  the  EduoaUonal  Times,  and 
discussed  thoroughly.  Mr.  Woolhouse  made  a  solution  the  same  as  that  hj 
Mr.  Adcock.  Stephen  Watson  afterward  made  a  solution  obtaining  the 
result  f ,  which  Mr.  Woolhouse  admitted  was  correct,  and  I  believe  w« 
finally  so  admitted  by  all.  (See  Educational  Times  for  Jan.  1870,  June  ^70 
and  Sept.  '71.     The  solution  of  Prob.  193,  Analyst,  also  solves  this. 

Walter  Siybbly. 

Oil  City,  Pa.,  Dec.  29,  1879. 

[Because,  in  the  denominator  of  the  fraction  which  represents  the  req'd 
probability,  the  points  through  which  the  circles  are  supposed  to  be  drawn 


are  evenly  distributed  over  the  area  of  the  given  circle,  while  in  the  nume- 
rator^ of  the  published  solution,  they  are  represented  by  circumferences  of 
^circles  that  intersect  oneanother,  and  therefore  cannot  be  evenly  distributed 
over  the  given  circle ;  the  terms,  therefore,  of  the  fraction  which  represents 
the  required  probability  in  the  published  solution,  are  non- homogeneous  and 
bence  do  not  necessarily  represent  the  required  result. 

Instead  of  publishing  Mr*  Seitz's  solution,  as  we  promised  in  No.  1,  we 
refer  the  reader  to  the  solution  of  Problem  193  (Vol,  V,  p.  61),  which  can 

ily  be  modified  so  as  to  meet  the  requirements  of  this  problem, — Ed,] 


r 


Note  on  the  Computation  of  tt.    By  Prop.  J.  Schepfer, — Perhaps 
the  most  convenient  way  of  calculating  n  may  be  derived  from  the  develop- 
ment of  sin"^a:  -^  |/(1  —  a?)  into  a  series.     Multiplying  the  well  known 
Eies  of  sin^^x  and  1  h-  ^/(l  —  x^)  together,  the  law  of  the  formation  of  the 
efficients  of  the  asoendiog  powers  of  z  would  not  easily  become  apparent^ 
t  this  difficulty  will  be  obviated  by  the  following  method. 
Putting  (sin-iarf  =  Ar'^Bx*^  C^+D2^+Ex'''-\-  . . . 
bnd  diflerentiating,  we  obtain : 

2sm'^X'r'y{l—st^)  =  2Ax-\'4Bx^+ea^+SDx'+lOEx^+  . , 
Multiplying  (2)  by  V(l — sc*),  aod  ^ain  differentiating, 
24-  i'(l— x*)  =  (2A+3AB:x^+o.eat*+7.SDa^+9A0Ei^+  .•.  )l/(l— ar*) 
■■k  —  (2Ax+4B:i^+&a^+SDx'-^10Mx^+,.,)x-^y\l~x^). 

^^ftultiplying  this  equation  by  the  radical,  and  com  paring  the  coefficients 
of  the  same  powers  of  ar,  we  find  lor  the  coefficients  the  following  values: 


m 


(2) 


^  -  ^*  ^=a:4'  ^  -  o^  -  3X5:6 


^ 


^=778*^=  3X7.8' "•*• 


e  may  present  these  coefficicDts  in  anotlier  form,  viz. ; 
2 


A  =  hS  = 


1   p_2.4     1    „_  2.4.6 
2'^~3.5':i'  .3.6.7 


1    p  ^  2^4.6.8 
4'  .3.5.7:9 


5' 


pU'. 


V 


betitutiog  in  (2)  we  get 
sin"'* ,2 


_-^    2.4^     2.4.6   ,2.4.6.8  ^ 


(3) 


Um' 


=y'^T/(l+/)i  ^^"  *®  8in""'a:sssin~*[y-^|^''{l-hy*;],aod(3)  l^ecomes 
*        l+y'L       -nl+W     S-SVl+y*/      3.5.7 Vl+W  ^  ■■•J" 


Since  Jjt  ^  tan~*i+t8n~*  j,  we  have 
iri+2/2N  2.4/2  N'' 
loL      SVW     3.5V10/ 


2.46/2 


10 


loL 


1+ 


2/1 


(k) 


3\ioy '  3, 


+ 


2.4/ 1\«     2.4.6/ 1\3  -] 

alio;  +3:5:7 Iw  ^--J- 


3.5.7  \  10 


To  find  x  and  y, 
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Solution  OF  Problem  120.    (See  Vol.  Ill,  p.  132.) 
Eiiiior  Anaiyst: 

Aa  yoQ  requested  me  to  examine  Prob*  120  under  the  suppositioo  that  it 
should  have  been  written 

Given    I  "^1^  i 

I  fiubmit  the  following  solution :  j^^ 

Clearing  the  equations  of  fractions  and  multiplying  the  first  by  a? — ^yaad 
the  second  by  x-\-y^  and  redudng,  we  get 

(n  — m)x^  =  (n  -f  m)y* ; 
whence  we  tind 

U— mJ    *^*     ^~  \n+m)    '^'  _ 

Substituting  for  y  and  a?,  respectively,  in  the  first  and  seoood  eq'a,  we  | 

t/  =  m  (n'-r>iy+(n-m)^ 

George  H.  HarveST 
Bonner,  La*,  Jan.  24,  1880. 


Pbob.  281.  (See  p.  190,  Vol.  VIo    Solution  by  Pbof.  De  Vc 
Wood. — Assuming  that  the  attraction  of  tbe  sun  is  constantly  parallel  f«" 
the  line  of  centres  of  the  earth  and  sun,  and  of  constant  j 
intensity  J^,  then  will  i^sin^  be  the  force  which  causes 
the  ball  to  roll,f  being  the  angular  distance  on  the  earth 
of  the  biill  from  the  line  of  centres.     Let  ff  be  the  angle  I 
through  which  the  ball  has  rolled  when  its  angular  dist. 
from  the  line  of  centra  is  f  and  t  the  corresponding  time,  I 
m  the  mass  of  the  ball,  v  the  present  velocity  of  the  earth 
in  its  orbit,  JD  the  distance  between  the  earth  and  sun,  R 
the  radius  of  the  earth,  r  the  radius  of  the  ball  and  k  its  | 
radius  of  gyration  and  to  the  angular  velocity  of  the  earth.     Then  we  hai 


V' 


3 


d^d Fr  sin  y 

Matt  £=  Jif-\-rdm 


Diffemitiating  (8), 
I>iffereatiatiug  again, 
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Rmdt  =  Rd(p+rde. 
0  =  Rd^f+rd^8; 


d^f=—^d^0^  —  nd^&. 


From  (4) 


dt 


df^ndd 


Equations  (5)  and  (6)  reduce  (2)  to 


m 


14) 

(6) 
(6) 


m«V 


Mi       iiHi  ^       AH  ^      ' 


nrT     sin  f  '  dtf^       dtf*    '  '"dt) 
Tfae  Integra]  of  this  (which  I  have  not  yet  found  in  finite  terms]  gives 

and  this  in  equation  (3)  gives  0  in  terms  of  ^.  Ast  is  known  (12  hours)  0 
becomes  known  and  hence  f  is  known;  the  latter  of  which  makes  known 
the  distance  of  the  ball  from  the  line  of  centres.  The  relative  velocities 
will  be  rdd  h-  Bwdt. 

The  %^alne8  of  the  fixed  coostantB  are,  approximately,  I)  —  92,500,000 
miles,  V  —  68,000  miles  per  hour,  B  =  25,000  -^  2;r  miles,  r  ^  2J  mileSi 
i>  =  JH,  m  r=  (r^-^IP)  times  the  mass  of  tlie  earth,  iw  =  2:r  -^  (12  hours). 
In  using  these  the  iX)rresponding  fjiiaotities  must  all  be  reduced  to  the  same 
unit.     The  value  of  F  is  about  1,300,000,000  gross  tons. 

[This  problem,  as  published,  in  the  absence  of  Mr  Schneider's  diagram 
that  accompanied  his  manuscript,  leaves  the  direction  of  the  sun  from  the 
point  Af  indeterminate.  It  appears,  however,  from  Mr.  Schneider^s  figure 
that  be  contemplated  the  attractive  force  as  being  in  a  direction  from  A,  op- 
posite to  that  indicated  by  the  arrow  in  the  foregoing  figure;  hence  e4[uatioQ 
(3)  should  be  written  Iloit  s=  Rf  —  rtf. 

If  we  multiply  (2)  by  n,  then  substitute  in  (2)  for  nd?0  its  value  d^tp  from 
(6),  (2)  will  become 

I  Multiplying  this  eq.  by  ^df-^dt^  integrating  once,  introducing  the  cor* 
$iloD  and  extracting  the  square  root  of  both  members,  we  get 

Substituting  for  di  in  (7)  its  value  from  (6),  reducing  and  integrating 
again^  we  get 

0=E^-?^  ih^\  r__^__ 

which  is  an  elliptic  function  of  the  first  order. — Ed,] 
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288.  [Prof.  J.  H.  Eershner,  E.  J.  Edmunds,  Geo.  Etstwood  and  Dr. 
H.  Eggers,  each  sent  a  solution  of  this  question,  but  thqr  all  lead  to  oom- 
plicated  equations  of  a  high  degree,  and  are  too  long  for  the  apace  thai 
remains  at  our  disposal  in  this  No.  We  give  below  the  result  obtained  bj 
Mr.  Eastwood.] 

Putting  r  and  12  for  the  radii  of  the  two  circles,  whose  oenttre  are  0^ 
and  O,,  O]  being  the  origin  and  (a?],yi),  (^31^3)  coordinates  of  If  and  N 
respectively;  also  putting  ilC=  a  and  A£  =  fij  the  equation  of  line  Jf^is 

Substituting  for  x^^  y^,  a;,,  y,  from  equations  (1),  (2),  (6)  and  (6)  we  get 
[ylof+r^)-  ric?-f^)l .  [(2i2Va-i9a«-i9r«)09-ay+i?(i»-a«K+i5iPr^ 

— [2r(lP+i9-  a)a«— 2i2(a«+r«)(i9-a)«] .  [a<a«+r»)— 2i?a]  ^  0.  (8) 

The  differential  coefficient  of  (8),  with  respect  to  a,  equated  to  sero  givo 

an  equation  of  the  6th  degree  in  a,  any  real  root  of  whidi  substituted  in  (8) 

will  give  the  envelop  of  MN. 
If  P  denote  the  middle  point  of  MN  the  equation  of  the  line  CP  will  be 

Combining  this  equation  with  (7)  we  get  for  the  eqn.  of  the  locus  of  P 

2y_(r+y,)  =  ^=^{z-x,)+  'pM±^(»^a).  (10) 


SOL  UTIOhS  OF  PROBLEMS  IN  NUMBER  ONR 


Solutions  of  problems  in  No.  1  have  been  received  as  fbllows : 
From  R.  J.  Adcock,  289,  292,  295;  Prof.  R.  C.  Arendt,  296;  Prof.  W. 
W.  fieman,  296;  Marcus  Baker,  289;  Alex.  8.  Christie,  291;  Dr.  H. 
Eggers,  296;  Prof.  A.  B.  Evens,  296;  George  Eastwood,  296;  Prof.  A 
Hall,  296;  Prof.  W.  W.  Johnson,  289,  294,  296;  Prof.  J.  H.  Eershner, 
289,  291,  295;  Chas.  H.  Eummell,  289,  291,  292,  296;  Prof.  H.  T.  J. 
Ludwick,  296;  Prof.  J.  Scheffer,  289,  296;  Prof.  E.  B«  Seits,  289,  291, 
296;  Walter  Siverly,  289;  Geo.  Lilley,  289;  Prof.  W.  P.  Oftsey,  289,  296. 


289.    ''In  any  spherical  triangle,  show  that 

.  cot^cota+cot^cotft  M 

tan  c  ^^^^  ■  ■■■f^. 

cot  o  cot  6— cos  A  oo%B 
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60LI7TXOK  BY  GEORGE  LILLEY,  A*  M.,  CORKING^  IOWA* 

Multiplyiog  together  the  two  well  known  formulae  of  spherical  tngononi' 
etry,  cos  a  ^  cos  6  cos  o+Biti  b  sin  c  cos  ^  1 

dmaco&B  ^=  sin  coos  b — cos  e  sin  6 cos ^  / ,  we  readily  obtain 

.  cot  a  coA  il4-oot  6  cos  5  * 

uUl  C  ^=  — « 

cot  a  cot  6 — cosd  cos  B 
Hence  tlie  proposition  is  incorrectly  stated. 

[AJl  our  correspondents,  who  are  credited  with  solutions  of  this  problem, 
have  obtained  the  same  value  for  tan  c  as  is  here  given  by  Mr,  Lilley.] 


I 


290.     No  solution  received. 

291*  "If  ABCf  A'B'C  are  two  trirectangular  triangles  on  the  surface 
of  a  sphere  (the  letters  being  arranged  in  the  same  order  of  rotation);  show 
that  cos  J^^  =  cos  BB'  cos  CC  —  cos  -fi'Coos  BC" 

BOLUTION  BY  ALEX*  8.  CHBISTIB,  U,  8,  COAST  SUBVEV,  WASH*,  I>.  C. 

Adopting  the  usual  quaternion  notation,  and  putting  in  all  the  steps  of 

the  process: 

006  AA'  ^  —  Saa'  =  —  &  V^  V^Y 

=  Sr  v^  v^Y  =  Srir'S^fi'—^'S^) 

=  cos  BB'  COS  CC  —  COS  JB'Ccos  BC 
when  fl  =  F^  and  a'  ^  V^Yt  ^^  ^^e  triangles  lettered  in  the  same  order 
of  rotation ;  but  =  coe  £  (7  cos  5'  C — cos  ££'  cos  CC 

when  a  =  V^y  and  a'  =  Vf^\  or  tlie  triangles  lettered  in  the  oppcmtt  order. 


BOLUTION  BY  PROP,  E.  B.  8EIT2,  KTBKSVILLE^  MO* 

Produce  AB  and  A'B'  to  P,  and 
draw  the  arcs  PC  and  PC,  each  of 
which  is  a  quadrant. 

Since  BPC  and  B'PC  are  right 
angles,  the  angles  BPB'  and  CPC  are 
equal;  hence 

oo&BPB'  =  cos  CPO  =  COS  CC, 

cm  B'PC  =  sin  CPC  =  sin  CC, 
and      ooe  BPa  =  —  sin  CPC 
=  —BmCC 


—60— 

In  the  triangles  PBB^  and  PAA'  we  have 

COS  BB^  =  COB  P^oosP^'+sin  P-B sin  PB'  oos  «7,  (1) 

COB  AA'  =  COB  Pil  cos  Pii'+sin  PA  shi  PA'  cos  C(? 

=  sin  PB  srn  Pi'+cos  P^  cos  PB'  cos  CC.  (2) 

In  the  triangles  PB^O  tiud  PBO  we  have 

COS  5'C  =  sin  PB'  cos  B'PC  =  sin  P5'  sin  CO  [Z\ 

oosBa  =  sin  P5  COS  BPC  =  —  sin  PB  sin  C<7.  (4) 

Substituting  the  values  of  sin  PB'  and  sin  PB  from  (3)  and  (4)  m  (1) 
and  (2),  and  reducing,  we  find 

cos  BB'  sin'CC  =  cos  PjB  cos  PB'  sin^CC-oos  B'Ccos  BC  cos  CC,(5) 
cos  A  A'  sin'CC  =  cos  P£  cos  PjB'  sin'CC  oos  CC—onB  JKOooe5(?^6) 
Subtracting  (6)  multiplied  by  cos  CC  from  (6),  and  dividing  by  sin'CC, 
we  have 

cos  AA'  =  cos  BB'  cos  C(7  —  cos  5'Coos  BC\ 


292.  'Two  surveyors  measure  a  plane  quadrangular  field,  one  measuring 
the  four  sides  a,  b,  c,  d  with  a  chain  and  the  other^  the  angles  (ab),  {be),  (od), 
(da)  with  a  theodolite.  From  former  experience  it  is  known  that  the  first 
is  liable  to  a  probable  error  of  m  inches  per  chain  and  the  other  to  a  prob- 
able error  of  n"  per  angle.  Required  the  weights  of  the  linear  and  angular 
measurements,  also  conditions  to  be  fulfilled  by  the  measured  quantities  in 
approximate  linear  form  and  the  analytical  formation  of  the  normal  equations 
for  determining  the  most  probable  corrections  to  the  measured  quantities." 

SOLUTION  BY  R.  J.  ADCOCK,  ROSBVILLB,  ILI*. 

Let  the  true  or  required  values  of  the  measures  a,  6,  c,  cI,  be  a;,  y,  t,  «, 
and  the  measured  angles  (oi),  (6c),  {od)^  (da),  denote  by  A^,  B^,  Cj,  Dj, 
and  the  required  values  of  these  angles  by  A,  B,  C,  2>.  Since  the  angles 
are  separate  indq)endeni  measures  and  have  a  condition  independent  of  the 
sideSi  they  are  to  be  considered  separately.  Then,  by  the  principle  of  Lessfc 
Squares  annonnoed  at  page  22, 

{A—A^f+{B—B^y+(C—C^y+{D^D^y  =  a  minimum.      (1) 

Eliminating  D  by  the  equation 

A+B+C+D  =  27r,  (2) 

and  diflerentiating  with  respect  to  each  of  the  other  variables  A,  B,  C,  and 
adding  the  resulting  equations,  gives 
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l&ence  by  (2) i?  =  i;r+f /),— K^i +JS, +C, ),  C=  >;r+f  C,— J{A , +^1 

For  the  sides^  by  the  ^rmoiple  above  nlluded  to, 

(a;— a)^+(y— fc)' +(«—<?)•+ (u  -cf)*=  a  mmimum ;  (8) 

from  which  two  variables  may  be  elimioated  by  the  trigonometrical  relations 

giTtng  (»|W— fiy — a)*+(y--6)'H-(nu  —  ry— c)'+(u — df  =  a  miiiimuni. 
DiffereDtiating  aod  reducing, 

{uia-^nc-^d)  (nr-fyt^r/)— (r|q+>"g"fc)  (y*'+^j4- 1 ) 


I 


*  *  {r'+rl)  (n^TiHlMnr+niri)' 


ajuea^ofrBin^i+cdsin  C|  =  6c sin  B^+ad sin  D^ 

=  ^(aisiii  ^i+ficsiu^i  +  crfsin  C^+ad^inD^)^  nearly. 
Differentiating,  and  using  the  probable  errors  m  inches  and  n"  for  the 
differentialsj  gives 

n" o  ftosin  £|+<nig5n  Dj — absiuA^ — udBin  0| 

m  aftcosJ.^  H"^^*'^  ^i — 6<?cosJS, — acicosDj' 

die  sqnare  of  which  gives  the  relative  weights  reqnired. 

[Mr.  Kummell  has  sent  us  an  extended  general  solution  of  this  problem 
which  is  omitted  here  for  want  of  room  but  will  be  inserted  in  a  future  No. 
He  also  sent  a  solution  of  282  with  condition  (3)  modified,  which  will  ap- 
pear in  some  future  number*] 


293*     No  solution  received, 

294,  "One  curve  rolls  upon  another ;  prove  that  a  series  of  carried  parallel 
curves  envelope  a  series  of  parallel  curves,  or,  involutes  of  the  same  evolute 
envelope  involutes  of  the  same  evolute," 

SOLXmON  BY.  PROF.  JOHNSON. 

Parallel  curveSi  or  involutes  of  a  common  evolute,  have  common  normals, 
and  intercept  upon  these  nornmls  a  constant  length.  Consider  the  normal 
(or  normals)  of  the  carried  curve  which  at  any  instant  pt^ss  through  the 
instantaneous  centre  (point  of  contact  of  rolling  curves). 

Since  every  ^carried  point  is  moving  in  a  direction  perpendicular  to  the 
line  which  joins  it  with  the  instantaneous  centre,  the  points  where  the 
normal  cuts  the  parallel  carried  curves  are  moving  in  the  directions  of  the 
tangents  to  these  curves,  and  will  therefore  be  points  of  contact  with  their 
envelopes.  Th^e  envelopes  have  therefor  common  normals,  and  are  paral- 
lel curves. 
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295.    ^iven  the  oommon  astroDomical  equations 
tang  {X  —  Q)  =  cost  tang  u, 
sin  ^  =  sin  t    sin  u, 
eUminate  u,  and  show  in  this  manner  that 

tang  fi  s=tang  tsin  {X  —  fi)*" 

SOLUTION   BY   CHA8.  H.  KUMMELL,  U.  8.  UkKE  SURVETy   DETROIT^   MICH. 

1.  The  first  two  relations  are  consistent  with  Na- 1 
pier's  rules  of  circular  parts  as  exhibited  in  the  figure. 
The  third  is  then  true  by  the  same  rules. 

2.  tanJ9-  ^'"^ -       sin  t  sin  u 

'^        V(l  —  sin^^)       |/(1— sinHsin*u) 

—         sinitantt         tan  i  tan(>l— i?) 

■"  |/(lH-co8Stan*u)~  i/(l-\-Uin\X-ii) 
s=  tan  i  sin  {X  —  S). 

SOLUnOK  BY  PROP.  A.  B.  EVENS,  LOCKPORT,  N.  Y. 

For  the  sake  of  brevity  put  x  for  {X — S).   The  first  and  second  equatioiifl 
give,  respectively, 

COS!  1+tan*^       l+tan*tt 

Eliminating  tanHi  and  solving  for  tan'^,  we  find 

.     •/>      tanStan'a;      x    i*  •  i 

tan'fl  =  -^ ,^  =  tan%  sm'a? ; 

'^       1  +  tan-a?  ' 

and  therefore,  restoring  the  value  of  a; 

tan  ^  =£  tang  %  sin  {X  —  S). 

SOLUTION  BY  PROP.  ASAPH  HALL. 

From  the  first  equation 

8in*(>l — S)  _  cos^f  sin*u 

<io^(X—ii)  co8*u     • 

Adding  unity  to  each  side  and  putting  D  =  |/(cosHi+co6HsinHi),  we  find 

-:«n       n\      cos  t  sin  u,  ^^/.       o\  —  ^^^^ 

sm  (/  —  U)^ ^r —  :  cos  (A  —  U)  =  — — . 

From  the  second  equation,  1 — sin'j9  =  co8*j9  =  co8*u+cosH'  siiiH*  or  we  have 

008/9  =  2). 

sin  (X  —  S) cost 

8111/9  cosjSsini* 

or  tang /9  =  tang  t  sin  (^  —  Q). 

[Solutions  equally  brief  and  elegant  were  sent  by  Professors  Beman,  Seiti 
and  Johnson.] 
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PROBLEMS. 


2!^S.    {Sdeded)  By  £.  G.  Barbour^  Richmond ^  Ky.— Given 

to  find  X  and  y  by  quadratics, 

297.  By  Dr,  H.  Eggers^  Milwaukee^  Wis.  —  Given  three  circles  and 
timr  centers;  to  find  the  points  of  contact  with  anj  fourth  circle  with  the 
ruler  alone. 

298.  By  T.  P.  Stov?dl,  Rochester,  N.  K— On  the  diameter  AB  pro- 
daoed,  of  a  given  circle,  is  a  given  point  P.  A  chord  CD  is  parallel  to  the 
diameter  AB.  Find  the  position  of  CD^  by  |a  geometrical  construction, 
•nob  tiiai  the  angle  CPD  shall  be  the  greatest  possible. 

299.  J5^  E*  P.  Thompson^  Elizabeth^  New  Jersey, — Prove  that  the  num- 
ber of  terms  in  an  expanded  polynomial  of  t  terms  is  equal  to  the  number 
of  combinations  of  (n-fi—1)  quantities  taken  t — 1  at  a  time,  where  n  is  the 
exponent  of  the  polynomial. 

300.  By  Marcus  Bakery  U,  S.  Coast  Survey^  Wash,^  D.  C. — In  a  plane 
triangle  ^£Care  given,  the  perimeter  2s  and  the  radii  of  the  inscribed  and 
circumscribed  circles,  r  and  R^  to  determine. the  triangle. 


301. 
tions 


Determine  the  angles  of  a  plane  triangle  from  the  following  rela- 


fj.  /tanM+tan^£+tan2C=m, 
^^^  \  tan*4  +  tau*£+tan^C  =  n. 

nj\  i  t&n^A+i^n^iB+tm^C  =  m, 
^^^J  \tan*J>4H-tan*JB+tan*iC=n. 

(Ill)  i  ^^^  M  +  tan  JjB+tan  JC=  m, 


(1) 
(2) 

(1) 

(2) 

(1) 
tan  I A  Xtan  j^X  tan  JC  =  n.  (2) 

302*  By  Alex.  S.  Chri^ie,  V.  8,  Coast  Survey ^  Wash.,  D.  C— Given  n 
pointa  in  space,  to  construct  a  polygon  of  n  sides,  having  its  sides  bisected 
by  the  n  given  points,  and  determine  the  number  of  solutions. 

303.  By  Bevjamin  Headley,  DUhborough^  Ind. — Requiretl  the  length 
of  one  branch  of  a  curtate  cycloid;  the  generating  circle  having  a  radius  of 
4  inches  and  the  generating  point  a  radius  of  S  inches. 
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304.  By  Prof  W.  W.  Beman,  Ann  Arbor,  -MtcA.— Find  the  limit  of 
error  in  the  following  method  of  trisecting  an  arc  approximately:  Trisect 
the  chord  of  the  arc,  also  the  diameter  parallel  to  it,  and  the  oorrespondiag 
semicircumference.  Join  the  corresponding  points  of  triaection  of  the 
semicircumferenoe  and  the  diameter,  producing  the  lines  till  they  interBect 
From  the  point  thus  found  pass  lines  through  the  points  of  trisedion  of  the 
chord  until  they  meet  the  arc. 

306.    By  Prof.  J.  Scheffer. — Find  the  eq.  of  the  curve,  reet  oo-ord.  («,jr), 

in  which  the  length  «=^=:  J    d^^l  ^+{3^)     L  n  being  a  constant 

306.  By  Prf.  W.  W.  Johnson.— It  N  is  an  odd  number  and  m  the 
number  of  odd  numl)ers  less  than  N  and  prime  to  it  (including  1),  then  N 
is  a  divisor  of  one  of  the  two  numbers  2**±1. 

307.  By  Prof.  E.  B.  Seitz,  Kirkaville,  ifo.— Three  points  are  taken  at 
random  in  the  surface  of  the  northern  hemisphere;  find  the  chanoe  that  the 
small  circle  through  the  points  lies  wholly  north  of  the  equator,  anpposiiig 
the  earth  a  perfect  sphere. 

308.  By  Chaa.  H.  KummeU,  Aarid.  U.  8.  Lake  iSfuiwy.— Evalnate 

^  dx  sin  [ap(^— «)]  and    I  ^  <fo  00s  [«(a  — «)] 
0  •^  0 

by  rapidly  converging  series. 


PUBLIC  A  TI0N8  RECEIVED. 


J%e  Oomo^iony  of  LapUuse  {pamphlet).  By  Daniel  KiRKWOon,  LL.  D.  (Besd  before  the 
American  Philoiiophical  Society,  Sept.  19th,  1879.) 

iiicrwMtrioal  Metuurement  0/ 1054  Double  Stars,  Observed  itUh  the  11  tfie4  B^radorfnm  /«. 
1,  1878  to  September  1,  1879,  Under  the  Superintendence  cf  Ormond  Stons,  A.  M.,  Di- 
rector.   180  pp.,  8vo.    Cincinnati.    1879. 

The  NcUumal  Quarterly  Review,  Edited  by  David  A.  Gorton,  M.  D.  and  Cbla's  H.  Wood- 
man.   New  York.    January,  1849. 
The  Jan.  No.  of  this  very  able  Review  contains,  among  other  valuable  articles,  an  artide 

by  Dr.  Gorton,  the  senior  editor,  on  "The  Hygiene  of  Water"  which  is  espedmUy  interaCia( 

and  a  historical  and  critical  review^of  the  Nebular  Hypothesis,  by  Prol  David  Trowbridge 

in  which  an  effort  is  made  to  reconcile  the  hypothesis  with  the  anomaly  presented  by  the 

innei:  satellite  of  Mars. 


ERRATA. 

On  page  31,  line  9,  for  "inverse  order  of  rotation",  read  same  order  of  rotation. 
"      "     6^  last  linere,  for  "mystic",  read  mistic. 
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QUATERNIONS. 


BY  PROF.   DE  VOLBON   WOOD,   HOBOKEN,   KEW  JERSEY. 

(Continued  from  page  3d.) 
tfJLTIPLICATION   AND   DIVISION   OF   ReCTANOULAB  VeCTORS. 

The  addition  and  subtraction  of  vectors^  the  principles  of  which  were 
in  the  preceding  Art.,  are  useful  in  determining  the  relation  between 
This  include  a  large  and  important  field  in  geometry,  some  of  the 
"oblems  t»f  which  may  be  classed  under  the  general  heads  of  Symmetry, 
ransversals,  An  harmonic  Ratio^  Mean  Point,  &g^*  We  next  proceed  to 
g^Mire  one  .ector  with  another. 

^p.  Conceive  two  vectors  in  space,  not  parallel,  and  of  unequal  lengths. 
Hpugh  ftome  point  draw  two  lines  parallel  and  equal  in  length  respectively 
flne  two  lines,  then  will  these  lines,  as  vectors,  be  equal  respectively  to 
le  former  ones.  Let  OA  =  a  and  OB  =  /?  i 
3  these  vectors,  it  is  required  to  compare  OB 
itb  Oi4,  the  comparison  involving  both  their 
ifetive  directions  and  relative  lengths.  Pro- 
■edtng  in  a  practical  way,  we  first  revolve  the  | 
He  OA  about  the  end  O,  or,  more  properly, 
IMiQi  an  axis  through  0  perpendicular  to  the  | 
lane  of  AB,  to  ooiucide  io  direction  with  OB, 
uppose  that  A  falls  at  C,  then  will  their  relative  length  be  expressed  by 

length  OB  ^  OB 

length  OA       0  C 


til 


oiltoa  devoted  about  30  pages  to  thid  part  of  the  subject  m  hia  Lecture*,  and  about 
I  in  hi*  Element  of  Quaternions— a  posthumous  work  of  762  pag«a,  pub.  1866:  Also 
kit  and  KelUnd  Introduction  to  Quateniiong  about  26  pp.,  and  about  30  pp*in  the  writer'i 
ooc*dinat«  Otometrf. 
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The  problem  before  us  may  be  stated  thus,  to  find  a  value  for  the  tx- 

p»»ion  vector  OB  ^g 

vector  OA       a 

The  Dotation  of  ordmary  algebra  not  being  applicable  to  thi«  < 
tation  and  system  had  to  be  invented. 

IG-  Ptmtive  rotation  will  be  considered  left-handed^*  or  in  a  directioa 
opposite  to  that  of  the  motion  of  the  hands  of  a  watch,  the  face  of  the  watdi 
being  towards  the  eye  as  the  obaerver  views  the  rotation.  The  UNrr-AK- 
OLE  will  be  taken  as  a  quadrant— or  90°— and  rotaiion  through  a  quadrant 
will  be  A  UNIT-OPE  RATIO  jf  in  regard  to  rotation  ;  hence  a  rotation  of  a 
part  of  a  quadrant  will  be  a  part  ot  a  unit  operatioo,  and  more  than  a 
quadrant^  a  ranltiple  unit 

17.  Beginning  with  the  simplest  case,  we  take  three  mutually  perpen- 
dicular linegf  of  equal  length  passing  through  a  point,  and  let  tlieir  oommoa 
length  be  called  a  unit;  then  will  each  line  serve  as  an  axia  about  which 
either  of  the  others  may  be  revolved.  Let  f)A  =  i,  be  positive  to  the  rigbt, 
OB=^j\  |>OHitive  upwards,  and  OC=^kt  po**itivc| 
in  front  or  the  plane  of  AOB;  then  will  i.j,  ij 
constitute  a  system  ot  three  mutually  perpendic- 
ular unit- vectors.  OA  being  positive  to  the 
rightp  AO  will  be  negative,  and  may  be  repre 
sented  by  O/),  drawn  to  the  left  of  O  on  A0\ 
prolonge<l;  and,  making  its  length  unity,  it  will 
be  represented  by  -^t.  Similarly  ibr  — j  and 
—  k.     Let  the  line  OA  be  revolved  positively  I 

^Hamilton  considered  nght*hiLiided  rotation  ai  poHtive,  but  trulj  remarked  thai  dlbcf 
direction  raaj  be  aMumed  aa  auch*  I  chooi*e  the  former  becatine  it  agrees  with  the  •aoven- 
lioTial  method  of  generating  an  angle  in  Trigonometry,  Analytical  Geometry  and  Bfechanioi* 

tit  ia  impowible  to  have  more  than  three  mntually  perpendicular  linca  in  a  net  hariog  » 
common  point,  and  hence  all  problem*  involving  four  or  more  rectangular  dimeDMoDf  of 
apace  are  necewarily  hypothetical.  But  nuch  problema  may  properly  be  the  aobject  of  anal* 
yaia  when  lawn  are  awigned  to  the  hypothetical  conditiona. 

Thup,  if  the  radius  be  unity,  it  ia  irapo^aible  to  have  a  coaine  equal  to  2,  hut  hj  aMmiiini 
that  the  lawn  of  trigonometry  apply  to  hypothetical  (or  impofwible)  caaet  in  thai  aeienoei,  ii 
expreMum  may  he  found  for  each  of  the  trigonometrical  fiinctiona  when  eoaz  =^  2.  For  «t 
will  have  co«*x  f  ein'j  =  1 ;  .  * .  «n  t  =  ^  —  3,  and  aimilarly  for  other  values.  Thia  rawJi 
ahowa  that  the  awumption  involves  an  impOR^ible  condition — one  contrary  to  the  Hmiiatio»» 
of  the  acienoe.    The  principle  ia  the  name  as  that  contained  in  the  old  arithmetical  problenii 

*'If  one-third  of  nix  be  three,  What  will  a  fourth  of  twenty  bef 

Hamilton,  at  one  time^  aought  to  connect  ealctdaiion  with  Otometrfj  thnm^  aoixie  aodl^ 
covered  cztenn'on,  to  apace  of  three  dimenaiona.     Lectures^  pre&ce,  p,  (81), 

tThia  ia  Hamilton's  notation,  Lecturea,  p,  69.   The  letters  i,  /,  k,  are,  by  < 
•ppropriated  for  thi§  purpose.    The  letter  i  had  lo^g  been  used  by  mathematkiaDS  to  I 
•ent  the  even  root  of  negative  unity* 
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left-handed)  through  a  unit  angle,  about  -|-Jt  as  an  axis,  to  coincide 
with  +  J.  It  is  required  to  devise  an  expression  which  will  iuvolve  simul- 
Itaiieotiaty  the  unit  angle  and  the  three  vectors,  and  which  will  call  to  mind 
the  nature  of  the  operation.  Conceive  that  it  is  the  agent  prodiiottig  the 
rotation  and  that  +^'»  or  simply  k^  represents  the  fact  that  it  prodace»  a 
^tmii  cperution^  and  writing  **  ='  *'  for  products^  we  have 

^  ib=t  (3) 

Thia  expression  is  read  'i  equals/  divided  by  i,  or  t  divided  into/  but  not 
^k  equals  t  into/',  fi»r  this  last  expression  has  been  reserved  for  niultiplica- 
tiofi.^  This  expre^ion,  though  called  an  equation^  is  not  algebraic  in  the 
ordinary  sense  of  that  science. f  It  is  a  vector  equation  and  must  he  multi- 
plied as  such.  Every  notation  carries  whatever  is  assigned  to  it;  hence 
every  equation  between  three  vectors  of  the  Jortn  of  (3)  expresses  the  tact 

R— the  leit  member  represents  a  vector  perpendicular  to  the  plane  of  the 
r  two,  alwut  which  as  an  axis  the  vector  represented  by  the  denominator 
w  ui€  right  member  is  turned  in  a  positive  direction  through  a  quadrant  to 
iooindde  with  the  vector  of  the  oum»irator. 

manner  each  of  the  loUowing  equations  may  be  interpreted. 


'-Ei. 


'==j. 


=i.&,. 


'"v 


(4) 


-k 


,  &c. 


If  the  vector  axis  be  —it,  positive  rotation  will  be  from  j  towards  i  &c. ; 
beoce 


W 


-»-:q. 


— 1  =  4,  Ac, 


(fi) 


wtii<^  results  are  the  same  as  a  negative  rotation  about  +ft. 

A  comparison  of  equations  (3)  and  (6)  f^hows  that  a  reciprocal  of  the  frac- 
tion changtM  the  sign  oi  the  vet  tor  axis,  instead  of  producing  its  reciprocal. 

^^HuoUlioa  totight  to  prMerre  not  onlj  the  ijmbolfi  of  algebr&'-wi  letters  and  nigtis — bat 

^^^  ill  %  meaaoFe,  ita  language  Id  the  use  of  terms — aa  nddiliont  subtraction,  multiplicatioa, 

^^Ruon,  rmlaing  to  poweri,  and  extracting  roota«    The  enlarged  and  modified  use  of  a  aym* 

hd^  9M  oociutioQ  demandft,  in  a  procem  cx>nRtantly  going  on  in  math  em  at  Jc^,  and  ia  elaaaed  as 

'Tht  priociple  of  extenaion  by  the  remov&l  of  restrictiooa."    Thia  waa  recognbed  bjr  Ham- 

Uton — Set  Lecture  p*  ( 15),  foot  note. 

THla  eaUrgement  of  the  Hignification  of  terms  and  tijmbols  la  much  more  desirable  than 
tbe  iotrodiustiaD  of  new  terms  and  signs  to  represent  every  oeYf  shade  of  meaning ;  for  it  not 
ontj  aToida  the  neoemty  of  taxing  the  memory  in  using  them  but  when  the  analms  degeD- 
armtea  in  to  the  more  ordioarj  opermtiona^  Ihe  necesait/  of  tntnafbrmlng  a  new  into  mn  ordinrjr 
oocatkm  in  avoided, 
fit  nMf  ioTolvca  fom-  imita,  ime  of  length  and  thru  of  relative  directaoiL 


^8t  3QPlKm  0#t  jb  ppeff^qpcm  ft  tfiniiig  I*  Ui  OM^ptntiai  thra# 
tW^  fUiit  WglfPfl  H  ^iU  bfifw  f  iatQ  tU  pqnitiQE  -rri,  XMen  ftill  tU  riglk 
■lem^  0f  the  eqofdiw  ^o(x>ia#  t-frr-f  ^  -^1,  M  «rbftl.  ibii)!  M  IIm  fiwa 
of  the  left  9)^mW?  {t  moiit  l^  ^i^^  gi,  i*,  or  $qim  other  fiKm.  larteei 
of  mnikipg  an  ^^tigry  chpio9  we  obeerve  0)itt  piciltiplying  (3)  end  (4) 
together,  member  bj  ^ia))ei^  wiU  giw  minuB  1  (<^  4^  ahouMt  jipQ»  tt  il 
simply  cobmining  two  sucoeseive  unit  operations)  and  we  have 

i.i=4.=i==4^ — 1. 

Tb«  left  viHniUv  i«  of  ik»f<Btm  of  tbo  mnltipliontfoB  of  taw  oqval : 
ift  aJgebr«;  heno^  trairrowing-  (or  «<tea«liog}  tbo  notation  ni  that 
fiir  tliis  eaueJ^  we  bavie 

wbiok  is  read  in  the  iisiial  way  ^k  aquare  equab  miniia  l^*-or  SMPt  fbllyi 
^the  aquare  of  a  ante  Teotor  piodooei  minus  unitfr'.  In  otlMr  wovdb,  it  fa* 
venes  the  directhn  of  a  lioew 

18,  The  index  (or  expontnt)  czpresaea  tba  number  cf  miHa  tfavon^ 
which  a  line  is  revolved,  the  numier  efquadtmUB  Immg  $qmal  in  ike  wmU  m 
the  in4^ah  Hence  1^  impUea  a  notat^  through  three  quacbanla  about ias 
9fi  axis;  ^,  four  quadrants;  ^,  dpe  half  a  quadrant  or  4^^;  i^,  a  rotadoo 
of  30^  ;  Jr^,  a  relation  in  a  nega^  direction  through  a  quadrant^  — i^iS 
positive  rotation,  of  60^  abouf  a  negative  v^tor  axis;  — k'^,  %  negfliive  ro- 
tation of  ISJa^  about  a  neg^ve  vcictor  axis;  and  generally '^  represents  a 
rotfition  throqgjh  ( c^^ad^tij,  9^  piffts  ^  a  quadra?*,  a^a( «  Y^ctof  •?»; 
where  t  may  be  positive  or  n^ative,  entire  or  fractional,  and  k  a  unit  V90r 
tor,  positive  or  negativ^^.  If  <7  be  an  angle  measured  by  the  subtended  nic, 
we  have  t  =  O-^-iTt.  and 

*-**.  (f) 

20.  A  YEBSORf  is  a  representative  of  rotation.  The  axia  about  which 
rotation  takes  place  is  taken  as  a  representative  of  the  agent  producing  the 
rotation,  and  the  angle  aa  the  amount  of  rotation  produced  by  the  agent; 
and  the  axis  and  rotation  combined  is  called  the  verecTp  and  may  be  repre- 
sented as  in  equation  (7)  above.  If  the  rotation  be  through  a  quadrant^  it 
ia  called  a  qucubri^fUal  vereor,  hence  i,  J,  i,  or  any  oUier  unit  yeotor  irith 
unity  for  an  exponent,  is  a  quadrantal  versor.    The  letter  DX  placed  brfoie 

*Oiie  of  the  peonMarilks  of  Haoiihoii'fi  ilyle  vmj  be  notioed  Jbj  caieftillj  reeding  Aitid« 
7i5b  81,  end  86»  of  hie  Leotaree.  It  will  be  obeenred  thet  he  ueee  |/— 1  beftNre  lie  inlrodoov 
tlie  ezp.  a;eiid  when  he  introdooei  the  letter  (p.  81)  he  limply  eeys  '^  wiog  the  nxr.raa 

fFrom  e  Latin  word  u^^nifying  that  which  turns  about  }Lectux«%  ppw  88^  118. 
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npHes  that  the  rotatioD,  or  the  act  of  version,  is  to  be  oon- 
stdered.  Thua^  Ul^-ha)  implies  the  turning  of  vertor  «  to  ooincirfe  in 
dirertiiMi  with  vector  j9,  hence  if  #  be  the  angle  between  a  and  fi  we  have 


m 


2*H-fr* 


(8) 


where  6  may  be  positive  or  negative  and  k  aIfK>  positive  or  n^attve.  The 
letter  U  may  also  be  used  to  denote  a  unit  vector;  thus  U^  is  a  unit  vector 
parallel  to  vector  ^,  As  a  versor  it  implies  that  fi  has  been  turned  from 
!  arbitrary  direction  into  the  given  one*     Henoe  we  may  write 

The  versor  of  a  number  is  merely  a  sign,  +  or  ^-,  but  as  multiplying 
by  unity  does  not  change  the  product^  it  may  be  written  +1  or  —  1 ;  thus 
UM  =  +1,         C^— 1/2)  ==  —1. 
From  equation  (6)  we  have 


*  =  -i  =  -(*->);t 


(9) 


llwt  ifl^  m  veetor  equals  minus  the  reciprocal  of  the  same  vector. 

21.     From  equation  (6),  by  taking  ooe-half  the  exponents  of  both  sides 
wiiig  the  radioal  sign  as  in  algebra^  we  have 

it  =  (— 1)X  =.  i/—h  (10) 

This  is  the  form  of  tbe  simplest  imaginary  of  algebra,  bnt  it  is  not  to  be 
interpreted  algebraically.  The  right  member  is  simply  a  particular  express 
sion  for  the  left  member^^^  and  hence  implies  that  a  line  is  rotated  through 
a  quadrant.  The  same  expression  may  uot  only  be  found  for  i  andjVttbut 
Iks  line  to  be  rotated  will  also  disappear  from  the  expression.  Hence, 
lilton  called  the  expression  |/ — 1,  when  separated  from  t,  j,  A,  or  any 
axis,  '*an  indeterminate  vector-unit,  or  a  unit  vector  with  inde- 
terminate direction." Jt  In  this  system  it  is  perfectly  real,!'  but  in  algebra 
it  is  impossible  and  is  properly  called  imaginary!" — *^^  ^°^  ^^^  represent 
aay  real  iiue,  J'"  On  account  of  its  indeterminate  character  it  is  rarely  used 
in  this  scieuce. 

The  expression  k^  ^  —  1  has  an  infinite  number  of  real  roots,  since  it  is 
applicable  to  an  infinite  number  of  pairs  of  rectangular  vectors  in  a  plane 
perpendicular  to  vector  k  Tbe  correspooding  case  in  algebra  is  furaish^ 
by  the  equation  of  the  sphere 

i^LecQun,  p^  88.    iJhld,,  pv  ll-t     Jlbid.,  pp,  122,  123,  126.   ♦♦It  simply  denotes  a  cerUsin 

Quit,  Ibidn  p'  397.    f^'*ETerj  unit  veolor  is  regarded  «b  one  of  the  tquare  roots  of 

ite  imitjr.''    Frdaoe,  p.  (6J),   loot  oott.    URud^  pu  178.    J^Ibid,  p.  ISO.    y^lhid^ 
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which,  being  true  and  real  for  all  yalaes  c£  x^  y  and  i  leia  than  r,  gives  u 
infinite  number  of  yalaes  of  r,  all  equal  in  length,  but  diflereot  in  position. 
The  equation  P  as  —  1,  when  k  has  a  fixed  positioni  is  the  equation  of  a 
drcumferenoe  whose  radius  is  unity;  but  as  the  position  of  i  is  indetermi- 
nate,  it  is  the  equation  of  a  sphere  whose  radius  is  unity.* 
Although  we  have 

^=/-*^ — 1, 

it  does  not  follow  that  i  ^j  =  k^ 

and  it  is  evident  from  the  figure  and  the  definition  of  a  vector  that  tbqr 
cannot  be  equal,  for  they  necessarily  differ  in  direction.  The  case  is  similar 
to  one  in  algebra,  where  we  have 

from  which  it  does  not  follow  that 

neither  does  it  follow  from  the  equation 

0 .X  s=  O.y  that  X  &s y. 
These  are  cases  where  the  general  values  of  the  quantities  difo,  baft 
which  reduce  to  an  identity  under  particular  forms  of  expression. 

22.  The  preceding  operations  are  called  The  Division  <if  Vectors;  we 
now  proceed  to  consider  their  multiplication.  If  k  operate  upon  t  prodndng 
j,  as  before  described,  and  then  the  lines  be  multiplied  together,  we  may 
express  the  operation  thus 

*i=i,  (11) 

which  is  read  *k  into  i  equals/  or  H  multiplied  by  jfc  equals/;  but  not  Sin* 
to  k?  nor  *k  multiplied  by  T.f    This  compared  with  equation  (3)  shows 
that  the  expression  for  division  may  be  changed  to  multiplication  by  clear- 
ing the  former  of  fractions  as  in  algebra,  being  particular  however  to  place 
the  versor  as  the  first  factor,  for  reasons  which  will  soon  appear.    We  thuB 
see  that  the  multiplication  and  division  of  rectangular  unit  vectors  are  in- 
trinsically the  same.t    An  examination  of  the  figure  shows  that,  in  the  last 
equation,  J  may  be  considered  as  the  versor  turning  k  into  t. 
If  k  turns  i  through  two  unit  angles,  the  expression  becomes 
JK  =  — t;  .  •.  P  =  — 1,  and  ife  =  i/— 1, 
as  before.     If  the  length  of  the  vector  be  a  we  have 

{ak)(ak)  =  aV  =  — a«, 
that  is,  the  square  of  a  vector  equals  minus  the  square  of  a  line  of  equal 
length4^^^This  furnishes  one  mode  of  passing  froq;i  a  vector  to  a  line. 

*Lectaret,  p.  181.  flbid,  p.  37.  Hamilton  interprets  this  eq'n  thi»;-«  qnadnatal  roti^ 
iion  about  t  from  kto-j  followed  by  a  quadrantal  rotation  about  --k  from  -j  to  t » the  mme 
as  a  aiogle  quadrantal  rotation  about  J  from  Jb  to  i.    {Ibid.,  pp.  90^  91.    (OEbid.,  pw  8L 


—71— 

23%     Iff  operate  upon  k  positivelyj  we  have  (see  the  figure) 

H^  =  -if  (12) 

which  compared  with  (11)  shows  that  H  does  not  equal  ik^  but  that  we  have 

fa"  =  — ti. 
This  is  called  the  non-commvlaHm  principle  of  the  multi plication  of  vec- 
tors—by  which  is  meant  that  the  product  is  not  the  sarae  when  the  factors 
are  interchanged**  This  pn^perty  draws  a  sharp  line  of  distinction  between 
this  science  and  ordinary  algebra.t 

The  signs  +  and  —  are  commutative;  for  an  exam,  of  the  fig.  shows  that 

(+t)(-i)  =  -k  =  (-i)(-hi)  =  -tj. 
If  both  sides  of  the  equation  ij  =  4,  be  muHiptied  into  Jfc,  we  have 
ijk  =  fc»  =  — 1,  also  1*  ^/4 

If  the  cyclical  order  be  preserved  the  result  will  remain  the  same,  but  if 
that  onler  be  deranged  the  sign  of  the  result  will  be  chaogedi  and  we  will 
|ve 

ijk  =ykf  =^  ki;  =  — kij  ^  — ijk  =  -jki  =  —  l.JJ 
24,     The  aisoeiativt  principk  consists  in  the  grouping  of  the  factors  in 
different  ways.   It  may  be  shown  that  this  principle  is  the  same  in  this  sys- 
tem aa  in  algebra^**  so  that  we  have 

aijk  =  aAj.k  =3  aijk.-ff 

25<  The  disirihuttve  principle  consists  in  making  the  product  of  a  factor 
into  the  sum  of  two  or  more  quantities  equal  to  the  sura  of  the  products  of 
the  factors  into  each  of  the  quantities  separately.  This  principle  is  also  the 
Hune  in  this  system  as  in  algebra;  hence  we  have 

^2^+6r)  =  2afi  +  bar. 
(To  be  ooQtinuecL) 


^Hftmilton  labored  to  retain  tbe  commtdoHve  principle  but  was  oompeUed  to  abwDdoo  it  in 
order  to  establish  bis  ijstem.     Lecture*,  preface,  pp.  (43)-{46).     ttlbid,,  pp.  20B,  237,  333. 

fThere  are  bowever  maoj  instances  in  arithmetical  and  algebraic  analysis  in  which  a 
change  of  place  of  the  characters  or  frjrmbob  produces  a  change  in  the  resalt,  as  wiU  be  seen 
bf  oontpanng  the  following  paira  of  expressions :— log  cos  x^  cos  logx;  alntan^lc^  tan'^siii 
M ;  log  aec- 1 «,  sec-  ^  log  x ;  o* »  «• ;  |»  I ;  45,  54. 

tTbe  cetablutoment  of  this  equation  was  considered  rji  the  foundation  of  the  syst    p.  (46) 

**The  avociatiTe  principle  is  not  a  necessity.  Thus,  in  the  octinomials  of  Caley  and 
Qrayesy  of  the  form  a-hiA-j-je4-*d-f-ie-f-fn/-f  ii^-f-A  where  i\  j,  Ac.^  are  each  |/— 1,  we  have 
i*  =j  ■  =  k*  =»;»=»•  ^n*  =  0*  =  ijk  z=^Um  —  ino  ^jtn  =jmo  ==  Jbio  =  knm, 

Btit !./(  =  w  =  — 0  =  — 4^  =  — ii .  L  Phil.  Mag.,  May,  1846,  p.  210,  Trana.  R  Iriah 
A.  VoL  XXI,  part  II,  pp.  338,  339.    f+Lecturee,  pp.  109.  289,  300. 
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BETERMINATIOHOFinSAREA  OF  AN  ELLIPSE  OEOMST* 
RICALLY,  THAT  OF  THE  CIRCLE  BEING  KNO  WN. 


BT  OCTAVIAN  L.  MATHIOT,  BALTIMORE,  MB. 

Let  ABDE  represent  aoy  upri^t  circular  qylilider  whose  diameter  m 
AB  and  perpendicular  height  BD.     Let  the  cylinder  be  cut  by  a  plaoi 
through  D  and  A^  the  cutting  edge  of  which  is  parallel  to  the  plane  of  \ 
biuse;  then  will  the  section  AFDH  be  an  plliiwe   whope  tmnsvprw  nxitl 
AD  and  whose  conjugate  axis  FH  ^ 
AB^  the  diameter  of  the  cylinder;  an^ 
it  is  evident  from  the  figure  that  thi- 
ellipse   divides  the   cylinder   into   two 
equal  parts. 

Prolong  the  cylinder  to  IK  so  that 
DI  =^  DBf  and  through   IE  pass   a 
plane  parallel  to  the  plane  through  DA,  I 
then  will  the  section  EMIL  be  an  elU^vse  | 
similar  and  equal  to  the  ellipse  AFDH 

Let  the  diameter  of  the  base,  AB=^b  I 
and  the  height  BI>=^  A,  then  ia  Ai>  = 
4^(6*+ A*)  ^  a,  say;  hence  a  and  6  are  | 
he  axea  of  the  ellipse. 

Produce  AD  to  meet  a  perpendicular  | 
from  /  in  0,  then  will  the  triangles  ABD  and  lOD  be  aimilar,  and  wei 
have  AD  :  AB  ::  ID  :  /O,  or,  a  :  b  ::  h  \  p,  where  p  ^  10  the 
dicular  distance  between  the  sections  through  AD  and  £1;  beooe 


P^ 


bh 


a 


"4 


where  ^  =  the  area  of  the  ellipse; 

r.Jl^imb.  (J) 

The  equality  expressed  by  (1)  is  obvious  from  the  construction  of  the 
Fig.,  and  the  result,  in  (2)  is  the  recognized  expression  for  the  area  of  ta 
ellipse,  but,  so  far  as  I  know,  it  has  hitherto  been  obtained  from  a  higher     i 
analysis  than  the  foregoing.  ^M 

In  giving  the  above  formula  for  the  mensuration  of  the  ellipse,  a  well^i 
known  author  says; /'this  rule  and  the  one  for  the  following  problem  (the 
parabola)  cannot  be  demonstrated  without  the  aid  of  principles  not  yet  con- 
sidered" &c*     (See  Davies^  LegendrCi  for  the  use  of  schools,  p»  284.) 
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We  pass  now  to  the  consideration  of  that  other  property  of  polynomials 
of  one  variable,  which  was  demonstrated  in  the  Analyst  for  Jan.,  1880, 
pp.  6  to  ?•     It  can  be  treated  in  a  more  simple  and  general  way  as  follows. 

Let  the  coefficients  in  the  two  polynoraialsj  (17)  of  the  present  paper,  be 
regarded  as  magnitudes  placed  at  eijual  distances  Jx  along  a  straight  line 
which  ie  taken  as  the  axis  of  X  I*'  these  two  systems  of  coefficients  were 
lUel  forces  acting  as  wa^  supposerl,  they  would  have  each  a  centre  of 
irallel  forces,  located  in  the  axia  of  X,  As  before,  let  the  distances  of  theee 
centres  from  the  places  of  a^  and  e^^  be  Aj  and  h^,  and  let  the  sums  of  the 
QOefficientfi  in  the  two  systeras  be  6\  and  S^-     Also  let  r^  and  r^  be  distan- 

i  8uch  that  S^t\  in  the  firat  system  is  equal  to  the  sum  of  the  products 
aed  by  multiplying  each  coefBcient  of  that  system  into  the  square  of  its 
dintonce  from  the  centre  of  parallel  forces,  while  S^r\  has  a  similar  signifi- 
mnce  in  the  second  system.  These  distances,  r^  and  r^  would  l>e  the  radii 
^f  gj* ration,  if  the  coefficients  in  each  system  were  the  masses  of  material 
pointe  attached  to  the  imponderable  axis  of  X^  and  rotating  in  the  plane 
of  XY  about  the  centre  of  parallel  forces.  They  cannot  however  be  com- 
pletely represented  as  such  because  masses  are  always  positive,  while  the 
eoeflScients  in  (17)  may  be  either  positive  or  negative.  Still,  for  convenience 
of  nomenclature,  we  will  call  fj  and  r^  radii  of  gyration. 

Now  according  to  tlie  definitiou, 

S^r\=a^h\'\'a^{h^—Jxf+a^{h^—2dxf^...^aJh^—mdx)\  K^g. 

5jr3=c,A|  +  c,(A5-Jx)*+C5(A3-2Jx/+...+c,(/i,-nJ^)^r     ^ 

Kxpanding  the  binomials  and  arranging  the  terms, 

,SirJ=AJ(ao-fai-f  .  .  •  '{-a^)—2h^Ax{a^-\-2a^+  .  .  .  +ma^y 
-h(J^)*(lVi  +  2»aa+.,.  +in»a.), 

+  (Jx)*(l^Ci+!?c,+  ..-+n»cJ. 
Let  gi  and  g^  be  the  radii  of  gyration  of  the  two  systems  about  the  pla- 
ces of  their  first  terms,  iu  the  same  sense  as  r^  and  r^  are  radii  about  the 
centres  of  parallel  forces*    Then  by  the  definition^ 

S^gl  =  (l»ai+2»aa+  .  .  .  ^m^a^){Ax)\  \ 
S^9l  -=  (l'ci+2'c3+  . .  .  +n'c^}(Jx)K  j 


(30) 


(31) 
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Substituting  in  (30),  ve  find  with  the  help  of  (18)  and  (19), 

r\=g\-h\,  T\^g\-h\.  (32) 

Now  when  the  two  polynomials  (17)  are  multiplied  together,  let  JB  and 
Q  lie  the  radii  of  gyration  of  the  coefficients  in  the  product,  in  the  same 
sense  as  before,  about  the  centre  of  parallel  forces  and  the  first  term  respect- 
ively.   As  in  (32)  for  the  factors,  so  here  for  the  product,  we  shall  have 

and  taking  the  value  of  SL  from  (20), 

JP=e»_(Ai+A,)*.  (33) 

The  sum  of  all  the  coefficients  in  the  product  is  8^^^%  and  by  the  defini- 
tion of  what  we  here  call  the  radius  of  gyration,  S^S^O^  is  equal  to  the 
sum  of  all  the  products  formed  by  multiplying  each  coefficient  into  the 
square  of  its  distance  from  the  first  term.  Hence,  supposing  the  first  poly- 
nomial in  (17)  to  be  multiplied  successively  by  the  terms  of  the  second  one, 
we  get 

SjSjG*  =  0o(l*ai+2*02+  . .  .  +mK)(^«)* 

+0i[l«ao+2*ai+  .  .  .  +(m+l)«a,](Ja?)« 
+02[2X+3'ox+  .  .  .  +(m+2)«a,](Ja?)« 

+ 

+c«[n«Oo  +  («+l)'«i+  . .  .  +(n+m)«a,](4»)«. 
In  the  last  or  general  term,  the  coefficient  oi  cJ^Axf^  by  expansion  of  the 
binomials,  and  by  virtue  of  (18),  (19)  and  (31),  reduces  to 

Assigning  to.  n  the  values  0,  1 ,  2,  &c.,  in  succession,  we  get  expressions 
for  the  coefficients  oi  e^{dx)*,  Ci{Jx)*,  <&c.,  and  thus  find 

-|-c,S,  l2\Jxf+  2.2A,  Jx+g*] 

+ +o,Sj[n\Jx)'-i-2nhiJx+gU, 

which  we  put  in  the  form 
«a«'  =  9Uco+Ci+  .  .  .  +Ci.)+2A,Jx(c,+2c,+  .  .  .  +t«!u) 

+{Jx)*(l\+2\+  .  .  .  +n»cw). 
By  means  of  (18),  (19)  and  (31)  this  is  reduced  to 
0*  =  g\+gl-\-2hih,, 
which  being  substituted  in  (33),  gives 

R*  =  gl-h\+gl-hl, 
so  that  by  (32)  we  have  finally 

i2»=  r|  +  r\.  (34) 

Thus  it  is  proved  that  when  two  entire    polynomials  are  multiplied 
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the  square  of  the  radius  of  gyration  in  the  product  is  equal  to  the 
he  squares  of  the  radii  in  the  two  factors,  the  axis  of  rotation  being 
at  the  centre  of  parallel  forces  in  each  case.  If  this  product  is  multiplied 
by  a  third  factor,  the  square  of*  the  radius  for  the  new  product  is  equal  to 
the  sum  of  the  squares  of  the  radii  for  the  three  factors,  and  so  on.  We  thus 
establish  the  general  theorem,  that  if  any  number  of  polynomial  factors 
having  C50€fflcientfi  either  f)o«itive  or  negative,  are  multiplied  together,  the 
square  of  the  radius  of  gyration  for  the  product  is  equal  to  the  sum  of  the 
squares  of  the  radii  for  all  the  factors,  the  centres  of  parallel  forces  being 
the  axes  of  rotation.  As  a  case  under  this,  we  have  the  property  demon- 
slnited  10  my  previous  article,  that  the  square  of  the  radius  of  gyration  in 
the  k  power  of  a  {x>Iynomial  is  k  times  the  square  of  the  radius  for  the 
polynomial  itself.  In  the  notation  of  that  article,  b*^(Jxy  and  b^^\Jxf  cor- 
respond to  r  J  and  IP  in  the  notation  used  here,  and  since  the  sum  of  the 
coefficients  in  each  polynomial  wns  supposed  to  be  unity  in  the  former  de- 
monstration, b^iJxf  there  corresponds  also  to  the  product  S^rJ  here.  By 
the  mechanical  analogy  employed,  this  product  answers  to  the  moment  of 
inertia  of  the  system  of  coeflS(*ients  whose  sum  is  Sj. 

Particularly  interesting  results  are  those  already  given  at  pp*  3,  8  and  22 
vf  my  former  article,  where  p  and  q  are  probabilities  whose  sum  is  unity, 
and  the  binomial  p+q  or  p  +  qz  is  seen  to  have  its  centre  of  parallel  forces 
at  the  distance  k^  =  qJx  from  the  place  of  its  first  term  p^  while  the 
fiqiiare  of  its  radius  of  gyration  about  this  centre  is  r}  =  pq{Jxf,  Then  in 
the  expansion  of  (p+yl'^our  theorems  prove  that  the  lever  arm  or  distance 
of  the  centre  of  parallel  forc<^  from  the  first  term  is  Jf  ^  <piJ.c,  and  the 
square  of  the  radius  of  gyration  is  i2*  ^  pqm{Jxy.  Since  the  coefficients 
are  all  positive,  they  may  be  regarded  as  majsses,  and  the  centre  of  parallel 
forces  becomes  their  centre  of  gravity.  Whenever  qm  is  a  whole  number, 
it  is  known  to  be  the  rank  of  the  greatest  term  in  the  expansion,  and  our 
proof  that  the  place  oi  this  term  is  then  the  centre  of  gravity,  shows  that 
jg^  Jl  series  of  observations  whose  probabilities  or  frequencies  are  repre- 
by  the  terms  of  such  an  expansion,  the  most  probable  value  of  the 
observed  quantity  is  the  arithmetical  mean  of  all  the  observed  values,^ 
Even  if  gm  is  not  a  whole  numlver,  the  place  of  the  arithmetical  mean  can- 
not deviate  from  the  place  of  the  greatest  term  so  tar  as  to  reach  the  place 
of  the  next  term  on  either  side  of  the  greatest.  The  propriety  of  adopting 
the  arithmetical  mean  as  the  most  probable  value,  is  thus  shown  without 


i     proof 
f^&ili'iil 


'^(^uetelet  has  fUUed,  in  effect,  that  the  arithmetieai  mean  divider  the  length  of  the  series 
in  the  ratio  of  p  to  q.  {Leilres  »ur  la  THe^arU  da  Probahilile^s,  p.  181.)  1  iini  not  aware 
that  way  writer  Usm  hitherto  given  a  demoDstration  of  it. 
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the  aid  of  the  assumption^  usually  made,  that  positive  and  n^ative  enon 
of  equal  amount  are  equally  probable.  Again,  IP  is  obtained  by  taking  the 
sum  of  the  products  formed  by  multiplying  each  term  of  the  expansion  into 
the  square  of  its  distance  from  the  centre  of  gravity,  and  dividing  this  by 
the  sum  of  the  terms,  which  is  unity.  Hence  if  9m  is  an  integer,  R 
is  simply  the  quadratic  (mean)  error,  and  whether  qm  be  an  int^er  or 
not,  JR  is  the  quadratic  error  in  the  sense  that  it  is  the  square  root  of  the 
mean  of  the  squares  of  the  deviations  of  the  typical  set  of  observations  from 
their  arithmetical  mean.  When  m  is  made  an  infinity  of  the  second  order, 
and  Jx  becomes  tlx^  the  difference,  if  any,  between  the  places  of  the  greatest 
term  and  of  the  arithmetical  mean  vanishes,  and  we  have 

R  =z  dxVipqm),  (36) 

a  well  known  expression  for  the  quadratic  mean  error.     (Analyst,  May, 
1879,  p.  69.) 

Polynomials  of  two  variables  are  found  to  have  radii  of  gyration  with 
properties  analogous  to  those  in  the  case  of  one  variable.  Using  the  same 
notation  as  in  (22)  and  (23),  let  a  horizontal  and  a  vertical  straight  line  be 
drawn  through  the  centre  of  parallel  forces,  in  the  plane  of  XT^  and  r^ard 
these  lines  as  axes  of  rotation  for  each  of  the  two  polynomials  (22).  First, 
let  Vi  and  r,  be  their  radii  of  gyration  about  the  horizontal  axis,  in  the 
sense  that  8^r\  is  the  sum  of  the  products  formed  by  multiplying  each 
coefficient  of  the  first  polynomial  into  the  square  of  its  distance  from  this 
axis,  and  S^rl  in  like  manner  for  the  second  polynomial.  Let  «o,  «\,  <&c, 
be  the  sums  of  the  coefficients  in  the  first,  second,  &c,  rows  from  the  bottom, 
in  the  first  polynomial,  and  ^'J,  «'/,  &c.,  in  like  manner  for  the  second  poly- 
nomial.    Then,  denoting  the  lever  arms  by  h^  and  A,  as  before,  we  have 

8,rl  =  8',hHs\(h,-JyY+8'^{h,--2JyY+  .  .  .  +lr:(A,-nJy)^  1  .^. 

S.,rl  =«'o'Al+«i'(Aj-Jy)'+«'2'(Aa-2Jy)«+  .  .  .  +<lAa-?Jy)^  i  ^  ' 
Expanding  binomials  and  arranging  the  terms, 

8^r\  =  A?(«'o+«i+  •  •  •  +«:)-2Ai  Jy(«i  +  2«i+  .  .  .  +fui)      ^ 

+  {Jy)\Vs\  +2%  +  .  .  .  +nX),  I  /o7^ 

8^rl  =  hl(s'i+s'i+  .  .  .  +0-2A,  JyW+2«i'+  .  .  .  +qs'^)         \  ^""'^ 
+  (^y)\lV;+2V,'+  . . .  +3»<).  J 

The  statical  moments  of  the  coefficients  of  the  polynomials  about  thor 
lower  rows  or  axes  of  X  will  be  as  in  (25), 

Let  gi  and  ^2  be  the  radii  of  gyration  of  the  two  systems  of  coefficients 
about  their  lower  rows,  in  the  same  sense  as  r^  and  r,  are  radii  about  the 
axis  of  rotation.     Then  by  the  definition. 
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S29I  =  (l*«i'+2»«i'+  .  . .  +^s'^){^Y.      f  ^"""^ 

Sabstitnting  the  values  (38)  and  (39)  in  (37),  we  find 

rl=9l-hl  rl=gl-hl  (40) 

Now  when  the  polynomials  (22)  are  multiplied  together,  let  12  and  O  be 

the  radii  of  gyration  of  the  coefficients  of  the  product,  in  the  same  sense  as 

before,  about  its  horizontal  axis  of  rotation  and  its  lower  row  respectively; 

then  as  in  (40)  for  the  jGEu^rs,  so  here  for  the  product, 

which  by  virtue  of  (26)  becomes 

iP=^cp-{h,+h,y.  (41) 

The  sum  of  all  the  coefficients  in  the  product  is  /S^fi^Q,  and  according  to 
our  definition,  the  moment  of  inertia  8182  O^  is  equal  to  the  sum  of  all  the 
products  formed  by  multiplying  each  coefficient  into  the  square  of  its  dis- 
tance from  the  lower  row.  Hence,  supposing  the  first  polynomial  in  (i22) 
to  be  multiplied  successively  by  the  first,  second,  third,  &c.,  rows  of  the 
second  polynomial,  we  get 

S^S^G^  =  «'oTlVi+2V,+  . . .  +nXWyY 

+  «;T1Vo+2V,+  .  ..  +(n+l)VJ(Jy)« 
+  «i'[2*«'o +3Vi  +  •  •  •  +(n+2)V0  {JyY 

+ 

+  ^^l^^o+iq+l?^i+  . .  .  +('/+«W](^yA 
In  the  last  or  general  term,  the  coefficient  of  s'^{Jy)\  by  expansion  of  its 
binomials  and  by  virtue  of  (38)  and  (39),  reduces  to 

Giving  to  q  the  values  0, 1, 2,  &o.,  in  succession,  we  get  expressions  for  the 
coefficients  of  «o(^y)*,  «i'(^)*»  «^>  *"d  ^o  find 
S^O'  =  »'i9l+»'l[.A^!fT+2.lKJy+g\-\+a';{2\JyY-\-2.2h^Jy+gU 

+  ...+<[  9*(^y)*+2  3AiJy+i7n 
which  may  be  put  in  the  tbrm 

-8,(?»  =  9U»o+'"+  •  •  •  +«;')+2Ai^«'/+2«','+  . . .  +30 
+  (Jy)»(lVj'+2Vi  +  ...+9««;'), 
and  by  means  of  (38)  and  (39)  is  reduced  to 

Q*  =  9\  +gl  +2A1A2.    Substituting  this  in  (41), 
we  get  .  1?  =  g{—h\  +gl-hl, 
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and  by  (40)  we  have  finally 

B^^r^+rl  (42) 

Thus  it  appears  that  when  any  two  entire  polynomials  in  x  and  y  are 
multiplied  together^  and  the  horizontal  line  through  the  oe«itre  of  parallel 
iorces  is  taken  as  an  axis,  the  square  of  the  radius  of  gyration  of  the  co- 
efficients about  this  axis  in  the  protluct  is  equal  to  the  sum  of  the  squares  of 
the  corresponding  radii  in  the  two  factors.  From  the  similar  sitoaUon 
of  the  polynomials  in  the  horizontal  and  the  vertical  directions,  it  follom 
also  that  if  the  vertical  line  through  the  centre  of  parallel  forces  is  takeo 
as  an  axis,  denoting  by  v^  and  v^  the  radii  of  gyration  about  it  for  the  two 
factors,  and  by  V  that  for  their  product,  we  shall  have  in  like  manner 

F«  =  t;f+t;i.  (43) 

The  sum  of  the  squares  of  the  distances  of  any  coefficient  from  the  hori- 
zontal and  vertical  axes  of  rotation,  is  equal  to  the  square  of  its  distaooe 
from  the  centre  of  parallel  forces.  Hence,  if  we  suppose  the  system  of  co- 
efficients to  rotate  in  the  plane  of  XY,  about  the  centre  of  parallel  forces, 
denoting  by  p^  and  p^  the  radii  of  gyration  for  the  two  fiustors,  and  by  p 
that  for  their  product,  we  shall  have,  by  the  definition, 
8,pl  =  8^rl+8^vl  S^pl  =  S^rl+S^vl  8,8^p*  =  8,8^IP+8^8^r 
pl  =  r?  +vl       pl  =  rl  +vl       p'  =  2?+  ^^,  (44) 

whence  by  virtue  of  (42)  and  (43), 

p'  =  Pl+pl  (45) 

This  shows  that  the  square  of  the  radius  of  gyration  for  the  product,  in 
the  plane  of  ^F  and  about  the  centre  of  parallel  forces,  is  equal  to  the  sum 
of  the  squares  of  the  corresponding  radii  for  the  two  factors. 

The  theorems  here  proved  for  the  pioduct  of  two  fiEustors  may  evidently 
be  extf^nded  to  that  of  three,  four,  or  any  number  of  factors,  so  that  always, 
whether  the  axis  of  rotation  is  horizontal  through  the  centre  of  parallel  ior- 
ces, or  vertical  through  that  centre,  or  at  right  angles  to  the  intersection  of 
these  two  and  to  the  plane  of  XY,  the  square  ot  the  radius  of  gyration  for 
the  product  will  be  equal  to  the  sum  of  the  squares  of  the  corresponding  ra- 
dii for  all  the  factors.  If  the  factors  are  equal,  so  that  the  first  polynomial 
in  (22)  is  to  be  raised  to  the  k  power  as  in  (28),  then,  denoting  the  three 
radii  ot  gyration  for  the  polynomial  by  r^,  v^  and  />j,  and  those  of  its  ex- 
pansion to  the  k  power  by  iZ,  V  and  />,  we  shall  have 

/i»  =  jfcrj,         y»  =  Jb?,        p'  =  kpl.  (46) 

As  an  illustration  of  the  foregoing  properties,  we  will  take  two  &ctors, 
the  sums  of  their  terms  being  S^  =  12  and  Sj  =8,  and  whose  coefficients^ 
arranged  as  in  (21),  are  * 


-7d- 


-2 

2 

4 

—2 

3 

2 

-1 

1 

1 

-3 

6 

2 

-1 

0 

3 

—2 

2 

1 

-1 

0 

1 

—1 

4 

2 

(47) 


The  lever  arms  of  the  two  systems  about  their  lower  rows  and  their  left- 
hand  colnmns  are  foond  as  in  (26),  taking  for  convenience  Jx  and  Jy  as  the 
anitB  of  X  and  y; 

12*1  =  1X4+2X5  =  14,  .  • .  Aj  =  ^, 

12*1  =  1X0+2X8+3X0+4X3  =  28,  r.k^=l, 

8Aj  =  1X1+2X2  =  5,  .-.Aj  =1, 

8Jfe,  =  1X64-2X1  =  8,  .  • .  A,  =  1, 

uid  these  give  the  positions  of  the  centres  of  parallel  forces.  The  squares  of 
the  radii  of  gyration  about  horizontal  and  vertical  axes  through  the  centre 
of  parallel  forces  are  found  as  in  (36). 

12r?  =  3{i)»+4(i)«+6(|)»,  .  • .  r?  =  If. 

12i»f  =  l(|)«+0(i)»+8(J)«+0(})»+3(f?,         .  • .  ff  =  JjL. 

8r|  =  5(|)«+l(f  )»+2(V-)»,  •  • .  r3  =  H. 

St?  =  l(l)«+6(0)»+ 1(1)»,  .-.»?=  i. 

Now  when  the  polynomials  (47)  are  multiplied  together,  the  coefficients 

of  their  product  are  as  in  (48),  and  the  sum  of  them  all  is  6^8^  =  96. 
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To  get  the  lever  arms  of  this  product  we  pn>ceed  as  before : 

96H=  1X23+2X35+3X13+4X10,  .-.  H=^, 

96K=  1X6+2X9+3X48+4X11+5X18+6X3,.-.  K=^, 
and  these  give  the  position  of  the  centre  of  parallel  forces. 

For  the  squares  of  the  radii  of  gyration  about  horizontal  and  vertical  ax- 
es through  this  centre,  we  have 

96iP  =  16(4|)«+23(^)»+35( A)»+  13(f|)»+  10(f})«,  .  • .  ij«  =  ^, 

96F«=UJ^)»+6(J)'+9i|)»+48(i)*+ll(f)»+18(|)»+3(|)»,  .-.  F»=||. 
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Now  comparing  the  results  for  the  two  factors  with  those  for  their  pro- 
ducty  we  see  that 

which  are  in  agreement  with  (26)  and  (27);  also  that 

H+«  =  iH.         andJ^+t  =  H, 
which  agree  with  (42)  and  (43);  so  that  the  calculation  fully  accords  with 
the  theory. 

Properties  analogous  to  the  foregoing  can  also  be  shown  to  belong  to  poly- 
nomials of  three  variables,  x^  y^  and  z.  Suppose  two  such  polynomials,  the 
sums  of  whose  coefficients  are  8^  and  S^i  these  coefficients  being  arranged 
in  each  case  in  the  form  of  a  rectangular  parallelepiped  or  block,  three  adjt- 
cent  sides  of  which  are  taken  as  the  coordinate  planes  ot  ZX^  ZFand  JF. 
Of  course  any  such  polynomial  can  be  put  in  this  form,  for  the  absent 
terms,  if  any,  can  be  supposed  to  enter  with  coefficients  zero. 

Let  the  exponents  of  the  highest  powers  of  x^  y  and  2  be  m,  n  and  v  in 
the  first  polynomial,  and  p^  q  and  w  in  the  second.  Then  in  the  first  one 
the  number  of  terms  lying  along  the  edges  in  the  three  directions  of  JT,  F 
and  Zare  m+1,  w+1,  v-\-l  respectively,  and  in  the  second,  p  +  1,  9  + 1| 
to+1  respectively.  The  total  numbers  of  terms  in  the  two  are  therefi>re 
(m+1)  (n+1)  (t;+l),  and  (p+1)  (9+I)  {w+l). 

When  the  two  are  multiplied  together,  their  product  is  a  polynomial 
which,  being  similarly  arranged,  will  have  m  +  p+  1,  n  +  9+I,  and  «+» 
-f  1  terms  along  its  edges,  the  total  numbel*  of  terms  in  it  will  be 

(m+p+1)  (n+5+1)  (t;+«;+l), 
and  the  sum  of  all  its  coefficients  will  h^  S^S^.  Let  each  of  the  two  polj- 
nomial  factors  be  divided  into  sections  or  slices  parallel  to  one  of  the  coor- 
dinate planes,  for  instance  that  of  ZX^  so  that  the  exponent  of  y  in  the  terms 
of  the  first,  second,  third,  <Ssc.,  sections  shall  be  0,  1,  2,  &c.,  respectivelj. 
Also  let  the  sums  of  the  coefficients  in  these  sections  be  «q,  V^,  «2,  &a,  in 
the  first  polynomial,  and  «q,  «'/,  a,,  <Ssc.,  in  the  second  one.  For  oonveoi- 
ence  of  expression,  let  the  product  of  any  coefficient  into  its  perpendicular 
distance  from  a  plane  be  called  its  statical  moment  with  respect  to  that  plane, 
let  its  product  into  the  square  of  that  distance  be  called  its  moment  of  inertia 
with  respect  to  the  plane,  and  let  the  lever  arm  and  the  radius  of  gyration 
be  defined  in  accordance  with  this,  so  that  Aj,  A^  and  fare  the  lever  anna 
of  the  coefficients  in  the  two  polynomial  factors  and  their  product,  with  re- 
spect to  the  plane  of  ZXy  while  g^  g^  and  G  are  their  radii  of  gjnration 
with  respect  to  that  plane.  Then,  denoting  by  Jx,  Ay  and  Az  the  intervals 
between  the  places  of  successive  coefficients  in  the  three  co-ordinate  direo- 
tions,  formulas  (24)  and  (25)  will  hold  good  for  the  new  meaning  of  the 
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te symbols,  aod  when  we  suppose  the  first  polynomia!  to  be  successively 

iltipHed  by  thefirst|  second,  <&c.,  sections  of  the  second  one,  we  shall  find 
by  the  same  reasoning  and  formulas  as  before,  that  (26)  is  true  in  its  new 
sense,  that  is  to  say^  the  lever  arm  of  the  producti  with  respect  to  its  side  in 
the  plane  of  ZX^  is  equal  to  the  sum  of  the  lever  arran  of  the  two  factors 
with  respect  to  their  sides  lying  in  the  same  plane.  The  same  is  evidently 
true  with  respect  to  any  other  corresponding  sides  of  the  two  given  factors  and 
their  product.  Hence  if  any  number  of  polynomials  in  ar,  y  and  z  are  mul- 
tiptlied  together,  the  lever  arm  of  the  coefficients  in  the  final  prt»duct,  with 
respect  to  the  plane  of  one  of  its  sides,  is  equal  to  the  sum  of  the  lever  arms 
for  alt  the  factors  with  respect  to  their  corresponding  sides.  So  too  if  a 
single  polynomial,  whose  lever  arms  with  respect  to  the  three  coordinate 
places  are  Aj,  k^  and  Z^,  is  to  be  raised  to  the  k  power,  the  corresponding 
lever  arras  fl,  A' and  L  of  the  expansion  will  be  equal  to  JtA|,  H'j  and  Hj 
respectively.  If  the  polynomial  is  intersected  by  three  planes  parallel  to 
the  coordinate  planes  and  at  intervals  from  ihem  equal  to  the  corresponding 
lever  arms,  their  point  of  common  intersection  may  be  called  the  centre  of 
forces,  and  if  the  polynomial  m  raised  to  any  power  or  powers,  the  centre 
of  forces  keeps  always  the  same  position,  relatively  to  the  sid^  of  the  block 
which  the  expansion  occupi^.  When  all  the  coefficients  are  positive,  they 
may  be  regarded  as  masses,  and  the  centre  of  forces  becomes  their  centre  of 
gravity. 

Passing  now  to  the  radius  of  gyration,  the  symbols  retaining  their  new 
significance,  we  will  also  denote  by  Tj,  r^  and  R  the  radii  for  the  two  poly- 
nomial factors  and  their  product,  with  respect  to  a  plane  panille!  to  the  plane 
of  ZX  sii\d  passing  through  the  centre  of  forces.  We  shall  find  ihhi  all  the 
formulas  from  (36)  to  (42j  hold  good  in  their  new  meaning,  so  that  iP  is 
equal  to  the  sura  of  r]  and  t-J.  The  same  would  evidently  be  true  if  the 
radii  were  taken  with  respect  to  plan^  through  the  centre  of  forces  and 
parallel  to  either  ZV  or  XV*  Hence  if  any  number  of  polynomials  in 
X,  y  and  z  are  multiplied  together,  the  square  of  the  radius  of  gyration  in 
the  product,  taken  with  re;^i>ect  to  a  plane  through  the  centre  of  forces  and 
parallel  to  a  side  of  the  block  which  the  product  occupies,  is  equal  to  the 
sum  of  the  squares  of  the  corresponding  radii  for  all  the  factors.  If  a 
polynomial  with  radius  r^  is  raised  to  the  k  power,  the  square  of  the  corres- 
ponding radius  in  the  expansion  will  be  fcrj» 

Again,  let  us  define  the  moment  of  inertia  of  a  coefficient  with  respect  to 
a  point,  as  the  product  of  that  coefficient  into  the  square  of  its  distance  from 
the  point,  and  define  the  radius  of  gyration  of  a  system  of  coefficients  with 
respect  to  the  jjoint^  in  accordance  with  this.     Let  the  radii  of  two  poly-* 
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Domial  £eu^rs  in  x,  y^  z,  with  respect  to  the  three  ooordiDate  planes  throng 
the  centre  of  forces  in  each,  be  ri^v^  and  U|  for  the  first  and  r^  «,  and  ii| 
for  the  second,  and  let  R,  V  and  U  be  the  radii  for  thdr  product  Also  let 
the  radii  for  the  two  factors  and  their  product,  with  respect  to  the  centre  of 
forces  in  each,  he  p^y  p^  and  p.  The  square  of  the  distance  of  any  coeffi- 
cient from  the  centre  of  forces,  is  equal  to  the  sum  of  the  squares  of  iti 
distances  from  three  coordinate  planes  through  that  centre.  We  have  then, 
by  reasoning  similar  to  that  by  which  (44)  was  obtained, 

P\  ==<+<+<       P\  =  <+<+<       />»  =  iP+7»+I7».     (49) 
But  we  have  already  found 

2?  =  ,^+,^,         F«  =  t^+t^.,         ZP  =  fJl+ul  (50) 

whence  finally, 

Thus,  in  the  product  of  two  or  any  number  of  polynomials  in  x,jf  and  s, 
the  square  of  what  we  call  the  radius  of  gyration  with  respect  to  the  centre 
of  forces,  is  ei^ual  to  the  sum  of  the  squares  of  the  radii  for  ail  the  hc/tan 
with  respect  to  their  centres  of  forces. 

(To  be  concluded  in  No.  4.)     ^^    ,    s    r- 


PARALLEL  CHORDS  IN  AN  ELLIPSE. 


BY  PBOF.  ASAPH  HAIX. 

Let  f  be  the  eccentric  angle  of  a  point  on  the  ellipse,  or  its  eccentric 
anomaly.     The  rectangular  coordinates  of  this  point  are 

:r  =  a  cos  ^  ;         y  =  6  sin  f . 
Let  the  equation  of  a  right  line  cutting  the  ellipse  be 

y  =•  a.x  +  fi. 
Denote  by  ^^  the  eccentric  angle  where  the  right  line  cuts  the  ellipfle, 
and  by  f  1 0  ^^^  similar  angle  for  the  opposite  point  in  which  this  line  meets 
the  ellipse.     For  a  second  right  line  we  use  f  2  ^^^  f  30*     Hence  we  have 

6cosJ(fio+fi)  =  —  «-a«nJ(yjo+fi).     etc. 
If  Jj  be  the  length  of  the  chord  from  y^  to  ^jq, 

or 

J}  =  4(1^ .  (1  +  o*) .  sill  J(f ,  0  +  fj)* .  Bin  Kf  i  «—fif- 
Similarly 

JJ  =  4a* .  (1  +  a») .  Bin  J(f  „  +  f ,)» .  sin  Kf  so" f  j)*. 
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i|  =  4a«,(l  +a^).8iiiKf8o  +  f»)^sini(y3o^fa)' 


etc. 


If  we  substitute  in  the  equation  of  the  right  line  the  coordinates  for  the 
points  ^1^1  fi,  yjj^j,  jpj,  and  elimmate  a  and  ^,  we  have  for  the  equation 
of  the  chords, 


oosjCffta  +yi) 


BJnKyi 


a  *  6 


±fl}.y-cmi(f,,-f,)=0. 


?2ll(j?2JL±ll}. 


+  «nLi(£^±J^.y-cosKf.o-P.)  =  0. 


The  condition  that  these  chords  are  parallel  is 

Pin  +  f  1  =  ^ao  +  9i- 
The  length  of  the  perpendicular  on  the  first  chord  is 

^       — ftoofli(pio— fi) 
''»  4/(14-a»).Bini(fio+Vi)' 

If  we  consider  fonr  parallel  chords  and  denote  the  six  differences  of  the 
perpendiculars  by  (1.2),  (1.3),  (1.4),  (2.3),  (2.4),  (3.4),  we  shall  have 

— .|c!osj(fio— fi>— "'sKfjo— Ps)} 
and        (1.3)  =  A  .  (c—e) :  (1.4)  =  A  .  (c— /)  .•  (2.3)  =  A  .  {d-^)  : 


(1.2)  = 


</(H-a»).sinJ(fio+f, 


(2.4)  =  v4  .  (d-/);  (3.4)  =  ^  .  («-/), 
in  which  A  is  a  factor  constant  for  parallel  chords.     It  is  plain  that  the 
values  of  J*  may  be  written 

J?  =  B.{l^t^):  Jl  =  5,(1 -tP);  etc*, 
where  B  is  also  constant  for  parallel  chords. 
If  DOW  we  form  the  expression 

t+  (2.3)  (2.4)  (3.4) .  Al  —  (1,3)  (1.4)  (3.4) .  J^ 
+  (1.2)  (1.4)  (2,4) ,  Jl  -  (1,2)  (1.3)  (2.3) .  JJ, 
brnve,  after  substitution^  and  the  omission  of  constant  factors, 
+  (d-«)(d-/)(e-/)(l-0  -  {<^')io-f){e-f){l-<P) 
+  (c-d)(o-/)(d-/)(l-e^  -  (c_cO(e-e)(d-e)(l-/»). 
and  we  shall  find  that  this  symmetrical  function  reduces  to  zero.     That  is, 
if  we  form  the  product  of  the  square  of  the  chord  by  the  mutual  distances 
of  the  three  other  chords,  the  sum  of  the  products  of  the  first  and  third  is 
equal  to  the  sum  of  the  products  of  the  second  and  fourth. 

This  theorem  was  aunouncsed  by  Savary  (Conn,  des  Terns,  1830,  p.  65), 
to  s  Memoir  on  the  orbits  of  double  stars.  It  will  be  seen  that  this  property 
boldi  wbeo  the  intersecting  line  is  inclined  to  the  chorda. 
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PROOF  OF  SOME  REMARKABLE  RELATIONS  IN  THE 
METHOD  OF  LEAST  SQ  UARE8. 


BY  GHA8.  H.  KUMMELL,  ASSIST.  U.  8.  LAKE  SUBYfiY,  DETBOlTy  MICH. 

I  CX)NSID£R  here  the  standard  case  in  the  method  of  least  squares,  treated 
for  the  case  of  equal  weights  in  Analyst,  Vol.  Ill,  page  165  etc.  Suppos- 
ing now  the  observations  of  different  weight,  I  will  give  a  condensed  view 
of  all  the  formulse  required  for  a  complete  solution  of  this  problem. 

Let  there  be  the  linear  obser/ation  equations: 

a^X'\-b^y+ +^1^— /^i  =  ^1,  weight  pi,  (IJ 


a«aj+6^+ +t,ti7— /^,  =?  J^,      "       p«.  (1.) 

Fn)m  these,  after  applying  the  weights  as  stated,  Analyst,  Vol  III,  p. 
170,  we  obtain  the  normal  equations : 

[pa*  >+[pa6]y+  ....  +lpal'}w^lpafi']  =  [paJ]  =  0,         (2.) 
[pa6>+[>6* ]y+  . .  .  .  +lpbqw—[pb/i']  =  [pbd]  =  0,         (2,) 

[paZ>+[p6Z]y+  ....  +[pZ2>-[p/;/]  =  [plS\  =  0.         (2.) 
These  equations  give  the  unknown  quantities  a;,  y, ...  to  in  terms  of 
[pcLfJ^j  [p6//], .  .  .  [plj^<     To  obtain  the  minimum  sum  of  squares  of  the 
corrections  we  may  use  the  formula: 

[p J^  =  —[pfx^  =  —[pa/i']x—lpbfi}y— . . .—  [p(/M>+[p;i*],  (3) 
or  since  it  is  desirable  to  know  the  corrections  J^^  J^f  '  "  ^m*  themselves, 
we  may  compute  tl)em  by  (1)  and  form  [p^. 

Since  Xyy^.w  must  be  linear  functions  of /z^,  /i.^,...//*  we  may  assume 

^  =^  M,  y  =  W]y .  .  .  w  =  [;//].  (4) 

These  forms  being  introduced  into  the  normal  equations,  these  latter  may 

be  resolved  into  the  following  equations,  since  /z^,  /jl^^  . .  fi^  are  independent, 

[po^>i  +[pa6]^i  +  . . .  +[paqi^-p^a^  =  0,  (5,.i) 

[pa2>2+[pa6]^2+  . . .  +[par]i^—p2a^  =  0,  (5,.,) 


[pa«>^+[pa6]^^+  . . .  +[paqX^—p^a^  =  0,  (6^) 

lpab-]a,  +[p6«]/?,  +  . . .  +[pbqi,-p,b^  =  0,  (6,.i) 

[pa6>2+[>6']^2+  •  •  •  +lpbt]^2-P2f>2  =  0,  (Sn) 


—86— 

[;»ai]ai+[p6i]^i+  ...  +[pi»];, -1)1^1  =  0,  (5^i) 

[pa/>j+[p6/]j9,+  ...  +[pi«]^2-Pafa  =  0,  (6^,) 

i:paZK-r[pW]^.+  . . .  +ipPK-  PJL  =  0,  (6.,) 

SummiDg  products  by  Oj,  a,, . . .  a.  then  for  each  of  the  n  sets  we  see 
that  we  most  have 

[aa]  =  1 J        [a^  =  0;  .  .  .  .  [a>l]  =  0;  (6.) 

[6a]  =  0;         [6^]  =  1 ; [6^]  =  0;  (6,) 

pa]  =  0;        p/9]  =  0; [U]  =  1.  ^6.) 

We  have  then,  using  equations  (5)  for  forming  these  aggregates, 

[aa-\  =  |>o«][a«-4-p]+[pn6][a;9-<-p]+  . . .  +[paf|L«^--p]  =  1,  (7«.a) 

[6a]  =  [pa6][a«--p]+[p6»][a/9^p]+  . . .  +[p6r|[a^-5-p]  =  0,  (7y.a) 

[ia]  =  [paq[a»-^^]+[p6^|[a/9-i-p]+  . . .  +[pZ»][a^-5-rf  =  0,  (7„.«) 
{ap\  =  [pa«] [a^-i-p]+[pa6][/92^]+  . . .  -^[jpaq{fiX-^-]  =  0,  (7x./S) 
[6fl  =  [pa6][a^-Hp]+[p6«][^2-^7]+  . . .  +[p6r|[i9A-p]  =  1,    (7,,.^) 

im  =  [paq[a^-^p]+[p6f|[j8»^;)]+  . . .  +[p/»][^A-j-p]  =  0,    (7,.^) 

[oi]  =  [pa*»] [a;^p]+[pa6]  [^^-Hp]+  . . .  +{pal-\  [;«-5-p]  =  0,  {7«;i) 
\bX]  =  [pa6]  [a;^-p]+[p6«]  09A-*-p]H- . . .  +[p6r|  [A'-f-rf  =  0,    {lyj,) 

\lX-\  =  \:paq  [a^-r-p]+[p6/]  [^i^]-}- . . .  +[pi']  [A2-J)]  =  1.  (7„.A) 
Multiplying  the  normal  equations  in  their  order  by  the  quantities  [o'-s-p], 

[a^-^], [^"^p]  which  result  from  these  equations  and  adding  the 

products  we  obtain 

X  =  [a;/]  =  [a^^p]  |>a;/]+[ai9-J-p]  [p6;/]+  .  .  .  +[aX^p\  [p///],  (8.) 
Similarly  we  obtain 

y=^W\  =  M-^P\  [pa/']+[^«-^^]  [p6A']+  . . .  +[/S^^]  [pM,  (8,) 

«,  =  [;/*]  =  [o^-^p]  \jpa,x-\  -\-m-^-\  \jpbix-\  +  .  .  .  +[A«-^p]  [p?^].  (8.) 
These  equations  would  have  resulted  as  normal  equations  from  the  follow- 
ing equations  as  observation  equations : 


^^1^  +^[p6;«]  +  . . .  +h.^pl^-^,  =  J„  Vt^  p„  (9, 


Pi 
a, 


) 


P.W+&W"*"--"^;tM~''''=''"  "  "''^^'^ 


»3  ^ 
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by  making  [p^  =  a  minimum. 

Resolving  equations  (8)  we  obtain  the  following  formulse  aDalogoa8to(5); 

«i  =  [«*-^P]Piai  +[«^-^]Pi6i  +  .  •  .  +[«^"^p]Pi^,     (10m) 

Pi  =-■  [«^-^]Pi«i+l^'-P]Pi6i+  .  .  .  +D9^-*t>]Pi'i,     (10m) 

^i  =  [«^-^]Piai+[^^^P]pi6i+  .  .  .  +[^*-^-p]Pi'i,     (10m) 

Let  r  =  probable  error  of  an  observatioui  weight  1,  then  (r-f-  ^p)  =  tbe 
probable  error  of  an  observation,  weight  p,  and  applying  the  well  known 
theorem  [(43'),  Analyst,  Vol.  Ill,  p.  140]  we  have  the  probable  erron 
of  the  unknown  quantities 

and  their  reciprocal  weights 

To  obtain  the  probable  error  of  fti  +^i,  fx^-^J^,  ,  .  .  viz.,  tbe  observed 
qoantities,  corrected,  we  can  nse  either  (1)  or  (9).    By  (1)  we  have,  nsing  (4), 
fi,+J,  =  a,[_a^f]+b^[fi/I■]+  .  .  .  +?,M 
=  (aifli   +6i^i     +  .  .  .  -\-liXi)/ii 
+  (a,a^   +6,^j     +  .  .  .  +liX,)fi, 

+ 

+  (Oia«    f  6i^-    +  .  •  .  +liim)f^- 
Denoting  the  probable  error  of /<j+ Jj  by  R^  we  have 
i2J  =^  a2[aa-f-p]+Oi6i[a^-t-p]+  .  .  .  +ajf,[a>l-5-p] 

+ 

+a,  /i[a;-5-p]+6,  M:^^-^p]+  .  .  .  +  i![A«-^p]  J-f*  ■ 
=  (o,aj+6i)9,  +  •  .  .  +^^i)  (r*-^pi),  by  virtue  of  (10),    (13) 
and  the  reciprocal  weight 

-^  =  l.(o,a,+6,/9, +  ...+/,;,).  (U) 

Likewise  we  have  the  expression  for  the  correction  J^,  by  (1), 

=  (— 1  +  ajai+6,/9i+  .  .  .  +/i^i)a«, 
+(oiaj+6i^2+  .  .  .  +lii2)ft, 

+ 

+(Oia.+6i/9.+  .  .  .  +liijft,. 
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loting  the  probable  error  of  J^  by  /o^  we  have 

=  {f^^p,)-Rl  by  (13),  =  rl-Rl  (15) 

rl=Rl+pl  (16) 

1-^Pj  =  i-f-P^-|-l-^;ri,  {(tt^  denotes  the  weight  of  J^ ;    (17) 
the  remarkable  theorem : 

!  probable  error  of  an  observed  quantity  is  the  hypothenuse  of  a  right 
I  triangle  of  which  the  probable  error  of  the  corrected  quantity  and  that 
correction  are  the  sides, 
have  the  weighted  sum  of  equations  like  (13) 

lpR'']  =  ([a«]+[6i9]-h  . .  .  +UX]y  =  tir»,  by  (6),        (18) 
[p^P]  =  n.  (19) 

ce        [p-^p]  =  m  we  have  the  theorem : 

the  adjustment,  (he  observed  quantities  are  improved  on  the  average  in 
Ho  of  u  to  m, 

have  also        \jpp^  =  (m'-'n)r^y  (20);  [p-^^r]  =  m— n.  (21) 

can  place  [pe*]  =  [p^]  where  c^,  Cj,  .  .  .  «»» <ure  the  mean  errors  of 

rrections,  but  [p/)^  =  2p'[p<^  where  p  =  0.47694,  the  probable  er- 

r  absolute  precision,  =  1.     We  have  therefore  from  (20)  the  formula 

'>l(i^.)=»-"«>((£^)'        (^=) 

le  average  probable  error  for  an  observed  quantity 

ro=rv(m^0]),  (23) 

lat  of  a  corrected  quantity  Rq=  rV{n  -^[p]  )■  (24) 

t  IB  required  to  find  the  probable  error  of 

U=  M+Ax+By+  . . .  +Lu),  (26) 

ve,  in  terms  of  yui,  ft^,  . .  .  ft„, 

U  =  M+{Aai  +Bfii  +  .  .  .  +Ui  )A«, 
+(^a2+5j9j+  .  .  .  +^^2)^, 

+{Aa^+B^,+  .  .  .  +£;,)//,; 

• .  r>  =  {A'  [a»-^p]+^JS[a/9-i-p]+  . .  .  -\-ALiai-i-p] 
+AS[a^-i-p]+B^  |j8^^p]+  . .  .  +BL[fiX^p] 

+ 

+AIlaX-Srp]+BL[fii-rp]+  .  .  .  +X»  p^p]  }r».   (26) 

U  is  not  a  linear  function  of  z,  y, ...  10  we  replace  them  by  x,  +  Jx, 

y  . . .  «>,+  Jw  and  have,  by  Taylor's  theorem, 

=  U,+AU=f{x„  y.  .  .«.)+gjx+^Jy+  .  .  .  ^^dw, 


r  =  p. 
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which  is  of  the  form  (25)  and  we  have 

\dx'\_p_rdz-d!f\_P-i  dx'dw\_pj 

df  dfrap  I    tp    r^-|  df  dfr^-\ 


+ 
+ 


df  dVri-i    df  dfr^x-1  dp  rxi^  )  ,       jg, 


*  Continuation  of  the  Note  at  p.  57  by  the  Eduob.— Sobedtatuf 
for  a  its  valae  ^^  +  1,  also  subetitating  for  Fits  value,  m^teom{i), 
aud  writing  A  for  w'-i-t)*,  we  have 

6  =  ^iB  —  E.  l(i^\  f  ^ . 

r^        r\V    6    J  J  V(ii2-DA-|-1— oosf)' 
or,  substituting  for  cos  ^  its  equivalent,  1  —  2  sin*if9,  dividing  tiie  qoanti^ 
under  the  second  radical  b7  ^BDh,  placing  this  divisor  in  the  denomiiHliir 
of  the  first  radical  and  writing  ^  for  }fp  and  e^  for  10-i-BDh,  we  get 

A  —^     ^  :?.  r        2# 

r  ^        rJ  i/(l  +  AinV)* 
From  (3)  we  have 

9  =  —  a att, 

r   ^         r 


mJ  ' 


—  #  (8) 

a>J  V(H-o^inV)' 
Substituting  for  sin*^  >ts  equivalent  1  —  oos^i  dividing  the  qoantitjr 
under  the  radical  by  l+c*,  and  writing  ^  for  c^-i-(l+o')  we  have 

t  _     2     r #. (9) 

~  w  Vtl+c^K  V(l  — e*co8V)" 
The  forgoing  was  sent  to  Mr.  Charles  H.  Kummell,  of  the  U.  S.  lake 
Survey,  with  the  request  that  he  should  calculate  the  numerical  value  of  <; 
and,  in  response,  Mr.  Kummell  has  put  the  integral  in  the  form 

dW 


(10) 

which  is  more  convenient  for  numerical  calculation,  and  from  which  he  finda 

Hence  it  appears  that  the  ball  will  pass  a  point  180°  from  the  initial  point, 
2^54'°2i*.6  befor  the  point  A  will  pass  the  same  point  in  space. 
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CURVES  OF  PURSUIT, 


BT  JAS,  Iff.  INQALLS^  IST  LIEUT.  IST  ABT'Tj  U.  S.  A.|  FT.  THtJMBinX,  CONN. 

Problem. — A  point,  ff^  movea  with  a  aniform  velocity  along  a  givoi 
straight  line:  another  point,  >f ,  moves  continually  toward  ff  with  a  veloci- 
ty also  uniform.     Required  the  Inrns  nf  /{, 

Let  MO,  Fig.  1,  be  the  giv- 1 
€11  straight  lijae,  and  A  and  1 
the  positions  of  the  points  Ji  I 
and  ff^  respectively,  at  any  in 
staiit.     Suppose  that  while  ^ 
moves  from  B  \/o  B'^Ji  movet-  { 
from  A  to  A%  describing  th< 
curve  AHA'.    Then  from  th< 
nature  of  the  problem  the  right  | 
lines  AB  and  A'B'  are  tang'» 
to  the  curve  AEA^  at  A  ant 
A'^  respectively* 

Take]^  as  the  origin  of  rec 
langular  co-ordinates,  of  which  | 
jlXand  A  K,  respectively  per 
pendicular  and  parallel  to  JtfO,  are  tlje  axes*  Draw  A*D  perpendicular, 
and  A'C  parallel  to  MO;  and  make  AC  =  x,  A'C  -  y,  A'B'  =  t, 
A'D  =  «,  A'B'M=  if,  DA'B'  =  6,  curve  AEA'  =  »,  AB  ^  T,  AX  ^ 
4,  and  ABM  =  /9*  Of  these  quantities  the  last  three  relate  to  the  relative 
initial  positions  of  the  points  >f  and  ff,  and  may  be  considered  constant. 
Further,  if  m  ^  the  ratio  of  the  two  given  velociti^,  BB'  ^  ma. 

Since  B'D+DX  ^  B'B+BX,  therefore 


Or^  difiTereotiatiug, 


(6  —  ^)  j^  +  y  =  WW  4*  constant 


'cfe» 


cfz 


(1) 


By  substituting  for -^  its  value,  f  1+ J'^r,  the  above  equation  may  be 


wntten 


(•  +  £) 


SI 


m<fa 
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the  int^ration  of  whidi  gives 


At  the  ori^, 


!^  =  -oot^j  and  (l+^)*  =  oofleoi8. 


dx 
Therefore  O  =s  ("(oosec  j9  —  oot^  =  &**tan^/9;  and  oonseqnently, 


Meooe  we  derive 
and 


d^  _   &*tan^i9  _  (b  —  a?r  /o 

dx  ~  2(6  — a?r      2S=te5rp'  ^ 

da  _   6'^taD^^        (6  —  x)"^  ^.^ 

dx        2(6-a?r'*"26*»tan^^'  ^' 

In  the  above  eqnatioDS  & — x  =  z  =  the  perpendicular  from  any  point  of 
the  carve  npon  MO.  Oall  that  perpendicular  which  is  tangent  to  the  car?^ 
a.  (P'O^  Fig.  1.)  Then,  from  (3),  we  have,  oT  =  fc^tan  ^j9;  or  6*  =  a- 
Xoot^j9.  Thereforei  since  the  origin  may  be  at  any  point  of  the  carve,  we 
have 

(6_a?)«sair  =  o~ootjf.  (5) 

The  integration  of  equations  (3)  and  (4)  gives  different  forms  aooordmg 
as  m  <  1,  m  =  1,  or  m  >  1.    We  will  discuss  each  case  separately. 

Case  1.    m  <  1. 

Using  a""  instead  of  ft^tan  \^^  and  int^rating  equation  (3),  we  have, 
since*  =  rsinj9, 

_  (h-xY^_ar{h-xY'^       Tjm^-^fi)  ,j, 

^  ""  2o-(l+iii)        2(1— m)       ^      1— m»    *  ^  ^ 

The  intq!:ration  of  equation  (4)  gives, 

_    r(l— mCOSjg)  _  (b—xy-^^  __  0"(6— g)^~*>  /m 

~         1— m«  2a'»(l+m)  2(1— m)    '  ^  ^ 

When  >f  overtakes  ff  (at  P,  Fig.  1)  we  shall  have  a:=6;  and  the  above 
equation  reduces  to 

y  =  PX=  nrn-<^§) .  and  .=  AEA'P=  ^(1=^^. 

Equations  (6)  and  (7)  may  be  simplified  by  changing  the  origin.  Thus 
if  we  change  the  origin  to  P',  we  shall  have  a  =z  b  =  T,  and  fi  =  ^^ 
Therefore  equation  (6)  reduces  to 

_  {a-^xy-^  _a-(a-a;)^-"  _.      am  .gj 

^  ""  2a"(H-m)         2(1—111)      ^  I^i^  ^  ' 


and  8--^ (o-«)^  _«r(o-^V^  ,9V 

1— m*      2a-(H-m)  2(1— m)  ^  ' 

Therefore        PO  =  r^^;  and  PEP'  =  ^-^  ;  a°<i  consequently, 
1 — m  1 — m 

PjEP'  =  (l-«-m)PO. 

Since  m  <  1,  we  may  make  cos  j8  =  m,  and  thus  omse  the  constant  term 

in  equation  (6)  to  disappear.     For  this  particular  value  of  )9,  we  find  from 

(1     I   rn\    l 
~—  j  2*,  which  call  c.     Therefore  equation  (6)  be- 

comesy  in  terms  of  e. 

Since  y  =  0,  in  the  above  equation,  when  ar  =  0,  and  when  a;  =  c,  it  is 
evident  that  this  new  -axis  of  X^  is  perpendicular  to  OM  at  P  where  >f 
overtakes  ^;  and  that  the  curve  cuts  the  axis  of  X  at  P^'  at  an  angle 
whose  siuQ  is  m.    From  equation  (7)  we  have 

'       ^       2c-(l-m»)«        2(1— m«)^'     .  ^  ^ 

where  r=  P"B".    Therefore  when  a;  =  o,  we  have  «  =  T.    That  is,  the 
curve  PP'P''  is  equal  to  the  tangent  P"B". 

An  expression  for  t^  that  is,  the  distance  between  the  poinfs  >f  and  B  ^ 
any  instant,  may  easily  be  found.     It  is  evident  from  the  figure  that 

t  =  (6— a?)^=  «^  =  «coeec^  =  «8ectf.  (12) 

But  from  equation  (4) 

da  _  o^'^+g^"'        .    #  _  (aa">+g8»)8i~*> 

S~    2a-»«    •    •  '^ 25^ 

Another  expression  for  t  may  be  found  as  follows:—  Differentiate  the 
first  of  equations  (12),  und  we  have, 

dx        ^^      ^^S^      di' 
but  from  equations  (3)  and  (4)  we  easily  deduce 

Therefore 


(6  —  a:) -5-^  =  m^. 
^  '  dx^  dx 


.♦.  <  =  my— «+r.  (14) 

When  ti=0,a=im9+T.    That  is  (Hg.  1),  AEP  =  ^£+mXPX 


Radius  of  Cubyatube. 

*^ 

Designate  the  radius  of  curvature  by  12.    Then,  since  genendlji 

da 

if  we  use  the  plus  sign  and  reduce  by  means  of  equation  (1)  we  shall  hm, 

B  =   *-=^  .  ^.  (18) 

Therefore  by  equation  (12) 

Rss  —  z=  ^^^^  -- ocot  -ly 
mz         m     ~"  msinY ' 

Subetituiing  for  -j-,  in  equation  (16),  its  value  already  foondi  we  hsn, 
ox 

4ino»-  4ino«-«»— «' 

aooording  as  m  <  or  >  than  \,    When  m  =  \,yn  have  the  nmple  ezp'a, 

^ 2^- 

From  the  above  expression  it  will  be  seen  that  the  radius  of  curvature  at 
P  is  zero  when  m  is  less  than-one  half;  \a  when  m  =  one  half;  and  infi- 
nite when  m  is  greater  than  one  half.    The  radius  of  curvature  at  P'  iB,  in 

all  cases,  — ;  and  at  P",R=        ^ 


m '  '  to(1— ma)* 

To  determine  whether  R  has  a  minimum,  we  difierentiate  equation  (16)| 
and  obtain, 

c?i?^^  /o^ 1.     dgWs  _^  2m sin  tf  —  1 

dx        \  dx.       m  '  dx/dx  «ioo?5      * 

Therefore  when  dR-r-dx  =  0,  we  have  sin  0  =  (l-#-2m). 
The  second  differential  coefficient  is 

cEp^^        b—x\dx^dx^)        b  —  x    dx    d£  -  6— « 

on  the  supposition  that  dR-r-dx  =  0.    As  this  is  positive,  JB  is  a  minimum 

x.  A         1  /2m  — 1\^ 

when  sm0  =  ^r — ,  or  «  =  a ( ^ — — r  J a"«. 
2m'  \2m  +  l/ 

If  we  designate  by  R^  the  minimum  value  of  i2,  we  shall  have 

4am 


i?«  = 


(2i»  +  1)   »^(2m  — 1)  »=^ 


re  may  also  have  by  means  of  the  preceding  formutaB^  the  following 
belaiioDS|  viz.: — 


i?.= 


=  2*  tan  /?  sec  tf  =  2«  tan  <?  = 


In  these  formulas,  z,  t  and  9  refer,  of  course,  to  the  point  of  maximum 
eurvatare. 

!  If  we  represent  m  by  the  proper  fraction  p-4-5,  where  p  and  q  are  prime 
|to  eacb  other,  there  will  be  three  varieties  of  the  curve,  viz,:— when  p  is 
odd  and  q  even ;  when  p  is  even  and  q  odd ;  and  when  p  and  q  are  both  odd. 

Before  continuing  the  discussion  it  will  l>e  convenient  to  change  the  ori- 
gin to  P,  at  which  point  6  =  T— 0;  and  ^=.n.  Therefore  equations  (6) 
and  (7)  become^  changing  the  signs  of  x  and  «, 


"a;!-* 


y=^ 


ax 


a-H» 


•^1— * 


M  = 


orx 


+ 


,!+-» 


I 
I 


2(1  —  m)         2a-(l  +  to)'      '       2(1  —  ro)    '    2a-(l  +  in)' 
Figure  2  represents  the  first  variety,  where  m  =  J.     We  have 


^  ~  -  3Va ' 


and  *   =  ^^  +  '^>*^^ 
3va 


Also  f  =  ± 


_    .    o  +  *, 


o*- 


«  =  (£+£)!  =  ^  =  a«»». 

2a  0? 


The  following  values 


The  curve  extends  from  x  =  0  to 
a?  ^=  +  cc,  and  is  symmetrical  with  re-  | 
spect  to  the  axis  of  a?. 

There  is  a  multiple    point   at    P''  ] 
where  the  two  branches  intersect  at  an  angle  ot  60^ 
are  easily  deduced : — 

Arc  PP'P"  = -B'^P'' =  ai/12-  Jrc  PP' ^  2x  OP  =  |a.  PF*^  = 
3X  OF*.  The  values  of  R  at  P,  F*\  and  P",  are  respectively,  \a^  2a  and 
8a — three  quantities  in  geometrical  progression.  It  is,  perhaps  worth 
mentioning  that  if  the  arc  FF^P*'  be  revolved  about  FF"  as  an  axis,  the 
volume  generated  will  be  -^  of  the  circumscribing  cylinder. 

figure  3  is  a  type  of  the  second  variety.     In  its  oonstniction,  m 
I  equal  to  |^,     Its  equation  is 


-.^P-4 
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In  all  of  tbe86  exam- 1 
plea,  by  changing  the  sign 
of  the  second  term  within 
the  brackets,  of  the  equa- 
tion of  the  curve,  we  have 
an  expression  for  s;  i.  e., 
the  length  of  the  curve 
measured  from  P  to  the  | 
point  whose  abscissa  is  x 

The  curve  extends  from  | 

X  ^^  -f  CO  to  ar  ==  —  CO; 

and  the  parts  on  opposite  i 
sides  of  the  a^is  of  y  m\ 
similar.     The  maximum 
curvature  is  at  E^  where  I 


.  =  ilr/a. 


The  minimum  radius  of  curvature  may  be  constructed  as  follows:  At  E 
draw  the  tangent  EK  and  the  normal  EC\  Draw  KH  perpendicular  to 
the  axis  of  y,  and  take  HC  =  EH,  Then  is  EC  the  radius  of  curvature 
at  E,  The  radius  of  curvature  at  P  is  infinite,  as  it  is  in  all  these  curves 
when  m  >  J. 
I  The  third  variety  is  illustrated  by  Fig.  4,  where  m  ^  ^,     lis  eq'n  is 


""  iM  r^ 


i  The  curve  oonsists  of  two 
similar  branches  extending  to 
infinity  on  either  side  of  the 
axis  of  y. 

The  radius  of  curvature  at 
the  origin  is  zerow 

Case  2.    m  =  1, 
The  integration  of  equations  (3)  and  (4)  gives,  when  m  =  1^ 


4a 


^  4a 


^^SnSre,  the  origin  may  be  at  any  point  of  the  curve  determined  by 
1  the  valae  of  L     If  the  origin  be  at  P\  Fig.  6,  we  shall  have  6  =  a  and 
I  tlie  Above  equations  reduce  to 

When                           s  arc  ^^^^^^^^^^^^^^^^^^^|BI 
bo^  infinite;                          a-  ^^^^^^^^^^^^^^^^^^^^Q^l 
bav€  equations                  when  ^^^^^^^K^^^t^^^^^^^^K^^ 

if  the  curved  line  P'AP,  which  ^^|^^^^^^^^^^^^^^^^H|I^| 
foaetfl  the  straight  line  031  at  ^^|H^^^^^^^^^^^^^^HB^| 
infinity            straightened  or  ^^^^|^S^^^^^^^HH||^^H|R| 
developed  along  OM^  it  would  ^^^^^^|^9^^^^HJHHSBlill 
reach  below  0  by  a  distance  ^^^^B^^H^^9i^lBSHH!l 
equal  to                                     ^^^^^^^^^^^^^glgS^^g^m 

The  following  values  of /are  eajsiJy  deduced,  viz.:— 

] 

^                               l  +  8intf    -rftf       '*+*'       *       2a  +  2        *^^''-                  ^H 
I       Therefore  when  z  ^  0,  <  =  ^  j  which  is  the  distance  between  the  points       ^^^B 
1   4  Bnd'ff,  at  infinity.                                                                                                ^^H 
1       The  following  are  some  of  the  expressions  for  R,  viz. : —                              ^^^H 

When  RiBH  minimum  ff  =  30°,  2  =  a  H-  V3  and  *  =^  2a-*-3  ;  and  the  ^M 
Mum  vahie  of  iZ  is  R^  =  4a-H3  v^^.  ^,  Fig.  5,  is  the  point  of  max-  ^M 
iu*.iu*  cmrvature,  and  AC=^  2XAH  m  the  radius  of  curvature.  The  radi-  ^M 
m  of  carvatnre  at  any  point  of  the  curve  wliose  coordinates  are  given  may  ^^ 
be  easily  constructed  as  follows :  Let  A  be  any  point  of  the  curve.  Then  1 
by  means  of  its  co<Drdinaterf,  the  tangent  AB  and  normal  AC  may  be  drawn.  ^J 
From  B  draw  BH  parallel  to  0F\  Then  is  BH  equal  to  the  radius  of  H 
curvature  at  the  given  point     At  F\  R  ^  a,                                                         ^M 

The  area  between  the  curve  P'P  and  its  asymptote  is  Ja^ ;  and  the  vol-  ^| 
ume  generated  by  revolving  P^P  about  P'O  is  ^na^  ;  which  is  therefore  ^^^J 
the  volume  of  a  disc  whose  base  is  a  circle  of  infinite  radius  and  whose  al-  ^^^^ 
titude  is  a,                                                                                                               ^^^B 

If  the  curve  PP'  revolve  about  its  asymptote,  the  surface  generated  by  ^H 
the  carve  =i  t^^^i  aiid  the  volume  =  |7ra*.                                                       ^^^H 

-JfQ^— ■ 


Case  3.    m  >  1. 

When  m  >  ly  the  integratioD  of  equatioiis  (8)  and  (4)  gives,  plad&g  tbel 
origin  at  P',  Fig.  6. 


y  = 


&  = 


2(m  — l)(a— 0?; 
a* 


,  (fl  —  g)*^^ am 


2{m  —  i)  (o^ic)"-!      2a-*(m  +1)     m'— 1 ' 
Although  when  m  is  finite, «  and  y  are  both  infinite  when  a?  =  a,  yet  I 
difference,  as  in  case  2,  is  finite.     The  value  of  a  —  y  is,  in  all  cases,  eqo 
to  a-r(wi+l). — We  have  already  found 


t  = 


t2M 


+  « 


2m 


which  is  infinite  when  z  =  0,  To  determine  whether  <  has  a  minimum 
value,  we  make  the  second  member  of  equation  (13)  equal  to  zero,  and  find 
sin  d  =  (1-^m)-     This  substituted  in  the  second  diff.  coeflF't  reduces  it  to 

—  ["(m  +  lfa^^w 

and  this  is  positive,  so  long  as 
m  >  1,  for  positive  roots ;  and 
those  are  the  only  ones  consid- 
ered in  this  discussion.  The 
preoeding  formulse  give,  when 

/m— 1\^ 

Vm+U 
and  thence  we  deduce  for  i^  the 
following  value,  viz, : — 
am 


L= 


We  have  already  found,  when  sin  tf  =  1  -^{2m), 

4am 


R.= 


and 


%  =  a 


(2m+l)  a-'  (2m— 1;"!^ 


/2m-nx 
V2m+1/ 


In  Fig.  6,  where  m =f ,  -4  is  th«  point  of  maximum  curvature,  and ! 
the  minimum  distance  between  the  points. 

For  all  values  of  m  >  1,  j1  lies  between  A'  and  P'  $  and  as  m  la  in* 
creased  A  and  A*  approach  still  nearer  to  P*. 
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SOLUTIONS  OF  PROBLEMS  IN  NUMBER  TWO. 


.trriONS  of  problems  in  No.  2  lia/e  been  received  iis  follows; 
From  R.  J,  Adcoek,  299,  307,  308;  Prof,  L.  G,  Barlvoiir,  296;  Prof. 
W.  P.  Casey,  296,  299,  300,  301,  302;  Alex.  8.  Chriatie,  301,  302;  Prot 
E.  J.  Edmunds,  296;  George  Eastwood,  298,  300;  Dr.  Wtn.  Hrllhouse, 
296,  300;  W.  E.  Heal,  300,  302,  303,  305,  306;  Prof.  W.  \V.  Johnson, 
306;  Chas.  H.  Kiimmell,  303,  308;  Prof.  J.  H.  Kershner,  296,  298,  299, 
300,  301,  303;  Prof.  D.  J.  Mc  Adam,  296;  P.  Richardson,  296,  300;  T. 
P.  Stowell,  298;  Prof.  E.  B.  Seitz.  2b6,  300,  307;  Prof.  J,  Scheffer,  296, 
298,  299,  300,  301,  303,  304;  E.  P.  Thompson,  296. 


296.     "Given  a^+y*=  ii/2,  a?*+y  =  1 ;  to  find  »  and  y  by  quadratics/' 

SOLUTION  BY  PROF.  L.  G,  BARBOITR,  BICHMOND,  KY. 

^jet  m-f «  —  ^t  171— n  =  y*;  then 

m»+3m^+3mfiHn*+wi*— 3m^+3mn'— n»  =  :«*+/  —  J  v'2. 

.  • .  m*+3mn*  ^  1 .  J  ^2  =  J|/2,  (1) 

in*+2mn+7i*+m' — 2mn+n^  ==  a^+y*  =  1 ;  • ' .  m*-i-n^  =  |, 
Ml"  =  ^m'  =  by  (1),  (i|/  2— w*)-^3m,  or  fm— 3m=  ^  J|/2^-m^ 
, . ,  4m*— 3m  =  —  Jv^2,  .  • .  4m^— 3wi*  =  —  i|/2  .  m, 

4^*_^t+^  =  2m*^il/  2  .  m+^^; 
.  • ,  2m'— i  -  mi/2— i;  r  ,  2m  ^  y2,  or  m  =  J  ^2. 
lore  »*  =  0,  and  ip*  =  m*  ^  ^;  ,  • .  ar  =  ^J/2  =  y, 
problem  was  also  solved  as  above,  with  a  j^light  difference  in  nota- 
Profeesors  SeiU  and  Mc  Adam.] 


7,     No  eolation  received, 

'8,  "On  the  diameter  AB  produced,  oi  a  given  circle,  is  a  given  point 
P.  A  chord  CD  is  parallel  to  the  diameter  AB.  Find  the  position  ol'  CD, 
by  m  geometrical  construction,  such  that  the  angle  CPD  shall  be  the  great- 
lest  possible." 

SOLUTION  BY  PHOF.  J.  H.  KERSHKER,  MEBGERSBUBG,  PA. 

epresent  the  point  D  by  (x,  y),  the  origin  being  at  the  centre,  The  tan 
lof  CPD  =  tan  {CPB— DPB)  =  {tan  CP^— tan i>PJS)H-(l-f  tan  CPBX 
kan  DPB) 


\a  —  X     a  +  z/     \       a^ — x*/ 
=    f-^i —     ^  :  -o  1  ^  »  maximum, 

where  a  =  PO. 

Sabetituting  |/(r* — a?")  for  y ,  we  find  by  the  Diff.  | 
Calculus,  the  expression  has  a  maximum  for 

""  "       i72     • 

To  find  X  by  geometrical  construction,  erect  the  perpendicular  OF^OP^ 
join  PFand  PH,  lay  off  FK^r,  draw  ZZ,  parallel  to  Oi?;  meeting  PH 
in  i,  and  we  shall  have  HL  ^^x  =  the  abscissa  of  Cor  D. 


299*     "Prove  that  the  number  of  terms  in  an  expanded  polynomial  of  i 

terms  is  equal  to  the  number  of  combinations  of  (n+d — 1)  quantities  taken 
t — ^1  at  a  time,  where  n  is  the  exponent  of  the  polynomial/' 

SOLUTION  BY  PHOP.  W,  P.  CASEY,  8AN  FRANCI800,  CAL. 

The  number  of  terms  in  the  expansion  of  any  polynomial,  the  expone] 
n,  being  a  positive  integer,  is 

t{t  +  l)(i-\-  2)....(e+n  — 1) 

where  t  is  the  number  of  terms  and  n  the  exponent;  which  is  evidently  = 
to  the  number  of  combinations  of  {n+t — 1)  quautities  taken  t — ^1  at  a  time. 

SOLUTION  BY  R.  J.  ADCOCK,  R06EVILLB,  ILI*, 

The  expansion  of  (a +6)"  has  n+1  terms  ;  that  of  (a-ffe+o)* 

which  has  the  sum  of  n+1  terms  of  the  series  1  +  2+3+44-  •  *  •  +0 

=  ^n+2)  (n+1)  terms.     The  expansion  of  (a+A+c+d)"  has  the  sum  of 

n+l  term«  of  the  series  1 +3+6+  .. .  +tn+l)("+g)  =  (n+3)(n+2Xi»+l) 

by  differences.     In  like  manner^  the  expansion  of  (a+6+o+d+e)*  has 

(n+4Xn+3)(n+2)(n+l)  Hcnec  (n+i^l){n+t-2)...{n+t 

1X3:4  *     '•     ^^""^  1.2.3..,  («-l) 

which  expresses  the  proposition  that  was  to  be  proved, 


itime. 


300,    "In  a  plane  trian*  ABC  are  given,  the  perimeter  2«  and  the  radii  i 
the  inscribed  and  circumscribed  circles,  r  and  i2,  to  determiBe  the  triangle." 
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SOLirnON  BY  p.  RICARD60N,  BROOKLYK,  K.  Y. 

Let  the  sWce  opposite  the  angles  A,  B^  C,  be  a,  6,  o,  then  we  have  given 

a  +  b  +  e  -  29.  (1) 

mble  the  area  J8  ah  sin  C  =  2r»,  sin  C  :=  c-7-2ii;  *  * .  by  substitution 
get  o6c  =  4Rr9,  (2) 

The  area  is  |/[j(«— a)(» — i)(«— <?)]  =^r«,  or,  by  squaring  and  performing 
operations  indicated  in  left  hand  member,  vre  get 

«*^ — (a+6+c)«*  +  {a6+ac  +  6e;«*— ft6c8  =r  r^^, 
and  by  Bubstituting  from  (1)  and  (2)  we  get 

whence  oA+oc+frc  ^r  r*-f  «'+4iJn  (3) 

*  Equations  (1),  (2)  and  (3)  show  that  a,  6,  c,  must  be  the  roots  of  the  cu- 
bic equation         a:^— 2«t3  -f(r2  +«»  +4iJr)a!— 4iir^  ^  0. 


301*     **Determine  the  angles  of  a  plane  triangle  from  the  following  re- 
lalioQs. 

.J.    f  tanM+tan'^+tan2C=m,  (1) 

^^   I  tanM-ftau*i?+tau*C  =  n,  (2) 

(1) 
(2) 

.ryy.  J  tao  J^  +  tan  J5+ tau  ^ 0  =  OT,  (1) 

^^^^^  \  tan  1^  Xtan  |£X  tan  JC=  n."  (2) 


tan*^-ftau*i?+tau*C  =  n, 
....    f  tan* J^  +  tan^Ji -I- tan' jC=m, 
'^^^^  \tanH^+tan*|^+tao*JC=n. 


eoLtrnoN  by  alex.  s.  christie^  u,  s.  c.  surv,,  wash,,  b<  c. 
Let  the  sought  tangents  in  each  case  be  the  roots  a,  ft,  e  of  the  cubic 

Then  by  well  known  forms  in  the  theory  of  equations  and  trigonometry 
(flay  Faa^  de  Bruno's  Forjms,  fiinaires^  p.  27,  and  Chauvenet's  Trig.,  p.  62) 
we  have  for  determining  p,  g,  r. 


(I) 

(H) 
(III) 


I0=p  — r 
(l)and(2)withO  =  l— ? 

n  := — r 
0--      1-9 


Wbenoe,  for  the  three  cases  in  order 
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«»+«V(»»+2j)+a!j+|/(m+2g)  =  0, 
where  q  —hi  4±/[16— 2(«-4»»— m«)]  J- ; 

x^ — mx^  +x — n  !=r  0. 


302.     '^Given  n  points  in  space,  to  construct  a  polygon  of  n  sides,  having 
its  sides  bisected  by  the  n  given  points,  and  determine  the  No.  of  solations." 

SOLUTION  BY  ALEX.  8.  CHRISTIE. 

With  any  point  in  space  as  origin,  let  />.,  />._i,  ...  /o^  be  the  qoaieniioD 
vectors  to  the  vertices  of  the  required  polygon,  and  a,,  a„_i, . . .  a^  the  cor- 
responding intermediate  vectors  to  the  given  points. 
Then         p^  =  a^  +  a^    — A>..-i  —  2a^— p„., 
-z:  2a^— 2a^_i+/>^_2 
-  2a^-2a^_i+a^_2— /»n-8 


r-^.  2a„-2a,_,+2a,_2~2a,_3+  ...  +(--)-i2a !+(-)•/>.. 

When  n  is  even    0  =  a» — o^^j  +««-2 — ^-8+  •  •  •  +^2 — ^i*  (^) 

"      n  is  odd      jO«=  «»— o^-i+On-a— «.^8  +  -- •— «2+«i-  (2) 

Hence,  when  n  is  even,  there  are  an  infinite  number  of  solutions,  or  none, 

'according  as  the  geometrical  condition  (1)  is,  or  is  not  fulfilled;  and  when 

n  is  odd,  (2)  gives  the  construction  for  any  vertex.    It  is  obvious  that  there 

are,  in  this  case,  J(n — 1) !  different  solutions. 


303.  ^'Required  the  length  of  one  branch  of  a  curtate  qrdoid;  the  gen- 
erating circle  having  a  radius  of  4  inches  and  the  generating  point  a  radius 
of  8  inches." 


Denote  the  radius  of  the  generating  circle  by  r  =  4  inches  and  that  of 
the  generating  point  by  iZ  =  8  inches.  Suppose  the  rolling  of  the  genera- 
ting circle  b^ins  when  the  radius  of  the  generating  point  has  a  position 
CqPq  vertically  downward.  Lei  0  be  the  angle  of  turning  from  this  posi- 
tion, then  we  have,  taking  A  for  origin  (see  Fig.  on  next  page), 

x=zAM=AN—MN^r0  —  R8in0,  (1) 

y  =  PM=  CN+  PQ  =r    —Rcos0.  (2) 

We  have  then  dx  =  {r  —  Roo6  0)d0;  dy  =  iZsin  0d0. 
Therefore  ds=d0  |/[i?— 2jBr  cos  (?+r*]= cW  V[(i2+r)»— 4BrooB«J^  (3) 
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We  bave  then  the  whole  branch 

*l«!e  9  ^  71  —  2y?  then 

«j.  —  »o  ^    f  72dp  i4:(12+r)*— 4i?rsinW 

=4  C^das  4/[(B-|-r)»co8*tf +(if— r)'smV], 

•^     ft 

equal  perimeter  of  el- 
lipse (22+ r,  R—r). 
*     Place  i?  —  8  and  r 
1;^  4,  then  comparing 
[(5)  with  (28),  Vol.  V, 
page  98,  we  have  a  - 
48  and  A—  16. 
Having  computed 

aj,  ij,  a^,  ia  ,  .  .  by 

(15),  (17),  Vol.  V,  p. 

19,  we  have  by  (36') 


W 


(5) 


a.  — «o  ='^(^ 


"4 


f!-*l!)- 


(6) 


o   =48 
6   =16 

aj  =32 


'he  computation  is  as  follows : 

log6    =1.2041200 
logo    =1.6812412 

log  6,  =  1.4426806 
&"  =27.71281     logci  =  1.5051500 

a,  =29.95641     log  6,  =  1.4739153 
6,  =29.77935     logCa  =  1.4764897 

a.  =29.86788    1(^  6s  =  1.4752025 
logo,  =  1.4752044 

log  64  =  ..4762034 


log2> 
log  6, 


=  0.6020600 
=  1.4752034 


log  2»6«  =  2.07726.i4 
log  2  =0.3010300 

log6|-^6^  =1.4752016 

log  261-^6^=1.7762316 
log6»-^64  =  1.4726272 
log  J  =9.6989700 

logfcf -4-6^=1.4101578 

Iog^6;-»-64=  1.1091278 


2*64  =  119.47124 
— 26|-^&4  =  —  69.73537 
_  63-5-64  =  —  29.69116 
— |j>f  ^6^  =  —  12.85666 

Sum  =        17.18806 


log  Sum  =  1.2352268 
log;r       =  0.4971499 
log(«aw— «o)  =  1.7323767 
«„— «o    =  63.9976  inches. 


•a» 
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304.  "Find  the  limit  of  error  in  the  following  method  of  trisectiiig  an 
arc  approximately:  Trisect  the  chord  of  the  arc,  also  the  diameter  parallel 
to  it^  and  the  correspond!^  semicircumference.  Join  the  corresponding 
points  of  trisection  of  the  semicircumference  and  the  diameter,  producing 
the  lines  till  they  intersect.  From  the  point  thus  found  pass  lines  througlij 
the  points  of  trisection  of  the  chord  until  they  meet  the  arc." 

SOLUTION  BY  PROP.  J,  SCHEFFER,  MERCERSBUHO^  PA, 

Let  Ef  K  represent  the  points  of  trisection  of 
those  of  the  chord  AB,  and  F,  P,  those  of  the  se-  i 
micircle.  I 

Draw  the  perpendicular  PD^  and  join  the  cen- 
tre 0  with  Fancl  G.  Denote  the  angle  AOD  by 
a,  the  angle  GOH  by  ^,  and  the  radius  by  r. 

We  now  easily  find  0£  =  ^r  CD  =  I  sin  a. 

In  the  triangle  EOF,  we  have  EF^  ^  EO^  + 
Oi?^— 2£0.  Oi'^ cos 60°;  r .  EF  =  ^ryl,  cos 
FEO  =  (F£'+E(y^0F')^(2EF  ,E0)  ^  — 
^|/7 ;  .  • .  OEP  ^  ^yi,  and  sin  OEP  =  j\ 
Xi/21 ;  therefore  tan  OEP=  3^/3,  But  PO  = 
Jrxtan  OEP  =  r|/3.  Since  OD  =  r  cm  a, 
we  have  PD  =■  r(ooe  a  +  |/3). 

We  have  tan  GPO  =  CD^PD  =  J[8in  an- (cos  a 


BmOPO  = 


sm  a 


In  the  triangle  OPO^  we  have  OG 


cosOPO= 


+  V'3)];    therefore 
3(co6g+v3) 


V  [sin*«+9(cOBa+'/3)' 
OP  =  sin  GPO:  sin  PGO; 


fiinPGO  =  l/3-8ig  a  .  oosPGO-  VlH<^^a+VSf-^in'a 

|/[ein'a+9(cos  a+x/Sf] '  ^^^^^  |/[sin>«+9(co8  a+|/3f 

Btit  ein  f  ^  sin  (GPO +P(?0),  therefore 

sin  «  -^  sin  fl/[9(coB  g+|/3)^— 26in*a]+3|/3.sin  a(oQsa+|/3) 
'^  8in*a+9(oo8a+i/3f  "  " 

With  r^ard  to  the  trisection  of  an  arc  this  formula  gives  a  correct  result 
only  for  an  arc  of  180^.  For  other  arcs,  I  find,  if  a  =  45°,  f  =  16°  6'j 
ifa^30%tf)  =  10^  2\&c. 


305*     "Find  the  equation  of  the  curve,  rectangular  co-ordinates  {xy  j 
which  the  length  «  ^^  ^  j    ^^     ^  '^  i^ij     h  ^  '^^K  *  oomstaiit*! 
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SOLtmON  BY  W.  E.  HEAh,  WHEELING,  INBIAKA. 

Let  the  indefinite  integral 

Differentia  ting  tlie  above  eq'n,  (1),  remembering  that  ^(0)  is  constanty 

Put  dy-i-dx  =  p,  and  (2)  beoomeB  ar'  ♦'[(l+p')]  =  njxe — ny.  (3) 

Diflerentuittng  (3)  we  have 


vpdp 


+  2dar|/(l+p')  =  n<fp. 


(4) 


Divide  by  2(1  i-p*)"* ;  dx{  1  -\-p*f^  -\-vpdp^{\  +p»)'<  =  ndp^2{X  +p»)'*.    (6) 
lotqgntiog  (6)  and  determining  the  constant  C=  0,  we  have 

I 


Ml  +pT  =  |frr^.W»  ^6)-     Le'  P  =  ^^^f:^  then  (6)  become. 


(!—»»)«       2"*^  |/[(1— »»)»(1— it;»)]       "^  "L  (l—P*)** 


^U(i_e»)'<(i— i»*)s  J  (1— t)*)**  J    ^  "L  (1— «^*^  ^*^*  '  ^ 

— E{\^,  p)]  (7),  where  F  and  £  are  elliptic  funct's  of  the  Ist  and  2nd  ord's. 
But  .  =  [^^  tf^"-'^'' ,  and  from  (3)  p  ^  ^'V  +  ^  C^' (^  +/)  -  ^\ 

Substituting  these  values  in  (7)  we  have  the  equation  of  the  curve, 
[The  solution  of  306,  by  Prof.  Johnson,  of  307,  by  Prof,  Seite,  and  of 
308,  by  Mr.  Adcock,  will  be  published  in  No.  4.] 


r 


PROBLEMS. 

309.  By  Prof.  Beman. — In  a  given  circle,  find  the  vertioee  of  the  in- 
ibed  square^  pentagon,  octagon,  and  decagon  by  using  the  dividers  alone. 

310.  By  Prof^  Edmunds. — Required  the  locus  of  vertices  of  a  right  an- 
gled spherical  triangle  whose  legs  pass  through  two  fixed  points  given  on 

the  surface  of  the  sphere. 

311.  By  Prof,  Casey, —  A  uniform  circular  plate  is  placed  with  its  centre 
upon  a  prop,  to  find  at  what  points  on  its  circumference  three  given  weights 
p,  q,  r  must  be  attached  that  it  may  remain  at  rest  in  a  horizontal  position. 

312.  By  Prof  Sckeffcr. —  To  find  the  area  of  the  loop  of  the  curve 
y*f  x^ — (Kcy+fea^  =  0, 
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Editorlaj:.  Note. — It  will  be  seen  that  this  No.  of  the  AkalyotomkI 
tains  40  pages  — 8  pages  more  than  we  are  UBiially  able  to  present  to  oar* 
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number  of  acceptable  papers  for  pablicatbn  than  we  are  able  to  pnblish 
immediately  in  our  usual  issue  of  32  pages,  we  are  pleased  to  state  that 
Lieut.  Ingalls  has  not  only  contributed  to  this  No,  a  very  el^ant  disctiasiofl 
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we  can  furnish  copies  of  one  sheet  (8  pages),  in  lots  of  50,  or  multiples  of 
60,  copies,  folded,  stitched  and  covered  with  light  cover  pa^r,  at  the  rat^J 
of  $3.00  per  hundred  copies.     But  as  all  the  expenses  incurred,  in  gettai^^| 
out  each  number,  are  paid  by  us  before  the  number  is  mailed,  and  as  wf 
will  realize  no  profit  by  supplying  parts  of  Nos.,  at  the  above  rate,  no  extra 
copies  will  be  printed  unless  the  order  for  them  is  aooompamed  by  the  mom 
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EMMAIA. 


On  page  65,  iiue    3,  from  bottom^  for  "'AB^\  read,  AOB* 
"      "     67,     '*      %  for  "this  last",  read,  die  last. 
11      a     « ^     I.    IX   fop  "multiplied",  read,  interpreted. 
**      **    68.     "      4,  for  "must",  read,  might 
*'      "    71,     ''    12,  for  "also  i»^  read.  alBO  =  t». 
"      "    85,     "      5,  afVer  'Uen*\  inwt,  by  6 1,  6„  ...*«. ;  /j,  /„  . . 
"       "*     88,  for  ''i^r— ^'^  in  eq.  (10),  read,  \{n^^), 
[ Besides  the  above  correct! onB,  Prof,  Wood  sent  us  a  Note,  correcting  a  remark  in  \ 
p.  36|  which  came  too  late  to  be  inserted  with  hie  Art.,  but  will  appear  in  Nob  4] 
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ON  SOME  PROPERTIES  OF  POL  YNOMIALS. 

BY   E.   L.   DE   FOREBT. 
(Condnued  from  page  82.) 

The  following  property  of  polynomials  of  one  variable  deserves  somewhat 
filUer  treatment  than  we  have  yet  given  it.  Suppose  that  the  unlimited 
series 

W-2,  ^-1,  Wof'^n^a. 

is  of  algebraic  form  and  of  the  r  order,  its  terms  being  equidistant  values 
of  the  function 

tt  =  Aq+A^x+A^x'^+ +^raf,  (52) 

and  therefore  ordinates  to  the  curve  of  which  this  is  the  equation,  the  con- 
stant interval  between  them  being  dx.  Supposing  these  terms  to  be  adjusted  . 
by  an  unsymmetrical  formulat 

v'o  =  ^0^0+^1  ^1    +h  ^2    + -^^  ^-n 

4-Litt-i+/-.2i*-2-l- +L*w-^,  (63) 

let  us  inquire  what  conditions  must  be  satisfied  by  the  coefficients  /,  in  order 
that  the  adjusted  term  u'^  may  be  an  ordinate  to  the  curve  (52),  though  not 
necessarily  the  same  as  u^.  Let  fidx  be  the  interval,  if  any,  between  u\ 
and  Uq,  //being  a  number,  int^ral  or  fractional.  Taking  the  position  of 
wj,  as  origin  of  coordinates,  /jl  is  essentially  -f  or  —  according  as  u^  lies  to 
the  right  or  left  of  w^.    Hence: 

uo    =  A^^A^|xdx+A^|x\dx)^^'  ....  ^A,i/{Axr, 

lii    =  A^-\-A^(tJi+l)dx+A^(fji+\Y(dxy+  .  .  .  +Ar(fJi+\r{Jx)% 

u^^  =  A^  +  A^{lJL-\)Jx+A^(|i-lndx)^^^r  .  .  .  -{-ArdJL-indxY, 


u^    =  A^+A^(fi+m)Jx+A.,{fi+m)\Jx)^+  .  .  .  +Ar{fi+mY{Jx)% 
u^  =  A^  +  A^(fJi--m)Jx+A^(/ji'^y{Jxf+  .  .  .  +Ar(ji--mY{Jxf. 
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Substitute  these  values  in  (53),  and  write  lor  brevity 

+(;i+m)'L+(^-mrU, 


(M) 


and  it  will  be  found  that  (53)  becomes 

«'„  =  A^bo-i'Aib,Jx+A,b^{Jx)^+  .  .  .  +^A(Jx)'.         (65) 

This  adjusted  value  u,  is  the  eame  value  which  u  in  (52)  has  at  the  ori- 

giu,  namely  j4  J.     But  -d^,  j4,,   A^,  &c.,  in  (52),  maybe  any  arlitran 

numbens,  so  that  to  make  the  second  member  of  (55)  always  equal  to  A,,, 

we  must  have 


b,=h 


0, 


&2  =  0,  -  .  .  6,  =  0. 


These  are  the  conditions  which  the  coefficients  I  raust  fulfil.  The  fir 
one  requires  that  the  sum  of  all  the  fd  shall  be  unity.  The  second  on 
determines  /i,  giving 

so  that  — pJx  is  the  lever  arm  of  the  system  of  parallel  forces  /,  al>out 
place  of  l^.  But  since  it  is  also  the  distance  from  l^  or  Uq  to  the  place  of 
ujj,  we  see  that  the  adjusted  term  u*^  is  located  at  the  centre  of  parallel  for- 
ces of  the  coefficients  /.  In  the  third  condition,  b^{Jxf  being  the  sura  of 
the  products  formed  by  multiplying  each  I  into  the  square  of  its  distanoe 
from  the  centre  ol  forces,  6^  =  0  requires  that  the  radius  of  gyration  of  the 
coefficients  about  their  centre  of  forces,  shall  be  equal  to  zero.  We  use  the 
term  radius  of  p;yration,  as  before,  in  an  extended  senae,  for  the  I  may  be 
either  positive  or  negative,  and  indeed  some  of  them  must  be  negative  to 
make  the  radius  zero.  In  general,  b^  =^  0  reduces  to  zero  the  sum  of  the 
products  formed  by  multiplying  each  I  into  the  nth  power  of  its  abscissa 
reckoned  from  the  centre  of  forces  as  an  origin.  Now  if  (63)  is  so  oonstruot- 
ed  as  to  eatisfy  these  conditions,  any  term  in  the  afljusted  series  is  separata! 
by  toe  constant  interval  fiJx  from  the  place  of  that  term  of  the  given  series 
which  had  the  coefficient  /^  when  the  adjusted  term  in  question  was  com* 
puted,  wherefore  the  adjusted  terms  are  equidistant,  and  being  ordin&tes  li> 
the  curve  (62),  they  form  a  series  of  the  r  order.  Let  this  series  be  re-ad- 
justed by  a  second  formula  like  that  in  (4),  and  let  its  coefficients  L  satisfy 
conditions  similar  to  the  foregoing,  so  that  it  gives  another  adjusted  series 
of  the  r  order,  whose  terms  are  equidistant,  the  adjusted  term  uj,'  being  \ 
incident  with  the  centre  of  forces,  and  separated  from  the  place  of  uj,  by  i 
interval  /i'Jx  which  is  constant,  being  the  distance  which  ^parates  i^ 
the  centre  of  forces  of  this  system.     But  aa  we  saw  in  oonnection  with  (4 
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wo  adjustments  are  equivalent  to  a  single  adjustment  made  by  a  result- 

iorraulit,  whose  eoefficients  are  those  ot  the  powers  oi'  z  in  the  pro<luct 
of  the  two  poljDoraials  (5),  these  two  having  the  same  eoeffieients  /  and  L 
which  the  component  adjustment  formulas  ^4)  had*  Denoting  the  coeffi'nts 
in  the  resultant  formula  by  Ay  we  see  that  since  this  (ormula  gives  an  adjust- 
meut  of  the  original  series  like  that  which  (63)  gives,  only  having  the 
interval  {/i  -\-  fi')Jx  in  the  place  of  /^Jar,  it  must  satisfy  similar  conditions 
(56),  80  that  the  sum  of  all  the  i's  is  unity,  and  the  sum  of  the  products  of 
each  k  into  the  «th  power  of  its  abscissa  reckoned  irora  the  centre  of  iorces 
this  system,  is  =  zero,  n  being  any  integer  from  1  to  r.   The  /  and  L  are 

bers  which  may  have  any  values,  subject  only  to  the  conditions  named. 

equation  b^  =  0,  or,  as  (54)  gives  it, 

ill  Btill  hold  good  when  each  /  in  it  is  multiplied  by  a  constant  number* 
Any  polynomial  is  equal  to  the  protliict  of  a  constant  number  into  a  poly- 
ial  the  sum  ot  whose  coefficients  is  unity.  Hencc^  neglecting  the  con- 
fti  fr^  =  l^  we  have  proved  that  if  the  reraaioing  conditions  are  satisfied 
e  coefficients  in  each  of  two  polyooraials,  sudi  as  (17),  they  will  also 
tiified  by  the  coefficients  iu  their  product.  Consequently,  if  any  num- 
of  polynomials,  each  satislying  these  conditions,  are  multiplied  together, 
leir  final  product  will  satisfy  the  same  conditions.  If  the  conditions  are 
eatisfietl  by  any  one  polynomial,  they  will  also  be  satisfied  by  any  power  of 
that  polynomial.  This  is  the  case  already  illustrated  (Analyst,  Jan.  1880, 
p.  4),  where  the  polynomial  used  as  an  example  was 

^(  — 4 + 302 + 602=— Sr*). 
The  divisor  81  may  as  well  be  omitted,  dispensing  with  the  condition 
&0  =s  1.     As  a  further  illustration,  let  us  take  the  two  polynomials 

—4+302+602^—52*,        1— 4z+62'+2£*4-£^ 
the  centre  of  forces  in  the  first  one  being  |  of  the^way  from  the  30  to  the 
60,  while  in  the  second  one  it  coincides  with  the  2.     In  the  first,  we  have 
both  for  n  =  2  and  n  =  3, 

K  =  -4(-r +30(-J)-+60(i)'^-5(t)-  =  0; 
likewise  in  the  second, 

6^  =  1(— S)-*— 4(— 2)*+6(— l)*-h2(0)»+l(lf  =.  0. 
L€Cording  to  our  theory,  the  same  two  couditions,  63  ^  0  and  6g  =  0, 
be  satisfied  by  the  product  of  these  polynomials,  which  is 
«4+46,— 842*— 73^+436a*  +  l202*+502*»-5/, 
tB  centre  of  forces  is  f  of  the  way  from  the  436  to  the  120,  and  we  find 
lally,  both  lorn  :=  2  and  n  =  3, 
h.  =  -4(- J^r +46(-i|L,-_84(-|)--73(-  f  )*+436(-  f )- +  120fi)- 

+50(|r-^6(J)-  =  0, 
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Polynomiak  of  two  variables  posRees  properties  analogous  to  the  forego- 
ing. Suppose  that  an  unlimited  double  series,  such  as  (6),  is  of  algebnie 
form,  its  terms  being  values  of  the  function 


„^Al^ 


^.xy 


For  greater  convenience  of  notation,  we  will  express  snob  a  ftinction  by 
means  of  only  two  terms  diagonally  opposite,  thus, 

u  =  A^,aPf\\Ar^.^ir.  (68) 

The  terms  of  the  double  series  are  ordinates  to  the  surface  of  which  (58) 
is  the  equation,  the  constant  intervals  between  them  being  dx  and  Ay.  \i 
these  terms  are  to  be  adjusted  by  an  unsymmetrical  formula  like  the  first 
one  in  (11),  which  we  write  more  compactly  thus, 

u'o.o  =  U-u^,-||C..  V->  (69) 

we  will  inquire  what  conditions  must  be  satisfied  by  the  coefficients  l^  in 
order  that  the  adjusted  term  u\^  ^  shall  be  also  an  ordinate  to  the  surfiMse, 
and  be  separated  from  u^^  by  the  constant  horizontal  and  vertical  intervak 
fiJx  and  vdy.  Taking  the  position  of  u'o,  ^  as  the  origin,  the  coordinates  of 
the  term  u^^  ^  will  be  a:  =  ()t£+m)  Ja?,  y  =  {v'\-n)dyj  so  that  (68)  gives 

^«,n  =  ^co(;'+tn)V+n)*( Jfc)*(Jy)*||^..(;£-|  mf{y+nr(Jxndyr,  (60) 
which  is  a  general  expression  for  any  term  in  the  given  series.  For  exam- 
ple, Ug  _i  is  expressed  by  putting  m= 2  and  n  =  — 1.  If  (60)  is  multiplied 
throughout  by  l^^^j  it  becomes  a  general  expression  for  any  product,  4s«V« 
in  the  adjustment  formula  (59).  Supposing  these  expressions  to  be  substi- 
tuted for  all  the  products  in  (59),  it  is  evident  that  any  const  independent 
of  m  and  n,  such  as  Ar^,(Jxy{Jyy  for  example,  will  enter  (69)  with  a  coef- 
ficient which  is  the  sum  of  all  the  values  of 

which  can  be  formed  by  giving  to  m  any  integral  value  from  — m  up  torn, 
and  to  n  any  value  from  — n  to  n.     Denoting  this  sum  by  6^,«,  we  have, 
6r. ,  =-  {M-^Yi^-nyU^^\\{/i-\-mnu+nyL^^,  (61) 

and  the  adjusted  term  will  stand 

«'o. «  =  A,,,b^,(Jxf(Jyn^.„K,.{^xnJt,y.  (62) 

This  is  the  same  value  which  u  in  (58)  has  at  the  origin,  namely  A^^ 
and  since  the  ^^s  in  (58)  are  supposed  to  be  arbitrary  numbers  given  in 
advance,  the  second  member  of  (62)  will  not  in  general  be  equal  to  ^^  un- 
less we  have 

bo.0  =  1,  6r..  =  0.  (63) 

This  lost  is  to  be  understood  as  equating  to  zero  all  the  valaes  of  6,, ,  in 
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h  can  be  formed  by  assigniDg  to  r  and  $  all  the  pairs  of  values 
which  the  exponents  oi  x  andy  have  in  (58),  excepting  only  the  pair  r^O, 
t  ^  0.  The  cx>nditiou  6<,  ^  ^  1  requires  that  the  sura  of  all  the  Ps  shall  be 
uoity.  The  two  neJtt  conditions,  ftj  ^  =0  and  b^^  |  ^^  0,  determine  the 
relations  of  the  I  to  (i  and  v ; 

— /*  =  — *i'»i-m,-*ll*»C*,         —  »^  =  — «^^,-m||nC,»,  (64) 

so  that  —  pidz  is  the  lever  arm  of  the  system  of  parallel  forces  I  about  a 
vertical  axis  pacing  through  the  position  of  ^^  q,  and  —  vdy  is  the  lever 
arm  about  a  horizontal  axis  through  the  same  point.  Bat  these  are  also 
the  horizontal  and  vertical  distances  from  l^^^  or  tt^  <,  to  u\^  0,  whence  it  ap- 
pears  that  the  adjusted  term  u*^^  q  is  located  at  the  centre  of  parallel  forces 
of  the  coefficients  /.  In  general,  any  one  condition  6^ .  =:^  0  reduces  to  zero 
the  sum  of  the  products  formed  by  multiplying  each  /  into  the  r  power  of 
its  abscissa  and  the  s  power  of  its  ordinate,  reckoned  from  the  centre  of  for- 
as  an  origin.  By  reasoning  quite  similar  to  that  already  followed  in 
the  case  of  a  single  series,  and  which  need  not  be  re|>eated  here  in  detail, 
we  get  the  following  results. 

Suppose  that  (59)  satisfies  the  cooditions  (63),  and  that  the  adjusted  terms, 
forming  a  series  of  the  same  order  as  the  given  serias,  are  readjusted  by  a 
second  formula  like  that  in  (11),  with  coefficients  L  satisfying  conditions 
similar  to  those  which  the  I  satisfied,  /i'  and  v'  taking  the  places  of  ft  and  v, 
ISO  tliat  we  have  a  second  adjusted  series  of  the  same  order.  The  adjusted 
term  u^^  ^  yf\\\  be  located  at  the  centre  of  forces  for  the  X,  and  separated 
from  ujj  Q  by  horizontal  and  vertical  intervals  fi*Jx  and  v'J^.  The  two 
adjustments  are  equivalent  to  a  single  one  made  by  a  resultant  formula, 
whose  coefficients  X  are  those  of  the  powers  of  a?  and  y  in  the  product  of  the 
two  polynomials  (12),  these  two  having  the  same  coefficients  /  and  L  which 
the  component  formulas  had.  The  x  will  satisfy  the  same  conditions  (63)  as 
the  /  and  L  did,  and  the  adjusted  term  u'^^  ^  will  coincide  with  the  centre 
of  forces  for  A,  and  will  be  separated  from  u^^^  by  the  intervals  (^  +  pf) 
X  Jz  and  [y  +  v')J^»  All  of  the  conditions  (63)  except  b^^^  =  1  will 
hold  good  when  the  coefficients,  as  for  instance  the  Cs  in  (61)  are  all  multi- 
plied by  a  constant  number.  Neglecting  then  the  60.0=  Ij  if  the  remaining 
conditions  are  satisfied  by  the  coefficients  in  each  of  the  two  polynomials  in 
X  and  y,  they  will  also  be  satisfied  by  the  coefficients  in  their  product.     If 

Serefore  several  polynomials,  all  satisfying  those  conditions,  are  multiplied 
fether,  their  final  product  will  satisfy  the  same  conditions. 
If  the  conditions  are  satisfied  by  one  polynomial,  they  will  be  satisfied  by 
any  power  of  it.     We  will  illustrate  these  properties  by  a  single  example. 
Suppose  that  the  equation  of  the  surface  10 
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<       -^0,  0  I   -^1.  0^      1-^2,  0^         J 

its  form  being  such  that  a  transfer  of  the  origin  to  any  point  in  the  plane 
of  JTF  will  not  introduce  any  new  term  into  the  equation.  The  conditions 
to  be  satisfied  by  the  I,  omitting  b^^^  =  1,  are  therefore 

f>uo=Oy  6o,i  =0,  6i.i=-0,  62.0  =  0,  60,2=0,  63,,  =0,  (66) 
the  sub-indices  of  6  being  the  same  as  the  exponents  of  x  and  y.  Two 
polynomials,  whose  coefidcients  are  given  in  (67),  have  been  constructed  so 
that  the  coefficients  of  each  will  satisfy  all  these  conditions.    The  coodinates 


(67) 
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of  their  centres  of  forces,  reckoned  from  the  lower  left  hand  coefficient  at 
an  origin,  are  made  x'  =  ^Jx  and  y'  =  \Jy  in  the  first  polynomial,  aod 
x'  =  ^dx  and  y'  =  ^Jy  in  the  second.  In  the  first  one,  with  the  centre  of 
forces  as  an  origin,  6„,,  cleared  of  fractions  is  expressed  as  in  (68),  aod  it 


2"+"  6. 


f     0(— ir(    3)-4  0(ir(     3)"— 2(3)-(    3)") 
:  -(  +3(— ir(     l)-  +  6(lr(     l)-  +  3(3)-(     1)-  y     (68) 
t+3(-l)-(-l)"  +  6(l)"(-l)'-3(3)-(-l)"j 

will  be  found  to  reduce  to  zero  when  m  and  n  receive  any  one  of  those  pairs 
of  values  which  form  the  sub  indices  of  6  in  (66).  The  coefficients  of  the 
second  polynomial  have  a  like  property,  their  centre  of  forces  being  ta- 
ken as  the  origin.  Now  multiply  the  two  polynomials  together,  and  the 
coefficients  of  the  product  stand  as  in  (69).  As  already  proved,  the  coor- 
dinates or  lever  arms  of  the  centre  of  forces  in  the  product  will  be  the  sum 
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n  tnoee  m  the  factors,  namely  x^  =^  (J-f  f)Jx  =  ZAx,  y*  =  ('^+f)^y=2Jy^ 
to  that  this  centre  coincides  with  the  362.  Taking  it  as  the  origin,  we  ex- 
press 6^^^  as  ID  (70),  a  part  being  omitted  to  save  space.     It  will  be  found 

If       0(— 3)*2**+    0(— 2r2-+  12(— 1^2'*— &c,"| 
_    J_i8(-3rr+    0{— 2ri*+132(— l)"l-+&c.  1 
^^"^  '   1  — 54(— 3rO*  +  27(— 2)'"0*+216(— 1)"0*+  &c.  ( 
here  for  the  product,  as  before  for  the  two  factors,  6„  „  becomes  zero 
irhen  m  and  n  have  any  one  of  those  pairs  of  values  which  are  thesub-indi- 

Rof  b  in  (66).  Wherever  0®  occurs  in  (70)  it  ha'^  the  value  unity.  That 
J  must  be  so,  is  evident  because  the  condition  b^^=i\  signifies  that  the 
mm  of  all  the  coefficients  is  unity,  and  if  this  condition  is  satisfied  by  each 
jf  two  factors,  it  will  be  by  their  product.  When  one  coefficient  in  this  pro- 
duct happens,  as  in  the  case  of  (69),  to  coincide  with  the  centre  offerees,  it 
wWX  stand  multiplied  by  O'^O'*  in  (70),  and  other  coefficients  in  the  same 
row  or  column  will  be  multiplied  by  0"  or  0"*.  When  m  and  n  are  zero, 
^coefficients  in  question  must  still  be  counted  in  forming  the  sum  b^^^  -—  1, 
md  this  cannot  be  done  unless  0"*  is  here  equal  to  unity. 

Let  us  now  take  an  algebraic  function  of  three  variables,  a;,  y  and  i,  whose 
;enns  are  supposed  to  be  arranged  in  the  form  of  a  rectangular  block,  as  in 
the  demonstration  of  (51)  We  place  the  origin  at  one  corner  occupied  by 
in  initial  term  -4^^^^^,  while  the  opposite  or  farthest  corner  is  occupied  by 
he  general  term  -4^^,^!  af^s*.     For  oonveuienoe  of  notation,  we  will  express 

luch  a  function  by 

fx  -  ^o.o.o-'^!^a'Mr.,..a:'yV.  (71) 

IIThen  the  variables  are  each  supposed  to  take  any  equidistant  values,  in- 
lying by  Jx,  Jj  and  Jz,  the  corresponding  values  of  u  form  what  may 
called  a  triple  series,  any  terra  of  which  may  be  taken  as  an  initial  term 
<o,«,oi  tljc  position  of  the  other  terms  beiog  denoted  by  sub-indices  reckoned 
Vom  this  in  the  three  coordinate  directions.  Let  any  block  of  terms  be  ad- 
listed  by  the  unsym metrical  torraula, 

^P  we  inquire  what  conditions  must  be  satisfied  by  the  ooefficients  /,  in 
^er  that  the  adjusted  term  w^o  o  ™^y  ^  always  a  value  of  the  function 
71 ),  but  separated  in  position  from  Wo,o,o  t*y  the  constant  intervals  ptJx^  t/Jy, 
tnd  nJz,     Taking  the  origin  at  the  adjusted  term,  the  coordinates  of  u^,n,p 

will  be        X  =  (/i+m) Ja?,        y  =  (v+n) Jy,        «= (ir+p) Ji, 

md  (71)  given 

•     tt,.,^^  -  A,^Uf^+mny+n)%K+pnJx)\Ay)\Jz), 

\\A,^.^A/^+m)%p+nYi7i+p)\JxnJy)\Jz^  (73) 


—112— 

a  genend^ezpression  for  any  term  in  the  triple  series.  If  it  is  maltiplied 
thronghont  by  t,^n.jij  it  becomes  an  expression  for  any  product  l^^,u^^n,, 
in  the  adjustment  formula  (72).  Substituting  such  expressions  for  all  tbe 
products  in^that  formula^  we  see  that  any  such  quantity  as 

X....  (JxnJyYiJzy 

will  enter  (72)  with  a  coefficient  which  is  the  sum  of  all  the  values  of 

which  can  be  formed  by  giving  to  m  any  int^ral  value  from  — «  ton, 
and  to  n  any  such  value  from  — n  to  n,  and  to  p  any  such  value  from 
— p  to  p.    Denoting  this  sum  by  6^,  ,^  <,  we  have 

br, .. ,  =  (/£-m)^(v-n)'(;r-^yU.  ^^  1 1  {M+f^Yi^+nn^+pYL,.,,,  (74) 
and  the  adjusted  term  is  expressed  thus ; 

<.a.6=   ^.0.060A0(^^)*(4y)V«ril^r....6.,...(4«)'(4y^^^  (75) 

This  is  the  same  value  which  u  in  (71)  has  at  the  origin,  namely  A^^^ 

and  the  second  member  of  (75)  will  not  in  general  =  ^o,o.o  unless  we  have 

6^,.o=l,        K..,,  =  0,  (76) 

which  is  to  be  understood  as  equating  to  zero  all  the  values  of  6^, «.  i  in 
(74)  which  can  be  formed  by  giving  to  r,  «  and  t  all  the  sets  of  values  whid 
the  exponents  ot  x,  y  and  z  have  in  the  several  terms  of  (71),  exoeptiJig 
only  the  set  r  =  0,  «  =  0,  ^  =  0.  Tlie  condition  &o, ^^^  =  1  makes  the  sam 
of  all  the  /'s  equal  to  unity.     The  three  next  conditions, 

*i.o,o  =  0,        6o,i,o  =  ^y        *o.o.i  =  0, 
determine  the  relations  of  the  I  to  /jl,  u  and  tt,  gi .  ing 

—fi  =  — mZ^,_^,^  1 1  mCnj., 

—  V  =  —  nZ_„..„,_p  1 1  n  C,.p,  }  (77 1 

Thus  —  fJL^x^  — vJy  and  ~  ttJz  are  the  lever  arms  of  the  coefficients  /  with 
respect  to  three  planes  passing  through  the  position  of  /o.o.o  or  Uo,o,o*d^ 
parallel  to  the  coordinate  planes.  But  since  these  lever  arms  are  also  the 
coordinate  distances  from  Uo,o,o  to  u'o.o,o>  '^  appears  that  the  adjusted  term 
is  located  at  the  centre  of  forces  of  the  coefficients  l.  Any  single  condition 
h^  ^^=z^0  reduces  to  zero  the  sum  of  the  products  formed  by  multiplying 
each  I  into  the  r,  8  and  t  powers  of  its  coordinates  in  the  a,  y  and  z  di- 
rections respectively,  reckoned  from  the  centre  of  forces  as  an  orij^in. 

If  the  I  in  (72)  satisfy  the  conditions  (76),  the  adjusted  triple  series  may 
be  readjusted  by  another  formula  with  coefficients  L  which  satisfy  the  same 
conditions,  only  having  ;i',  v'  and  tt'  in  the  places  of  //,  v  and  7t.  These 
two  adjustments  are  equivalent   to   a  single  adjustment  by  a  resultant 


1 
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formula  whose  coefficients  X  must  satisfy  the  same  conditions^  //,  v  and  n  be- 
ing here  replaced  by  (/i+f/),  (p+p^)  and  (;r+ff').     By  reasoning  precisely 
analogous  to  that  which  we  have  already  followed  in  the  cases  of  single  and 
double  series^  in  connection  with  (4)  and  (11),  it  will  appear  that  the  result- 
ant of  two  triple  adjustment  formulas  such  as  (72)^  with  ooefficients  I  and  L, 
is  a  formula  in  which  any  term  u^ , ,  of  the  given  series  enters  with  a  coeffi- 
Gieot  i  which  is  the  sum  of  all  the  products  that  can  be  formed  by  multiplying 
^b  L  into  the  I  so  that  in  each  product  the  sum  of  the  first  sub-indices  shall 
Wer,  the  sum  of  the  second,  shall  be  «,  and  the  sum  of  the  third,  shall  be  L 
For  example,  denoting  the  two  component  formulas  as  in  (7 2),  by 

PR  evident  that  if  a  given  term  w^,^,  enters  u^qq  through  u'^^ 
Iters  with  the  coefficient  Xq^o.o  ^^%f-     ^^  ^^  ^^  enters  through 


.0,01 


it  en- 


»'i, 


0.0' 


oa,o> 


o*oa> 


w'l.i.oi  Ac-i 


it  has  the  respective  coeJSeients 

land  so  on,  each  product  LI  being  such  that  the  suras  of  the  two  first,  the 

i^to  second,  and  the  two  third  sub-indices,  are  r,  s  and  t  respectively.    The 

Hb  reeultant  coefficient  /  is  the  sura  of  all  the  products  of  the  L  into  the 

t  which  can  be  formed  in  this  way.    The  several  values  of  i  will  thus  be 

identical  wnth  the  coefficients  in  the  product  of  the  two  polynomials 

or  what  is  the  same  thing,  the  coefficients  in  the  product  of 


L_,^^^^jxOyOt 


0*0  I 


AA/p^'y'*^ 


-a/ 


these  two  factors  having  coefficients  which  are  the  same  and  in  the  same 
order  as  the  I  and  L  of  the  two  adjastment  formulas. 

All  the  conditions  (76)  except  ft^,  ^.o  —  1  will  hold  good  when  the  Ts  or  X's 
are  multiplied  by  a  constant  number.  Neglecting  then  the  6^  ^  ^  s=  1,  if 
the  remaining  conditions  at^  satisfied  by  the  coefficients  in  each  of  two  po- 
lynomials in  Xf  y  and  2,  they  will  also  be  satisfied  by  the  coefficients  In  their 
product.  If  therefore  a  polynomial  satisfying  such  conditions  is  raised  to 
any  power,  or  if  several  such  polynomials  are  multiplied  together,  the  final 
power  or  product  will  satisfy  the  same  conditions.  As  regards  the  number 
of  conditions  (76)  that  may  be  applied,  answering  to  the  number  of  terms 
in  the  function  (71),  we  remark  that  some  of  the  highest  terms  and  condi- 
tions may  be  absent,  provided  that  those  which  remain  form  a  complete 
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serieB  as  far  as  they  go^  so  that  if  the  origin  is  shifted  by  subetitutiog : 
y+  b  and  z  +  c{ot  x,y  and  2  in  (71),  this  will  not  iDtroduoe  aoy  tenns of  j 
different  di^ree  from  thoee  already  there.     A  similar  remark  appliea  ta  I 
cases  of  single  and  double  series. 

As  an  illustration  of  the  forgoing,  suppose  that  the  funotioQ  (71)1 
the  form 

u  —  A+Bx+  q^+Dz+Exz+Fy\  (7«)j 

so  that  the  oonditions  to  be  satisfied  by  the  ooefBcients  /,  omitting  &o,f.i 
=  1,  are 

^i»a.o=0,  60,1*0  =%  ^o,oa=0,  61,0.1  =^1  60, s, 0=0-    (79)^ 
The  two  polynomials 

—i+Sx+4y—z—6xy+%/z^2xyz+x'y+xh,  \     .«^. 

—4—X'\-Uy+l2z+Sxy+2xz—2yz+4wyz^3y*+^—4fzy  /     ^^' 

have  been  constructed  so  that  their  coefficients  satisfy  these  oonditloDs. 
Arranged  in  block  form,  they  appear  as  in  the  diagram  (81).  The  lines  OX, 
O  Y,  OZ  give  merely  the  directions,  not  the  locations  of  the  axes. 


Starting  from  the  first  coefficient  as  an  origin,  that  is,  from  the  —  3  in 
the  one  case  and  the  —  4  in  the  other,  the  centres  of  forces  are  placed  in 
botli  cases  at  the  point  ^^ 

being  at  the  middle  of  the  block  of  eight  coefficients  nearest  the  origiii. 
Making  this  centre  of  forces  an  origin,  we  have  for  any  value  of  b  in  tlie 
first  polynomial  for  instance,  the  expression  (82),  which  reduoes  to  zero  for  j 

f  2(-i)-(ir(i)'-2(i)-(mi)^+o  ^      ■ 

2-4-hP6    _  J  +4(^iWiH-ir-5(i)-(i)vir+i(3r(ir(-i)'  I      ^ 

[_3{_l)-{-l5-(-l)i'+3(l)'"(-l)X-ir+0 

any  set  of  values  of  m,  n,  p  which  form  the  sub-indices  of  6  in  (79). 
The  second  polynomial  has  a  similar  property.     Now  when  the  two  po- 
lynomials are  multiplied  together,  the  coetficlents  in  their  product  stand 
as  in  the  diagram  (83).     As  previously  shown,  the  lever  anna  or 
dinates  x%  y,  z*  of  the  centre  of  forces  in  the  product  are  the 


y  (82) 


n 
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^    ^    12 


■^-d^  -^--^,.er:i 


ii-i3|  71  '--J::?irio~ 


1 -^"---uejjor  1 


tiiose  in  the  two  factors,  so  that  the  centre  of  forces  here  coincides  with 
the  — 67-  Estimating  b^^^j,  from  this  centre  as  an  origin,  we  shall  find 
that  it  reduces  to  zero  for  the  same  sets  of  values  of  m,  n,  p  as  it  did  in 
the  eases  of  the  two  factors. 


UTION  OF  A  SPECIAL  CASE  OF  PROBLEM  2%%,  WHERE 
E  CIRCLES  ARE  TANGENT  AT  THE  SAME  POINT  OFAB. 


BY  PEOF.  W.  W.  BEMAN,  ANN  ARBOR,  MICHIGAN. 


Fird  part.     Geometrical  Demonstraticm. — The  triangle  CMN  being  isos- 
oeke,  ZCMN  =   ZCNM.i 
.-.  £NMD=  AMND'^\ 
Z  NSD';   .  •,  the  triangles 
QMI>  and  QSD  are  similar, 
and  JttD  :  SD  ::  r  :  R 
QD  :    QD'.     By  division,  I 
iB—r)\  R  ::  DD'  \   QD\\ 
QT(R—r):R::iR+r):QUi\ 

i.  e.  QD'  is  constant,  and  if- 1 

^  in  all  positions  will  pass  I 

through  Q.    Similarly  it  may  be  shown  that  NM^  in  all  positions  will  pass 
jh  the  point  Q'. 

Q0  =  ^_,        Q'0  = 


2Rr 


R^r' 


R-Yr 


AnaluticaX  Dtmmtbratim.—ljA  0  be  the  origin,  QD'  and  £C  the  axes, 
(jB„yi)  coordinates  of  M  or  M',  (asa,^,,)  coordinates  of  N,  (0,  a)  ooordinatea 
of  the  variable  point  C    Then  we  easily  obtain 
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yl    =2rx,-xl  (1),         y|    =2i&,-T|; 


Since  C  (0,  a)  is  a  point  in  both  (3)  and  (4),  we  have 
&y^=rxy  (fi),         ay^^Rx^ 

Combining  (6)  with  (1)  and  (7)  with  (2),  we  find 
2«V  2ar»  2a*R 


a^+r^ 


a^  +  r 


V 


X.  = 


«+i?' 


y»  = 


2aiy 


Pt   = 


^{sT^^" 


Subfltituting  these  values  in  (5),  and  reducing, 

a^—€f[(T+R)x-2rR']+o^{r—R)y—ar\{r+R)x—2rK]-^Ry  = 
Thia  locua  evidently  passes  through  the  point  [2riJ-h(r+iJ),  0]  for  ofl  vti 
ues  of  a;  .'.  this  point  is  the  envelope  required,     r  ie  pomihewhmil 
circleH  are  tagent  internally,  negaiim  when  they  are  tangent  externally. 

Second  part     To  find  (he  locus  of  the  middk  point  of  MN, — Letting  //| 
and  w  be  the  polar  coordinates  of  any  point  in  the  circle  iy\  the  pole  bci 
at  Q%  we  have 

/'^  =  -  n  ^+7^"  ^         R+r    —  I     ^'^ 

Again  J  letting  p^  and  la  he  the  polar  coordinates  of  any  point  in  tlie  cii 
cle  J)\  the  pole  being  at  Q%  we  have 

l/l{R'\-ry—(R—r'fBin*ap  \ 
R+r  /• 

Now,  if  p  and  m  be  the  coordinates  of  any  pohit  in  the  locus  desiredi  we 
easily  get  from  (1)  and  (2), 

p  =  ^^  lg=^*oosai  ±^l{R+ry—{R^yBm*m  |.         ( 

one  form  of  the  equation. 

If  the  rectangular  equation  with  origin  at  0  be  required,  we  make 

_  V(Ii+r)y+[(R+r)x-2iiry  ^.^  ^^ (R+r);/ 

'^  R-\-r  ' 

(B+r)3D—2Jtr 

'^'^  ~  l/(ii+r)y+[(i2+r>-2iJr7' 

(fl+r)»(y»+«*)M^+r)  (iP+  6Br+r*)x(a;»  +  y«)  +  ^B  +  rfBr^  +  - 
X{l?+3i?r-(-r*)a:*— 4BV(i2+r>  =  0,  r  being  r^arded  as  po«^  wh 
the  circles  are  tangent  internally,  and  neruiixve  when  tangent  externally, 
may  write  it  {R  ±  r)»  (y*  +  a:*)'  —  [R  ±  r)  (i?  ±  6fir  +  i^)x{^  +  ^]±.\X 
±r)*i2»^±4i?r(i?±3i?r+r*)a:»~4J2V(i2±r)a;  =  0,  the  upper  sign  \ 
taken  when  the  circles  are  tang't  internally,  and  the  lower  when  tang't  i 


"" '"-  »/(iJ+r)y+[(iJ+r)«-2iJr7 
and  get,  after  some  labor, 
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SOLUTION  OF  A  PROBLEM  IN  CURVES  OF  PURSUIT. 


BY  UEtJT,  JAS.  M.  INGAI.LS,  FT*  TBUMBULLi  NEW  LONDON,  OONK. 

Problem.  A  boat  starts  from  a  given  point  in  the  bank  of  a  straight 
canal  of  uniform  current,  and  is  propelled  continually  toward  a  movable 
object,  A,  on  the  opposite  bank*     To  find  the  path  of  the  boat. 

It  will  be  seen  that  this  is  an  extension  of  the  problem  discussed  in  the 
May  No.  of  the  Analyst,  page  89  et  seq.  It  is  here  proposed  {jo  give  a 
few  of  the  r^ults  of  an  investigation  of  the  above  problem  leaving  their 
demonstration  to  be  supplied  by  those  of  your  readers  who  are  interested  iu 
the  subject. 

Let  P  be  the  starting  point  of  I 
the  boat;  and  A^  that  of  the[ 
moveable  object,  yj. 

Put  PO^  the  width  of  the  ca- 
Bll  =6;  PA  =  a;  and  angle  I 
PAO  =t  ^,     All   these  are  sup- 1 
posed  to  be  given  and  are  reg"  ed 
B8  ocmfltants. 

Let  P'  be  the  position  of  the  boat  at  any  instant,  and  A^  the  correspond- 
ing position  of  the  object,  >f.  Put  P^A'  =  z;  and  angle  P^A'P^'  ^^  f. 
Take  O  as  the  origin  of  rectangular  coordinates,  and  make  OD  —  x,  and 

Designate  the  velocity  of  the  boat  relative  to  the  water  by  u  ;  the  velocity 
[of  the  current  by  v;  and  that  of  the  object,  yf,  by  lo.  Consider  motion 
positive  in  the  direction  AP'^  Also  put  [(w — v)-i-u}  =  m;  and  t?-M4  =  n, 
^hen  it  may  be  shown  that  a;*  tan  |p  is  constant,  and  therefore  equal  to 
h"  tan  Jj8.  Make  this  equal  to  o"*,  where  e  is  the  value  of  a  when  it  is  per- 
pendicular to  j4P". 


om  the  above  we  find  the  equation  of  the  cnrve  when  wi<  1,  to  be. 


_  {l—n)x^'^ _ (1 +11)^^3 


!-•» 


2c-(l  +m)  2(1— m) 


+ 


a[CT-f  n — (iH-mn)ooB^] 


1— m* 


(1) 


in>  1  we  most  take  m — 1  betead  of  1 — m.     When  m^l,  we  have, 


_c(l-|-«y,      6       1— n 


y  = 


log-- 


Ac 


'(i»-r») 


(2) 


c  =  t  tan  JjS  =  a  (1  —  006  ^)» 
The  above  formulas  are  true  for  all  finite  values  of  u,  t^  and  w^  except 
rheo  i»  -=  w  (and  .  * .  m  ==  0),     In  this  case  the  path  of  the  boat  is  a 
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straight  line  whose  equation  ia,  supposiog  u  >  t>, 

When  v^=0  (and  .  • ,  n  =^  0)^  equations  (1)  and  (2)  represent  the 
nary  curve  of  pursuit. 

If  we  make  m  =  J  and  n=l(,  *,'w  =  r  =  Ju>),  the  path  become  a 
parabola  whose  focal  distance  is  equal  to  c  ===  6  tan  J^, 

As  a  final  example,  suppose  w  ^0;  therefore  m  =  —  n.     That  is,  the 
boat  is  directed  toward  &  fixed  objecL    Equation  (1)  reduces  to 

aoos^; 


c"a;* 


^  2  2c- 

and  the  expression  for  o  becomes 

c**  =  6'^ootJ/9* 
If  in  the  last  equation  we  make  m  =  1,  we  shall  have 
_  gfl— 009j9)_a:^  ^ 
^  2  2c' 

the  equation  of  a  parabola  whose  axis  is  -4P",  and  whose  focal  dist  is  |«fl 
If  t  =  the  time  from  the  starting  pointy  we  shall  havci 


^^^  a(l—vt cos P) 
1 — m* 


Ca; 


!-•• 


a-»^ 


2(1  — m)       20*^(1+111} 
This  equation  is  true  for  all  finite  values  of  m,  positive  or  negative. 
When  a?  ^=  0|  and  m  <  1,  we  have  the  whole  time  of  crossing 

m_  a(l — ^mcos^) 
^  14(1— m») 
If  cos  ^  ^  m,  we  have  I'  =  a-Ht.  That  is,  if  the  boat,  at  starting,  1 
directed  toward  an  object  at  A^  so  that  the  angle  PAO  =  oos~^m;  then, I 
the  object,  >f ,  moves  from  A  to  P",  the  boat  will  describe  the  curve  PFF* 
in  the  same  time  that  would  be  required  to  move  from  P  to  il  along  tke 
line  PA  with  the  same  velocity,  if  there  were  no  current 


3IR.  GLAISHERS  ENUMERATION  OF  PRIMEEL 


OOMMUiaCATED  BY  PROF.  JOHNBOK. 


In  the  Report  for  1879^  of  the  committee  on  mathematical  Tables  < 
British  Association^  Mr,  J.  W.  L.  Glaisher  extends  his  enumerattoii  < 
primes  over  the  fourth  million,  by  means  of  Mr.  James  Glaisher^a  ftctor  table 
for  this  million,  which  has  jost  been  printed.  The  results  of  the  enumetft- 
Uon  of  primes  are  given  in  the  same  form  as  those  referred  to  at  p»  7,  Vl 
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2Dd 

i( 

6717 

3rd 

<( 

6691 

4th 

<( 

6639 

5th 

(( 

6611 

6th 

(( 

6575 

7th 

(( 

6671 

8th 

« 

6590 

9th 

«  • 

6624 

10th 

« 

6535 

EllYfiT;  V12-,  the  number  of  "centuries"  which  coDtam  no  primes,  1 
2  primes,  &c,,  is  given  for  each  group  of  10,000  in  the  million,  and 
the  total  number  of  primes  in  each  group.     These  totals  for  the  first 
e,  and  for  the  7th,  8th  and  9fch  millions  were  quoted  at  pages  7  and  8, 
for  the  fourth  million  they  are  as  follows : — 
1st    group  6676    ,  .^ 

9r,r1  «  A7T7       '  ^^ 

— 26 
—52 
—28 
—36 
+96 
—81 
+36 
—89 

Total  in  4th  million  66,329, 
I  a  paper  published  in  the  Proceedings  of  the  Cambridge  Philosophical 
ety,  Mr.  Glaisher  has  discussed  his  results  in  connection  with  Legendre's 

ti  for  the  number  of  primes  inferior  to  2?,  viz., 
\ogx—A' 
h  Legeiidre's  value  of  ^  was  1.08366,  which  it  is  supposcil  \va.s  em- 
?ally  determined  chiefly  from  the  value  x  =  10,000. 
1  order  that  the  formula  should  agree  with  the  logarithmic  integral 

Glaisher  has  shown  that  we  should  have,  as  a  first  approximation, 

.4  =  1  +  (l^logi), 
eeing  with  what  was  shown  by  Tchebycheff,  that  when  z  is  infinite  we 
k  have  ji=^  1]  accordingly  he  has  compared  the  actual  number  of  primes 
tted  with  the  value  of 

H  log  ar— 1 — ( 1  *7-  log  a?)' 

™  as  with  Ijegendre's  formula  and  a; -^  (log  a;  — 1.08365)  (2),  and  with 
logx — 1)  (3).  The  comparison  is  made  for  values  of  x  at  intervals  of 
000  and  the  final  resalts  are  that,  for  x  =  4,000,000,  while  Legendre's 
lula  (2)  gives  177.3  in  excess,  (3)  gives  1,491.7  in  defect  and  (1)  gives 
in  defect.  It  may  be  remark^  that  the  omitted  terms  in  the  value  of 
B^d^ositive  so  that  the  second  approximation  to  A  which  is 

pye  a  result  still  nearer  the  actual  number  of  primes  oounted. 


(1) 
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GEOMETRICAL  SOLUTION  OF  PROS.  126.  (A  188,  VOL 


BY  FBOF,  W.  P,  CASEY,  8AN  FEANCISCX),  CAL. 

Anaiym.    Let  ABC  he  the  requii-ed  a  ,  tbe  bisectors  Bo,  CH  of  the^ 
B  and  Care  given,  and  the  vertical  angle  A^  to  constructthe  triang-  ABi 

Take  DE  a  given  line  ==  20h  say 
and  upon  it  describe  a  segment  of  a  cir- 
cle DOE  containing  an  angle  —  BAC\ 
this  segm't  is  .  • ,  given  in  position  and 
magnitude.  Conceive  the  i^BGE  to 
be  similar  to  the  t^ABC^  and  bisect 
the  angles  D^  E;  .'  *  the  ratio  of  Dr  ; 
Ep  is  given  being  the  same  as  Bo  :  On, 

Make  angle  EDS  —  Ezr^  which  is  a 
given  angle  (being  half  of  the  supple* 
meat  of  angle  (?),  *  * .  DS  is  in  posit'o. 
Draw  n?,  making  the  angle  DrS  =  the 
angle  EpD,  and  . ' ,  the  angles  DEp^ 
DrS  arc  similar  and  EDiDS::  Ep:  Dr, 
in  a  given  ratio,  and  ED  is  given;  .  * . 
DS  is  given  and  5  is  .  • .  a  given  point. 

Produce  DG  to  v  and  draw  Dx  making  angle  vDx  =  EDS  ==^  JEb-J 
given  angle,  and  produce  Sr  to  meet  Dx  in  the  point  x;  and  as  angle  DrS 
^  Epdf  .  • .  Ezr  =^  rvp  ~  a  giveji  angle  (the  quadrilateral  vpzr  is  inscript- 
able  in  a  circle),  and  as  rDx  is  a  given  angle,  •  • .  Dxv  is  a  given  angle,  and 
the  line  DS  is  given  in  position  and  magnitude;  •  *  •  the  ae^t  DxS  is  given* 

Draw  Eq  making  angle  DEq  =^  DSi\  and  as  EDS  ss  vDx^  .  • .  ang.  SIk 
=■  EDq;  hence  the  as  DSv^  DEq  are  similar,  and  ,  • ,  ang,  DqE  ^  IkS^ 
a  given  angle;  .  • .  as  DE  is  given,  the  segment  DqE  is  given  in  postion 
and  magnitude.  Now  SD  :  DE  ::  vD  ;  Dq,  that  is,  in  a  given  ratio,  an 
the  ratio  of  vD  :  Dx  is  also  given  {as  the  £\Dvx  has  all  its  angl^  given)^ 
.  • ,  the  ratio  of  Dx  :  Dq  is  given  and  D  a  given  point,  and  q  on  the  < 
cumf.  of  a  given  circle;  .  • .  the  locus  of  x  is  a  circle,  mxh,  given  in  positi0 
and  magnitude.  (See  Chauvenet's  Geom.,  p.  314.)  . ' ,  the  point  x  ia  give 
and  Dx  is  in  position;  and  the  angle  xDv  being  given,  Zh  is  in  pos*u  wh« 
the  point  G  is  given ;  .  •  •  the  isDGE  is  given  and  hence  A-^^Cis  gi\ 

The  construction  follows  readily  from  the  analysis;  but  the  calciilatio 
of  th*j  sides  is  rather  long. 
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QUATERNIONS. 


BY  PROF.  DE  VC»LSON  WOOD,  HOBOKEN,  NEW  JERSEY, 
(Continued  from  page  71.) 

Oblique  Vectors. 

Ix  section  15  of  the  preceding  article,  it  was  stated  that,  comparing 
vector  fi  with  vector  a  oonsiate  of  the  compound  operation  of  determining 
the  angle  throngh  which  a  must  be  rotated  in  order  to  bring  it  into  a  poei* 
tioo  poroUd  to  j9  and  of  comparing  the  length  of  ^  with  that  of  a. 

Para] lei bm  implies  a  zero  angle  between  the  direcikm&  considered.  Thus, 
if  ^  IS  to  be  compared  with  —  a,  then  —  a  must  be  revolved  to  coincide  in 
iHrmiifm  with  +  j9.  In  section  19  a  notation  was  adopted  to  represent  the 
rotation — left  handed  being  considered  positive.  The  ratio  of  their  lengths 
is  aimpty  a  number  —  positive  and  abstract  —  and  is  expressed  in  the  well 
known  way;  hence  if  a  and  h  represent  the  lengths  respectively  of  a  and  ^, 
t  the  angle  between  the  vectors  (the  right  angle  being  unity),  and  %  a  posi- 
unit  vector  perpendicular  to  the  plane  of  a/9,  we  may  write 


a~  Ta,Ua~~lk'Ua~      a' 


a 


'  all  values  of  a  and  fi,  we  have 


UP  =  f. 
a 


(14) 


(16) 


fa  =  b  equation  ( J4j  reduce  to  (15);  hence  for  unit  vectors  CTraay  l^ 
i^niifted  witliont  ambiguity,  in  which  case  we  may  write 


(16J 


twncii  f^-^ay  as  unit  vectors,  represents  a  versor.     (Se**  sec.  20*J 

If  the  operation  beotjserved  on  the  side 
of  the  negative  axis,  —  t,  the  rotation  of 
ft  into  j9  will  be  right-handed,  or  negative, 
and  w^ill  be  represented  by  —  (',  hence  we 
havei  as  unit  vectors 

f=t-*r;  (17) 

which  ooni pared  with  (16)  gives 

t'  ^  (_!)-.  (18) 

that  18^  the  nalue  of  a  versor  remains  the  same  when  the  signs  of  its  base  and 
exponent  are  both  changed  from  +  to  —,  or  the  reverse. 


*Haiiultofi*B  Lecttirea,  p.  127. 
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It  is  well  to  observe  thai  in  the  expreeaioD  (—  i)%  the  negative  sigD  applies 
to  the  vector — or  axis —  only;  but  in  the  exprefisioo  —  i'  the  entire  vereor 
is  negative  and  is  the  same  as^^ — ( t'}*  The  minus  in  the  last  expressioo  has 
the  effect  of  reversing*  the  direction  of  the  result  produced  by  i\ 

The  angles  between  the  vectors  will  be  limited  to  those  between  zero  and 
pluft  or  minus  two  right  angles^  unless  otherwise  expressly  stated.  The  m- 
gle  between  a  and  —  ^  (see  the  figure)  is  the  same  as  between  —  a  and  ^, 
and  is  2  —  t  (being  the  supplement  of  the  angle  t  between  vectors  +  a  and 
-f^),  and  is  positive  in  reference  to  the  negative  axis  — *;  hence  we  have 


:zE^J-  =  -p  =  -(q  =  (-1)'"'  =  f^', 

a         — a  a  \al 


(19) 


i 


m 

itiofl 


From  (16)  and  (19)  we  find 

t' =  -(-*)>-'.  (20) 

The  second  member  of  (20) [which  is  equivalent  to  — (— »•. — f**)]  showy 
that  the  vector  operated  upon  (as  a)  may  be  rotated  positively  abotit 
negative  axis  — ■%  through  two  qnadrants,  followed  by  a  n^ative  rotatio 
of  t  about  the  same  axis,  thus  making  it  coincide  with  the  vector  ( —  ^] 
which  was  divided^  after  which  the  result  is  reversed,  thus  bringing  it  ioto 
the  position  of  -|-  ^.  The  left;  member  rotates  a  into  ^  positively  b  one 
operation. 

The  value  ^  ^  a  may  now  be  written  in  various  forms.     Thus,  as  ani^y 
vectors,  we  have  from  the  preceding  equations,  ^| 

^  =  /'-«  =  ••'  =  (-  »)-'=  (^.  =  p  =  - (-i)'-'  =  -4. ^  (211 

If  vector  ^  be  operated  upon^  turning  it  to  a  parallelism  with  a,  the  rotation 
will  be  positive  about  —  i  (the  relative  positions  of  the  lines  being  as  before), 
and  we  have  [s^  (16),  (18),  and  (20)] 

«     _     /  .-M    _    .W    _      1 

from  which  we  have 

1 


=  (  — t)'  =  t-=  i  =  — 1«-' 


— « 


=  %*-> 


?  =  • 


•t 


27-  We  now  proceed  to  decompose  the  versor. 
Let  a  and  ^  be  two  coinitial  unit  vectors  making 
an  angle  d  between  them.  Take  i,  a  unit  vector 
perpendicular  to  the  plane  of  o^,  positive  in  front 
of  the  plane,  and  k  perpendicular  to  a  and  L  From 
the  extremity  of  ^  drop  the  perpendicular  AD  upon 
a ;  then  as  lines  we  have 


*\i%Bwa  iifYZBBOB^  or  ito  effect  it  an  tn-TemoxL    Lectaree,  p.  54.    flblti  pp.  331,  536^ 
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Oi)  =  008  »,  DA  —  sin  tf, 

and  as  vectors  (§6),  DA  being  parallel  to  Ok^ 

OD  =  cQs  e.a,  DA  =  sin  e± 

Accordiog  to  equation  ( 1 }  we  have 

^  =  OD  +  DA^Qos  Om  +  Mm  O.h  (24) 

Dividing  a  into  both  nieml^ers  of  (24),  observing  that  h-^a  is  a  qnadrantal 
verBor  and  poeitive  about  i  [Eq.  (3)],  we  have  [see  also  Eq.  (21)] 

^  ^  COS  fl  +  sin  ff  - 
a  a 

=  OOB0  +  iain»  =  if,  (25) 

where  t  ^  tf^jTr.  In  a  similar  manner  we  may  find  directly  from  the  fig- 
are,  or  by  taking  the  reciprocal  of  both  members  of  (25),  observing  that  i^ 
=  -!,' 

{-{,',  (26) 


a 


=    006  i 


'  1  sm 


the  last  member  of  which  is  from  eq.  (22),  The  term  isin  0  will  be  nega- 
tive if  t  be  positive  and  ff  negative,  in  which  caae  the  third  member  will  be 
i*^,  as  already  shown  in  equation  (22). 

Multiplying  a  into  bolh  members  of  (24)  gives 
a^  ^^  a*  cos  §  +  ok  sin  9 

=  —  cos  fl  +  f  sin  e  ^  i^-%  (27) 

in  which  the  exponent  is  2  —  i  because  cos  8  being  negative  and  sin  0  posi- 
tive^ the  angle  of  the  product  is  the  supplement  if  ^;  that  is,  the  supplement 
of  the  angle  between  the  vectora. 

Multiplying  both  members  of  (24)  into  a  gives 
fia  =  a'cos^  +  kiisiaO 

1^  —oo&ff  —  ism&  =  {— 1)»-'.  (28) 

The  second  members  of  the  last  four  equations  are  versors.  In  division, 
the  versor  operating  on  the  divisor  line  is  oonceived  to  turn  it,  positively, 
about  the  axis  of  the  versor  (-ft,  or  —  t)  through  an  angle  equal  to  that  of 
the  versor  (6)  to  coincide  in  direction  with  the  dividend  line.  In  muItipFD 
the  versor  operating  upon  the  multiplier  line  [as  a,  eq.  (27)]  is  conceived 
to  turn  it  in  a  positive  direction  about  the  axis  of  the  versor  (-f  i)  through 
I  aogle  equal  to  the  supplemeid  of  the  angle  of  the  versor  [^— (ff — tf)^], 
it  coincide  in  direction  with  the  multiplicand  line  (as  j9).* 
preceding  equations  show  that  the  versor  may  be  decomposed  into 
pATts,  one  of  which  is  a  number  equal  to  ±  cos  fl ;  the  other,  a  multiple 
ol'a  uitiiC  fi€otor  and  equal  sin  6 A,  the  unit  vector  being  the  axis  of  the  quo- 
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tient,  or  of  the  prodnct,  of  two  unit  vectors.  Henoe  if  q^  repreeentthe 
quoUt'iit  (or  product)  of  two  unit  vectors  m  space,  vo^  the  term  in  the  reralt 
containing  the  number  only,  and  /c>,  the  term  containing  the  vector,  we  mn^ 
write 

9i  =  «>,  +  jO,.  (: 

28.     As  unit  vectors  we  may  write 


i  =  ft«-i 


^_ 


'/9). 


(30™ 


^  jSa**'  (but  not 
a  a 

Observing  that  er^  =  — a  [eq.  (9)],  the 
product  of  p  into  a~^  is  the  same  as  fi  into 
—  <2,  the  rotation  being  poeitive,  and  the 
angle  of  the  prodnH  the  supplement  of  the 
angle  between  ^  and  —  a,  that  is  f,  the  right 
angle  being  unity;  and  the  dimmon  of  «  into  ^  implies  a  positive  rotation 
through  the  same  angle  i\  hence  the  two  results  are  equal.  But  the  product 
w^^  reverses  the  direction  of  the  rotation,  and  hence  cannot  equal  the  for* 
mer  result     Generally,  we  have 


a 


U^a-^   =  —  qSa*. 


4 


Numerous  other  results  present  themselves,  but  we  pass  them  for  the 
present  and  proceed  to  the  establishment  of  the  general  equations  and  tlie 
completion  of  tlie  nomenclature. 

29,  If  a  and  ^  be  not  unit  vectors,  let  their  lengths  be  a  and  6  tiofca 
that  of  the  unit,  then  Ta  =^  a^  T^  =  6,  and  we  have 


a         a\  fa 

?  =  ?(co.»-iri.«)  =  ?(-;/  = 


r 


a^  ^=  ab( — cos  0+i  sin  ff)  ^  a6.t'~* 

^a  =  ai(— COS  <?— tsin  d)  =  a6{— i)^"'.  J 

These  are  general  equations  for  the  division,  or  for  the  multiplicadoa, 
the  case  may  be,  of  any  two  directed  lines  in  space;  and  such  quotient,  (V 
product  constitutes  a  quaternion.  By  a  discussion  of  equations  [A)  all  th» 
practical  equations  of  this  science  may  be  deduced,  including  the  results  of 
the  preceding  article  and  those  thus  far  given  in  the  present  one. 

Thus  if  #  =  90^,  all  the  results  for  the  multiplication,  and  for  the  divisioo, 
of  rectangular  vectoi's  are  quickly  found.     The  3d  and  4th  give  a^= — ^<^ 


**Leotiires^  p.  411. 
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If  tf  ==  0"*  the  3rd  and  4th  will  gives  «^  -^  +  ^a.  If  a  =  6,  the  Ist 
and  4th  of  {A)  will  differ  only  by  having  contrary  signs,  hence  involving 
tlie  third  member  in  the  expression,  we  have 

The  angle  between  j3  and  —  a  is  the  supplement  of  the  angle  between  a 
pf,  the  axis  of  rotation  being  positive,  or  +t;  therefore  for  unit  vectors 
have  ^( — a)  =  cos  ti  -{*  isin  fl, 

which  will  be  the  same  as  the  1st  of  (^)  when  a  ^  6;  henoe  we  will  have 

fahown  In  eq.  (30). 

The  parenthetical  part  of  the  seeond  meml>ers  of  equations  ( ^ )  is  the  ver- 
Eid  we  may  write 


a 


cos  tf  +  i  sin  9  ==  t  *, 


JJa^  =  —  008^+  isinff  2=i'~*j 
and  the  Ist  and  3rd  of  (^4)  give 

U^  ^  —  UBa.  as  before  shown. 
a 


(31) 
(32) 

(33) 


For  a  representative  expression,  we  choose  one,  the  elements  of  which 
ore  naturally  positive.  For  this  reason  the  Ist  of  {A)  may  be  considered 
as  TYPICAL  —  since  a  and  b  are  essentially  positive,  the  axis  of  rotation 
(i),  positive,  the  direction  of  rotation,  positive,  and  when  0  is  acute,  cosfl 
and  sin  d  will  be  positive.     If  q  represent  the  lett  member,  we  have  as  a 

TYPICAL  FORM 

U?  =  cosff  +  tsintf  (34) 

==^  cos  0  +   4/ — l^sinff, 
the  last  value  of  which  is  independent  of  any  particular  axis,  and  ia  sug- 
gestive of  De  Moivre's  formula. 

30,  The  second  members  of  equations  (A)  are  composed  of  two  part£, 
one  of  which  is  a  number  equal  to  a  multiple  of  cos  fl,  the  other  is  a  multi- 
ple of  a  unit  vector,  as  ah  sin  OA^  hence  if  q  represent  the  first  member,  w 
the  numerical  term  and  p  the  entire  vector  in  the  second  term  of  the  second 
member,  we  have  the  typical  form 

q  =  w  +  p*  (36) 

which  roduces  to  (29)  when  a  and  ^  are  each  unit  vectore. 

3L  A  Scalar  is  a  number,  either  positive  or  negative — it  represents 
the  reals  of  algebra.     This  name  is  applied  to  such  quantities  because  they 


*LKtiif«mK  lid. 
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may  be  laid  off  on  a  scale  from — oo  to  +0*0*  It  is  indicated  by  the  letter 
8,  The  numerical  term  in  equations  (A)  is  called  the  scalar  partf  of  the 
qnotieuty  or  product  (as  the  case  may  be)  of  two  directed  lines.  Henoe  we 
have 

8  J    =^oostf,      8.1    =  ^  cos  tf,  (36) 

a  a  p  0 

8.fia  =--d>oo80,     8.afi  =-abo(»0.  (37) 

The  last  is  read  ''The  scalar  of  the  product  of  a  into  fi  equals  minus  the 
continued  product  of  tensor  a,  tensor  fi,  and  the  cosine  of  the  angle  between 
a  and  ^' — and  similarly  for  the  others.  The  period  afler  8  indicates  that 
the  scalar  of  all  that  follows  it  in  that  term  is  to  be  taken.  It  may  be  omit- 
ted where  no  ambiguity  will  result,  hence  the  preceding  expressions  may  be 

written  8^,  8afi,  etc. 

From  (37)  we  have 

8a^  =  8fia.  (38) 

From  3rd  and  4th  of  {A),  we  have 

afi  +  fia  =  28a^.  (39) 

From  (31),  (32),  (33),  and  (A),  we  have 

8ui  =  cos^t  =  8U^^=  ^8Ufia**  (40) 

a  p 

8Uap  =  —cos  e  =  iSDJ9a.tt  (41) 

The  scalar  of  a  number  is  the  same  number,  hence 

881  =  8^q  =  8q  =  ±cos», 

or  briefly  8^  =  8.XX  And,  generally, 

8q  =  Tq.8Uq.  (42) 

32.    The  second,  term  of  the  second  member  of  equations  {A)  is  called 

the  VECTOR  partII  of  the  quaternion  and  is  indicated  by  die  letter  V. 

Thus 

7^  =  ^  sin dA,   7"  =  —  ? sin 0.%;  (43) 

a        a  p  b 

F  a)3  =  06  sin  (?.i,    Vpa  =  — ab  sin  OA ;  (44) 

.-.  Vap=^—Vpa.  (46) 

From  3rd  and  4th  of  {A)  we  have 

ap—  pa  =  2Vap.  (46) 

From  (32)  we  have 

VUap  =  sintf.i.  (47) 

Observing  that  t,  unaffected  by  an  exponent,  is  a  quadrantal  versor  (§20), 
^Lectures,  p.  68.    fl^icL,  p.  392.    tlbid,  p.  397.    *«IbicL,  p.  412.    ft  *  ttlbid.,  p.  898. 
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Tenor 


of  sin  <? .  t  is  t;  hence  from  (47)  we  have 


UVUaji  =  L 


Similarly  from  (44)  we  have 


UVap  =  t  =  —  UVpa 


(48) 


(49) 


jiieh  value  is  the  same  as  (48),     In  (44),  cA  sin  d  is  the  ieneor  of  i  (or 


r—  t),  hence 


TVap  =  TVpa  =  a*  em  <?.' 


(50) 


fiicj 


Similarly  (32)  gives 

TVUap=^  ^ind.t  (51) 

EkjuatioD  (50)  shows  that  TVap  is  the  area  of  a  parallelogram  constructed 
on  Ta  and  Tp  as  adjacent  sides  having  an  angle  d  between  them. 

From  (43)  we  have  V-  ,  ^  'r  ~  sin*ff*     Numerous  other  relations  may 

be  readily  deduced  from  the  preceding  equations, 

33.  According  to  the  preceiling  notationj  equations  (A)  may  be  written 
in  the  following  form : 

Equations  (A)  [see  (14)]  give        q  =  Tq.Uq;  (52) 

-'      (36),  (37),  (43),  (44),  =  Sq+  Uq;  (53) 

"      (36),  (37),  (40),  (43),  (44)  =  Tq.8Uq+  Tqsm  SA; 

toring  —  Tq{SUq+9mdd)t 

subetituting  (47)  -  Tq{8Uqi-VUq),  (54) 

or  substituting  (61)  =  Tq{SUq+TVUqA), 

in  which  substitute  (49)  =  Tq{8Uq+TVUq.UVq), 

or  subet  (48)  instead  of  (49)  -  Tq{SUq+  TVUq.  UVUq\ 

Note, — For  §9,  page  36,  sulmtitute  the  following ; 

9.  A  Tensor  is  a  numerical  fact<»r  by  which  a  unit  vector  is  multiplied 
to  produce  a  given  vector.  Literally  the  term  implies  a  stretching,  but  its 
maming  is  here  enlarged  so  as  to  include  the  shortening  of  a  line*  It  is  the 
rdtio  of  the  length  of  a  vector  to  that  of  a  unit  parallel  vector,  and  hence  is 
always  positive,  or  more  strictly  speaking,  mgnkss,  and  may  be  an  entirei 
fractional,  or  incommensurable  numlier.  The  tensor  of  a  vector  is  some* 
times  indicated  by  the  letter  7,  as  Ty,  Thus  in  the  equations  T  ~  ^it 
8  =  —  cd^^yj  1^  3iyj,  where  Yh  ^i>  7i>  ^^  unit-vectors,  we  have  Tf  =  6, 
T8  —  T{—8)  =  c,   2^-3.     Generally,  we  have 

r  =  Triuy 

[For  want  of  sorts,  7*,  i,  and  1;  are  used  in  the  foregoing  Note,  respect- 
ively instead  of  Alpha^  Beta  and  Gamjna,  used  by  Prof  Wood,] 

Note  2. — For  the  following  corrections  I  am  indebted  to  su^estions  by 
Alex*  8.  Christie,  communicated  to  m^  by  the  editor. 

•Leotuwa^  p.  418,    fl'tjid-,  p.  307. 
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At  page  67^  after  the  last  line,  add,  When  the  direction  of  rotation  of  the 
fraction  and  its  reciprocal  are  in  opposite  senses^  the  reciprocal  of  the  axis 
is  the  axis  of  the  reciprocal,  as  may  be  shown  by  equation  (9). 

At  page  69,  lines  7  and  8,  expunge  the  sentence  ^'As  a  versor  it  implies 
that  P  has  been  turned  from  some  arbitrary  direction  into  the  given  one."; 
for  it  conflicts  with  the  definition  given  by  Hamilton,  which  is ''UP  is  the 
vergor  of  a  right  quotienL**    (Elements,  p.  136.) 

At  page  70,  line  3,  for  '^has  a  fixed  position,''  read,  is  confined  to  one 
plane. 

Also,  at  page  68,  line  3,  for  "in — t"  read,  — £^f ;  and  at  page  71,  line 
16,  for  " — Hj  =  — ijk  =  — ;/fci"  read,  — kij  =  -  ikj  =  -^ik. 

[Prof.  Wood  proposes  to  discuss  some  examples  illustrating  the  foregoing 
principli«,  which  will  appear  in  future  Nos.,  as  space  will  permit.] 


A  FOURTH  PROPORTIONAL. 


BY  JESSE  APPLEGATE,  YONCALLA,  OREGON. 

If  a  straight  line,  ABQ  be  considered  as  composed  of  two  parts,  a  and 
6,  or  the  line  a  be  laid  upon  the  line  6,  the  lines  a  and  6,  in  neither  case, 
form  an  angle  at  B,  for  the  lines  a  and  6  are  extended  in  a  line  with  each 
other,  and  their  relation  to  each  other  at  their  junction  B,  would  lie  ex- 
pressed as  an  angle  of  180^,  or  a  right  line.  In  the  second  case,  as  the  line 
a  coincides  with  the  line  6,  the  angle  at  B  may  be  represented  by  0°. 

Whatever  the  lengths  of  the  lines  a  and  b  may  be,  a  proportion  exists  of 
which  a  and  6  are  the  means,  and  their  sum  a  +  b,  one  of  the  extremes. 
That  is,  a  +  b  :  b  =  a  :  Xf 

whence  x  =  — - — =-, 

:r  being  the  4th  proportional. 

In  the  above  cases,  where  a  and  6  form  a  straight  line,  the  4th  propor- 
tional depends  on  the  lengths  of  the  lines  only,  it  will  therefore  also  exist 
whatever  angle  these  lines  make  with  each  other,  from  180°  to  0®. 

To  ascertain  the  utility,  if  there  be  any,  in  the  4th  proportional;  let  the 
point  B  be  the  apex,  and  carry  the  line  a  around  until  it  coincides  with 
the  line  6,  stopping  at  any  point,  say  at  90®,  or  before  or  after  passing  90°, 
to  inquire  what  value  the  4th  proportional  may  have  in  solving  problems 
in  Geometry  and  Trigonometry. 
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Draw  BD  bisecimg  the  angle  B; 
also  draw  DE  and  DF,  respectively 
parallel  to  AB  and  BC,  Then  will 
BEDF  be  an  equilateral  quadrilateral 
of  which  BD  and  EF  Sire  diagonals. 

Let  X  represent  the  side  of  this 
quadrilateral.     Then  by  similar  trtan. 


(6  — a?) :  «==6 


ab —  ax  =^  bxj  or  ckc  +  fix  =  a6 ; 
ab 


X  ^ 


aW 


which  is  the  equation  of  the  4th  proport'I  existing  between  the  lines  a  and  i. 

As  the  sides  of  a  quadrilateral  equilateral  can  be  ascertained  froro  the 
sides  of  the  included  angle,  the  diagonals  of  which  are  the  measures  of  the 
angle,  not  by  the  degrees  of  an  imaginary  arc  but  by  actual  latitude  and 
d€|)arture,  two  sides  of  a  triangle  with  any  data  from  which  one  of  these 
diagonals  may  be  determined|  the  unknown  side  and  all  other  things  about 
the  triangle  may  be  determined.  That  is,  it  solves  all  the  cases  of  plane 
Trigonometry  by  measurement  only,  without  the  use  of  a  table. 

This  method  suggests  a  cheap  and  simple  instrument  for  the  field  that 
would  do  all  the  work  of  the  transit  more  simply  and  with  equal  accuracy. 
And  for  the  observatoryi  where  the  quadrangle  might  be  of  any  desir'd  siee, 
tlje  latitude  and  departure  to  the  yj^  part  of  every  second  in  the  semicircle 
might  be  read  from  the  diagonals  without  the  necessity  of  a  single  calcuFn, 


SOLUTION  OF  PROB'8  IN  NO.  2;  CONTINUED  FROM  P.  103. 


306»  "If  N  is  an  odd  number  and  m  the  number  of  odd  num^^ers  less 
than  N  and  prime  to  it  (including  1),  then  iSTis  a  divisor  of  one  of  the  two 
numbers  2'"±1/^ 

SOMTTION  BY  PROF.  WM.  WOOUBEY  JOHNSON. 

The  number  of  odd  numbers  less  than  and  prime  to  an  odd  number  is 
one  half  of  the  whole  number  of  numbers  less  than  and  prime  to  the  given 
number;  for,  corresponding  to  every  odd  number  r  less  than  and  prime  to 
Nf  there  is  an  even  number  N—r^  also  less  than  and  prime  to  N  Hence 
{N)  denoting  this  whole  number,  the  theorem  is  that  when  N  is  odd  either 


2**<^>-l 


or 


2**^^'  +1 


is  divisible  by  N     But  the  theorem  may  be  generalized  thus^  If  (Jk%9  priTnc 
to  N,  one  of  the  quantities 
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a^^U  or  a**(^>+l 

is  diviMb  hy  N  [ezoept  when  JV  ss  2^  the  only  case  in  which  f{N)  is  an 
odd  namber]. 

By  Euler's  eztodsion  of  Fermat's  Theorem  (see  Serref s  Course  d'Alge^- 
bre  Sape'rieore,  3rd  Ed.,  Vol.  2,  p.  36) 

^^(2^)_j  .^  divisible  by  N,  d) 

and  ifN=  a^'^f  .  . .  .,  a,  ^,  ;  . . .  •  being  the  different  prime  fectors  o(Nj 
we  have  ip{N)  =  o-i  fip-if-i  .  .  .  (a_l)(^-.l)(^_l), 

whence  if  Ns=  NiN^f  where  N^  and  N^  are  prime  to  one  another^  we  have 

9{N)  =  f{N^).^N,).  ^    (2) 

Now  unless  i\^  is  a  power  of  a  prime  or  double  the  power  of  a  prime^  it 
will  be  possible  to  take  Ni  and  N2  each  greater  than  2,  and  therefore  f(Ni) 
and  ^{N^)  will  both  be  even  numbers.  It  follows  that  ^^N)  is  a  common 
multiple  of  f (iVj)  and  fiN^)  and  therefore  aiH^) — 1  is  divisible  by  a^W 
— 1  and  aH^i) — 1 ;  hence  by  (1)  it  is  divisible  by  Nj  and  by  Nj,  and  since 
N^  and  N,  are  prime  to  one  another,  it  is  divisible  by  Ni^N^y  that  is  by  N. 

The  cases  excluded  above  are  those  in  which  N  is  of  the  form  t^^  2a*  or 
2^y  a  denoting  an  odd  prime^  and  r  >  1. 

Wehave  a*(^U  =  [a*^(^)-l][a*^^^+l].  (3) 

Now  if  N  =  a*,  since  by  (2)  the  first  member  of  (3)  is  divisible  by  a",  one 
of  the  &ctor8  in  the  second  member  is  divisible  by  the  prime  a,  and  since 
these  factors  differ  by  2  units^  the  other  is  no^  so  divisible;  therefore  the 
former  factor  is  divisible  by  a*  that  is  by  N. 

Again  if  N  =  2a"  the  same  proof  shows  that  one  of  the  factors  is  divisi- 
ble by  a%  but  since  in  this  case  the  first  member  of  (3)  is  divisible  by  20*, 
one  of  the  factors  is  divisible  by  2,  and  therefore  since  they  differ  by  2  both 
factors  are  so  divisible,  and  hence  one  of  them  is  divisible  by  2a?  L  e.  by  N. 

Again  if  N  =  4,  both  the  factors  in  the  second  member  of  (3)  are  proved 
as  above  to  be  even  and  since  they  differ  by  2  one  of  them  is  divisible  by  4, 

Finally  if  N  =  2''  where  r  >  2,  a,  which  is  by  hypothesis  prime  to  N,  is 
odd,  and  we  may  write  a  =  2'A±1,  where  A;  is  an  int^er.  Squaring  suc- 
cessively we  have  a'      =  2'Aj+l| 

a2"    =2**a+l, 


a2--»=2^jfe,^j+l. 


a^ — =  z«^_2~r^' 
Now  in  this  case  f  (N)  =  2^i  and  Jf  (N)  =  2''-2,  hence  the  final  equar 
tion  expresses  that 
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307.  'Three  points  are  taken  at  random  in  the  surface  of  tlie  northern 
hemisphere;  find  the  chance  that  the  small  circle  through  the  points  lies 
wholly  Dorth  of  the  equator,  supposing  the  earth  a  perfect  sphere/' 

SOLUTION  BY  PROF.  E.  B.  8EITZ,  EIBKSVXLLE,  MO. 

Let  NEGF  be  the  equator,  j4,  B^  C,  three  random  points  in  the  surface 
of  the  northern  hemisphere,  if  the  center  of  the  small  circle  through  A^B^ 
C,  0  the  center  of  the  earth,  and  OP  a  radius  such  that  AB  is  parallel  to 
the  plane  MOP.  From  P  as  a  pole,  describe  EK- 1 
FLt  the  circumference  of  a  great  circle. 

Now  instead  of  confining  the  three  points  to  the  I 
surface  of  the  hemisphere  whose  great  circle  is  NE- 
OFj  we  will  confine  them  to  the  surface  of  the  hem- 
isphere whose  great  circle  is  EKFL^  and  ooiisider  I 
the  number  of  ways  they  can  be  takeu,  so  that  the  j 
circle  through  them  shall  He  wholly  in  the  hemi 
sphere.     This  will  evidently  give  the  same  result  as  that  required  iu  the 
question. 

Let  OA  =  r,  lAOM  =  0,  iBAM  =  f,  £  CAM=  ^,  iMOP  =  //, 
and  the  angle  the  plane  MOP  makes  with  a  fixed  plane  through  OP  —  w. 
Then  an  element  of  surface  at  A  is  2;rr*sinffdff,  at  jB  it  is  4r'sin  tf  cos  f  d^flf/i, 
and  at  C it  is  4r%in  ^  sin  ^  cos  ^  sin  {f  4- ip)dipdo}.  The  limits  of  9  are  0  and 
Jit;  off,  — \^  and  ^:r;  of  f^',  — f  and  ^;r,  and  doubled;  of  //,  0  and  ^tt — 
$\  of  01,  0  and  2n.  Hence,  since  the  whole  number  of  ways  the  three  p'ts 
can  be  taken  in  the  surface  of  a  hemisphere  is  (2;r7^)',  the  requiretl  chance  is, 

fnzzj^J      J        J      J  J      32;rr*8inWScosjpcff  oosjJsin(f+^)tt^ 

X  sin^i  df^Jm 
^  —  I        I  I         I  sm^ddd  cos  (pdtp  cos  <p  8in(f-i-^)dift  sin  pdfi 

=  —  P'  f"'    f"  (1— 8infl)sinWffcoBy>oo6}^8in{f +j*)dc^ 

=     ^f       (        [iht+w)s\nf'i-Q€mf]{l — ainfl)sin'M(?co6f  Jf 

=     6 J" ''  (1— sin  d)8m*0de  =  4  —  f  ff. 

[Mr,  Adcock  obtains,  for  the  required  probability,  27r(|  —  ^^)f  the  nu- 
merical value  of  which  does  not  differ  much  from  that  obtained  by  Prof  S. 
The  method  he  employs,  however,  is  similar  to  I  hat  of  his  published  solu- 
tion of  286,  which  is  incorrect,  as  we  have  before  stated,  because  the  units 
in  the  numerator  and  denominator  are  dissimilar,  and  therefore  not  necessa- 
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rlly  equally  probable.  For  instanoey  a  finite  number  of  units  in  the  nome- 
rator  contains,  as  individual  units,  many  eoneenirie  circles;  whereas  it  may 
easily  be  shown  that  the  chance  that  there  will  be  two  concentric  circles  in  a 
finite  number  of  units  of  the  denominator,  is  infinitely  small. 
Mr.  Adcock  requests  us  to  make  the  following  corr.  in  his  solution  of  286: 
^^For  number  of  positions  use  the  number  of  combinations  instead  of  the 
number  of  permutations.     For  instance,  for  Tihnh*  read,  JrtiiV.'* — Ed.] 


308.    ''Evaluate 

j^  dx sin  [x{a—x)']  and  J  ^ cfe  cos  [pB{a—  x)] 
by  a  rapidly  converging  series.'' 

SOLUTION  BY  R.  J.  ADCXX3K,  BOSEVILLE,  ILL. 

Since  sin  {ax-a^  =  flrg^a^-^^^^|^)'  +  fcls  ~^''  ""^  ^^  P'*"' 

J  (a    x)xrax^  ^^^  (n+l)(n+2)        (n+l)(n+2)(n+3) 

— &C+C. 

.-.  P\a— «)«dr  =  — J(«— a?)*«— K«  — «)'+C'=iW,  and 

^  0 

which  converges  rapidly  for  values  of  a  not  greater  than  one. 


SOLUTIONS  OF  PROBLEMS  IN  NUMBER  THREE. 


Solutions  of  problems  in  No.  3  have  been  received  as  follows: 

From  Geo.  H.  Bangs,  311;  Alex.  S.  Christie,  310;  Prof.  W.  P.  Casey, 

309,  310,  311 ;  Geo.  Eastwood,  310;  Prof.  E.  J.  Edmunds,  309,  310;  H. 
Heaton,  310,  311,  312;  Lieut.  Jas.  M.  Ingalls,  312;  Prof.  J.  H.  Kersh- 
ner,  309,  310,  311,  312  [Prof.  Eershner  should  have  been  credited  in  No. 
3  for  a  solution  of  304,  which  was  omitted  by  an  oversight] ;  W.  L.  Many, 
311;  Prof.  D.  J.  Mc  Adam,  311;  P.  Richardson,  311;  Prof.  J.  Scheffer, 

310,  311,  312;  J.  L.  Schock,  312;  Prof.  De  Volson  Wood,  311. 


309.     "In  a  given  circle,  find  the  vertices  of  the  inscribed  square,  pen- 
tagon, octagon,  and  decagon  by  using  the  dividers  alone.'' 
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SOLXrriOH  by  prof.  W.  p.  CASEY,  pan  FRANCISTO,  CJlL. 

Let  O  be  the  centre  of  the  given  cir- j 
•le.  Take  xn,  nQ  CB^  each  =  radius  J 
^id  with  B  BB  centre  and  radius  Bn,l 
leseribe  the  arc  ny,  and  with  x  as  cen- 1 
tre  describe  the  arc  Cy ;  also  with  x  as  I 
centre  and  radius  Oy  describe  the  arc  I 
li'mz,  and  with  the  same  centre  and  [ 
radius  OZf  describe  the  arc  D  and  with  I 
CD  as  radius  and  centre  x  describe  the  I 
krc  HR'.  The  i>ointfl  a*,  m>  B,  m'  are  I 
the  vertices  of  the  inscribed  square,  and  I 
m',  R\  Xf  Rf  m,  Ac.,  are  vertices  of  the  inscribed  octagon,  as  may  l)e  easily 
f>roved. 

Granting  that  a  line  may  be  divided  into  two  equal  parts  by  u^iiig  the 
dividers  alone,  then  we  can  divide  t)ie  radius  OB  in  extreme  and  mean  m- 
tio  by  the  dividers,  and  if  OS  be  the  greater  segment,  take  x  as  centre  and 
with  radius  xS  describe  the  arc  8K,  then  will  BK  be  a  side  of  the  inscribed 
pentagon.  Again,  with  radius  OS  and  ajntre  at  x  describe  the  are  H^  then 
is  xH  a  side  of  the  inscribed  decagon. 


310,  "Re<iuired  the  locus  of  vertices  of  a  riglit  angled  spherical  triangle 
irboee  1^  pass  through  two  fixed  points  given  on  the  surfat^  of  the  sph*" 

SOLUTION  BY  A.  S.  CHRISTIE,  CX>AST  AND  GEODETIC  SURV*,  WASH,,  D.  C. 

II    With  the  center  of  the  sphere  as  origin,  let  a  and  /?  be  the  vectors  of  the 
Hin  points  and  p  the  vector  through  a  point  of  the  locus.     Then 
B  0  =  SVap  Vi3p  =  SapSl3p—p\Sa^, 

PRne  of  the  second  degree  of  which  the  cyclic  planes  are 

Sap  =  0,  S^p  =  0. 

I  Hence  the  locus  is  the  spherical  conic 
I  0  =  SapS^p—Sa^,  Tp=Ta=Tfi=  1. 

Sll.  *'A  uniform  circular  plate  is  placed  with  its  centre  upon  a  prop,  to 
find  at  what  points  on  its  circumference  three  given  weights  p,  ^,  r  must  be 
attached  that  it  may  remain  at  rest  in  a  horizontal  position,** 


eOLUnON  BY  PROF,  DE  VOUSON  WOOD,  HOBOKEN,  N.  J. 

Take  the  origin  of  coortlinates  at  the  centre  of  the  circle,  the  axis  of  x 
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passing  through  p ;  a?,  y,  the  coordinates  of  5,  x^^y^^  off,  and  R  the  radius 
of  the  circle.     Then  by  moments  we  have 

pR  =  ^+ra:,, 

and  from  Mie  circle 
Bolving  we  find 

in  which  if  y  be  real,  the  solution  will  give  two  points,  but  if  imagitiarT 
the  problem  will  be  physically  impossible.  Similarly  values  may  lie  fouml 
for  2fj  and  y^, 

312.     "To  find  the  area  of  the  loop  of  the  curve  y*4-it^  —  (mf^hr 

SOLUTION  BY  J.  L.  SCHOCK,  CABET  MID'n,  U.  S.  N*  A. 

The  equation  y*+a:*y — axy-\-bx^  =  0  (1),  gives 

^  ^^   ^,  ,,  the  limit  y  =  ^^=^1  ==  ^6. 

Hence  y  ^  — 6  is  an  asymptote  to  the  curve.     x{ay — bx)  =  0  are  iht  eq*i 

of  the  tangents  at  the  origin  since  these  terras  contain  all  the  lower  powiSB^ 

The  curve  then  evidently  is ; — 


=*/' 


r^d9. 


The  limits  of  integration  for  po- 
lar i^oordi nates  evidently  are 

tan~*     and  ^, 
a  2 

as  shown  in  the  curve.      Trans- 
forming (1)  to  |K)lar  coordinates, 

r  =s  ^^\  asind  —  beo&d 
sm  U  L  J 

.*.  Area  of  loop  =  i  f        ,^^?^    asintf — bcmO  \  dff. 

^  •^  tan    *aSm'^L  J 

The  integral  of  (3)  is 
J(a'— 36')ff + J(a*— 6')  sin  tf  008  tf  —  a6(log  sin  fl+ Jo08*ff)  — |6^t  ft 

Substituting  the  limits  we  have 

,[(°'-^)(i-'™-«)+«'(^"«s^+')]'  <■' 

the  required  area. 
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Prop.  A.  Hall. — (I). 
tion  given  by  Laplace 


If  »  be  the  jxitential  function  we 


+ 


=  0, 


tioids  for  a  point  outride  the  attracting  l>o<1y. 
body  wc  have  the  equation  given  by  Poissoii, 


For  a  jKiint  inside 


^-  =  -inf.. 


the  value  of  the  right  hand  side  of  this  equation  for  a  jwintoii  the 
t  of  the  attracting  body?  Moigno  says,  'Mn  this  case  the  expression 
|ve  in  reality  eight  distinct  vahies."  Statics,  p.  460. 
Given  a  hemispherical  dome  turning  about  a  pin  at  the  top,  and 
;  ft  slit  extending  from  the  horizon  to  the  zenith*  Can  a  telescope  be 
[inside  this  dome  in  such  a  position  that  every  point  of  the  heavens 
(seen  through  the  telescoj^e? 

iY  BY  T.  W,  Wright,  U*  S.  Lake  Surv.  DETKorr,  Mich.— Can 
Dtory  proof  be  given  of  the  statement  that  *'the  weight  of  an  obser- 
Ivaries  as  the  square  of  the  probability  of  its  accuracy"?     (Monthly 
R.  A.  a,  Vol.  XIU.) 

IT  BY  PROF,  Wm.  Woolsey  Johnson,  Annapolis,  Md.— **[t  is 
Brande  and  Cox*  Dictionary  of  Sc.  and  Lit.,  with  respect  to  Fer- 
theorem',  viz.:  that  2;*  -f  y*  =  *"  is  insoluble  in  integers  except 
i%  that  no  complete  demonstration  has  yel  been  given.    Yet  Bar- 
bis  Theory  of  Numbers  gives  what  professes  ii»  be  a  demonstration 
ipossibility  of  the  equivalent  equation  af  —  y"  =  z",  p,  164. 
IS  the  fallacy  in  Barlow's  demonstration  and  by  whom  was  it  first 

19" 


PROBLEMS. 


By  Prof.  Ik  Voison  Wood, — A  piston,  weight  t^,  is  dropped  into 
of  a  vertical  cylinder  filled  with  air,  length  I;  how  far  wilt  the 
jesoendy  assuming  no  friction  nor  escape  of  air,  nor  heat  from  tlie 
air? 

By  Prof.  L,  G,  Barhtmr^  Richmond,  Ky, — A  helix  is  coiled  about 
\  cylinder  the  radius  of  whose  base  is  1.  The  projection  of  the  evo- 
[the  helix  on  the  plane  of  tiie  base  of  the  cylinder  encloses  double  the 
iimt  base.  Bequired  the  angle  made  with  the  plane  of  the  l>ase  by 
3t  to  the  helix. 
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316.  By  T.  W.  Wright,  U.  8.  Lake  Survey,  DetroU,  ificfc.— Two  marks- 
men compete  for  a  prize.  Three  shots  are  to  be  fired  by  each.  The  dis- 
tance of  each  shot  hole  from  the  bull's  eye  is  measured  and  he  is  the  winner 
whose  total  distance  is  least  jI's  three  shots  measured  respectively  1,  2, 3 
in.  from  the  bull's  eye.  B  then  made  tliree  shots  and  the  bullfs  ^e  fell  off 
leaving  no  mark  by  which  it  could  be  replaced. 

An  examination  showed  that  the  coordinates  of  f  s  shot  holes,  referred 
to  an  origin  arbitrarily  taken,  were 

(0,  0)  inches,  (1,  1)  in.  and  (2,  3)  inches. 

Which  of  the  marksmen  was  the  probable  winner? 

316.  By  W.  E.  Heal,  Wheeling,  ind.— Required  the  value  of 

loga;  |/(1  —  a^x^) 
1/(1 -x») 
where  a?  =  1,  and  a  =  log  (1  —  x). 

317.  By  William  Hoover,  Wapakaneta,  Ohio. — If  the  scale  of  relation 
of  a  recurring  series  be  a»— 7a»_i  +  12a^,«2  =  0,  and  if  tt^  =s  2,  U|  =  7, 
find  u^,,  and  the  sum  of  Mq+Wi+  •  •  •  +^-i- 

318.  By  G.  H.  HarviU,  Cblfax,  La.  —  A  man  takes  hold  of  the  end  (^ 
a  cart  tongue  and  travels  off  at  right  angles  to  the  direction  in  which  tke 
tongue  originally  lay.  Bequired  the  equation  of  the  carve  made  by  the 
middle  of  the  axle. 

319.  By  Prof.  Scheffer. — Within  a  triangle  to  determine  a  point  so  that 
if  the  three  pependiculars  are  let  fall  from  it  upon  the  sides  of  the  triai^le, 
the  latter  will  be  divided  into  three  equal  parts. 
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ERRATA. 

On  page    38,  line  6  from  bottom,  for  '*ABEF*'  read,  ABED. 
"     "     111,  line  2  from  bottom,  for  (A2)o  read,  (A«)". 
In  the  diag.  *'(83)"  p.  115,  the  figure  9  in  the  right  hand  section  and  lower  row  is  rercned. 
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MECHANICS  BY  QUATERNIONS. 


by  pbof.  e,  w.  hyde,  ukivebsity  of  clnctnnjkti, 

Statics* 

(1),  Own^G  to  the  fact  that  oertaiD  of  the  quantities  treated  in  Mechan- 
ioB  poeaess  direction  as  well  as  ma^ittude,  and  are  thus  in  their  very  nature 
vtdor  qoantittesy  it  appears  that  the  Quaternion  methods  should  be  peculi- 
trly  fitted  for  dealing  with  mechanical  problems.  Such  is  indeed  the  case, 
and  it  is  proposed  in  these  papers  to  give  an  elementary  quaternion  treat- 
ment of  the  subject. 

(2).  According  to  the  notation  used  by  Hamilton  a  vector  is  always 
represented  by  some  small  Greek  letter,  except  in  the  case  of  a  system  of  3 
mutually  perpendicular  unit  vectors  which  he  generally  represents  by  the 
letters  i,  j,  k.  Now  usage  has  assigned  to  certain  letters  certain  meanings 
in  mechanics,  such  as  P,  Q,  R,  F  for  forces,  v  for  velocity  etc.,  and  it  seems 
desirable  to  adhere  to  this  usage:  hence  it  b^s  been  deemed  best  in  these 
papers  to  indicate  the  fact  that  a  letter  is  used  as  a  vector  by  placing  a 
subscript  prime  before  the  letter,  thus; — ^a,  ^6,  ^P*  This  notation  has  the 
further  advantage  that  a  will  be  the  tensor  of  ^a,  P  of  ,P  etc.,  so  that  the 
use  of  the  symbol  Tcajx  he  to  some  extent  dispensed  with.  For  oonvenience 
the  primes  will  be  omitted  in  the  case  of  i,  j,  k  used  in  the  sense  given 
above,  and  also  from  the  letters  e^,  tj,  t^  etc.,  used  as  a  system  ofwnit  vec- 
tors in  any  directions,  and  perhaps  occasionally  in  other  cases  when  there  is 
no  danger  of  misunderstanding  arising  from  such  omission. 

(3)  Proceeding  in  the  usual,  though  not,  perhaps,  the  most  strictly  log- 
ioal  order,  we  will  first  discuss  Statics,  which  treats  of  the  laws  of  equilibri- 
um; and  afterwards  Dynamics,  which  treats  of  the  laws  of  motion* 

The  fundamental  quantities  of  Mechanics  are  Space  (by  which  is  meant 
the  path  of  a  moving  particle),  Time  and  mass  (or  quantity  of  matter);  all 
the  other  quantities  to  whioh  names  are  given  are  functions  of  these  three. 
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Since  the  path  of  a  moving  particle  possesses  lengthy  and  direction  ether 
constant  or  varjring  from  point  to  point,  it  is  evidently  a  vector  quantity. 
Time  and  mass  have  no  direction,  and  are  therefore  scalar  quantities*  ^H 

Force  is  that  which  is  postulated  as  the  cause  of  any  change,  or  tendency^ 
to  change,  in  the  rate  of  motion.  It  is  evidently  of  the  nature  of  a  vector, 
since  the  change  of  motion,  or  tendency  to  change,  must  have  some  diras 
tion,  as  well  as  magnitude.  It  will  be  assumed  as  self  evident  that  a  foroe 
may  be  considered  as  applied  at  any  point  in  its  line  of  action ;  whence  it 
follows  that  a  force  ,P  is  completely  determined  when  we  know  the  vector 
,7t  of  some  pobt  in  its  line  of  actioa. 

A  body  is  said  to  be  in  equSMbrium  when  the  external  foroes  acting  on  it 
balance,  or  neutralise  each  other. 

FoBCEB  AcriKG  ON  A  Pabticle. 

(4).     The  parallelogram  of  forces  follows  at  once  from  the  law  of  addition 
and   subtraction   of   vectors. 
Thus,  by  Fig.  1, 

iPi+iP2  =  iRi     and  I 

Similarly  we  have  for  any  | 
niunb^  of  forces 

/■Pi  +iPi+,P*  +&C.  =  IIP)  =  ,B,  (1) 

This  equation  contains  in  itaelf  the  propositions  concerning  the  polygon  of 
forces  whether  in  a  plane  or  in  space,  since  ^Pj,  ^Pj,  &c.,  can  have  any 
magnitudes  and  directions  whatever.  The  condition  that  the  particle  shall 
be  in  equilibrium  is  then  evidently 

,R=Ii,P)^0.  (2) 

(5)  Equilibrium  of  a  partu^  constrained  to  remain  on  a  smooth  curve* — 
In  this  case  it  is  only  necessary  that  the  resultant  should  have  no  companent 
along  the  tangent  to  the  curve  at  the  point  where  the  particle  is  situated,  i. 
c.,  t]ie  resultant  must  be  perpendicular  to  this  tangent 

Let  fP  =  ,f{t)f  in  which  ^ft  is  some  vector  function  of  the  scalar  variable 
iy  be  the  equation  of  a  curve;  then  d^p  =^  ff'{t)dt  is  a  vector  along  the  tan- 
gent.    Hence  the  required  condition  may  be  written 

Bd,p.,B  =  Sd,p.£{,P)  =  0,  (8) 

or  8,f'{e)I(,P)  =  0.  (4) 

Suppose  for  instance  the  particle  to  be  on  a  right  line  whoae  equation  is 


— lS9-> 
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-^  =  /f '(0  =  /^#  ^^^  'Sfi^iiP)  =  0  IS  the  condition  of  equilibrium. 

Ab  a  further  illustration  of  the  use  of  equation  (4)  we  will  solve  the  foUow- 
iog  problem. 

A  particle  is  constrained  to  remain  on  the  diagonal  of  a  paralIelopiped| 
and  IS  acted  on  by  three  forces  represented  in  magnitude  and  direction  by 
Ifae  edges  of  the  parallelopiped  which  meet  at  a  comer  not  on  the  diagonal : 
determine  the  condition  of  equilibrium. 

Let  fif  fi  and  ^o  be  the  vector  edges  and  at  the  same  time  the  three  for- 
ThsQ  the  equation  of  the  diagonal  will  be, 

if  we  assume  that  it  passes  through  the  extremity  of  ^a,    Henoe 

_    ,,  ,,,  y(0  =  /&+/<»— A 

ftnd  by  eq.  (4) 

. . .  _y+^6i+^c»+2flfAc  =  0,  or  a  =  ^[— (,6+^e)^  =  II,6+,c). 
(6)     ParHde  c<mgirained  to  remain  on  a  smooth  wurface. — In  this  case  let 
be  a  vector  along  the  normal  to  the  sur&ce;  then  the  condition  of  equi- 
rium  is 

V,uIiP)=  V,u,B  =  0.  (6) 

The  equation  of  the  surface  may  be  either  a  scalar  or  vector  equation.  If 
the  former,  then,  as  the  equation  will  be  linear  in  d,p  afi^r  differentiation, 
it  may  be  vrritten 

&K,p)d,p  =  0,  (6) 

m  which  ^{fp)  is  some  vector  function  of  ^p.     Now  ^,p)  is  evidently  per- 
pendicular to  d^p  and  henoe  VjP^{jp)  =^  0,  or  we  may  write  ^p  =^  4'(jp)* 
As  an  example  let  the  equation  of  a  surface  be 

B\a,p+S,a^pS,a,p8/>,p  =  0; 
:fferentiating 

28,a,p8^ad^p-^S,a^bdfp — Sfa^pS^bd^p — S^ad^pSfi^p  ^^  0, 

or  taking  out  d^/>, 

S{2/iS,a,p+  V,a,b—,aSfi,p—fi8,a,p'}d,p  ^  B^U)d,p  =  S,yd,p  =  (k 

If  the  given  equation  be  a  v'ector  equation  it  will  be  of  the  form 

In  this  case  Dt,p  and  D^^p  will  be  vectors  along  tangents  to  the  surface 
at  the  extremity  of  ^p,  and  hence  we  shall  have 

,p  =  VD,,pD^,p  (8) 

the  value  of  ^  to  substitute  in  equation  (5). 
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(7)  We  will  now  give  several  examples  illustrative  of  ihe  pieoeding 
formulae. 

Ex.  1.  Lee  ABC  be  a  triangle,  and  let  A\  ^,  CT  be  the  middle  poiiiii 
of  the  sides  opposite  to  A^  B  and  C:  then  if  forces,  represented  in  magni- 
tude and  direction  by  AA\  BS^  CC^  act  on  a  partide  it  will  be  in  eqnilib'ni. 

Let  the  vector  CB  ss  ,a  and  the  vector  CA  =  fi;  then  the  three  foroei, 
AA  =  J/a— ,6,  BB^  =  J;6— ;a  and  CC  =  H^a+fi).  The  som  of  these 
is  zero,  which  proves  the  proposition. 

Ex.  2.  Let  «i,  t],  #3  be  any  three  unit  vectors,  and  Pit^,  P^9^,  Ps<t 
any  three  forces  acting  along  e^,  t,  and  t^ :  then  if  th^  are  in  equilibrium 
we  have 

Operate  by  S. Ff^fj,         .*.  Sb^b^b^^O.  (10) 

Hence  the  three  forces  must  be  coplanar.  Next  operate  by  F.t2,  therefore 
Pj  Vb^€^  +P3  Vb^b^  =  0,  or  Pj  Vb^b^  =  P3  Vtjej.  But  since  tj,  fj,  e, 
are  coplanar,  UVb^b^  =  Z/Ff^ej,  hence  P^TVb^b^  =  P^rFt^tj;  as  i 
similar  relation  can  be  found  between  P^  and  P^,  we  have  the  equations 

^i      -^      f^      —      ^3      —  ^1    —  -Pa    _   Pj  /ii\ 

rFe2«3       TVb.b^       TFe^ej       sin  a      sin /9      sin  r'  ^    ^ 

if  a,  ^,  7*  are  the  angles  between  e,  <u^d  €3,  €3  and  e^,  t^  and  t^  respectivdy* 

Ex.  3.    Let  Sx9  ^29  ^Zf  U  ^  ^7  ^^^^  ^^^^  vectors,  and  Pit|,  Pfti, 

Ps^t)  -^4*4  ^7  ^^^^  forces  along  these  vectors:  then  for  equililninm; 

PlB^+P^B^+P^B^+P^B^  =  0.  (12) 

Operate  by  8.  Vb^b^,  .  • .  PiSb^b^b^  +Pa^2«8*4  =  0>  ^^ 
.Zi_= i^. 

Sb^^zU  ^8«4«1 

Operating  by  S.Vb^b^  and  /S-FsiSj*  ^^  obtain 

^1       =.        -^a     =       ^3      _    ~^4  (13) 

SfjCje^  ^«8«4«l  '8«4«l«2  ^1«2*8 

These  scalars  are  respectively  proportional  to  the  volumes  of  the  pyia* 
mids  whose  edges  are  the  vectors  involved.  We  have  also  Bb^b^b^  sin  04 
xcos^4,  if  a^  is  the  angle  between  e,  and  €3,  and  ^4  that  between  t^  and 
Ft3e3,  and  so  for  the  others;  whence 

^1        =      — ^>       =s        ^3        -3      —Pa  (14) 

sina^cosj^x       sina^cos^^       sin  03006^93       sin  0^006^4* 

Equations  (13)  and  (14)  are  analogous  to  equation  (11). 

Ex.  4.  Through  a  point  within  a  sphere  three  chords  are  drawn  at  right 
angles;  forces  act  upon  this  point,  outwards,  represented  in  magnitude  and 
direction  by  the  portions  of  the  chords  between  the  point  and  spherical  sur- 
fiK)e:  find  the  resultant 
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Let  the  eqaation  of  the  sphere  be  T^p  =  a,  or  yp*  =  ^-o*,  lei  *,/,  k  be 
unit  vectors  parallel  to  the  chords,  and  let  fi  be  the  vector  from  the  ceoter 
of  the  sphere  to  the  point.     The  equations  of  the  three  chords  will  be 

iP  =  /*+^*i  4p  =  ^<*H-»»  ,P  ^  /*+«** 

To  find  the  vectors  of  the  extremities  of  the  chords,  eliminate  ^p  between 

»the  equations  of  the  chords  and  sphere.    Hence 
'  and  ,P^  =  ilSi,d—i/(8H,3+,S'+a^l 

By  substituting y  for  i  we  obtain  ^Pg  and  ,P^j  and  by  substituting  it  we 
have  jP^  and  ^P^.    Therefore 
k  £iP)  =  2{iSi,d+jBj,d+kSk,3)  =  —2,8  =  ,R. 

H      Ex.  5.     Find  a  point  on  the  surface 

m  where  a  particle  attracted  by  a  force  to  the  origin  will  remain  at  rest. 
H      By  differentiation  we  find 

and  by  eq.  (5)  V^v^R  ^  — f^V^^^/p  =  0,  since  jR  acts  along  ^p  towards  the 
origin.     This  equation  is  equivalent  to 

OperatiDg  succeseivel^  by  S.i,  8j  and  8.k,  and  also  by  8.fP,  we  find 
,  Si,p  _  ^>  _  8k,p   _    1    _  -1 


=  "^  4.  i^  4.  ^Kp 


6« 


5^  0*  tP^        f{a^  +  6«  +  c«) 

(8).     JtfoiTieti^,— When  a  force  acts  on  a  particle  it  always  produces,  or 

tends  to  produce,  motion  in  its  own  direction.    If  it  be  opposed  by  an  equal 

force  in  opposite  direction,  the  effect  is  neutralized. 
Suppose  now  two  equal  forces  to  act  in  opposite  directions  on  different 

points  of  a  rigid  body,  say  at  the  ends  I 

of  a  uniform  bar,  as  in  the  Fig,,  then 

as  before  each  force  will  tend  to  move 

its  point  of  application  straight  for- 
ward  in  its  own  direction,  and  hence 

the  resulting  effect  must  be  a  tenden- 

'^  to  turn  the  bar  about  its  middle 

point.     If  the  bar  is  free  to  move,  ac- 
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tnal  rotation  will  be  prodnoed.  If  it  is  hiBtenei,  motion  will  be  piweDtal 
by  a  pair  of  equal  forces  dimilar  to  those  ahowD  but  prododog  an  equal 
tendency  to  torn  in  the  opposite  direction.  Such  a  pair  of  foroes  ai  thig  « 
called  a  couple^  and  all  rotations  are  produced  by  the  action  of  oouplea. 

The  tendency  toward  rotation  of  a  couple  is  evidently  proportional  to  the 
forces  acting,  and  to  the  perpendicular  distance  between  them,  and  heooe  to 
the  product  of  these  quantities.  Thus  if  ,F  and  — ^P  are  the  forces  of  the 
couple  and  ^p  and  ^p'  vectors  from  some  fixed  point  to  any  point  in  the  line 
of  direction  of  ,P  and  — ^P;  then  the  effect  of  the  couple  is  measured  by 

,M=   V{,P~,phP.  (16) 

This  quantity  is  called  the  moment  of  the  couple.  When  the  moment  of 
a  force  about  a  point  is  spoken  of^  it  is  tacitly  understood  that  two  equil 
and  opposite  forces  are  inserted  at  the  point  each  equal  and  parallel  to  th« 
given  force^  one  of  which  forms  a  couple  with  the  given  foroe,  while  tlie 
other  tends  to  produce  motion  of  translation  at  the  point  the  same  in 
that  the  given  force  would  produce  if  acting  there. 

Sinoe  ,M=^  H,p—,p')iP=  V,pP—  V,p',P,  it  is  evident  that  the 
of  the  couple  is  equal  to  the  algebraic  sum  of  the  moments  of  the  com] 
forces  about  any  point     It  is  also  plain  that  the  moment  is  the  same  about 
oM  points,  sinoe  ^p — ^p'  is  independent  of  the  position  of  the  fixed  point  0. 

We  see  that  the  moment  is  a  vector  perpendicular  to  the  plane  of  the 
couplci  i.  e,,  parallel  to  the  axis  of  the  couple,  whose  tensor  is  PTl^p  — /) 
X  sin  fl,  if  9  is  the  angle  between  ^p — ^p  and  ^P,  Thus  it  appears  that  any 
number  of  couples  may  be  combined  by  adding  the  veetois  which  represent 
them.     Hence 

2{^M)  =  S[y{tp—^p%P}  =  ,G  =  resultant  oouple: 
and  the  condition  of  equilibrium  when  a  number  of  couples  act  upon  a  bod; 
S(^M)  =  2[  V{,p^,p%F]  =  ,6  =  0.  (1 

Let  fP  be  the  vector  of  a  particle  on  which  any  forces,  ,P|,  ,P„  Ac*  act  J 
then  since  V,p,R=  V,p£{,P)=^  I{V,p,P),  it  follows  that  the  moment  of 
the  resultant  about  any  point  is  equal  to  the  sum  of  the  moments  of  ih^ 
forces. 

If  the  origin  be  at  a  point  of  ^i2,  the  vector  ,p  will  coincide  in  direcdaa 
with  jR,  so  that  V^p^R  =  0 :  hence  the  moment  about  any  point  of  the 
resultant  is  zero. 

(9),  PctraUel  Forces, — Let  «  be  a  unit  vector  in  any  direction ;  then  a 
system  of  paruUel  forces,  jP\^  ,P^,  etc.,  may  be  written  P^§^  i*,«,  ete. 

For  equilibrium  we  must  have 


ji 


! 


I{,F)  =  l\Pt)  =  «J(P)  =  0,  i.  e.,  £{P)  =  0; 


(HJ 


I 


» 

r 
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lad  £{  V^,P)  ts  V£{F,fi)t  =  0,  or  since  £iPtP)  ia  not  parallel  to  «, 

J(P,/,)  =  0.  (18) 

It  has  been  shown  in  the  last  article  that  the  moment  of  the  resultant  of 
a  STstem  of  foroee  acting  at  a  point  is  equal  to  the  sum  of  the  moments  of 
the  foroea.  This  is  equally  true  of  a  system  of  parallel  forces  ;  for  let  some 
point  of  each  foroe  in  the  first  system  be  fixed  and  then  let  the  common 
point  of  the  forces  move  off  in  some  direction  to  infinity.  The  law  holds 
Qp  to  the  limit^  and  then  the  forces  have  become  paralleL  Hence  we  have, 
if  ^p^  IB  a  vector  to  some  point  of  the  resultant, 

V,p,,R^  VI{P,p),  =  BV,p,i,  or 

F[iJ,/>.-J(P,/,)].  =  0.  (19) 

KoWy  as  t  is  not  in  general  parallel  to  the  vector  in  parentheseSi  we  must 
bave  B,p,  =  S{P,p)  or     ,p,  =  I(P,p)+R;  (20) 

lima  we  have  determined  the  position  of  the  resultant.  As  eq  *(20)  is  inde 
pendent  of  t,  it  is  plain  that  the  value  of  ^p^  remains  unchanged  whatever 
direction  the  system  of  parallel  forces  may  have,  so  long  as  ^P|,  ^P,,  etc., 
pass  through  the  extremities  of  ^p^,  ^p^,  etc.,  the  latter  being  supposed  const. 

Thus  if  icj,  ttJj,  etc,  be  the  weights  of  a  system  of  heavy  particles  at  the 
extremities  of  ,/>^,  ,p^  etc.;  then  the  vector  of  the  center  of  gravity  of  the 
system  will  be 

(21) 


If  in  (20)  R  =  -^(-P)  =  Oj  then  ^pQ  ^  o«,  i.  e.,  when  the  system  reduces 
to  a  couple  the  resultant  is  a  force  =  0  applied  at  co.  If  S{PfP)  =  0, 
^/>^  =0,  and  the  origin  is  at  a  point  of  the  resultant,  which  agrees  with  the 
last  statement  of  Art.  8,  since  if  S{P^p)  ^^  0  the  moment  about  the  origin 
is  nothing  by  eq.  (18).  In  case  of  equilibrium  ^{Pfp)  =  i2  =  0,  and  ^p^ 
becomes  indeterminate. 

(10).  RemUarU  of  any  tystem  of  forces  a/sting  on  a  rigid  body. — ^Let  ^n 
be  the  vector  of  some  fixed  point,  and,  m  before,  ^pi,  £^  etc.,  vectors  from 
the  origin  to  points  upon  the  lines  of  action  of  ^Pj,  ^Pj  etc.  Suppose  that 
at  the  extremity  of  ^n  there  act  the  forces  ^P^  and  —  ^P, ,  ^P,  and  —  ^P^ 
etc. :  these  will  balance  each  other,  and  therefore  will  not  affect  the  system. 
Now  ^i  at  ^p  will  form  a  couple  with  — ^P^  at  ^jt  whose  moment  will  be 
^If  —  y{ip\  —  t'^)tP\t  while  there  will  remain  the  force  ^P^  acting  at  ^ir, 
and  the  same  statement  holds  for  each  of  the  other  forces.  Hence  the  whole 
STBtem  of  forces  will  be  reduced  to  a  single  force  ^R  =s  ^{fP)  acting  at  ^;r, 
.ad  a  conple  ,0  =.  li^M)  =  im,p-,n),P}  -  Fit(,p-,ff),P] 
=  V£i,p,P)^r;nI{,P)  ^  VS{,pJ>)-V,n,R. 
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The  quantity  V2{^pjP)  being  independent  of  ,n  will  be  the  same  for  all 
values  of  ^  so  long  as  the  position  of  the  origin  is  unchanged.  Let  ub  call 
it  ,C?o,  so  that  ,0  =  ,G^—V,ic^IL 

The  general  conditions  of  equilibrium  then  are 

,i2=-rC^)  =  0,  (22) 

Q  ^  j(^jf)  _  IlV{,p-^lP^  =  ,G,-V,n,R  =  0.         (23) 

But  when  yJB  =  0,  ,0  =  ,0^,  so  that  (23)  becomes  ,0  =  ^0^  =  VSfjPtP) 

=  0.     (23J 

(11).  Before  proceeding  to  develope  certain  conditions  and  relatioiis 
from  the  preceding  formulso  we  will  give  a  few  examples  illustrative  of 
their  use. 

Ex.  1*  SbxM  that  if  a  given  system  of  forces  be  reduced  in  any  manner 
to  two  forces  which  do  not  meet  and  are  not  parallel,  the  volume  of  the  te- 
trahedron of  which  these  two  forces  form  opposite  vector  edges  is  constant 

Let  the  two  forces  be  yP  and  ^P^,  and  let  ^p  and  ,/»'  be  vectors  to  pdnts 
in  their  respective  lines  of  action.    Then  since  we  have  a  given  system 

fP+fP'  SB  ^12  =  a  constant  vector, 
and  VfP,P+  V^p\P^  as  ^G^  ss  a  constant  vector. 

Operate  by  A^Pand  8.,P', .-.  8,P,p,P^T=8,P,a,  and  8,P^^p^P=8,Ffi. 
Adding  these  two  equations  we  have 

8^P,P'{,p—y)  =  8{,P+^P^),G  =  8,R,a  =  constant, 
which  proves  the  proposition. 

Ex.  2.  Show  that  if  forces  act  at  the  middle  points  of  the  sides  of  any 
plane  polygon,  the  forces  being  perpendicular  and  proportional  to  the  re- 
spective sides,  and  directed  either  all  inward  or  all  outward,  they  will  be 
in  equilibrium. 

Let  the  sides  of  the  polygon  taken  around  in  onier  be  ^a^,  ^a,,  etc,  and 
let  t  be  a  unit  vector  perpendicular  to  the  plane  of  the  polygon.  Then  the 
forces  may  be  taken  as  e^a^,  e^a^  etc.    Now  as 

it  follows  that 

2{,P)  =  t  JG«)  =  0. 
Next  taking  momentB  about  0  we  have  y^r  :=0  in  eq.  (23),  and  therefim 
,a=  I{V,p^  =  *F,a,.,ai  +  7(,ai+ia,).a,+  .... 

•  •  •  +  ^«i +,««+,«»+  •  •  •  +,«»-i+i«.X«^ 
But  V/titja^  =  —*/i\,  etc,  so  that 

—2,G  =  e,aj+.,aj+  ...  +t<^+2t(-8foi,o,+fi,aia,+  .. .  +5,ai,<0 
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A  GENERAL  SOLUTION  OF  PROBLEM  292. 


I 
I 


BY  CHAS,  H.  KUMMEZXy  U*  B,  LAKE  BITBVET,  DETBOITi  MICH. 

o  surveyors  measure  a  plane  field  of  n  aides,  one  measuring  the  oonrses 
(1,2),  (2.3), ....  (n — l.n),  (n.l)  with  a  chain^  and  the  other  measuring  the 
bearings  t^^^^  i,^,, , .  .a^^un  Vi  ^^  &  theodolite.  From  former  experi- 
ence it  b  known  that  the  first  is  liable  to  a  probable  error  of  c  inches  per 
chain  and  the  other  to  w"  per  angle,  Bequired,  normal  equations  for  de- 
termining the  most  probable  corrections  to  the  measured  quantities. 

Denoting  the  angles  by  (1),  (2), . . ,  (n — 1),  (n)  | 
and  corrections  to  observed  quantities  by  prefix- 
ing d  we  have 

I       «t.»+*9.«  =  2ff+«;.,i+i«^i— (1)— ^1) 
k  -(2)-<J(2),  (1,)| 

I  i(l)_(2)-*(2)-...-(«^l)-^(,v-l),  (l._0| 

^  2jr+«^i+a«..,  =tMr+«..,+^«^x— (l)~^(l)-(2)-^2>-...-(n)— ^(n).(l.) 
Pbdng  in  (1.)  (»— 2)7r— (1)— (2)— . . .  — (n)  =  £,  we  have 

«(l)+a(2)+  . . ,  +3{n)—E  =  0  (I) 

We  have  the  sum  of  the  Northings  and  Southings 
[(1 .2)+<J(1.2)]co9(.,., +*2i.a)+[(2.3H5(2.3)] ooe  (i,.8+^«a,,)+  . . . 

+  [(n.l)-|-<J{n.l)]  co8(vi  +^*-.i)  =  0. 
This  condition  is  true  whatever  s,  ,  is.     The  same  is  the  case  with  the 
ooodition  of  Eaatings  and  Westings.     There  are  therefore  no  conditions  to 
determine  its  correction,  that  is  we  cannot  orient  the  figure  without  anoth- 
er determination  of  absolute  azimuth. 
We  have,  regarding  (1) 

[(1.2)-|-^1.2)]  cos  [*,.,+<J,,.,-(l)]+[(2.3)+5(2.3)]  cos  [«,.,-fi*.  ,-J(l) 
— a(a)]-t-  . . .  +[(»t— ].!»)+ 3(n—l.n)] cos  [z^^,+ij,  ^_a(l)_d(2)-  .... 
— a(n— l)]+[(«.l)+i»(n.l)]coe  (v,  +*«,  i)  =  cos  2,.,3(1.2)+oosi,.5^(2.3) 
+  ...  +co8s»_i,a{n— l.n)+ooe«,.,(J(n.l)H-  W'l^sin  1"^(1)+  W,..Bm  1"«J(2) 
+ ...  +  W'-i.-sin  r«(i»-l)-Tyi^i  sin  1"*,.,  +Si.^,  =  0,  '  (II) 

where  1^,^,  denotes  the  projection  of  the  diagonal  (r.n)  on  the  East  and 
West  axis  and  8,^  that  on  the  North  and  Soutli  axis. 
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From  the  oondition  that  the  corrected  eaathigs  and  westfaigs  imiat  balaiitt 
we  have  similarlj 

sin  «x.2*(l-2)  +  Bin  2a.g*(2.3)+  . . .  +8in  a^i^  «(n^l.n)  +  rinf^^j  d(fi.l) 
-flfj^  sin  rd(l)—8^^  sin  r8(2)—  . . .  —8^^^  sin  r8{fir^l)+B^^^  fdn r 
XKi+W^j^^  =0.  (m) 

Because  the  coefficients  of  ^Viy  viz.,  W^^^^  and  /S^jh-i  must  be  nearly 
=0,  these  terms  may  be  omitted,  being  small  quantities  of  the  aeoond  ordor. 

If  (1.2)  is  given  in  inches  there  are  y^l.2)  or  (putting  yJ^&bw)  «i(1.2) 
chains  in  it;  it  is  therefore  liable  to  a  probable  error3=e|/[ivi(1.2)]  and  \m 
the  absolute  weight  =  792-!-(1.2)o'.    Similarly  the  other  sides. 

The  weights  of  the  angles  (1),  (2),  •  ••  (t^)  are,  on  the  same  soda  aa  l-iV. 

We  have  then  the  following  minimum  equation: 

-2[i*(l)+42)+  -  +4«)-^C'i 

— 2[oo8ii.aif(1.2)+oo8«j.,J(2.8)+  . . .  +ooe«;^,,J(n— l.n)+oo8Hni(«.l) 

+  WijanVJ{l)+  TPa>n  1"J(2)+.. .+  W^^^im  l"4»-l)-h8i^,]C, 

— 2[8mii,,J(1.2)+8in«j.,42.3)+  . . .  +8inJW-i*4»— l.«)+oniii.,4n.l) 

vbere  Ci,  C^,  C^  are  uadetermined  fiujtois  or  oorrelates. 

Taking  partial  difierendal  coefiQdents  and  solving  £»r  the  ooneotiou  «e 
obtiun: 

41)  =  to«[Ci + Fi.^  rc^s^^  rc^i  (Sj) 

J(2)  =  ««[Ci + F,.^  l"Ca-5,.^in  1"  C,],  (3,) 


4«-l)  =  ««[<?!  +  FLi^in  l"Cj-/8L,>n  1"C,],  (3^i) 

4n)      =«,[Ci                                       ],  (3.) 

41.2)  =  mc»(1.2)[oo8  «!.,  C,  +8in  z^.^  0,],  (4,) 

42.3)  =mo»(2.3)[oo8  2j.,C,+8inz,.,C,l  (4,) 

4n-l.n)  =  inc\n^l.n)[coe  jw-i*Cj  +8in  «»_i,C,l        (4*^0 
4n.l)      =fno«(».l)    [coez,.!    C,+8insv,     C,],  (4J 

Substituting  these  expressions  into  (I),  (II)  and  (III)  we  obtain  the  nor- 
mal equations: 

0  =  —E  +  nw'Ci  +  tAin  1"[F;..](7,  —  tAin  1"[-8;.JC, 
0  =  5i.^i+tAinl"[F;.,]Ci+  ^  iAin«l"[F,»]+»noT:(rj-+l)ooe\^J 
J.  C,-  {  to^nr[F;^^,^]-ffloT;(r^+l)8iP«r.H.iOOB«^^i]  }-C„ 

^Used  to  represent  i. 
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0-  ir,^,-««i»l"[5,..]<7,-«{  ««8in«l"[Tr,^J-f»ct(r.r+l) 

xeiBJ»,^i00ei;^i]  ^C,+  ^  to%iiil"[/S,..]+mc»[(r.r+l)sm\^i] 

).C,.(6) 

Elavil^  solved  these  eqiuttiom,  formulsB  (3)  and  (4)  will  give  the  required 

ooneotioxis  to  the  observed  quantities.  The  weighted  sum  of  squares  of  these 

correotioiis  maj  then  be  oompnted,  either  directly  or  indirectly  by  the  formula 

^^j^rryi^[^£±f]=EC,-8,^,C,-W,^,C,.   (6) 

The  probable  error  of  weight  1  is  then 

r  =  0.6746  ^.U^C^-S,.^,  C,-  W,  .^,  C,)].  (7) 

The  published  solution  of  this  problem  as  given  by  Mn  Adcock  at  p.  60 
is  not  correct  for  several  reasons. 

1.  He  adjusts  the  angles  independent  of  their  relation  to  the  sides  and 
then  uses  the  resulting  angle  of  this  partial  adjustment  as  absolutely  correct 
in  the  adjustment  for  the  sides. 

2.  He  considers  the  sides  all  equally  good  although  I  only  said  that  the 
measurement  of  the  sides  is  liable  to  o  inches  per  chain ;  therefore  if  for  in- 
stance the  fflde  a  contains  a  feet  it  is  measured  by  (aH-66)  chains,  each  of 
which  is  liable  to  o  inches  probable  error.  Then  the  sides  a,  6,  etc.,  are 
liaUe  to  the  probable  errors 

^\W  ^\66'  ^^''  respectively. 
These  are  well  recognized  principles  all  over  the  world. 


THE  NINE-LINE  CONIC. 


BY  lOBS  CHBISTmE  LADD,  BALTIMOBE,  MABTLAKD. 

Thb  properties  of  tiie  nine-line  conic  may  be  obtained  directly,  or  by 
reciprocation  fix>m  those  of  the  nine-point  circle.  I  shall  make  use  of  the 
latter  method.  Some  of  these  properties  are  well  known;  those  which  I 
suj^ose  to  have  been  unnoticed  hitherto  I  shall  indicate  by  Italics.  Large 
letters  will,  as  usual,  represent  points  and  small  letters  lines.  As  two  large 
letters,  BC,  denote  a  line,  so  do  two  small  letters,  6c,  denote  a  point 

ABC  =  triangle.  abc  =  trilateral. 

O  =  centre  of  cir-  o  =  directrix  of  inscribed  conic  with  arbi- 
cumsoribed  drole.  traiy  focus,  F. 
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Op  0„  Og  =  middle 
points  of  sides* 


Pu  Ptf  Pt  =  feet  of 
perpendienlars  ftom  ver- 
tices OD  opposite  sides. 

P=  intersection  of 
perpendicolars. 

N  ^  centre  of  oine-pt* 
circle. 


^ifO^jO^  —  third  harmonics  to  pairs  of  rides ; 
that  is,  o^  is  fourth  harmonic  to  6,  e^  and  {bc)F\ 
Ac.  The  points  on  them  which  sabtend  a  right 
angle  at  the  focos  are  on  the  straight  line  o. 

Pit  P^j  Pt  =  lines  through  each  vertex  and 
the  point  on  the  opposite  side  which  subtends 
with  it  a  right  angle  at  the  focus* 

p  =  line  through  these  three  points* 


ON  =  NP. 


Gf  :z=  centroid  (centre 
of  gravify),  is  on  OP. 

/,  ^1,  E^j  E^  ~  cen- 
tres of  inscribed  and  ex* 
scribed  circles. 


The  nine-point  circle  is 
tangent  to  the  in-and  ex- 
scribed  circles. 

lA  bisects  the  angle  A, 


The  nine-point  circles 
of  the  Is^BIC,  CIA,  A  IB 
pass  through  the  points  of 
contact  of  the  circles  /,  N, 

The  quadrangles  IBC~ 
jE;,  E^BCE^,  &a,  arein- 
Boriptible  in  circles  whose 
oentsres  are  on  the  circum- 
ference of  the  circle  0* 


n  =  directrix  of  nine-line  conic ;  that  is,  a 
oonio  may  be  drawn  with  focus  F  and  tangtnl  lo 

^1}  ^9»  ^s  I  ^  Pii  p3»  Ps  f  ^^  ^  ^  thitd  har* 
monias  respedivdy  to  p,  a;  pi  b;  p,  c 

n  poMU  through  the  iniermdion  of  o  and  \ 
and  i$  their  third  harmonic. 

Hie  lines  o^,  o,,  o^  inlersect  the  sidesB^  h,  { 
respectively  in  three  points  en  one  straigni  Ime, 
which  passes  through  the  intersedum  of  o  and 

The  bisectors,  external  and  internal,  of  the 
gles  which  the  sides  of  the  trilateral  subtend 
the  focus  cut  those  sides  in  six  points  on 
right  lines,  i,  ei,  e,,  e,.  These  lines  are  the  di- 
rectrices of  the  four  conies  with  focus  F  which 
may  be  circumscribed  about  ab  c  (Salmon, 
Omic  Sections,  p,  367,) 

The  Time-fine  conij  is  tangent  to  each  of  ihi 
four  circumscribed  conios. 


The  focal  chords  of  two  points  on  a  conic  aie 
equally  inclined  to  the  line  joining  to  the  focos 
title  iotersection  of  the  dlreotrix  with  the  line 
through  the  two  points. 

The  nine4ine  conies  of  the  irilatertds  b  i  0,  c  it, 
a  i  b,  are  tangent  to  the  one  real  common  tanged 
to  the  conios  whose  directrices  are  i  and  n. 

The  comes  with  focus  F  inscribed  m  the  i 
rUaterals  i  b  c  e^,  e^  b  c  e^,  Ae»p  Aooe  their  i 
rectrioes  tangent  to  the  conic  inscribed  m  a  b  c. 


fl 
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P  is  Ike  radical  oentre 
of  the  circles  on  BC,  CA, 
AB  respectively  aa  diam- 
eters. 

The  feet  of  perpendicu- 
lar from  any  point  M^  of 
a  circumfe^ce  on  the  sides 
of  an  iDScrib'd  trian.  Lie  on 
the  line  of  Simson,  The 
line  of  Simeon  bisects  JfP. 

Lines  &om  the  vertices 
of  a  triangle  to  the  middle 
points  of  oorresponding 
sides  of  its  orthoeentric 
triangle  meet  in  a  point. 

The  nine -point  circle 
touches  the  twelve  circles 
inscribed  and  exscribed  to 
the  triangles  APB^  BFC, 
CFA, 

The  circle  O  touches 
the  sixteen  circles  in-and 
exscribed  to  the  four  tri- 
angles AFB,  AE^B,  &c. 


p  is  the  only  real  axis  of  mmlitudt  to  ihe  three 
comes  with  focus  F  tangent  to  a  and  h,  b  and  c, 
c  cmd  a  respectively ,  and  having  for  their  respect- 
ive directrices  ike  third  harmonics  to  those  pairs 
ofHnes, 

Lines  drawn  from  the  vertices  of  a  triangle  to 
the  points  on  a  tangent,  m,  to  the  inscribed  oooic 
which  subtend  with  them  a  right  angle  at  the 
focus  meet  in  a  point,  which  we  shall  call  the 
point  of  Simson.  Ike  point  of  Simson  is  on  the 
third  harmonic  to  m  and  p, 

Throngh  the  vertices  of  ike  trikUeral  p^p^Pg, 
draw  the  third  harmonics  to  Us  sides.  They  in- 
tersed  the.  corresponding  sides  of  the  trilatercU  a  b 
c  in  three  points  ofi  ome  straight  Une^ 

3^  nine  line  conic  touches  the  twelve  ooinos 
with  focus  F  that  may  be  circumscribed  to  the  tri^ 
laterals  B,p  by  bpc,  cpa* 


7%e  inscribed  conic  touches  the  sixteen  oonici 
with  focus  F  that  may  be  circumscribed  to  the 
four  trilaierals  a  f  b^  a  e^  b^  &c. 


Mr.  Casey  gives  1024  remarkable  points  on  the  nine-point  circle,  and  M, 
Oeitalan  has  increased  largely  the  number.  Each  point  has,  of  course,  a 
oorresponding  remarkable  line  tangent  to  the  nine-line  conic,  but  they  are 
not  so  remarkable  as  to  make  it  worth  while  to  write  down  any  more  of 
them. 


Miscellaneous  Problems. — (1).     Required  to  sum  the  series  of  squares  of 
the  Binomial  coefficientB,  or  to  prove  that 

l+„a  +  f!{!LzI))H....  =  2n(2n-l)       (2n-n+l) 

(2).     Required  to  transform  the  first  of  the  following  series  into  the  seo- 
ondy  where  v  may  be  assumed  at  pleasure. 

8  =  Qa+bx^+ca?+da^+eafi+  .  • . . 


^  =  -  (i^)-<'*'-^)(i^)'+t°^-^+«)(n?^)*- 
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A  QUASI  PROOF  OF  THE  ARITHMETICAL  MEAN. 


BY  OBMONB  STONE. 

Given  any  number  of  observations  made  onder  precisely  similar  drcnm 
stances,  for  the  determination  of  a  single  unknown  quantity,  and  let  it  be 
assumed  that  the  most  probable  value  which  can  be  obtained  from  two  such 
observations  will  be  the  arithmetical  mean  of  the  individual  determinadons; 
to  prove  that  the  most  probable  value  which  can  be  obtained  from  any 
number  of  such  observations  is  also  the  arithmetical  mean. 

Suppose  three  values  a,  b,  e  given  by  observations  made  under  similar 
circumstances.    By  hypothesis, 

¥fl  +  *)i  ¥J>  +  0),  Ho  +  a) 
are  the  most  probable  values  which  can  be  obtained  from  any  two  of  the 
observations. 

I}ach  of  these  results  may  in  turn  be  considered  as  a  direct  observatioD 
made  under  more  favorable  drcumstanoes,  from  which  we  can  again  obtain 
the  most  probable  value  taking  them  two  and  two;  viz.: 

Ha  +  26  +  o),{{a  +  b  +  2o),  J(2a  +  6  +  o). 
Combining  these  in  a  similar  manner,  we  have 

j(2a+36+3c),  K3a+26+3o),  i(3a+3ft+2c); 
or,  in  general,  for  any  even  number  n  of  such  combinations, 

etc.; 
and  for  any  odd  number, 

etc. 
If  n  be  infinite  the  corresponding  values  will  evidently  be  the  best  that 
can  be  obtained  upon  the  hypothesis  which  forms  the  basis  of  this  investi- 
gation.   For  n  =  o^f  however,  the  three  values  are  each  equal  to 

J(a  +  6  +  o). 
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In  a  similar  maimer  It  can  be  aliowzi  that  if  the  arithmetical  mean  is  the 
meet  probable  value  for  any  number  of  observations  p,  the  same  will  be 
true  for  the  number  p-j-l.  Hence,  the  proposition  is  true  for  any  uam-> 
her  whatever. 


CoBBESPOKDENCE. — Editoe  AsALYffT:  Permit  me  to  say  thro'  your 
columns  that  I  do  not  wish  to  be  considered  responsible  for  the  corrections 
appended  by  Prof  Wood,  p,  128,  to  his  article  on  quaternioDS  in  the  last 
Analyst.  I  have  heretofore  sent,  either  to  Prot  W,  directly,  or  to  the 
Editor,  criticisms  on  what  I  deemed  errors  in  these  papers  on  quaternions, 
viz,,  on  the  following; 

p.  36,  §9. 

p.  67,  the  last  two  lines. 

p.  68,  the  transformation  kk  ^  i, — ^  ^  ^^, 

%       J  t 

p,  69,  the  sentence  beginning  on  line  7- 

p.  70,  "The  eq,  P  =  — 1,  when  i  has  a  fixed  position,  is  the  equation 
of  a  circumference". 

p,  71,  line  16.  And  I  would  now  respectfully  call  Prof.  Wood's  atten* 
tion  to  the  following  errors,  &c,,  in  the  last  article: 

p,  123,  two  sentences  beginning  line  11  from  bottom. 

p.  128,  'Vhen  the  direction  of  rotation  of  the  fraction  and  its  reciprocal 
are  in  opposite  senses''. 

p.  128,  line  6,  the  reason  assigned  for  the  correction. 

Alex.  8.  Chbistib. 

U*  8.  Ooa^  &  Oeodetio  Survty  Office, 

IAb  the  editor  does  not  profess  to  be  read  in  the  science  of  Quaternions, 
and  as  he  supposes  many  of  his  readers  are  in  the  same  condition,  he  has 
hitherto  admitted  to  the  pag^  of  the  Analyst  only  papers,  on  that  science, 
of  an  elementary  character  and  by  responsible  authors,  Mr,  Christie's  crit- 
I  idsmSf  above  referred  to,  were  therefore,  with  his  permission,  sent  to  Prof. 
Wood  with  the  hope  that  any  material  defect  in  the  papers  of  Prof,  Wood 
might  be  corrected  without  further  discussion. 

As  Mr.  Christie's  criticisms  were  not  returned  to  us  by  Prof,  Wood,  we 

I  are  not  able  to  insert  them  here  that  our  readers  might  judge  whether  they 

have  been  properly  responded  to  by  Prof.  Wood,  and  as  the  subject  is  one 

upon  which  clear  and  accurate  knowledge  is  important,  we  hereby  tender 

to  Mr,  Christie  space  in  our  next  issue  for  an  exposition  of  the  passages 

pve  cited. — Ed.j 
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INTRODUCTION  TO  DIFFERENTIATION. 


BY  JOHN  HAGNIE,  A.  M.,  £A8T0Ny  OONN. 

In  the  identity 

^:^  =  ,^i+,^«+  ...  +r+l,  (1) 

1 
sinoe  r  may  have  any  value,  let  rc=  -y;  then  by  substitating  this  value  fat 

n— 1 

r  in  (I),  multiplying  both  members  by  6  •  ,  and  simplifying,  we  obtain: 

a* A*         »-i       »— a  1  1  •-a       »— 1 

-j^ — J  =  a  •  +o  •  *•+  . . .  +«•&  »  +6  •  '  (2) 

a»— 6* 

A  result  from  which,  sinoe  m  may  have  any  value  (±:  1  included),  can  be 
deduced  all  the  theorems  r^arding  the  divisibility  of  of  zh  y^. 

Dividing  both  members  of  (2)  by  the  fiustor  that  renders  o"" — 6*  ratum- 
al,  we  obtain 

•       •  *-i      *-«  i  i  «»-«       ^— 1 

EI      sETT!  1  "i-a      ^I»  W 


a— 6         a  *  +a  *  6*+  . .  •  +a*6  *  +6  • 

since,  by  (2),  a—h  =  (a*— 5"»)(a  «  +  . . .  +6  «  ). 

In  (3),  if  we  suppose  b  =  a,  then,  sinoe  in  the  numerator  of  the  second 

member  we  shall  have  n  terms  each  =  a  *  ,  and,  in  the  denominator,  m 

terms  each  =  a  "»    we  obtain 


twa   * 


the  first  member  assuming  the  indeterminate  form  from  the  presence,  in  the 

numerator  and  denominator,  of  the  factor  o^ — &"»  which  becomes  sero  bj 
the  supposition.    Hence,  since  m  may  have  any  value,  the  fiirmula 

holds  trae  for  every  value  of  n. 
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Let  u  =  af ,  and  u'  =  ix+h)\  then  the  ratio  of  the  increase  of  af  to  that 


Iof  «  U  expr€S6ed|  for  all  values  of  A,  by 
u'—u  ^  (w+hY—^ 
■  A  (^+A)  — i»' 

If  now  we  fiuppoee  x  =  x+A,  i.  a,  A  ^  0,  then  by  (5),  we  obtain 
P  •  0 


=  nx' 


."-1 


(6) 


(7) 


\ 


t 


L  we' 


the  first  member  aaanming  the  indeteriDinate  formi  as  in  (4),  from  the  pre»- 
enoe  of  a  factor  that  has  become  zero  in  both  its  terms.  Sopposing  this 
common  factor  to  be  removed  by  division,  and  denoting  the  result  by 

-=— ,  we  have  the  result  t—  ==  ntxf^^ 
ax  dx 

(where  n  may  have  any  value),  which  may  be  thus  defined :  If  in  thefimo' 
tbm  X*,  X  6c  guppoaed  to  increase  continuously^  therif  when  x  reaches  any 
mmffiwd  value  x'  ihe  rale  at  which  x"*  is  mcr easing ^  aa  compared  loith  thai  of 
X,  ti  nx'^^,  that  u,  if  we  denote  an  infinitesimcU  change  inx  by  dx,  the  cor- 
rmf&nding  change  in  x"  is  nx'*"^dx.     This  last  expression  is  called  &o. 

The  difficulty  which  here  besets  us  arises  from  our  inability  to  conceive 
an  absolute  infinitesimal  in  time  or  space,  and  is  really  identical  with  that 
we  meet  in  questions  regarding  motions.  Thus,  lor  example,  the  velocity 
attained  by  a  body  falling  under  certain  oonditioDs,  is  expressed  by  t?  ^  ^. 
Now  before  the  end  of  the  0^  unit  of  time  t?  <  gi,  and  after  the  end  of  the 
f^  unit  of  time  u  >pt,  nor  are  we  able  to  conceive  any  portion  of  time, 
however  minute,  during  which  the  body  moves  with  the  velocity  gt.  Yet, 
as  the  velocity  increases  continuously  trom  less  than  to  greater  than  gt^  we 
are  forced  to  the  conclusion  that  for  some  infinitesimal  portion  of  lime 
0  =  ^.  By  performing  the  division  indicated  in  the  second  member  of  (6) 
we  obtain; 


w — u 
~h~ 


(a?+A)"-i+(a?+A)*-«a:+..,  +(a:+A)ar-«+ar-i;         (8) 


im  which  we  see  that  [{w —  t*')  -s-  A]  >  twj*"^,  if  A,  however  conceivably 
sniall,  be  positive,  and  [(u —  u^)  -*-  A]  <  twc*"*,  if  A  be  negative.  Hence, 
if  we  oonceive  af  to  vary  oontiuaously  we  are  forced  to  conclude  that,  when 
x  reaches  any  assigned  value  x'^  then,  correfiponding  to  any  infinitesimal 
change  in  x'  there  is  a  simultaneous  change  in  a^  that  is  nx^^^^  times  as 
great,  which  is  expressed  by  the  formula 

~-g-^  ^  nar^» 
dx 
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ON  THE  PHENOMENA  OF  THE  TIDES, 


BY  PROP.  ELIA8  8CHKBIDEB,  MILTON,  PA, 

In  Vol.  VI,  No.  6  of  the  Analybt,  a  problem,  No.  281,  was  proposed 

for  solution.  The  solutioo  was  commenced  in  No.  2  and  completed  in  No, 
3,  Voir  7.  The  problem  was  given  with  the  expectation  that  its  solution 
would  throw  additional  light  on  a  subject,  in  the  treatment  of  which  our 
books  do  not,  in  my  opinion,  include  all  the  facts  relating  to  it.  It  ift  ooir 
proposed  to  show  how  the  solution  gives  this  additional  light. 

Acoordiog  to  the  result  obtained  in  the  solution,  the  baU  would 
point  180°  from  the  initial  point,  nearly  3  hours  before  the  point  A 
pass  the  same  point  in  space*  If  the  gravitating  power  of  the  sun  has 
such  an  effect  upon  a  smootli  solid  body  resting  on  an  equally  smooth  sm- 
face  of  the  earih,  it  must  also  have  a  similar  effect  upon  a  fluid,  resting  on 
the  earth's  surface.  Suppose,  then,  that  instead  of  a  ball  situated  as  stated 
in  the  problem,  the  earth  be  surrounded  by  a  belt  of  water,  about  2000  m*s 
wide  and  5  miles  deep.  Now  suppose  the  earth  to  rotate  on  an  axis  oooe  m 
24  hours,  the  water  and  earth  being  subject  to  no  influence  but  that  of  their 
mutual  attraction.  Then  every  particle  of  this  water  will  be  relatively  ftt 
rest  with  respect  to  the  earth. 

But  now  suppose  the  sun  to  come  in  to  position  and  to  act  upon  the  wa- 
ter at  jI  in  the  direction  of  the  diameter  AE.     When,  I 
from  the  rotation  of  the  earih,  the  diameter  AE  ceases  to 
point  towards  the  suu  the  particles  of  water  at  A  will  j 
cease  to  be  in  equilibrium,  and  will  move  over  the  earth^s  | 
surface  toward  the  attracting  body ;  and,  according  to  the 
solution  referred  to,  the  water  at  A  would  acquire  such  an 
increased  velocity  as  to  pass  a  point  180^  from  the  initial 
point,  nearly  3  hours  before  the  point  A  will  pass  the  I 
same  point  in  space.     Therefore,  on  account  of  increased  I 
centrifugal  force,  there  will  be  a  tendency  in  the  water  to  move  along  a  line 
tangent  to  the  earth's  surface  at  D,  causing  the  water  to  swell  out 
In  otber  words,  there  will  be  a  tide  wave  at  D.     This  takes  place  aoooii 
to  the  statement  and  solution  of  the  problem,  under  the  suppodtion  that  ( 
earth  has  no  other  motion  than  rotation  upon  an  axis.    It  follows  therefore, 
that,  if  the  earth  had  no  other  motion  than  axial  rotation,  the  tide  wai 
would  be  produced  by  the  same  cause  that  is  supposed  to  move  the  ball,! 
that  there  would  be  no  necessity  for  seeking  the  cause  of  the  pb^iomeni  ( 
the  solar  tide  in  the  power  of  tbp  sup  to  lift  the  water  above  its  gen'l 
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ind  that  the  occurrence  of  this  tide  two  or  three  hours  after  meridiui  woM 
not  be  due  to  the  resistance  made  by  the  inertia  of  the  water. 

But  the  earth,  in  addition  to  an  axial  rotation^  has  also  an  orbital  motion 
around  the  sun.  Would  this  motion,  if  recognized  in  the  prob*  281,  change 
materially  the  motion  of  the  ball?     *  ♦  *  * 

[We  proceed  to  answer  Prof.  Schneider's  question  as  here  proposed ;  but 
deairey  first,  to  say  that  we  dissent  entirely  to  his  conclusions  deduced  above. 

In  entering  this  protest,  it  is  suffit^ient  to  say  that  the  water  in  the 
flttppoeed  belt  is  not  free  to  move  forward  as  the  ball  is,  because  a  limited 
portion  of  the  waters  of  the  sea  cannot  advance  horizontally  without  6rst 
displacing  an  equal  quantity  of  water,  and  the  entire  **beU''  cannot  move 
around  the  earth  because  the  attraction  upon  the  water  on  both  sides  of  the 
diameter  AD  is  in  the  same  direction.  Moreover,  analyskf  which  is  our 
only  safe  guide,  leads  to  entirely  different  results  in  the  two  cases. 

In  reply  to  the  above  inquiry,  we  answer,  it  would.  If  we  assume  in  prob. 
281  that  the  earth  has  also  an  orbital  motion  around  the  sun,  the  ball,  when 
at  ibe  initial  point  ^,  will  also  have  an  orbital  motion,  the  centrifugal  force 
fixnn  which  will  not  only  equal  the  centripetal  force  i^,  but  will  slightly  ex- 
ceed it  for  all  points  on  the  surface  more  remote  from  the  sun  than  E  (the 
center  of  the  earth),  and  therefore  the  tendency  to  motion  in  the  ball,  while 
it  remains  within  the  first  quadrant  from  the  point  A,  in  space,  will  be 
backward,  or  from  the  sun;  for  tlie  only  force  that  tends  to  roll  the  ball  is 
the  difference  between  its  centripetal  and  centrifugal  forces,  which,  in  this 
ease  may  be  regarded  as  negative,  the  positive  dii^ection  b^ing  toward  the  sun. 

When,  from  the  motion  of  the  earth  on  its  axis,  the  ball  shall  be  trans- 
ferred to  a  point  in  space  which  is  nearer  the  sun  than  the  point  J?,  the 
difference  between  the  centripetal  and  centrifugal  forces  will  beoome  positive 
and  the  ball  will  tend  to  move  forward  or  toward  the  sun. 

It  follows  therefore  that  matter,  which  is  subject  to  the  attraction  of  a 
remote  body,  and  wliich  is  free  to  move  horizontally  over  the  earth's  surface, 
will  tend  to  accumulate  both  under  and  opposite  the  attracting  body.  This 
conclusion  is  in  harmony  with  the  theory  of  the  tides,  as  it  should  be;  for 
though  the  waters  are  not  free  to  move  horizontally,  their  equilibrium  is 
oontinually  disturbed  by  the  attracting  body,  the  distortion  tending  to  a  like 
accumulation  both  under  and  opposite  the  attracting  body. 

Because,  in  the  solution  of  prob.  281,  the  earth  is  supposed  to  be  station- 
ary in  its  orbit,  the  centrifugal  force  developed  by  the  rolling  of  the  hall, 
being  at  right  angles  with  its  motion,  need  not  be  considered ;  and  because 
the  difference  of  the  attracting  force  of  the  sun,  for  diflTerent  positions  of  the 
ball,  is  small  in  comparison  with  the  attracting  force  at  any  particular  pointy 
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the  force  which  teods  to  roll  the  ball  ib  regarded  as  constant^  whidi 
the  solution  comparatively  simple. 

But  ID  diBcussing  the  equilibrium  of  the  sea,  subject  to  a  like  a1 
hy  the  sun  while  the  earth  is  moving  in  its  orbit,  the  disturbing  force  i«ob> 
viously  the  differeTvce  between  the  centripetal  and  oentriiugal' forces  at  anj 
particular  point,  and  hence  is  a  vartabU  force ;  therefore  an  equation  involv* 
ing  the  theory  of  the  tides  is  much  more  complicated  than  that  representiDi 
the  solution  of  problem  281, 

On  re/ising  his  numerical  calculation  for  the  determination  of  f  in  the 
solution  of  281,  Mr.  Kumiuell  finds 

Equation  (9),  p.  88,  gives,  by  expanding  in  a  series  and  integrating^^ 


C  = 


1.188 


12** 


[..>. 


^64 


+256* 


1226 


«»  + 


1 

•    •   •       I  • 


2  L       4         64      '  256       '  16382 

Summing  twelve  terms  of  this  series  we  get 

i^  =  9^05"27*;  being  a  little  leas  than  the 
answer  obtained  from  eq.  (10)  in  consequence  of  the  slow  ooDvergence  of 
this  aeries. — ^Ed] 

Note, — "Proot"  of  the  preceding  Art.  and  comments  was  sent  to  Prof. 
Schneider  with  the  hope  that  the  suppression  of  the  latter  part  of  his  paper 
would  be  approved  by  him.  As  he  insists,  however,  upon  the  printing  of 
the  entire  paper  and  claims  that  we  have  omitted  ''the  strongest  part*^;  in 
order  that  no  injustice  be  done  to  the  argument  of  Prof.  Schneider,  we  here 
insert,  without  comment,  that  part  of  ProC.  Schneider^s  paper  which  was 
omitted  above. 

*  *  *  One  of  the  computers  says  that,  '*the  only  effexst  of  considering  the 
progressive  motion  of  the  earth  will  he  to  shorten  the  time  (say  2  minutes) 
of  the  J  day  re<juired  in  the  problem,"  It  follows  then,  that  the  orbital  mo- 
tion of  the  earth  does  not  edect  materially  the  result  of  the  soludoui  a|^ 
therefore  not  the  application 

The  books  tell  us  that  "if  the  waters  every  where  yielded  imm* 
the  attractive  force,  it  would  always  be  high-water  when  the  attzBctive 
is  on  the  meridian.  But,  owing  to  the  inertia  of  the  water,  some  time  is 
necessary  for  so  slight  a  force  to  set  it  in  motion."  This  declaration  seems 
to  me  contrary  to  actual 
facts.  I  will  refer  to  an 
illustration  in  one  of  our 
books.  "Suppose  E  to 
represent  the  centre  of  the 
earth,  the  circle  FQN  its 


LudoDa  and 

lediatel^lH 
active  iora^l 
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amf,  M  a  particle  of  water  on  the  earth^s  surface,  and  8  the  sun.     The 
entire  earth  being  rigid,  each  part  of  it  will  move  under  the  influence  of 
ihe  sun's  attraction  as  if  the  whole  were  concentrated  at  its  centre.     But  the 
attraction  of  the  sun  upon  the  particle  Jf,  being  different  from  its  mean  at- 
traction on  the  earth,  will  tend  to  make  it  move  differently  from  the  earth* 
te  fiiroe  which  causes  this  difference  of  motion,  as  already  explained,  will 
feproented  by  the  line  MA,     It  is  true  that  this  same  disturbing 
m  18  acting  on  that  portion  of  the  solid  earth  at  Jf  as  well  as  upon  the 
water.     Bat  the  earth  cannot  yield  on  account  of  its  rigidity;  the  water 
therefore  tends  to  flow  along  the  earth's  surface  from  M  towards  N.    There 
Js  therefore  a  residual  force  tending  to  make  the  water  higher  at  N  than  at 
^/'    Now,  is  it  not  evident  that  the  inertia  of  the  water  has  already  been 
overoome,  before  it  reaches  the  point  Nf     Its  increased   motion  has  com- 
menced even  before  it  reaches  tlie  point  M^  and  this  velocity  is  continually 
becoming  more  rapid  until  it  has  reached  its  maximum  at  A",  and  by  virtue 
of  its  inertia  it  does  not  resUt  motion  but  contimits  moving  in  a  line  tang't 
to  the  earth  at  N^  and  thus  causes  the  tide  wave  2  or  3  hours  after  merid'n* 
I  have  made  reference  to  the  solar  tide  only*   The  lunar  tide  is  produced 

I  the  same  way,  the  attracting  power  being  the  moon. 


PROOF  OF  A  PROPOSITION  IN  SOLID  GEOMETRY. 


BY  PBOF.  E.  W.  HYDE,  UKTVERSTTY  OP  CINCINKATI. 


It  18  probable  that  the  prop'  sition  given  below  has  been  previously  sta- 
1  do  not  remember,  however,  to  have  seen  it,  and  it  may  be  of  interest 
i  iome  of  the  readers  of  the  Akalyst, 

[  If  two  different  surfaces  of  the  same  order  are  tangent  to  each  other  at 
point  in  which  they  are  pierced  by  a  given  right  line,  then  the  snr- 
intersect  each  other  in  two  plane  curves,  real  or  imaginary, 

F  =  0  and  W  =;  0  be  two  planes  passing  through  the  given  line, 
let  Ui  ^  0,  f/j  =  0,  C/3  =  0  etc.,  be  any  surfaces  whatever.  Also 
f(I7|,  Fj  etc.)  be  any  rational  int^ral  function  of  V^,  U^  etc*  Then 
I  equationa 

f(U^,  U^  etc.)+X,  V^+fi,  W^  =  0,  (1) 

f{V,,  U^  etc.)+;,  F»+/i,  ir^  =  0,  (2) 

it  two  different  surfaces  each  of  which  is  tangent  to  y  =  0  at  every 

int  where  it  is  pierced  by  the  intersection  of  Fand  W\  for  (I)  and  (2) 

each  satisfied  by  such  values  of  ar,  y,  2  as  make  ip^  T'and  W  simultane- 

sly  equal  to  2ero;  also,  Fand  TF  being  squared,  the  given  line  is  the 
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intersectioii  of  two  pairs  of  ooincident  planes,  i.  e.,  it  is  a  qaadraple  line, 
and  the  points  where  it  pierces  ip  are  quadruple  points  common  to  the  siuv 
&ces  (1)  and  (2).  If  we  subtract  (2)  from  (1)  the  resulting  equation  will  be 
that  of  some  sur&ce  passing  through  the  intersection  of  (1)  and  (2).  Thus 
we  have 

(;i-;,)Fa+(//i-;«,)TF»=0, 

or  ^1/(^1-^,)  =±WV(/'s-/'i).  (3) 

Equation  (3)  represents  two  real  or  imaginary  planes,  according  to  the 
signs  and  relative  values  of  Jl^,  X^  and  //^^  /i,.  But  these  planes  contnin 
the  intersection  of  (1)  and  (2),  which  consists  therefore  of  two  plane  corveB, 
real  or  imaginary.    Q.  E.  D. 

The  particular  case  of  this  proposition  when  f(I7i,  TJ^  etc)  =  V^  U^f 
and  Ui  and  U^  are  of  the  1st  degree,  or,  in  general,  when  fp  is  of  the  2Dd 
d^ree,  proves  directly  the  property  at  which  I  arrived  indirectly  in  an  ar- 
ticle published  in  the  Analyst  for  July,  1876;  viz..  Two  quadrics  will 
intersect  each  other  in  plane  curves  when  they  have  common  tangent  planee 
at  the  extremities  of  a  common  chord. 

We  may  also  write  the  reciprocal  proposition  to  this  as  follows: 
If  two  surfaces  of  the  same  class  are  tangent  to  each  other  at  the  points 
of  contact  of  all  planes  that  can  be  drawn  tangent  to  them  through  a  giyen 
right  line,  then  they  will  have  two  common  circumscribing  cones;  i.  e.,  ev- 
ery common  tangent  plane  of  the  two  surftces  will  pass  through  one  or  the 
^ther  of  two  fixed  points  on  the  given  line. 


SOLUTION  OF  A  PROBLEM. 


BT  GEORGE  EASTWOOD,  SAXOKVILIiE,  MASS. 

Problem. — Now  that  there  are  three  tickets  before  the  people,  fit>m  whidi 
to  elect  our  next  President,  let  it  be  supposed  that  the  votes  will  be  divided 
between  the  candidates,  on  the  assumption  that  the  voters  will  attribute  to 
the  three  tickets  every  degree  of  merit  comprised  within  the  limits  0  and 
100.  Supposing  the  voters  to  find  in  each  ticket  some — mare  or  leaa^ot 
every  degree  of  merit  contained  in  the  other  two,  it  is  required  to  assign 
the  mean  value  of  aU  the  the  merits  of  the  three  tickets. 

SolutUm. — That  the  question  may  have  the  utmost  generality,  let  ns 
suppose  the  number  of  tickets  to  be  n,  and  the  limits  of  their  merits  to  be 

between  0  and  a.    Suppose  fi^,  fi^ fir  represent  the  respective  merits 

of  the  n  tickets,  fii  being  the  merit  attributed  to  the  ticket  which  the  voter 
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deems  the  most  woiihyi  /S,  the  next  &o.,  /9,  being  the  merit  aaoribed  to  the 

rth  ticket  in  point  of  merit. 

Firsts  aflsome  that  fi^  shall  have  anj  positive  value  comprised  within  the 

limits  0  and  a,  and  that  the  mean  valae  of  all  snch  values  of  /9 ^  is  required. 

Let  V  =  the  number  of  values  taken  and  2fii  =  their  sum ;  then  the  req'd 

mean  of  all  the  values  is 

if  =  2fi^^v. 

If  we  suppose  the  values  of  ^i  to  increase  bj  equal  portions  d,  and  that 
they  become  0jd,2d  .  . . .  a,  then 

t;  =  Id-^d,  and  if  =  dSp^^Sd. 

Now  because  j9|  is  supposed  to  receive  all  values  between  0  and  a,  the 
portion  d  may  be  taken  indefinitelj  small|  sa7=  dfii^  and  the  sums  S  may 
be  replaced  by  int^rals. 

.-.If  =  /'^l4|9i-r-/'d^l  =i^=:  Jo. 
0  0  ** 

Hence  the  mean  value  of  all  these  values  is  equal  to  the  mean  of  the  two 
extremes. 

Similarlyi  suppose  fii^  fi^  to  be  the  merits  of  two  tickets  according  to  the 
opinion  of  any  independent  voter,  ^^  being  the  highest  estimate  he  places  on 
the  most  worthy  ticket;  so  that  ^9^  is  greater  than  ^9,.  In  this  case  ^9,  may 
have  any  values  between  0  and  /9^»  and  fi^  any  value  between  ^9,  =  0  and 
P^  =  )9j.  The  sum  of  all  the  values  of  j9j  contained  between  ^9,  =  0  and 
fi^^=  fills  equal  to 

and  the  sum  of  all  the  values  of  fii  is  equal  to 
The  number  of  these  values  is 

•^    0  0 

therefore  the  mean  value  otfii  is 

Thirdly,  if  there  be  n  tickets  and  fi^  be  the  merit  attributed  to  the  rth 
ticket,  the  mean  value  of  ^9^  will  be 

/:/:'/^••/^'«''*•••*-/:/:■/^••/^'•**.•••*^ 

-^   1        1  1  1  1    ^1^1  11^      «-*•+!« 
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K  n  be  an  odd  No.  /?h(h-i)  ^^^  ^  ^^  middle  term  and  ito  mean  viha 
will  be  }a.    If  n  be  an  even  No.  fi^^  and  ^^(h-d  cu:^  middle  tenna;  tbdr 

mean  valnes  are  }a+-^r^  tuid  }a SfL    and  the  mean  of  these  Tilm 

n+1  *       »+l 

is  j^    The  sum  of  n  values  is  ^an^  and  hence  the  mean  of  all  the  vabtt 

is  }a. 

Suppose  now  we  take  the  values  of  the  three  ticketSi  as  estimated  per 

question  bj  the  independent  voterSi  and  that  these  values  are  as  the  Nob.  1, 

2,  3.    Then^  substituting  nhj  S,a  by  100,  and  r  severally  by  1,  2,  3,  we 

shall  have  for  the  mean  value  of  the  most  worthy  ticket|  ^  x  100  =  76, 

for  the  mean  value  of  the  next  best^  }  x  100  =  60, 

for  the  mean  value  of  the  third  "  ,  ^xlOO  =  26; 

while  the  mean  of  all  the  values  will  be  ^  xf  x  100  =  60. 


SOLUTION  OF  A  PROBLEM. 


BT  WILUAM  HOOVEB,   SUPEBINTEKDElffT  OF  SOHOOIiS,  WAPAKONSTA,  a 

PtMaa. — A  triangle  is  formed  by  joining  the  centers  of  the  escribed  Gi^ 
des  of  a  triangle;  the  same  is  done  for  the  new  triangle^  and  so  on  od  «i- 
Jbdtum.    Show  that  the  final  triangle  is  equilateral. 

BolutUm.—I{  A  be  one  of  the  angles  of  the  jgiven  triangl^  and  A^,  A^^ 
A^y  &c.,  the  successive  corresponding  angles,  we  have 
A^  =  (i)(jr-^),  A^  =  (i)V+^),  ^,  =  (i)^37r-^),  A^  =  (l)«(6>r+i). 

The  fraction  for  the  nth  angle  is  {\Y,  the  coefficient  of  7  is  the  general 
term  of  the  recurring  series  1, 1,  3,  5,  &c.,  J[2"  +  (—1)""*],  and  of  A,  it 
is  (—1)".    Hence 

A  =  -^[K2-+(-1)-»]+(-1)m]. 
When  n  is  infinite  A^  =  ^n,  and  the  triangle  is  equilateral. 


SOLUTION  OF  PBOB.  282  WITH  CONDITION {Z)  CHANGED. 


BY  CHA8.  H.  KUMMELL,  U.  8.  LAKE  8UBVEY. 

The  solution  of  this  problem  (see  pp.  25,  26)  is  in  accordance  with  the 
given  conditions.  However  it  cannot  be  admitted,  as  assumed  in  condition 
(3),  that  it  is  equally  probable  that  only  one  loom  should  be  out  of  order  as 
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that  anj  other  namber  should  be  out  of  order.  I  propose  to  solve  the  prob- 
lem by  assamiDg  a  looms^  each  netting  m  dollars  a  daj  when  in  order,  x 
weavers,  each  getting  n  dollars  a  day,  whether  working  or  not,  and  p  the 
jnrobability  of  a  single  loom  being  oat  of  order.  We  have  then  to  take 
the  general  mean  of  the  following  cases: 

Na  of  looms    Profits.        Probability. 
in  order. 

a  tnx  (1— p)*  =Pa 

a — 1      WW?  ^f  1 — p)      p  =  Pa-i 

a  a— If.       \— a 


a — 2      mx 


-(i-p)""*p»  =  -p-. 


=  PI 


1  «ia?-(a^l)(m+n)yfl — pjp*"^ 

0    ma:-«(in+n)    p*  =  P© 

We  have  then  the  average  profit 

y,  =  fnx—(m+n)I\l8P^. 
If  this  is  a  mazimam  then 

y,     — y^i  =  -4y,      =fn—{m+n)I\     [P,^    ]  is  small  and  positive, 
*y»+i — Vx      =  ^Vx^-i  =m— (m+w)2'^i[P^i_^]i8smallandn^^trve, 
Placing  o  =  60,  m  =  3,  n  =  1  and  p  =  0.1  we  find  Jyg^  =  +  0.021 
and  ^5  7  =  —0.113.    Therefore  a?  =  56  weavers. 


ANSWJES8  TO  QUERIES  IN  NUMBER  FOUR. 


^UXBY  byProf.  a.  Hall.— (1).    If  t?  be  the  potential  function  we 
have  the  equation  given  by  Laplace 

€tm^  "^  dy2   "^  dz^  "^    ' 
whidi  holds  for  a  point  ontside  the  attracting  body.    For  a  point  inside 
this  body  we  have  the  equation  given  by  Poisson, 
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What  16  the  value  of  the  right  hand  side  of  this  equation  for  a  point  od  I 
mirface  of  the  attracting  body?     Moigno  says,  ^*in  this  case  tiie  espreaMon^ 
will  have  in  reality  eight  distinct  values."     Statics,  p.  460." 

A^^SWER  BY  OBMOKD  STONE,  A.M.,DIBECrrOROF  CINCINNATI  OBSERVATOBTJ 

In  order  that  the  expression  may  have  eight  values  at  the  surfeoe  of  the' 
attmcting  body  it  is  necefisary  to  assume  that  the  differential  coefficients 

(Pv         dH         dH 
db^'       dp'        dz^ 

are  independent  of  one  another,  an  hypothesis  which  is  inadmissable,  sifl 
each  is  a  function  of  the  same  variable 


r=  v(e-x)«  +  (7-y)'  +  tC-«)'. 

The  expression  has  in  general  only  two  values, — 4np  and  0,  according: 
the  displacemeot  of  the  point  attracted  is  such  as  to  cause  it  to  enter  the  at- 
tracting  mass  or  not.  For  if  a  line  be  drawn  through  the  given  point,  the 
for  two  points  in  this  line,  one  within,  the  other  outside  the  mass,  there  will 
be  two  potentials  v^  and  r^,  each  of  which  will  have  a  value  whose  limil 
will  be  v.  The  simplest  illustration  is  the  case  of  the  sphere,  in  which  m 
have  for  a  point  at  the  surface  r  ==  it,  and 


V,  =  27tp{R^—^^)  = 


^..  ^A^P^  =.= 


=  r  =  irtpIP. 


(2)     **Given  a  hemispheripal  dome  turning  about  a  pin  at  the  top,  i 
having  a  slit  extending  from  the  horizon  to  the  zenith.     Can  a  telescope  1 
placed  inside  this  dome  in  such  a  position  that  every  jMjint  of  the  heav 
can  be  seen  through  the  telescope?" 

ANSWER  BY  PROP.  W.  P,  CASEY,  SAN  FRANCISCO,  CAU 

A  telescope  may  be  placed  inside  the  dome  as  required  in  various  ' 
tlius,  let  ABC  be  a  section  of  the  dome,  hav- 
ing BC  the  slit  and  Bz  the  axis  on  which  the  | 
dome  revolves  and  which  supports  it,  and  let  i 
this  axis  be  encux;led   by  a  cylinder  attach- 
ed  to   the   dome  and  also  supported  by  the  I 
wheels  o,  x^  having  a  small  platform  y,  upon 
which  a  telescope  may  l>e  placed  which  will  revolve  with  the  domt  :l^ 
quired.     Or  a  floor  may  be  attached  to  the  dome  and  be  supported  at 
wheels. 
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I 


,  Query  by  T.  W-  Wright,  U.  S.  Lake  Sitrv.,  Detroit,  Mich.— "Can 
Pi^tisfaetory  proof  lie  given  of  the  statement  that  **the  weight  of  an  olmer- 
FatioQ  varies  as  the  square  of  the  probability  of  it$  accuracy^'?  (Monthly 
Notice  R.  A.  8.,  VoL  XIII.)" 

ANSWER  BY  CHA8.  H.  KUMME1.L,  U.  S.  LAKE  SURVEY, 

The  proof,  at  the  place  cited  rests  essentially  on  the  incorrect  expression 
for  the  probability  of  an  error  «,  viz,, 


f{x)  = 


|/7r 


I 


which  is  so  given  in  most  treatises  on  (he  method  of  Least  SqimreB  (some 
modern  authors  excepted)  sinoe  Gauss  first  gave  it  in  "Theoria  Motus"  in 
this  form.  It  is  clear  that  such  an  expression  is  approximately  proportioual 
to  A,  the  precision,  and  therefore  to  the  square  root  oi  the  weight.     Hence 

I  the  pretended  proof.    The  correct  expression  for  the  prol^ability  of  an  error 
ap  (aae  for  ex.  Analyst,  VoL  III^  p,  135  et  seq,)  is  however: 
anc 


and  since  as  I  have  proved  L  c,  the  factor 
hdx  dx 


=  f  (0)  = 


ey27r  ^'^^^  \7U^) 
is  an  absolutely  constant  infinitesimal,  being  the  same  for  all  classes  of  ob* 
eervations,  the  fallacy  of  this  proof  is  at  once  apparent.  The  very  elegant 
writer  of  the  Monthly  Notices,  J.  W.  L.  Glaisher,  F.  R,  S.,  proposed  this 
method  of  reweighting  observations  of  the  game  quantity,  of  which,  for  a 
first  approximation,  the  arithmetic  mean  has  been  taken.  The  propriety  of 
such  a  process  (first  suggested  by  Prof.  De  Morgan),  provided  weights  could 
be  used  which  are  derived  from  correct  principles,  I  do  not  altogether  ques- 
tion. At  present  I  have  several  plans  of  reweighting,  eacLof  which  has 
flocne  reason  in  its  favor.  One  consists  in  weighting  the  observations  by 
timr  respective  probabilities  or  what  is  the  same,  by  the  finite  variable  fao* 

tor  0  {d/\  -5-  e|/2;r  being  an  absolutely  constant  infinitesimal,  An- 
alyst, Vol.  Ill,  p.  135).  These  numbers,  used  as  weights,  are  proport'al 
to  the  number  of  times  c^ch  of  the  errors  J|,  J^i  *  •  *  ^m  should  have  oc- 
curred if  there  had  been  an  infinite  number  of  observations  of  the  same 
pr<*ci«ion-  If  the  observations  have  different  weights  p^,  p^  ....  p^  we 
compute  the  second  weights  p'j,  p'^ p'„  by  the  same  formula,  e  de- 
noting mean  error  of  an  observation  of  weight  1.  This  process  is  tbeoreti- 
cmlly  to  be  repeated  until  the  weights  do  not  change  any  more  and  the  mean 
vmlae  reaches  a  oertaii3  limit. — [No  answer  to  Prof.  Johnson's  Query.] 


—164— 
SOLUTIONS  OF  PROBLEMS  IN  NUMBER  F»UR 


Solutions  of  problems  in  No.  4  have  be^  leoeived  as  follows: 
From  R.  J.  Adcock,  315;  David  Barrow,  Jr.,  319;  Prof.  W.  P.  Owey, 

313,319;  George  Eastwood,  313,  314,316,319;  William  Hoover,  317; 

6.  H.  Harvill,  318 ;  Chas.  H.  Kummell,  316;  Prof.  E.  B.  Seite,  317,  S18; 

Profi  J.  Scheffer,  317,  319. 


313.  '^A  pistOD,  weight  w^  is  dropped  into  the  end  of  a  vertical  (^linder 
filled  with  air,  length  I;  how  far  will  the  piston  descend,  assuming  no  frie- 
tion  nor  escape  of  air,  nor  heat  from  the  compressed  air?^' 

SOLXTTION  BT  GEORGE  EASTWOOD,  SAZONYILLE,  MASS. 

Let  r  ss:  radius  of  qrlinder,  Z  =  its  length,  w  =  weight  of  the  piston,  i 
=  elasticity  of  anig  fluid,  with  which  the  cylinder  may  be  filled,  and  filling 
a  given  length  A.  Then,  for  any  varyable  length  x,  of  the  cylinder,  tbe 
elasticity  for  the  space  ttt^x  is  eXih-irz);  the  moving  force  upon  the  piston 
is  w — eXih-i-z)  and  the  accelerating  force  is 

w    X 

Now  firom  the  formula  for  accelerating  forces  we  have 

/vdv  —  ---/Fdxj 
from  which  we  deduce 

««=2[^.loga>-a.]  +  C=  [^.log|+^-.]. 

Let  s  =  space  through  which  the  piston  descends  to  acquire  the  velodty 
r,  and  let  a;  =s  A  — «.    Then 

Suppose  now  the  fluid  to  be  atmosphere  with  an  elastic  pressnre  of  ISlbs 
upon  the  square  inch;  we  shall  have  in  this  case, 

e  =  ;rr*Xl51bs. 
Adding  to  w  the  atmospheric  pressure  upon  it,  we  get 

from  which  to  determine  b.    In  this  case  we  may  write  ^  for  h;  and  because 
when  the  accelerating  force  becomes  zero  the  descent  of  the  piston 

jp  =5  1  —  t^t^^k  . — r-  =  0.    Hence  x  =  ;.  u    ^  », — . 
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314.  **AJielix  is  coiled  about  a  right  cylinder  the  radius  of  whose  base 
is  ]•  The  projection  of  the  evolute  of  the  helix  on  the  plane  of  the  base 
of  the  cylinder  encloses  double  the  area  of  that  base,  Eecjuired  the  angle 
made  with  the  plane  of  the  base  by  the  tangent  to  the  helix.'' 


I 


SOLUTION  BY  EASIH^OOD, 


^ 


The  evolute  of  the  helix  is  the  contour  of  the  osculating  surface  of  the 
helix.  If  the  projection  of  the  contour  of  this  surface  be  required  on  the 
plane  of  a;  y,  it  will  be  found  to  be  the  involute  of  the  projection  of  the  he- 
lix on  the  base  of  the  cylinder,  (De  Morgan's  Calculus,  p.  416*)  For  a 
general  solution,  let  a  ==  radius  of  the  cylinder,  h  ^  step  of  the  helix,  r,  ^, 
the  coordinates  of  any  point  of  the  involute,  and  p  the  perpendicular  on  the 
tangent     We  have  for  the  polar  e<^ nation 

a9  ^  i/Xr*— a*)  — aoo8~*(a-i-r); 
and  for  the  area 

where  p  is  taken  between  the  limits  p  =  0,  and  p  ^  27ra, 

When  o  =  1»  this  result  gives  |n^*  for  the  area  enclosed  by  the  projection 

of  the  evolute  oi  the  helix  on  the  base  of  the  cylinder,  which  differs  from 

that  specified  in  the  enunciation  of  the  question. 

The  angle  which  the  tangent  to  the  helix  makes  with  the  plane  of  2:3r  is 

found  from  the  eq'n  tan^  =  h-^27ra,  whatever  value  may  be  given  to  a. 


S15»  '*Two  marksmen  compete  for  a  priite.  Three  shots  are  to  be  fired 
by  each.  The  distance  of  each  shot  hole  from  the  bull's  eye  is  measured  and 
be  IS  the  winner  whose  total  distance  is  least  ^'s  three  shots  measured  re- 
spectively 1,  2,  Sin.  from  the  builds  eye.  jB  then  made  three  shots  and  the 
bull's  eye  fell  off  leaving  no  mark  by  which  it  could  be  replaced. 

An  examination  showed  that  the  c*K)rdinates  of  ^'s  shot  holes,  referred 
to  an  origin  arbitrarily  taken,  were  (0,  0)  in,  (1,  1)  in.  and  (2,  3)  inches. 

Which  of  the  marksmen  was  the  probable  winner?" 


SOLtrriON  BY  B.  J*  ADOOCK,  B08£VILI«Ey  ELL. 


T^et  X  and  y  be  the  coordinates  of  the  bull's  eye  with  reference  to  the  ar- 
bitrary origin,  and  (a?^,  ^j),  (ar^,  jj),  {x^,  y^)  those  of  A*  shots.  Then  its 
miset  probable  position  is  that  which  makes 

^+y*+(d?— i)H(y— if+(x-2)*+(y-3)'+(^-^i)"+(y-yif 
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that  18,  «»H-y«+(»— l)«-h(y— l)*+(a?— 2)«+(y— 3)*+  1  +  4  +  9  =  a  min. 
.  * .  x^ss  1,  y  =^^9  and  the  sum  of  B*&  distances  is  3.96  in.,  and  as  the  siun 
of  ^'s  distances  is  6, .  * .  J3  is  the  probable  winner. 

[Mr.  Kummell's  solution  of  this  problem  is  too  extended  for  oar  space  in 
this  No.  but  will  appear  in  a  futare  No.] 

316.  ''Required  the  value  of 

^^^^^^^_7^,^'^'\  where«  =  l,anda  =  log(l-x)." 

SOLUTION  BY  EASTWOOD. 

Put  /(I  —  aV)  =  >/(l  +  aa?)i/(l— oa?)  =  u,  and  i/(1— «*)  =  v.    We 
shall  find 

p  ^  vfeggi  log  Xloga-^n  +/(\+^\log  g^r^-lcgal 
dx       2y\l+Qx)    ^    L   «^        1— ajj     2i/(l— oa?)    *    Ll— «  J 

^  i/(l+fla?)i/(l— gg) 
+ X ' 

dv X 

dx  ■"      v^Cl— «^)' 
When  a?  =  1,  u  =  0,  t?  ==  0,  du-=-cfe  =  0,  since  loga:  =  0,  cto-5-dic=oo. 

Hence  f^l  =  ^,    f^l  =  ^  =  0,  and  so  on  for  higher  diff.  coefficients. 

317.  "If  the  scale  of  relation  of  a  recurring  series  be  a^  —  Ta^j  + 
12a^2  —  0,  and  if  Wq  =  2,  Uj  =  7,  find  u^,,  and  the  sum  of  Uo+Ui+  ... 

SOLUTION  BY  WILLIAM  HOOVER,  WAPAKONETA,  O. 

The  given  scale  of  relation  is  an  equation  in  Finite  Difierences.    Inte- 
grating and  denoting  by  u^  the  general  term, 

u,=  C,(4)-+C2{3r.  (1) 

When  n  =  0,  u^  =  U0  =  2,  and  when  n  =  1,  u»,  =  u^  =  7,  hence  by 
substitution  in  (1)  we  have 

^1   +  '^a  =  2,  (2) 

4Ci+3C,  =  7,  (3) 

whence  O^  =  1,  and  Cj  =  1.    . ' .  u^.  =  4"+3".     We  have  u^^  —  (4)"-i 
+(3)-i .       .  • .  J«_,  =  2'(4r+  2-(3)-  =  J(4)»+K3)"+C. 
Whenn  =  1,  Uj  =2;  .-.  C  =  — f    .'.Uo  +«!  +  .  •  •  +  «»^i=J(4) 
+ J(3)" —  J,  the  sum  inquired. 
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318.  **A  raao  takes  hold  of  the  end  of  a  cart  tongue  and  travels  off  at 
right  angles  to  the  direction  in  which  the  tongue  originally  lay.  Ketjuired 
the  equation  of  the  curve  made  by  the  middle  of  the  axle.'* 

SOLUTION  BY  PROF.  E.  B.  6E1TZ,  KIRKSVILLE,  MISSOURI. 

Let  ACD  represent  the  original  pasitionofl 
the  cart,  AB  being  the  tongue,  and  CD  the 
axle,  and  let  HEF  represent  any  other  posi- 
tion of  the  cart.     Draw  GM  perpendicular  I 
to  AH.    Let  HG  =  AB  =  a.  AM  =  x, 
GM  =  y.     Then  we  have  MH^  v\^^ — y')%  \ 
and  GM^HMiAn  GHM,  ot y=-i/{Q^-f) 
Xdif-^dxy  or  t/o:  =  —  |/(a* — y*)dyH-j/      Integrating,  and  observing  that 
when  y  =  a,  X  ^  Of  we  have 


X  ^ 


=  a  log  (^ 


g'-|/(g'-/)\_ 


\—  i^ia^—f),  the  req'd  eq'n. 


[319.  •'Within  a  triangle  to  determine  a  point  so  that  if  the  three  pepeo- 
diculars  are  let  fall  from  it  upon  the  sides  of  the  triangle,  the  latter  will  be 
divided  into  three  equal  parts," 


80LUTION  BY  PROF.  CASEY. 


Let  ABC  be  the  A ;  take  BC,  BA  as  axes 
of  x^y.  Let  0  be  the  required  point;  draw 
On,  Om,  parallel  to  the  axes,  and  let  Bn  =  x 
and  Oh  =  y.  The  area  B»Ot  is  given.  yX 
sin  B  =  Or  and  3/  cc»s  5  —  nr ;  .  ■ ,  x±yQO^  B 
^  j?r,  x%\nB  ==  Os  and  y  +  zcmB  =  Bs. 
Whence  {x-f  y  cos  B)y  sin  B  +  (y  -\-  a?cos  B) 
Xxsm  B  =  2''B80r  =  ^aBAC,  or  x^+f+2xy  sec B^  i/S-^m  Bern B 
=  a  given  quantity,  and  , ".  the  loeus  of  0  is  a  conic,  and  for  a  like  reason 
ID  regarding  the  area  ApOSf  the  locus  of  0  is  also  a  conic,  which  determines 
the  point  0. 


PROBLEMS. 


320.  By  Odavmn  L,  Mathiot,  BoMtmore,  Md. — The  transverse  and 
<x>njugate  axes  of  an  eUipse  being  given,  to  find  the  diameter  of  the  circular 
base,  and  the  altitude,  of  the  right  cone,  and  where  to  pass  a  plane  so  as  to 
pnxluoe  the  given  ellipse* 
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321.  By  Prof.  Johnson. — ^From  any  point  B  of  the  circle  «*  -f  y*  =s  rf 
BR  is  drawn  perpendicalar  to  the  straigt  line  ^  =  6.  Find  the  kxsiiB  of  P 
the  symmetrical  point  of  R  with  respect  to  the  tangft  at  B  and  its  evolate. 

322.  By  requeti. — The  end  of  a  prism  is  an  isosceles  triangle,  altitude  a 
and  base  />•  The  end  of  this  prism  is  welded  to  the  vertical  fiice  of  a  block 
ot  elastic  material,  the  base  of  the  triangular  end  of  the  prism  being  paral- 
lel with  the  horizontal  &ce  of  the  block  and  projecting  a  given  height  & 
above  the  block.  A  given  force  F^  is  applied  at  the  projecting  extremity 
the  direction  of  which  is  noi^mal  to  the  vertical  face  of  the  block  and  which 
is  in  eqnilibriam  with  the  forces  F^  and  jP,,  of  tension  and  pressnre,  above 
and  below  the  neutral  axis.     Find  the  position  of  the  neutral  axis. 

323.  By  W.  E.  Heal,  Mariony  Indiana, — Describe  the  spiral  of  Ardii- 
medes  by  continuous  motion, 

324.  By  Prof,  KerahMr. — Find  the  envelope  of  the  straight  line 

arcosy  +  ysiny  =  a  (cos  ny)* . 
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Prindplea  of  the  Algebra  of  Logic,  with  Example$.    By  Aubxanbbb  MACFAaujix,  M.  A^ 
D.  Sc.  (Edin.),  F.  R.  S.  E.    12mo.    155pp.    Edinbnrgh :  David  Douglas.    1S79. 
We  can,  perhaps,  beat  indicate  the  character  and  scope  of  this  book,  in  the  spaee  at  our 

command,  bj  the  following  quotation  from  the  pre£eice :  '*The  work,  in  its  present  states  form 

an  elementary  treatise  on  the  science  of  Formid  Logic 
''I  consider  it  proper  to  state  that  the  theory  of  the  operation  of  the  mind  in  ressooing 

about  Quality,  which  is  advanced  in  this  work,  occurred  to  me  five  years  ago ;  and  thtt  I 

have  directed  towards  its  development  the  whole  of  my  subsequent  study  of  the  Mathemtti- 

cal,  Physical,  and  Natural  Sciences,  which  are  embraced  in  the  curriculum  for  the  degree  of 

Doctor  of  Science  (Mathematics)  at  the  University  of  Edinburgh.'' 

Measurements  of  Chravity  at  Initial  Stations  in  America  and  Europe.    By  C.  S.  PsiBCE.    4to. 
145  pp.    [Appendix  No.  15,  U.  8.  Coast  Survey  Report  of  1876.] 

On  the  Dynamics  of  a  ^Curved  Bail."   By  Obmokd  Stoke,  Cincinnati,  O.  [From  the  Amer- 
ican Journal  of  Mathematics.] 

On  the  Action  of  Jets  of  Water  on  Carved  Vanes.    By  Prof.  I.  P.  Church,  Com^  Univer- 
sity.    [From  Van  Nostrand's  Engineering  Magazine.] 

The  French  Roof  Truss.    By  Prof.  P.  H.  Philbrick,  Iowa  Slate  University.    [FhMn  Van 
Nostrand's  Engineering  Magazine.] 


ERRATA. 

On  page  125,  line  1,  for  "If  o  =  b",  read  If  o  =  6  =  L 
"      "    133,  line  6  from  hot.,  for  0  =  SapSpp—Safi  i«ad  SapSpp-i-S^. 
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ON  A  THEOREM  IN  PROBABILITY. 


BY  E.  L.  DE  FOREST,  WATERTOWN,  OONK, 

Tt  should  be  noticed  in  connection  with  the  first  property  diecussetf  in 

paper  on  polynomials  (Analyst,  March,  1880),  that  component  ad- 

aent  formulas,  such  as  (4)  and  (11)  for  example,  need  not  satisfy  the 

ndition  mentioned  at  page  41,  of  having  the  sum  of  the  coefficients  I  or  L 

Hal  to  unity,  unless  the  formulas  are  to  be  used  for  adjustments  or  other 

cial  purposes.     The  I  and  the  jL  may  have  any  values  whatever,  and  the 

[>lication  of  the  two  components  will  still  have  the  same  effect  as  that  of 

resultant  formula  with  coefficients  which  are  those  of  the  product  of  the 

polynomials  corresponding  to  the  comjionents.     So  too,  if  any  number 

I  oomponents  are  suocessively  used,  and  in  any  order,  they  are  together 

livalent  to  a  single  resultant  whose  coefficients  are  those  of  the  continued 

luct  of  the  corresponding  polynomials. 

The  whole  property  seems  to  be  related  to  a  theorem  in  probability  which 

B^  first  given  in  its  most  general  form  by  Lagrange.     (See  the  complete 

Rtion  of  his  works,  Paris,  1868,  Vol.  II,  p,  198,)     With  some  changes  of 

fition  and  method,  it  may  be  stated  thus.  Suppose  that  observations  of 
class  are  subject  to  given  errors,  or  deviations  from  the  true  value  of 
observed  quantity,  and  that  each  of  these  errors  may  occur  in  a  given 
iber  of  ways  or  cases,  and  that  all  the  ways  are  equally  probable.  The 
c^rs  o,  6,  c,  &c.,  may  be  essentially  either  positive  or  negative,  and  they 
occur  in  a,  ^,  j,  <&c,,  ways  respectively.  Then  in  k  observations,  the 
iber  of  ways  or  cases  in  which  the  algebraic  sum  of  the  errors  can  be  t?, 
tie  coefficient  of  x^  in  the  expansion  of  the  polynomial 

(fliB*  H-  j3aj*  +  pf  +  &c)S  (I) 

obability  that  the  sum  will  be  t?  is  therefore  the  coefficient  of  x^  ip 
sion  of 
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/ax"  +  ^af"  +  1^+  Ac.  \* 


0, 


the 


which  may  be  written 

{px""  +  qs^  -j-rsf  +  &c,)*,  {3)' 

where  p,  g,  r,  Ac,  are  the  probabilities  of  the  ooeurrenoe  of  the  errors  a,  6» 
0,  &c.,  reapectively,  in  a  single  obeervation,  and 

P  +  q  +  r  +&C.  =  L  (^ 

.    The  same  coefficient  of  z"  in  the  expansion  of  (3)  is  also  the  probability 
that  the  error  of  the  mean  of  the  k  observations  is  t?-=-i* 

The  most  probable  total  effect  of  the  error  a,  in  i  observations^  is  ipo, 
that  of  6  is  kgb,  that  of  c  krCf  and  so  on,  wherefore  the  most  probable  alge- 
braic sum  of  the  errors  is 

k(pa  -\-  qb  -^  re  +  Ac), 
and  this  is  approximately  the  exponent  of  that  power  of  a?  whose  ooeflSci^ 
in  the  expansion  of  (3)  is  a  maximum.     The  most  probable  error  in  the 
mean  of  the  k  observations  is  therefore 

pa  +  qL  -\-  ro  +  &c.  (< 

The  above  is  Lagrange's  theorem  in  substance.  An  abstract  of  it  may  be 
found  in  Todhunter^s  Swtory  of  ike  Iheory  of  Probability,  p-  304-  We  now 
observe  further,  that  the  exponents  a,  b,  c,  &c.,  which  represent  the  errors, 
can  be  regarded  as  whole  numbers,  for  if  they  were  fractions,  they  might  be 
reduced  to  whole  numbers  by  multiplying  them  all  by  a  common  maltiple 
of  their  denominators,  which  amounts  simply  to  measuring  the  errors  on  a 
reduced  scale.  And  the  exponents  may  all  be  made  positive,  for  if  the  larg- 
est negative  one  is  —  k  for  example,  we  can  add  A  to  each  of  them,  and  so 
convert  (3)  into  the  form 

(Po  +  Pi^  +  P2^  +  •  .  .  +  p«2^)*, 
where  sP  and  z'^*  take  the  places  of  x"*  and  x"  respectively.     Each  term  in 
the  first  power  of  (3)  is  now  represented  by  some  term  in  the  first  power 
(7).     Those  terms  in  the  first  power  of  (7)  which  do  not  represent  any 
in  the  first  power  of  (3),  will  of  course  have  their  coeflBcients  p  equal 
zero,  so  that 

i>o  +  Pi  +  Pa  +  -  "  +  P,n  =  1-  ^ 

The  coefficients  in  the  expansion  of  (3)  to  the  k  power  are  not  altered  by 
multiplying  all  the  exponents  of  the  first  power  of  the  polynomial  by  a  con- 
stant immber,  or  by  adding  a  constant  number  to  all  of  them,  or  by  both 
these  changes  together.  Hence  it  follows  that  the  properties  of  the  lever 
arm  and  the  radius  of  gyration  of  the  coefficients  in  powers  and  products  of 
polynomials,  demonstrated  by  me  in  the  Analyst,  March  and  May,  IS8Q1 


80 

M 
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^ 
^ 


pp.  44  and  74^  will  Bold  good  alike  whether  the  exponents  are  positive  or 
negative,  integral  or  fractional,  provided  that  we  locate  the  coefficients  along 
the  axis  or  lever  at  distances  from  a  given  point  which  M*e  equal  or  propor- 
tional to  the  corresponding  exponents.  The  lever  arm  of  the  coefficients  in 
the  product  of  two  or  more  polynomials,  about  the  place  of  exptnent  zero, 
is  equal  to  the  sum  of  the  lever  arras  of  all  the  factors,  abont  their  respect- 
ive £ero  places.  We  represent  by  Jx  that  interval  on  the  lever  arm  which 
corresponds  to  a  difference  of  unity  in  the  exponents  of  (7). 

It  may  be  well  to  prove  the  above  directly  for  the  two  polynomials 

which  have  both  positi^^e  and  negative  exponents*  Let  the  sum  of  the 
coefficients  a  in  the  first  polynomial  be  Sj,  and  let  their  lever  arm  about 
the  place  of  ce^  as  a  fulcrum  be  Aj,  Also  let  the  sum  of  the  coefficients  ^ 
in  the  second  polynomial  be  S^^  and  let  their  lever  arm  about  the  place  of 
^Q  be  A  J.  The  statical  moments  of  the  two  systems  about  these  fxilcrums 
are 

(10) 
Now  when  the  first  one  of  the  polynomials  (9)  is  multiplied  by  the  second, 
the  moments  about  the  place  of  ^o/^oj  of  the  coefficients  in  the  parts  of  the 
product  due  to  Pqj  ^j,  fi^f  •  •  •  ^*>  ^^ 

and  those  for  the  parts  due  to  ^_i,  j9_3, ,  • .  ^_»  are 

The  sum  of  all  the  coefficients  in  the  product  is  S^S^^  and  denoting  by  H 
their  lever  arm  about  the  place  of  ^o^o,  ^^  have,  by  addition  of  tJie  forego- 
ing moments, 

+  Si(-i9_o,-^-.+i<V_,-  . .  -^_,0i  +^idi  +^,dj  +  . .  +M) Ja;, 
wbicb  by  the  help  of  (10)  is  reduced  to 

I  .•.H=h,+h„  (11) 

SO  that  the  lever  arm  in  the  product  is  equal  to  the  sum  of  the  lever  arms 
^  in  the  two  factors, 

H  We  will  now  make  another  statement  and  application  of  Lagrange^s  the- 
Horem.  An  urn  contains  a  number  of  balls,  some  of  which  are  marked  0, 
P  others  1,  others^,  &c.,  in  such  proportion  that  the  probabilities  of  drawing 
a  single  ball  marked  0,  1,  2,  . .  •  .  m  are  p^,  p^,  p^, ,  . . .  p^,  respectively. 


I 
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The  oocUrrence  of  an  error  &,  under  the  first  statement,  Is  here  represented 
by  the  drawing  of  a  ball  marked  b-\-h.  If  each  ball  is  returned  as  soon  as 
drawn,  and  they  are  all  mixe<l  so  as  to  keep  the  chances  the  same^  then 
aflter  k  drawings,  the  probability  that  the  sum  of  the  numbers  drawn  Bhill 
be  a  given  number  s,  is  the  coefficient  of  sf  in  the  expansion  of  (7).  Proof 
of  this  will  be  given  farther  on.  The  most  probable  shares  which  the  num- 
bers 0,  1,  2,  &c,  will  respectively  have  in  the  formation  of  the  sum,  are 

tpoXO,    kp^Xl,    *P2X2,  Ac,  kp^Xm, 
so  that  the  most  probable  sura  will  lie 

k{p^  -f  2p3  +  3p8  +  .  ,  •  +  mpj).  ( 

This  is  the  value,  approximately,  of  the  exponent  of  2  in  that  term  of 
expansion  whose  coefficient  is  a  maximum.     It  is  in  general  approxi: 
only,  because  it  is  not  usually  a  whole  number,  as  the  exponents  here 
supposed  to  be.     It  will  be  seen  that  the  portion  of  (12)  within  the  paren* 
theses  is  the  lever  arm  of  the  coefficients  p  in  the  first  power  of  (7),  about     I 
the  place  of  p^  as  a  fulcrum,  the  constant  interval   Jx  between  the       ~ 
cients  being  unity.     This  answers  to  the  property  noticed  by  Lagrange 
his  first  corollary.     I  have  shown  further,  that  the  lever  arm  of  the 
cients  in  the  expansion  to  the  k  power  will  be  k  times  what  it  is  in  the  first     I 
power.    Hence  according  to  (12),  the  maximum  coefficient  in  the  expapeioD    J 
will  be  located  approximately  at  the  centre  of  forces,  or  centre  of  gravity,  ^H 
the  whole  expanded  series  of  coefficients,  even  when  k  is  not  a  large  ntu^^ 
ber.     I  have  before  shown  that  this  is  true  at  the  limit,  when  k  beeom€B 
large  or  infinite,  and  proved  that  the  series  of  coefficients  then  takea  the 
form  of  the  probability  curve.     (Analyst,  Sept.  and  Nov.,  1879.)     For  a 
given  value  of  i,  the  place  or  rank  of  the  vertex  is  known  and  the  curve 
can  be  constructed.    Since  k  in  my  article  last  mentioned  is  in  strictness  in- 
finite, we  may  write  k  instead  of  A  +  1.     Also  b^{dxf  there  repreBenta  the 
square  of  the  radius  of  gyration  r,  of  the  coefficients  of  the  first  power  of  the 
polynomial,  about  their  centre  of  forces.     The  equation  of  the  curve  then  is 


!  ooefl^^ 
lageH 

\  cocffi- 


y  = 


hdx^ 


(18) 


where  dx  is  what  the  interval  Jx  reduces  to  when  the  coeffi<iients,  regarded 
as  ordinates,  are  brought  together  so  as  to  be  consecutive,  and  Jtr*  is  the 
square  of  the  radius  of  gyration  of  the  coefficients  in  the  expanded  poly- 
nomial, about  their  centre  of  forces.  This  radius  is  here  seen  to  be  identical 
with  the  quadratic  mean  error;  as  we  have  already  noticed  in  the  case  of 
the  expansion  of  the  binomial  (p+g)".  (Analyst,  Jan,,  1880,  pp.  8  and 
22*)  The  probable  error^  or  probable  deviation  of  the  sum  of  the  nnmben* 
drawn,  from  its  most  probable  value,  is 
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.6745 


iiW'- 


(H) 


III  a  special  case,  where  the  coefficients  p  are  all  equal,  Laplace  found,  by  a 
very  different  method,  that  the  limiting  form  of  the  ejcpansion  is  what  we 
call  the  probability  curve*  ( Thtoric  analytiqiie  dcs  Ptobabiiites^  edition  of 
1847,  pp,  161  and  333.)  He  took  this  as  a  basis  for  demonstrating  the  ex- 
ponential law  of  probability,  and  extended  it  to  the  vose  of  given  errors 
distributed  according  to  any  algebraical  law,  provided  it  be  such  that  pos- 
itive and  negative  errors  of  e^nnX  amount  are  equally  probable.  An  account 
of  the  method  may  be  found  in  Airy's  Theory  of  Errors  of  Observations^  pp, 
7  to  IS.  Dc  Moivre  had  first  shown  that  the  proliability  curve  is  the  lim- 
iting form  of  the  ejcpansion  of  (J+i)"*.  (Todhunter,  p,  ld%)  The  special 
case  above  named  where  the  coeff.  p  are  all  equal,  arises  when  when  we  make 
a  number  of  throws  with  dice,  and  wish  to  find  the  probability  the  sum  of 
the  numbers  thrown  will  be  a  given  number,  or,  fall  within  given  limits* 

The  general  theorem  of  Lagrange  can  be  extended  to  include  the  case  of 
n  urns,  which  we  will  suppose  to  contain  balls  bearing  either  positive  or 
negative  numbers,  in  such  proportions  that  the  probabiJities  of  drawing  the 
several  numbers  from  — m  to  -j-m  are  p'„^,  •  .  .  p'o,  p\tP'^y  •  •  •  *p'm  for 
the  first  urn,  p!!^,  •  .  »  p'J,  p'/,  pi/,  *  •  *  p«  for  the  second,  etc.,  and  pl!!ij,  .  .  . 
p^\  p\**j  P^2^  •  •  •  Pm^  ^^^  ^^^  "^^^  ^^^f  ^  being  the  highest  number,  positive 
or  negative,  on  any  ball.  Then  if  we  draw  one  ball  from  each  urn,  the 
prolwibility  that  the  sum  of  all  the  numbers  drawn  shall  be  s,  will  be  the 
coefficient  of  2*  in  the  continued  product  of  the  polynomials 

pU»--+    .  .  .   +fp+p\2  +pW+   .  .  •  +p:^,  ] 

p!!^-*+ .  • .  +Po+p^+?^3^+  -  •  •  +p':^f  I         (15) 
psi«-^+\ ; ;  +p(^;>+p(/>/+p^^^^    \+pi:>y.  J 

For  this  coefficient  of  «*  is  the  sura  of  all  the  products  of  n  factors  p  taken 
in  the  order  p^p^'p^^' . . .  p**\  which  can  be  formed  in  such  manner  that  the 
enm  of  all  the  sub-indices  in  each  product  shall  be  «;  and  each  of  these  pro- 
ducts is  the  probability  of  drawing,  in  that  particular  order,  the  numbers 
denoted  by  the  sub-ijidices.  If  we  draw  k  balls  from  a  single  urn,  replac- 
ing each  as  before,  we  must  merely  suppose  that  k  polynomials  have  like 
coefficients.  Hence  in  general,  if  we  make  k'  drawings  from  the  first  urn, 
A"  from  the  second,  and  so  on  to  the  nth,  the  probability  that  the  sum  of 
all  the  numbers  drawn  shall  be  «,  will  be  the  coefficient  of  2:*  in  the  contin- 
aed  product  of  the  expansions  of  the  polynomials 

+  ,..  +p'  +p\  z+p'  ^+  ...  +vL^f 


(pU^-" 


i?»  tf  A  !t?3 


+  • .  •  +p?  +Pi  «+p2  ^'-h  • . .  +p:o 


k*t 


{p<^z-^+  . . .  •  ^pf+pfz+p<S>^+  . . ,  +pS;>a'") 


«^«) 


(16) 
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(17) 


When  the  exponents  k  are  tolerably  lai^e,  there  is  no  need  to  actually  per* 
form  the  multipIioatioBR.  My  theorems  respecting  the  lever  arm  and  the 
radius  of  gyration  of  the  coefficients  enable  us  easily  to  find  the  centre  of 
forces  for  the  final  product,  giving  the  most  probable  value  of  ^^  and  to  find 
the  radius  of  gyration  about  this  centre,  determining  h  in  the  probabilil 
curve  (13),  The  proposition  that  the  most  probable  value  is  at  the  ceoi 
of  forces  approximately,  is  also  in  acoordanoe  with  the  known  theorem  in 
mechanics,  that  the  radius  of  gyration  (here  the  mean  error)  is  a  minimum 
when  the  axis  of  rotation  is  taken  through  the  centre  of  gravity. 

To  illustrate  the  foregoing,  suppose  that  two  urns  contain  teu  balls  eedt 
The  first  has  four  baUs  marked  —  1,  five  marked  0,  and  one  marked  2; 
while  the  second  has  one  marked  — ^2,  two  marked  — 1,  four  marked  l,an*l 
three  marked  2,  Twelve  drawings  are  made  from  the  firat  and  eight  from 
the  second.     The  two  poljmomials  are 

\         10    ~}  '  \  10  )  ' 

and  the  lever  arms  of  the  coefficients  in  their  first  powers,  about  the  piaoea 
of  s**  as  fulcrum,  are 

^[4(-l}+5(0)+l(2)]Jz  -  -iJ^,  1 

^[l(-2)+2(-l)  +  4(l)+3(2)]Ja?  =  iAxJ 
Hence,  in  the  product  of  the  expansions  of  (17),  the  lever  arm,  about  the 
placse  of  2^  as  a  fulcrum,  is 

12{-yxHS{iJx)  =  ^Jx.  (19) 

The  integer  nearest  to  1^  is  2,  which  is  therefore  the  mbst  probable  alge- 
braic sura  of  the  numbers  drawn.     The  squares  of  the  radii  of  gyration 
the  coefficients  in  the  first  powers  of  the  polynomials  (17),  about  the  pi 
of  the  extremity  of  the  lever  arm,  or  the  centre  of  parallel  forces,  are 

Ml(¥)*+2(|)'+4{^)'+3(jn  {Jxf  =  mJxf.  / 
Therefore  in  the  product  of  the  expansions  of  (17),  the  square  of  the  radius 
of  gyration  of  the  coefficients,  about  their  centre  of  forces,  is 

[12(M)  +  8(M)]  (^^)'  =  •23.84(  Ja:)«.  (21) 

The  probable  error  then  is 

.6745|/(23.84)  =  3,29, 
80  that  it  is  about  an  even  chance  that  the  sum  of  the  numbers  drawn  wii 
fall  within  the  limits  ^  ^  3.29. 

The  product  of  the  expansions  of  (17)  will  approximate  to  the  lonu  of 
probability  curve.  I  have  already  shown  that  this  is  true  for  any  high  po^ 
er  of  a  single  polynomial  whose  coefficients  are  all  positive,  eo  that  the  two 
expansions  in  (17)  will  each  be  of  that  form.     Now  in  the  curve  (13)  t 
parameter  h  is  constant  so  long  as  Jtr*  is  constant,  though  k  and  r*  sh< 


on  ^H 


(20) 
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vary  mversely  as  each  other;  and  niany  diflFerent  polynomials  may  give  the 
ae  value  of  r".  Hence  a  curve  of  given  parameter  may  be  regarded  as 
proximately  representing  the  form  of  tlie  expansion,  to  some  power,  of  an 
iodefiiii|e  number  of  different  polynomials.  The  two  expansions  in  (17) 
may  thus  be  taken  as  expansions  of  ^ome  one  undetermined  polynomial,  to 
different  powers.  Their  product  will  thus  be  an  expansion  of  that  poly- 
nomial, and  consequently  will  take  the  form  of  the  probability  curve. 

To  oonstruct  its  equation  from  (13),  putting  dz  for  Jx  in  the  radius  of 
gyration,  we  have 

•  **=2x2ri4(^  .•.M.  =  . 14482, 

and  writing  i  =  x-^-dx,  we  get 

log  y  =  log  (hdr)  —  Jlog  k  —  i*(Mr)*log  e  \  .^^. 

=  2.91226  —  .0091085  i^  /  ^  ^ 

The  vertex  of  the  curve,  where  i  ^  0,  is  at  the  centre  of  forces  in  the 
product  of  the  expansions  of  (17),  and  the  rank  of  that  centre  from  z",  as 
given  in  (19),  is  ^.  Hence  the  place  of  the  exponent  2  corresponds  to 
»  ^  —  J,  so  that  if  we  assign  to  i  the  values  — i,  —  f ,  f,  f ,  <fec.,  the  re- 
sulting values  of  y  will  be  the  approximate  probabilities  that  the  sum  of  the 
numbers  drawn  will  be  1,  2,  3,  4,  &c.,  respectively.  The  larger  the  expo- 
nents k  are  in  such  ca^es,  the  more  accurate  wilt  the  results  be. 

To  show  the  general  correctness  of  the  above  approximation,  the  compu- 
ted values  of  y,  for  each  value  of  i,  are  shown  in  the  subjoined  table.  In 
the  column  beaded  C  are  also  placed  the  values  of  the  coefficients  in  the 
product  of  the  expansions  (17),  as  found  by  actual  multiplication. 


—16.4 
—14.4 
—13.4 
—12.4 
—11.4 
—10.4 

—  9.4 

—  8.4 


.001 
.001 
.002 
.003 
.005 
.00& 
.013 
.01^ 


.004 
.006 

.007 
.013 
.019 


—7.4 
—6.4 
—6.4 
—4.4 
—3.4 
—2.4 
—1.4 
—0.4 


y 

.026 
.035 
.044 
.064 

.064 
.072 
.078 
.081 


.027 
.035 
.045 

.054 
.065 
.074 
.078 
.083 


0,6 
1.6 
2.6 
3.ti 
4.6 
6.6 
6.6 
7.6 


y 

.081 
.077 
.071 
.062 
.052 
.042 
.033 
.024 


.083 
.077 
.072 
.061 
.052 
.042 
.033 
.023 


8.6 
9.6 
10.6 
11.6 
12.6 
13.6 
14.6 
156 


y 

.017 
.012 
.008 
.006 
.003 
.002 
.001 


.018 

.on 

.006 
.005 


Only  three  places  of  decimals  were  used  in  doing  this  part  of  the  work,  so 
that  the  series  C  is  not  perfectly  smooth  and  regular,  but  its  general  agree- 
ment with  the  series  y  is  very  close. 

The  probabilities  that  an  event  will  happen  or  fail  certain  numbers  of 
times  in  m  trials,  are  represented,  as  is  well  known,  by  terms  in  the  expan- 
aioDof  (y-fj)"*.  (AjfAi.Y8T,  May  1879,  p.  66.)  This  is  the  simplest  case 
onder  our  present  theorem,  where  there  is  but  a  single  urn,  containing  balls 
marked  either  0  or  1  for  example,  so  that  (16)  reduces  to 
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(P'o+P'i^r  (23) 

The  ooefficient  of  j*  in  the  expansion  is  the  probability  that  the  event  1  wiD 
hapj>en  s  times,  and  consei^uently  that  the  event  0  will  happen  k' — s  timeB. 

Reverting  now  to  our  first  statement  of  Lagrange's  theorem,  as  applied 
to  the  probable  effect  of  a  system  of  given  errors  a,  6,  c,  Ac,  it  appears  that 
the  most  probable  error  in  the  mean  result  of  jt  observations  is  the  ^th  part 
of  that  total  error,  or  algebraic  sum  of  the  errors,  whose  probability  oocu- 
pies  the  centre  of  forces  in  the  series  of  coefficients  in  the  expansion  of  the 
polynomial  (3),  when  the  coefficients  in  this  expansion  are  regarded  as  masses 
acting  about  the  point  of  no  error  as  a  fulcrum,  with  lever  arms  equal  to  the 
totaJ  errors  whose  probabilities  are  represented  by  the  coefficients.  The 
probable  sum  of  the  total  deviations  from  the  centre  of  forces  or  centre  of 
gravity  on  one  side,  is  equal  to  the  probable  sum  of  those  on  the  other,  so 
that  the  most  probable  mean  result  of  the  k  observations  is  the  aritfaroedcal 
mean  of  all  the  mean  results  possible  under  the  given  system  of  errors,  each 
possible  result  having  a  weight  proportional  to  the  prob'y  of  its  oocurrenoe. 

If  the  algebraic  sum  of  the  given  elementary  errors,  each  weighted  in  pn^ 
portion  to  the  probability  of  its  occurrence,  is  zero,  the  most  probable  mean 
result  will  be  the  true  value  of  the  observed  quantity;  and  not  otherwise. 
The  most  probable  result  will  be  greater  or  less  than  the  true  value  accord- 
ing as  the  +  or  —  elementary  errors  preponderate.  When  these  errors  are 
unknown,  we  have  no  reason  to  expect  a  prei>onderance  on  one  side  rather 
than  on  the  other,  and  hence  we  conclude  that  as  far  as  the  true  value  of  an 
observed  quantity  can  be  inferred  from  the  results  of  numerous  observations, 
the  arithmetical  mean  of  all  the  observed  values  is  the  most  likely  to  be  the 
true  value.  It  is  to  be  presumed  that  the  obser /ed  deviations  from  the 
mean  will  be  so  distributed  as  to  represent  approximately  the  distribution  ^i 
of  all  the  possible  deviations.  ^H 

As  the  nuralier  of  observations  is  increased,  the  series  of  ooeff'a  in  the  ex-" 
pansion  of  (3)  approaches  rapidly,  as  I  have  shown,  to  the  form  of  the  prob- 
ability curve  (13),  and  attains  this  form  at  the  limit,  when  k  beoomeB  V€fy 
large,  or  infinite.     It  appears  to  me  that  we  have  here  the  most  general  and 
complete  proof  of  the  validity  of  that  exponential  law  of  facility  of  error,  or 
probability  of  deviation  from  the  most  probable  value,  whose  geometrical 
expression  is  called  the  probability  curve.     The  elementary  errors  are  n< 
restricted  here  by  assuming  that  they  follow  an  algebraical  law  of  distribu* 
tioo,  nor  are  positive  and  n^ative  errors  of  equal  amount  required  to  b€ 
equally  probable. 

I  will  take  a  future  occasion  to  show  the  application  of  similar  principles 
in  determining  the  law  of  errors  in  two  dimensions,  or  errors  in  the  poeitioa 
of  points  in  a  plane* 
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BY  PBOP*   E,   W,   HYDE,  UNIVEBSITY  OF  CINCIKNATI. 

(12)  Returning  now  to  equations  (22)  and  (23),  let  us  first  find  the 
condition  that  the  syBtem  of  forces  may  have  a  single  resultant  Evidently 
if  ^G  be  perpendicular  to  ^R  the  forces  composing  ^O  may  be  taken  as  par- 
allel to  ^ii,  and  we  shall  then  have  a  system  of  three  parallel  forces  whose 
fcinm  is  not  zero,  which  may  therefore  be  combined  into  a  single  resultant. 
Hence  the  required  condition  is 

8,R,G  =  S,R,G^  =  0,  (24) 

This  equation  is  satisfied  by  ^i2  =  0  and  ^0  =  0,  as  well  as  by  ,R  per- 
pendicular to  ,G,  If  the  first  is  true  there  is  no  resultant,  and  the  system 
is  equivalent  to  a  couple  only. 

If  ^G  —  fG^ — V^TtjR  -^  0,  the  locus  of  ^ir  will  be  the  locus  of  all  points 
at  which  there  is  a  single  resultant-  ^G^  being  a  constant  vector  this  is  the 
equation  of  a  straight  line  as?  appears  by  solving  the  equation  for  ^;r.    Since 

B     the  Scalar  part  of  the  quaternion  ^n^R  is  indeterminate  call  it  x^  then 

■p  ,7z,R  =  a:+  V,7r,R  =  x+,0^  ; 

W^.  ,7r  =  x,R-^+,G,,R-K  (26) 

H      The  last  term  of  this  equation  is  a  vector  because 

I  S,GQ,Rr^  ^  8,R-^  l>,iJ  =  0. 

I  It  is  also  evident  that  if  ^G  be  any  constant  vector  whatever  the  locus  of 
jft  is  a  right  line  parallel  to  ^i?,  i  e,,  the  moment  is  the  same  about  all  p'ts 
of  any  line  parallel  to  ^R, 

P  (13),  We  will  next  find  the  locus  of  ^n  when  G  =  T^ff  is  a  constant 
quantity;  i.  e.,  T{,6f^  —  V^^^R)  ^  G  =  constant,  or  squaring  and  trans- 

t  posing,  and  remembering  that  V^^n^R  =  S^^n^R—^ri^^R^, 
,7:',R^^S\7r,R+2S,G,,7r,R  =  G'—G,\  (26) 

This  is  €3fiily  seen  to  be  the  equation  of  a  circular  cylinder  whose  axis  is 
parallel  to  ^iJ, 

To  find  the  position  of  the  axis,  let  us  change  the  origin  by  putting  ^n 
+  fd  for  ^TT,  with  the  condition  8,7r^R  =  0;  so  that  ,3  is  the  vector  of  the 
point  where  the  axis  pierces  the  plane  S^n^R  =  0.  Substituting  in  (26) 
With  this  condition  we  have 

If  the  new  origin  is  to  be  at  a  point  of  the  axis,  the  terms  of  tbe  let  de- 
gree in  ,jr  must  disappear;  therefore 

,IP8^,d+8,Go^7z,R  =  0=^8{,R\8-V,0,,ie),n}     ' 

,S  =  ,Rr^  V.Q^.R  =  V,G,,R-K  (27) 
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The  equation  of  the  axis  of  the  cylinder  is  then 

,P=  V.O^R-^+x.K  (28) 

Let  us  next  fiind  the  value,  or  rather  the  locuSy  of  ,it  when  0  =  T,(?ift 
a  minimum.  The  value  of  O  increases  with  n  to  o«,  so  that  there  is  oo 
maximum*     If  6  is  a  minimum  we  must  have 

8,Gd,0  ^  0,  i,  e,,  S(,0^^  V,K,R)V,Rd,n  =  0. 
Expanding  and  reducing  we  have 

S(  V,GQ,R—,n,Ii*+,RS,7r,R)d,7:  =  0, 
which  can  only  be  justisfied  in  general  by  equating  the  quantity  in 
ses  to  zero.     Therefore 

^;r,iP=  V,G^,R+,RS,n,R 
or  ,n  =  F,(?o/i2-i  +R-^8,7t,R.  {29\ 

This  is  the  equation  of  a  straight  line,  and  is  identical  with  equatiim  (28) 
and  also  with  eq.  (25),  which  is  the  particular  case  when  8,0 ^fR~^  =  0. 

The  identity  between  (28)  and  (29)  will  be  evident  on  replacing  ^p  in  the 
former  by  ^ir,  and  then  operating  by  S.^R,  when  we  shall  find 

X  =  ^Rr^S.n.R. 

It  appears  therefore  that  the  axis  of  the  cylinder  T^G  ^=  G  ^  const,  is 
the  locuB  of  /?r  when  6  is  a  minimum ;  and  that  if  the  system  of  forces  is 
capable  of  reduction  to  a  single  resultant,  the  line  of  action  of  this  result- 
ant is  this  same  axis,  i,  e.,  in  this  case,  the  minimum  value  of  G  ia  zero. 

This  axis  is  called  the  Central  Axis  of  the  system.  If  we  substitute  the 
value  of  ^;r  from  (29)  in  the  value  of  ^6  we  have  ^1 

^G  =  ,G,—  V,7z,R  ^  M,-  n  V,G,,R'^  +,R'^S,n,R),R  " 

=  ,G,+  K,RV,G,,R'^=,Q,+,I^^S,R,G,^fi,=,R-^S,R,G^  (30) 
for  the  value  of  ,6  when  G  is  a  minimum*  Kq.  (30)  shows  that  in  this 
case  ^G  is  a  vector  parallel  to  ^iJ,  i.  e.,  the  plane  of  the  resultant  couple  ia 
perpendicular  to  ^R,  Let  us  see  if  there  is  any  other  position  o(  ^R  for 
which  ^G  is  parallel  to  ,R,  i.  e.,  V^G^R  =  0.  Operating  on  ^G  by  V^R, 
we  have  V,R,G^—  K^R  V^n^R  =  0,  , ' ,  V,R,G^~,RS,n,R+^n,R^  =  0,  or 

^;r=  Vfi,,Rr^+,Rr^S,n,R, 
which  is  (29)  again,  so  that  the  central  axis  is  the  only  line  such  that  when 
the  resultant  acts  along  it  the  plane  of  the  resultant  couple  is  perp,  to  ^jB. 

(14).  Let  tLs  determine  the  conditioos  that  must  hold  in  order  that  the 
resolved  parts  along  any  straight  line  whatever  of  a  system  of  forces  acting 
on  a  rigid  body  may  be  in  equilibrium. 

Let  €  be  a  unit  vector  in  any  direction,  then  §''^SmjP  is  the  resolved 
of  ,P  along  e.     In  equation  (22)  and  (23)  put  «-i5«,P  for  ,Pi  therefoi 
J[«-»^,P]  =  f-»&2'(,P>=  0, .  * ,  Si£(,P)  ^  0, 
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and  a&  this  muat  hold  for  all  direotiooB  of  • 

2(,P)  =  ,i?  =  0. 
Also  £lV,pt-^S€,P}  =  0  =  V.tI\_,p8t,F]. 

IS  this  19  to  be  true  for  all  directions  of  i  we  must  have 

nt=£l,f>S;P},  (33) 

Now  the  general  value  of  •  in  terms  of  any  three  oon-coplaQar  vectors 


(31) 
(32) 


■1>  •»>   •$ 


t.  IS 


^  ^srrrC^*^*'***"'"*^***^*"'''*^*^*^^]' 
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and  hence  1^^/>S«^P]  must  be  capable  of  reduction  to  such  a  form  if  (33)  is 
to  be  satisfied. 

(15).  If  a  rigid  body  be  in  equilibrium  under  the  action  of  a  system  of 
forces  and  if  equilibrium  be  maintained  when  the  body  has  been  turned 
through  the  angle  d  about  any  axis  {d  being  not  a  multiple  of  two  right 
angles^  and  the  system  of  forces  being  constant  in  magnitude  and  direction), 
then  the  system  will  be  in  equilibrium  whatever  value  &  may  have. 

We  have  the  conditions 

I(,P)  =  0  and  I{  V,p,P)  =  0.  (34) 

Let  e  be  a  unit  vector  along  the  axis  about  which  the  body  is  to  be  re- 
volved, then  every  ^p  will  be  changed  to  t  ^/9t  .  (See  Tait's  Qua- 
t«mionS|  Art.  351,)     Substituting  in  the  second  of  (34)  we  have 

^^ d^^n       — B-^-w 

ilVe       ,p,  ,P]  =  0, 

i.  e.  2'[  V(co8  }^+t  sin  ifl),/o(co8  J»— tsin  19),P']  =  0. 

Sxpanding,  reducing  and  making  use  of  (34)  this  becomes 

_       i  iff[Ii,8,p,P)-I{,p8i,Py}-  V.iI{,pSe,P-,P8,,p)Biu  10  =  0.  (35) 

This  being  an  equation  between  two  vectors  multiplied  by  scalar  coefficients 

can  only  be  satisfied  by  making  both  coefficients  zero,  or  else  both  veetois 

sero.     Ab  the  coefficients  cannot  be  zero  together  the  vectors  must  be ; 

.•.£{^,p,P)  =  I{,pS€,P),  (86) 

VtSi,pSt,P)  =  V€l(,PSt,p).  (37) 

Eliminate  S{,p8t,P)  between  (36)  and  (37), 

VtI{,<^,p,P)=V,I{,P8t,py, 
I  the  first  member  is  zero  because  Vu  ^  0,  .  • .  the  second  member  is  also 
»ero.    We  have  supposed  (35)  to  be  true  for  9ome^  value  of  fl,  hence  the  (au- 
ditions (36)  and  (37)  must  be  satisfied,  and  if  they  are  satisfied  (35)  is  true 
for  any  value  of  8^  Q.  E,  D. 

(16).  We  will  now  show  how  the  general  equations  of  equilibrium  of  a 
rigid  body  may  be  deduced  from  tboee  for  forces  acting  on  a  particle. 
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I  Other 

W  will 


Suppose  a  ByBtem  of  n  rigidly  connected  particles.     The  actioti  bet' 
any  two  particles  to  be  taken  along  the  the  straiglit  line  joining  them,  ant 
to  be  mutual,  i.  e.,  th*e  action  of  the  first  on  the  second  equal  and  oppci6ite 
to  that  of  the  second  on  the  first-     Let  ^P|  be  the  external  lorce  acting  on 
the  particle  1  and  let  Qi,  Q<i  &c*,  be  the  forces  acting  between  it  and  other 
particles.     Then  there  will  be  t*  equations 

,P,+^(,Q')  =  0,  ,Pi  +  A>Q")  =  0,  etc., 
where  the  prime.9  indicate  a  differexit  set  of  ^Q*s  in  each  case.  From  the 
potheses  above  however  it  is  clear  that  for  every  ^Q^  as  ^Q^,  we  shall 
also  a  force  — ^Qii  hence  if  we  add  up  the  equations  above,  the  ,Q^b  will 
all  cancel  out  and  leave  us 

^,P)  =  0.  (38) 

Ijet  jpif  ,p^  &o,f  he  the  vectors  of  the  particles;  then  from  the  equations 
above  we  have 

V^PuPi  +  V,Pi^LQ')  =  0.   r,p„P,  +  V,p^£(,Q")  =  0,  etc.         1^ 

On  adding  these  equations  it  appears  from  what  has  been  already  showi^^ 
that  we  shall  have  a  series  of  terms  containing  Q^b  such  as 
V,pt,Qi^—V,p^,Q;^  =  V{,pt-,p^lQtmf 
in  which  ^pi  and  ,/o«  are  the  vectors  of  the  fth  and  mth  particles  and  ^  Qi^  is 
the  force  between  them.     But  as,  by  hypothesis,  ^Q^^  acts  along  ^pi — ^p^^  it 
follows  that  every  such  vector  is  zero.     Hence  on  gumming  we  shall  have 

£(V,pP)  =  0.  (39) 

(17).     Some  additional  illustrative  examples  will  now  be  given, 

Ex.  L  A  cube  is  acted  upon  by  4  forces;  one  is  in  a  diagonal,  and  thi 
others  in  edges  no  two  of  which  are  in  the  same  plane,  and  which  do  not 
meet  the  diagonal :  find  the  eonditon  that  there  may  be  a  single  resultant. 

Let  1,  J,  k  he  the  unit  vector  edges  of  the  cube,  and  let  the  four  foroea 
be  Pji,  PJ,  P^k  and  P^  V{i+j+k}; 

r.^R^  P,HPJ+P^k+P^  U{i+j+ky 
Take  moments  about  the  origin  so  that  ja  =  0,  the  origin  being  at  a  oor- 
ner  of  the  cube; 

.  ■ .  Q  =  VjPii+  VkPJ+  ViP^k 

=  -iP^-^Pi-kP^. 
The  condition  is  by  eq.  (24),  S^B^G  ^  0  ;  therefore 

fitiPs+iPj+tPilpP,  +jP^+kP^+Pt  U(i+j+k)}  =  0. 

But  m+J^k)=^M+^^  =  ^i+J-^ky, 

.  • .  5[tPa+jP,  +  APJ[tP,  +yP,  +kP^+P^VHi+J+k)'l=0 


.1 

it 
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.  ,  P^{P,+P^+Ps)+VMPiPi+P2Pz+P^Pi)  =  0. 
Ex.  2.     Six  equal  forces  act  along  the  edges  of  a  cube  which  do  not  meet 
ft  gives  diagonal  taken  in  order;  find  the  resultant  action. 

Let  P  he  the  tensor  of  each  force,  »,/,  it,  unit  vectors  along  the  edges,  the 
length  of  each  edge  being  a 

r.R  =  P(i+j+k^i^-^k)  =  0| 
and  taking  momenta  about  a  corner  at  the  extremity  of  the  above  mention- 
ed diagonal, 

^G  =^  Po  =  -P«  »^-(?+it+»*-H-^A+Af)  =  ~2Pa(i+j+k) 
=  —2i/3.PaU{i+j+k), 
Ex.  3,     Find  the  central  axis  of  two  forces  P  and  ^Q, 
Let  the  perpendicular  distance  between  the  forces  be  2  a  and  take  the  or- 
igin at  its  middle  point,  so  that  SjaP  =  Sci^Q  =  0,  and 

Thea,  by  eq  (29),  ^=-V.{^+,Q)-^  yM.^~Q)+tP+,Q)-'SA.P+.Q) 


i\^VlP^,Q)V,a(J^-Q)-lP+,Q)8,niP  +  ,Q)] 


-^-Q\ 


P'-Q' 


If  the  forces  are  perpendicular  S^P^Q  ^  0,  and  we  have 

In  this  case  the  distances  along  /jl  from  the  central  axis  to  P  and  Q  are 

20*  2P* 

respectively  a.  r^-J'  /ii  *^*^  q.p,      ^j,  so  that  these  distances  bear  to  each 

other  the  ratio  of  Q*  to  P*. 

Ex,  4.  Forces  act  at  the  angular  points  of  a  tetrahedron  in  directions 
respectively  perpendicular  to  the  opposite  faces,  and  proportional  to  the  are- 
as of  the  faces  in  magnitude :  show  that  the  forces  have  the  property  con- 
sidered in  Art.  14. 

Let  a,  6,  jc  be  three  vector  edges  of  the  tetrahedron  measured  out  from 
one  vertex  taken  as  the  origin ;  then  the  forces  may  be  represented  by  Vjab, 
Vpflf  Vflfl  and  V{p — a){b — p).     By  eq,  (32)  we  must  have 

F.e-rt/.&^P)  =  0,  k.pS^^P)  =  fl8Mjt^P'\r,h8€flfl^pS^ab  =  tSaPp; 
therefore  the  condition  is  satisfied. 

(18).  Chndrained  Body. — First  let  a  rigid  body  have  one  fixed  point, 
and  let  this  point  exert  a  force  ^F  against  the  body;  then  for  equilibrium, 


— isS— 

IiP)+,F=R+F^O,  (40) 

and,  if  we  take  the  origin  at  the  fixed  point, 

^G,  =  S{V,pP)  =  0.  (41) 

£q.  (40)  gives  the  pressure  on  the  fixed  point  and  (41)  is  the  conditioii 
of  equilibrium. 

The  system  therefore  reduces  to  a  single  resultant  acting  through  this  pt 
Second,  let  there  be  two  fixed  points  in  the  body,  and  let  the  forces  thef 
exert  on  the  body  be  respectively  ^F^  and  ^F^.  Since  two  points  determine 
a  right  line,  it  is  evident  that  all  points  in  the  right  line  joining  the  two 
fixed  points  will  be  incapable  of  motion,  and  the  only  condition  of  equilib- 
rium is  that  the  resultant  moment  about  this  line  shall  be  zero.  Let  e  be  a 
unit  vector  along  the  fixed  line,  and  let  the  origin  be  taken  on  this  line  st 
distances  a  and  6  from  the  fixed  points.    Then  the  general  equations  (22) 

and  (23)  give 

I(^P)+^,+^F,=0,  (42) 

V£{^p^P)+aVB,F,+bVe^F^-  =  0.  (43) 

Operate  on  (43)  by  8.9,  •  '■ . 

S€Sip^P)=0  =  Se^G,.  (44) 

£q.  (44)  is  the  condition  of  equilibrium,  for  it  makes  the  axis  of  the  re- 
sultant couple  perpendicular  to  e,  so  that  there  can  be  no  moment  about  l 
By  elimination  between  (42)  and  (43)  we  find 


But 


b  ^1  =  e-^8€^F^  +  e-i  Ve^^  and  ^F^  =  B^^Se^^  +  «-i  VbfJ 

(44a) 
hence  the  components  of  Fi  and  ^F2  along  e  are  indeterminate,  as  Se^j  and 
89F2  are  subject  only  to  the  condition  derived  from  (42), 

8€F^+8€^F2  +8€llP)  =  0.  (445) 

If  the  body  is  capable  of  sliding  along  the  line  «  as  well  as  of  turning 
around  it,  we  must  have  the  additional  condition  of  equilibrium, 

8€liP)  =  0,  (46) 

which  is  equivalent  to  equation  (3). 

If  three  points  of  the  body,  not  in  one  straight  line,  are  fixed,  it  can  have 
no  motion  either  of  rotation  or  translation,  and  the  three  vectors  of  the 
fixed  points  are  indeterminate. 

(19).  Body  resting  against  a  smooth  plane. — First  let  the  body  rest  on 
one  point,  and  call  the  force  exerted  by  the  plane  against  the  body  iVe,  t 
being  a  unit  vector  perpendicular  to  the  plane.  Then  if  we  take  the  origin 
at  the  point  where  the  body  rests  on  the  plane,  and  take  moments  about 


[      thifl  ] 


tins  point  for  equilibrium, 

G,  =  X(VpP)  =  0.  (47) 

As  this  gives  SRG  —  8I{P\Go  =  0,  which  by  eq.  (24)  is  the  condition 
for  a  single  resultant,  it  follows  that  the  system  reduces  to  a  single  force 
^11= — Ne  perpendicular  to  the  plane,  and  acting  through  the  point  of  con- 
tact.    The  latter  follows  from  equation  (25). 

Second,  let  the  body  rest  on  two  points,  and  let  N^s  and  N^b  be  the  nor- 
mal reactions  of  the  plane  against  the  body.     Then 

,12+ AV+iV,«  =  2'CP)+€(i^|  +  i^3)  =  0,  (48) 

£(Vp^)+  N,  Vfl,t+N^  Va,,  =  ^G,+  nN,a,+N^^a^)t  -  0,  (49) 
provided  that  moments  are  taken  about  the  origin,  and  ja^  and  fl^  are  the 
vectors  of  the  points  of  contact.  We  have  at  onoe  from  (4b)  UR  ^  • —  c, 
and  TR^  R  =  X{P)=N^-\-N^.  OperaUng  on  (49)  by  8,fi=  -^RSe, 
we  have 

StG^  =  & J( T> P)  =  0,  .  (50) 

which  by  (24)  is  tlie  condition  tor  a  single  resultant.  Also  operating  on 
(49)  by  8,fli  and  8,a^  we  find 


Sa, 


(61) 


The  equation  of  the  single  resultant  is  by  (25) 

that  is  ^  is  applied  at  a  distance  from  the  origin,  measured  perpendicular 
to  itself,  of  — E^^cpQ.  From  the  equation  just  given  Gq  =  R  Vin;  sub- 
stitute this  value  in  (49)  an  we  have 

(62) 


8o  that  the  resultant  ^R  is  io  the  same  line  with  the  resultant  of  ^jt  and 
JVje  ,  aa  must  evidently  be  the  case. 

Third,  suppose  the  body  to  rest  on  (hree  points.     Then  as  before 

lXP)+{N,+N^)e*  =  R+(^\+N^+N^)e  -  0,  (53) 

Pa+V(^i  fli+N^fl^  +  N^a^)€  =  0;  (64) 

.  C7R  =  -e,  TR  =  R  =  N,  +  A^2  +N^,  Sef}^  =  Sel{  Vp^P)  =  0,  as 
fore,  so  that  the  system  reduces  to  a  single  resultant  The  equation  of 
lis  resultant  will  be  precisely  the  same  as  iu  the  last  case-  We  shall  also 
^liave  a  value  of  7t  like  (62)  with  a  term  N^  p.^  added  in  the  numerator  and 
WL  term  N^  in  the  denominator.  The  value  of  N^f  found  by  elimination 
l»etween  (63)  and  (54),  is 
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(55) 


The  values  of  N^  and  N^  may  he  found  from  that  of  N^  by  cyclic  permu- 
tation of  subscripts. 

If  there  are  more  than  three  points  of  contact  the  values  of  i^|,  N^  etc*, 
become  indeterminate,  but  we  shall  always  have  the  condition  for  a  single 
resultant,  Se^G^  =^  0. 

(20),    Example. —  The  lid  ABCD  of  a  cubical  box,  moveable  abou 
hingeft  at  A  and  B^  is  held  at  a  given  anglfe  a  with  | 
the  horizon  by  a  horizontal  string  connecting  C  with 
a  point  vertically  over  A :  find  the  pressure  on  each 
hinge. 

We  have,  if  the  edge  of  the  cube  =  1, 

and  G^  =  F[— i  W{icosa+k]j-PJBmaM(iooaa+k)] 

Psina 


=  —iU\i€ma+k)j- 


|/(l+oos*a) 


J{i<X3Ba+k) 


={-, 


Psin  a 


W 


jfkoosa — ih 


The  equation  of  condition  (44)  must  be  satisfied^  therefore,  suhstttatiDg  it 
for  e,  as  the  vector  along  the  fixed  line, 
/     Psina  W\ 


V(l+co6'a)      2 


\  cm  a  —  0 ; 


whence 


2siua 
Making  use  of  this  value  of  P  we  have 

I{^)  =  -H5-^(ioo6a  +  k),  and  ,G,  =  0. 

Heoce  by  (44<z)  and  (44^)  we  find,  if  ,^t  acta  at  vl  and  F,  at  B, 

,Ft  =  k-hSk,F,  =  —kSkF^  ;  with  the  relation 
Sk,Fi  ^Sk,F^-\-^  PTooaec  a  =  0. 
It  is  to  be  noted  that  the  a  and  b  «>f  (43)  are  equal  respectiTel/  to  0  toi  1< 


^ 


CHRIBTIE,  U.  8,  CX>ABT  AND  GEOBETIC  SUHVEY,  WA6H< 


"The  teDsor  of  a  quaternion  vector  />,  denoted  by  T/o,  is  the  length  of  the 
vector  expressed  in  terms  of  the  unit  of  length  and  without  regard  to  direo- 
tion,  and  hence  is  an  abstract  number^  signless  as  those  used  by  a  child  in 
oonnting^  but  called  positive  in  contradistinction  to  the  n^atives  of  algebra. 
Multiplied  into  a  vector  of  unit  length  it  gives  to  it  the  length  of  p^ 
and  when  the  unit  vector  has  the  direction  of  p^  or  is  Up  the  result  is  p 
itaelf^  vij5,,  we  have  TpUp  ^  p;  and  this  operation  performed  upon  the 
imit  vector  Up  to  produce  p  may  be  conceived  of  as  an  act  ofietmon^  exten- 
man  or  Sticking,  But  when  p  itself  is  operated  upon  by  a  scalar  b  to  pro- 
duce the  nem  vector  6/>,  or  by  the  scalar  c  and  the  inversor  ( — )  to  produce 
:tira  lum  vector  — op,  the  first  by  a  stretching  of  p,  the  second  by  a  stretch- 
iog  and  an  inversion,  we  must  not  suppose  tliat  in  the  one  case  Tp  =;  6,  in 
the  other  J/>  =  c,  —  while  to  write  Tp  ^^  —  c  is  to  include  the  very  thing 
which  the  characteristic  T  was  devised  to  erclude,  and  to  which  that  other 
symbol,  f7,  has  been  appropriated,  viz.,  the  versor  or  direcHoncd  element 
( — ).  b  and  o  are  factors  of  the  tensors  of  the  vectors  by  them  produced^ 
viz.f  I[bp)  =  bTpf  I{ — cp)  =s  llcp)  =  oTp.  In  fine,  the  tensor  which  pro- 
duces p  from  a  unit  vector  is  the  tensor  of  p,  Tp^  in  the  technical  sense  in 
i^ioh  Hamilton  employs  the  term  Tensor  and  the  symbol  T;  but  the  tensor 
which  produces  from  p  some  olher  vector  is  not  the  tensor  of  p.  In  the  one 
case  p  is  the  re^uA  of  the  stretching  or  tension,  in  the  other  the  mbjed,  and 
between  these  two  cases  it  is  necessary  and  easy  to  distinguish." 

The  above  was  sent  to  Prof.  Wood  immediately  upon  the  publication  of 
§9,  p.  36  of  the  present  volume  of  the  Analyst,  and  I  insert  it  here  be- 
cause I  deem  the  correction  on  p.  127  neither  sufficiently  general  nor  ade- 
quately emphatic* 

At  p.  69,  line  6  we  read :  *'the  letter  17  may  also  be  used  to  denote  a  unit 
vector;  thus  Ufi  las.  unit  vector  parallel  to  vector  ^.  As  a  versor  it  implies 
that  j9  has  been  turned  from  some  arbitrary  direction  into  the  given  one. 
At  p.  128  the  latter  sentence  is  expunged,  because  "it  conflicts  with  the  def- 
inition givai  by  Hamilton,  which  is  *  C^  is  ^  veraor  of  a  right  quotient,'  '* 
Now,  although  there  is  nothing  in  Hamilton  to  justify  the  expunged  state- 
ment, there  is,  on  the  other  hand,  nothing  there  with  which  it  conflicts.  The 
additional  meaning  thereby  assigned  to  the  symbol  U  is  merely  worthless, 
Hamilton  calk  a  unit  vector  a  versor  from  analog  and  for  ootweniencej  since 
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we  have  Uq  ^  U-  = 


_   TT?  -    W 


Ua 


but  he  afterward  shows  that  a  vector,  aaj A' 


may  be  usefully  equated  to  the  right  qttatimi  of  which  it  is  the  mdex^  tnd 
U^  to  the  corresponding  right  radial;  furthermore,  that  every  unit  vector 
may  be  regarded  as  the  axis  of  a  quadranUd  rotation,  and  that  the  vector 
may  be  considered  as  itself  a  quaternion,  of  which  the  tensor  of  the  vector  is 
the  tensor,  the  unit  vector  U^,  say^  its  versor.  Hence  ?7doe8  not  imply  any- 
thing whatever,  but  plainly  expresses,  not  that  "^  has  been  turned  from  some 
arbitrary  direction  into  the  given  one'*,  but  that  fi  itself  has,  as  a  quatemioOf 
power  to  tiu'n  other  vectors  from  their  directions,  this  turning  power  being 
resident  in  U^.  It  will  be  seen  that  the  dLstinction  is  that  between  the 
actor  and  the  thing  acted  upon. 

Turning  now  to  Prof.  Wood's  treatment  of  the  important  qrmbols  t,  j,  t, 

we  find  on  p.  67  the  equations  k  =^~  (3),  k  =  '^  (4),  — Jt  =  X  (5),  wd 

thereafter  is  the  remark  :  ^*A  comparison  of  equations  (3)  and  (5)  shows  that 
a  reciprocal  of  the  fraction  changes  the  sign  of  the  vector  axis,  instead  of 

producing  its  reciprocal."     Of  course  we  have  -  =  — i  ===  p    which  it 

the  reciprocal  of  k,  the  ''axis'*  of  j-4-t,  and  Prof,  W.  attends  to  the  matter 
at  top  of  p.  128 ;  but  he  there  restricts  the  necessity  for  the  emendation  to 
the  case  "When  the  direction  of  rotation  of  the  fraction  and  its  reciprocal 
are  in  opposite  senses/*  It  is  matter  of  easy  and  direct  perception,  as  well 
ae  of  early  definition,  that  the  direction  of  rotation  of  a  fraction  is  dwagi 
opposite  to  that  of  its  reciprocal.  Again,  on  p.  68,  the  equation  M  =  — 1  ^^ 
is  obtained  from  (3)  and  (4)  by  the  transformation  ^M 

JUfe  =  4  ,  r:;*  ==i  ^  —  1.         Now  by  definltJOD 


^.a[=  ^la]  =  A  ^  .  I  [^  rr^^er-i  =.  r«"^]  =  5 


a 


but  not  a.^  [=  a^a-i]  =  ^,  wor  ^  .  ^  [=  fia'^rt^}  = 


_r. 


^' 


and  benee 


we  should  write  4  *  ^  [=  -^i^^y'^  =  —jj'^l  =  —  4  =    —1,  ^^ 

nmer  4  .  ^  =  ^.     The/s  in  Prof.  W.'s  transformation  are  non-o^tt* 

t      J  t 

cent — to  combine  them  is  to  do  away  with  the  non-commutative  principle  of 
quaternion  (or  vector)  multiplication!  and  this,  we  may  say,  is  to  do  away 
with  quaternions  themselves.     Had   Prof.  W*  desired  to  pass  through  the 


form  — r-^  he  should  baye  written  kk  =  -;-.  A  [=  -tj  ^ji~^  ^  -ti"*]  = 


n  =  -^ 


=  —  1,  which  is  permissible.    Owing  to  the  scalar  character  of  the  product, 
which  permits  of  cyclic  permutation  under  the  characteristic  S,  or  more 
shortly,  to  tlie  complanaritt/  of  the  factor  quaternions,  the  restdt  arrived  at 
IB  correct  /  but  the  process  is  not  l^itimate  and  is  especially  unjustifiable  in     i 
a  paper  avowedly  expository  of  the  principles  of  this  calculus.  ^M 

On  p.  123,  ProC  W.  says,  "In  division,  the  versor  operating  on  the  di^i 
visor  line  is  conceived  to  turn  it,  positively,  about  the  axis  of  the  versor  (+t) 
thit>ugh  an  augle  equal  to  that  of  the  versor  {6)  to  coiucide  in  direction  with 
the  dividend  line-     In  multiplication  the  versor  operating  on  the  multiplier 
line  £afl  a,  eq.  (27)]  is  oonceived  to  turn  it  in  a  positive  direction  about  the     . 
axis  of  the  versor  ( +i)  through  an  angle  equal  to  the  mj^fdemenl  of  the  an* 
gle  of  the  versor  [;r^;r — ff)  =^  ^],  making  it  coincide  in  direction  with  the     " 
multiplicand  line  (as  j9),"    Prof,  W.  cites  p.  86  of  the  Lectures  for  the  above, 
but  I  can  assure  the  readers  of  the  Analyst  that  Hamilton  does  not  de- 
serve the  credit  of  lU     In  the  **division'^ 

i  =  OOB0  +  tsinff, 
a  ' 

the  versor  cosS  -{-  iein  0t&o  tax  from  "operating  upon  the  divisor  line"  (a) 

in  reality  does  not  operate  upon  any  line  whatever,  does  not  a>ct  ai  a//,  but 

simply  co7istituie8  the  conception  /9-ha.    So  soon  as  the  equivalency  of  the 

vector  and  the  right  part  of  the  quaternion  is  established,  we  may  change  the 

B  1 

''quotient''  ^  into  the  "product*^  j9.  -  ^ — /9a,  and  then  we  have  a  bofuy^fide 

!*bperation",  viz.,  )9  and  the  inversor  (  — )  operate  on  a  j  and  for  all  such 
products  of  oomplanar  unit  vectors  a  multitude  of  simple  constructions  may 
be  given. 

As  a  specimen,  let  the  figure  be  a  diametral  section  of  the  unit  sphere  by 
the  plane  of  the  paper*  Adopting  left  hand  rotation  as  jwsitive,  imagine 
the  unit  vector  i  drawn 
perpendicular  to  this  sec- 
tion and  in  front.  Resolve 
a  into  a'  and  a",  the  for- 
mer perpendicular,  the  lat- 
ter parallel  to  ^,  &c. 

Then  we  have  by  inspec- 
tion, 

^=:-(^a)^-09'+r)« 


—  —  (Ij'a)  —  (fi"a)  =  —  [(-.  t)  Bin  8]  +  (a'  cob  fl)  =  f  sin  tf  +  cob  fl. 


'd 
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^  = 


fi 


— (^costf)  =  iaintf  +  oosfl, 
(— ^  =  (-i9)(a'+a")=  (-i9)«'+(— i?)«''  =  ism  9—fFcm9 


=:  t  sin  {?  +  006  9i 


Ac.. 


&C., 


&c., 


<3^  =  (a'+a'0j3  =  tt'^+fl"^  z=  iain  <?  +  ^oosfl  =  isin  *  — oosi 
aj9  =  4^9' +i9")  =  ofi'+afiT'  =  t  sin  *  +  o^oe  #  r^  isin  »  —  cce  A 
^•a  — (isiii#+oo8tf)a  =  iaBmfl  +  aooBfl  =  ^'  +  fi^' =  fi. 

a^.a  —  (f  sin  »  —  coe %  =  ia sin  fl  +  (— a) ooe  fi  =  ^'  +(— ^')  - r> 

and  80  on  interminably. 

It  18  easily  seen  that  the  prixluct  of  an  even  number  of  oomplanar  vectois 
is  a  qaaiemi(m  in  the  same  plane,  that  of  an  odd  number,  a  vector  oomplioir 
with  the  fiw^rs,  and  that  for  every  ench  odd  product  we  have  Sa^  •  • .  •« 
==r  0,  special  cases  of  which  are  the  oonstantly  recurring  formulie  &  zr:  0, 
8a^  ^  0.     But  these  matters  must  be  left  to  expositors  of  the  method. 

To  recapitulate  results:    It  is  seen  that  in  the  dimsum  ^ -f-  a  the  versor 

00004-^' sin  6  does  not  operate  at  all ;  in  the  equivalent  m^dttpUoaiicm  fi,-^  ^ 

n 

and  the  inversor  (  — )  operate  upon  a  to  produce  the  versor  008<?  -f*  t  sin  tf# 

Let  this  be  compared  with  the  first  part  of  Prof.  W*s  statement. 

In  the  multiplication  <i/9,  the  versor  — oos  tf  +  f  sin  ^,  so  far  from  opera* 
ting  upon  the  multiplier  line  a,  is  the  resutt  of  a  operating  upon  fi  — ^ihe 
multiplier  line  upon  the  multiplicand  Hne^  as  it  should  be. 

It  is  possible  that  Prof.  W.  had  in  mind  that 

2 ,  a  ^  (cos  tf  -j-  i  sin  d)a  zzz  fi, 

which  is  matter  of  definition ;  but  this  is  quite  a  diflTerent  affiur  from  tbej 
division  j9-f-a  ;  and,  on  tlie  other  hand^  we  do  7u>t  have 

afi,a:=  (—cos 6  +  i sin  d)a  ^r  ^. 

lu  fact  this  versor  —  oos  9  +  %*  sii^  ^$  when  it  comes  to  operate  upon  a  (tf 
a  mulHplicafid,  of  oourse)  turns  the  latter^  as  shown  by  the  last  of  the  abo?e 
equations,  through  an  angle  n  — 9  into  coincidence  with  j^,  what  Ha 
would  call  the  reflection  of  ^  with  respect  to  the  line  ^. 


! 
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MXPERTMENTAL  DETERMINATION  OF  THE  CONSTANT  IN 
THE  FORMULA  FOR  PROBABLE  ERROR. 


BY  it*   J.   ADOOCK,  BOSEyiLLE,  ILL. 


^The  law  of  errore  is 


by  eq.  (4),  Analyst,  page  51,  Vol.  VI, 


tan-^oi 


(4) 


where  s  is  the  Dumber  of  errors  not  greater  than  rr,  and  n  the  number  not 
greater  than  ^  S(dl)  =  the  sum  of  the  squares  of  the  errors,  and 


=>/ 


8{diy 


Making  t-^n  =  J,  givea  x  =  |/[S(dJ)'^n]  tan  Jtair^cf.     It  is  required 
to  find  the  nnmerical  value  of  tan  }tan~^c2. 
The  following  80  numerical  values  of  a  quantity  were  observed  by  me: 

34,  30,  40,  38,  36,  33,  32,  33,  38,  36,  32,  34,  32,  33,  32,  34,  34,  33, 

32,  33,  33,  33,  40,  33,  34,  32,  44,  41,  40,  32,  32,  41,  34,  31,  31,  40, 

33,  40,  34,  33,  38,  38,  40,  34,  38,  35,  40,  35,  39,  38,  40,  32,  36,  34, 

35,  34,  36,  34,  39,  38,  37,  35,  36,  38,  34,  35,  32,  34,  36,  35,  32,  34, 
35,  32,  32,  36,  38,  36,  38,  36. 

The  true  value  of  the  observed  quantity  as  determined  by  the  method  of 
Least  Squares,  which  in  this  case  coincides  with  the  mean,  is  36.6.  Sul>- 
titeiing  36.6  from  each  of  the  above  numbers  gives  the  errors,  of  which  the 
greatest  is  8.4  =  f,  and  the  sum  of  their  squares  is  729.96^  S{d\}f  ji^^;^ 
=  c*  ^  .109602,  0  =  .33106,  d  =  2,7809,  lan-^ri  =  arc  of  70°  13'  1T\ 
tmn  }tan-M  =  35^  06'  38"  =  .703.  In  another  case  of  120  observed  val- 
nes  of  another  quantity  the  calculated  valtie  was  36|^,  the  greatest  observed 
error  5^,  S(dJ)  was  found  to  be  408^,  and  the  resulting  value  of  tan  |tan 
cl  ^  .709.  I  therefore  conclude,  from  these  two  examples  and  others  that 
I  have  examined  that  the  true  value  of  tan  |tan~^cf  is  ,707  —  ii/2,  and 
not  .6746  as  heretofore  given. 

CkyroUary.  Siuce  after  a  sufficient  number  of  observations  the  value  of  I 
will  oease  to  vary  sensibly,  ^[S(cfJ)-4-i»]  will  have  its  limit  also.  Therefore 
I  conclude  that  after  thb  limit  is  reached,  or  nearly  so,  increasing  the  num- 
ber of  observations  does  not  increase  the  accuracy  of  the  result  calculated 
from  them.  Prof,  Peirce  arrived  at  tins  conclusion  in  the  Coast  Surv^ 
Report  for  1854. 
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NEW  DEMONSTRATION  OF  THE  BINOMIAI.  THEOREM. 


BY  JOHN  MACNIE,  A.  U.,  EA8T0N,  OOW. 

1.    Let  the  expansion  of  (1  +  s}*  be 

(1  +  zy  =  0,  +  e^t  +  c,«»  +  c,«»  +  . . . .  eX,  .  [1] 
where  n  may  have  any  value,  and  e,,  e^, ...  (v,  are  coefficients  independ- 
ent of  2. 

Multiplying  both  members  of  [1]  by  (1  +  z)  we  obtain 

(1+Z)P+1  =  Oo+(01+C,)«+(C,+Ciy+(C,+0,K+  .  .  .  {Or+Or-lY, 

in  which  the  (rH-l)th  coefficient  is  the  sum  of  the  (r+l)th  and  rth  of  [1]. 

By  proceeding  in  the  same  manner,  we  obtain  in  succession, 

(l+«)-+a  =  Oo+(oi+2oo)«+(o,+2oi+CoV+(o8+2(Ja+OiK+ . . . 

+(<V+2<v_i+«V^)ir, 

(l+«)^«  =  Co+(ci+3co)«+(o,+8oi+3ooy+(c8+3o,+3oi+o,K 

+  . . .  +(<v+3«v_t+3<v_»+8«U8K 

(l+,)-+4  =:  Oo+(ci+4oo>+(«,+4«i+6ooy+(<»»+4o,+6o,+4o,y, 
.+(o4+4c,+6«,+4ci+Oo)<'+  . . .  4.(c+4<Ji^i+6<v_,+4ci^,+<V-4K- 
.  By  noting  the  law  according  to  whidi  these  coefficients  are  formed,  we 
^ily  prove  by  induction  that  the  (r+1)th  term  of  (!+«)■**•  is 

and      (!+«)•+-  =  Oo+(oi+meo>+[c,+me,+5i2f^]«^+  ...[?] 

If  now  in  [1]  we  suppose  n  =  0,  then  since  (1  +  zf  =1  +0  . . . . ,  we 
have  00  =  ly  0}  . . .  •  e^  each  =  0,  and  we  obtain  the  expansion  of  (!+<)* 
either  from  [2],  or  by  substituting  in  succession,  0, 1,  2,  •  •  •  m  for  r  in  the 
general  term ;  noting  that  every  term  in  the  coeff.  of  that  expression  van- 
isheSy  except  that  for  which  the  subscript  of  o  becomes  0  for  assumed  value 
ofr.    Thus  we  obtain 

m  being  any  positive  integer. 

'  2.  As  by  the  aid  of  [2],  the  expansion  of  (1  +  z)"  being  given,  we  can 
find  that  of  (l+a)*^*,  so,  conversely,  the  expansion  of  (1 4-2)*+*  being  giv- 
en, say 

(1  +  «r-  =  1  +  C7,f  +  C,z«  +  Ca2»  +  . . .  +  a^,  [4] 

we  can  find  in  succession  c^i  o^,  Cg, .  •  • .  (v,  the  coeificients  of  (1  +  *Tf  ^ 
means  of  the  series  of  equations: 
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1;  c.  =  Ci— m:  0,  =  C-mc,— ??fcy 


1.2 


=  n.-^..-Mm^l)„  _m(m-l)(w-2), 


and  thus  obtain 


1.2 


1  .2.3 


&0.. 


(l+s)-  =  l^(Ci-m>+(Cj,-mc, 


m(m — 1)\ 
1.2    J 


+ 


^C,— uusj 


iw(m — 1)^  m(m — l)(m — 2)\ 


1.2 


1.2.3 


[5] 


Since,  by  hypothesis,  n  may  have  any  valae,  let  n  =  —  m,  then  [4]  be- 


comes (l+i^  =  1+0+ 


that 


18, 


these  values  in  [6],  we  obtain^  after  some  simplifications : 

— m{- 


Cr  each  =  0  ;  and  substit'ng 


(1+^)-  =  l+(-m).+  T^n(-^-zn,^^-^(^  ^  ^ 


I      ^'  "'  ^     '"''  '  1.2  1.2:3 

where  the  exponent  is  any  negative  integer. 
_       3.     Again,  since  (1  +  2)"**  =  (1+  j)"*^""^^,  we  can,  if  the  expansion  of 
B  (1  +  a)*  is  given,  obtain  that  of  (1  +  f)"^  by  sabstituting  (m — l)n  for  m  in 
[2] ;  and,  conversely,  if  the  expansion  of  (1  +  z)"**  be  given,  we  can  obtain 
that  of  (I+2)"  by  substituting  (m — l)n  for  m  in  [6], 

Ijot  fi  £3  «-=-m,  s  and  m  being  integers,  then  (1  +  j}**^  ^t  (1  +  j)'^  and  we 
have,  by  [3], 

Ci  —  «,  (?2  =  ^^~  ^ .  •  • .     Substituting,  in  [5],  these 

values  for  C^  •  .  .  Q,  and  (m— l)(«-7-m)  for  m,  and  simplifying,  we  obtain 

L+ 
Hence,  since  9  may  be  pos.  or  neg*,  we  find,  whatever  n  may  be, 
^          (l+«)-  =  l+„.+?^).a+^T^H|r2),s+  .... 

and  thence,  by  putting  y-f^  for  j»  and  multiplying  by  af, 
K  (»+yr  =  :c^  +  na:^*y  + 

^^%>LimoN  OP  Prob.  315  by  Chas.  H.  Kummell.   (See  p,  166.)— The 
■  total  distance  of  ^  is  D«  =  1  +2+3  =  6^\     It  is  required  to  find  the  most 
probable  similar  quantity  for  A 

The  most  probable  position  of  B^s  buU^s  eye  is  evidently  the  center  of 
'gravity  of  his  shots,  viz.,  that  point  for  which 
I>1  +i>f  +DS  -  (a>-0)»+(y-0)»+(^-l)*+(»-l)'+(^-2)*+(y-3)»  =  min'm. 


(»—0)+(»— !)+(»— 2)  =  0;  «  =  1. 

'         ,        ,       (y-0)+(y--l)+(y-3)  =  0;y  =  i 
We  have  then 

-Di=|/(l+V)  =  l-««7  , 

D,  =  |/(0+  i)  =  0.333, 

D,  =  l/(1+V)  =  1.944  • 

The  total  distance  from  the  most  probable  center  would  be  then 

A  =  3»».944,  <  D.. 

It  would  not  be  fair  however  to  compare  D^  which  is  onlj  probable,  with 

I>«y  which  is  trne. 

The  rule  agreed  upon  for  comparing  the  skill  makes  evidently  an  abstno- 
tion  of  the  direction  of  the  shot  from  the  center;  it  only  considers  thedut 
The  question  arises:  what  is  (with  this  abstraction)  the  most  probable  dis- 
tance of  the  center  of  gravity  from  the  true  center? 
Wehaveforthemeanerrort  of  the  center  of  gravity  being  the  true  oenter 


-^^=WiO  chimin. 


We  have  then  the  probability  of  the  true  center  being  in  the  droamiff- 
ence  of  a  circle  of  radius  r  about  the  center  of  gravity 

therefore  the  most  probable  distance  r^  of  the  center  of  gravity  from  the 

true  center  is. 

f       dr         r^ 

The  most  probable  distance  of  each  of  the  three  shots  from  the  true  center 
is  then    D\  =  i/(r?  +  Df )  =  1.867  in.,  2X,  =  |/(r J  +  2)|)  =  O.905  in-i 
D;  =  |/(r J +DI)  =  2.118  in. ;  hence  DJ  =  i);+2);+D;= 4.890,  <  -P.. 
B  was  therefore  the  most  probable  winner. 

A  more  correct  mode  of  comparison  of  their  skill  would  be,  however,  by 
means  of  the  measures  of  precision.    We  have  the  mean  error  for  A ; 

•■=  4{^^^)-^'4--  ■■■"■  =^,^Wk^o^;>'^, 

However,  the  ratio  of  skill  agrees  satisfkotorily  from  the  two  methodfA'', 
D.+ A  =  T.^  « 1^,       and  K^K  -  tm  =  1-19- 


SoLimoN  OP  Pbob*  313  (see  p,  164)  by  Pbop.  D.  V-  Wood.  —  There 
beiiig  no  escape  of  heat  due  to  compreBsiony  the  law  of  pressure  would  be 
expressed  by 

jw*  =  coDBtant  ^  pV*,  (1) 

where  p'  =  initial  pressure  of  the  atmosphere  =  ISlbs^  nearly ,  t?'  ^  vol.  of 
the  cylinder  ^  o^,  if  a  is  the  area  of  the  base,  p  ^=  the  pressure  within  the 
cylinder  when  the  weight  has  descended  a  distance  x^  a{l — ^)  ^  the  volume 
when  the  pressure  is  p,  £  ^  1.408;  then^  &om  (1), 

Int^rating,  obsfirving  that  for  x  =  0,  u  =  0, 

At  the  end  of  the  downward  movement «  =  0;  therefore 

&0I 

[ 


firom  which  x  may  be  found  by  trial  afier  numerical  values  have  been  sub- 
stituted for  the  known  quantities. 


BOL  UTI0N3  OF  PROBLEMS  IN  NUMBER  FIVE. 


BoLXJTioKs  of  problems  in  No.  5,  have  been  received  as  follows : 

From  Prof.  W.  P.  Casey.  320,  321,  323;  Prof.  J.  H,  Kershner,  324  and 

Miscellaneous  prob.   No.  1  (see  p.  149) ;  Octavian  L,  Mathiot,  320 ;  Prof. 

D.  J.  Mc  Adam,  323;  Prof.  E.  B.  Seitz,  324;  Prof.  M-  C,  Woodward,  322; 

Prof.  D.  V-  Wood,  322;  H.  Heaton,  322. 


320.  "The  transverse  and  conjugate  axes  of  an  ellipse  being  given,  to 
find  the  diameter  of  the  circular  base,  and  tlie  altitude,  of  the  right  ccme, 
and  where  to  pass  a  plane  so  as  to  produce  the  given  ellipse." 

SOLUTION  BY  OCTAVIAN  L.  MATHIOT,  BALTIMORE,  MD. 

QmttnLciimi, — Draw  AB  ^  2a,  the  given  transverse  diameter.  At  P, 
the  centre  of  AB^  erect  a  perpendicular,  and  with  ^  as  a  centre  and  radios 
AB^  dfflcribe  a  vertical  arc  in  which  suppose  a  poiut  />  to  be  taken  such  that 
if  £X)  be  produced  to  meet  the  perpendicular  from  P  in  C,  and  the  triangle 
PBC  be  revolved  abont  PC  as  an  axis,  a  cone  will  be  describd  a  section  of 
which,  haying  AD  lor  transverse  axis,  will  have  the  given  conjugate  axis. 
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Prom  D  to  A  pass  a  plane  whose  cutting  edge 
shall  be  at  right  angles  with  ^B  and  parallel  to  the 
base  of  the  cone,  producing  the  ellipse  AFDE^  the 
transverse  axis  of  which  is  AD  ^  AB*  Through 
K^  the  centre  of  AD^  pass  a  plane  at  right  angles 
to  PC  and  parallel  to  the  base  of  the  cone,  produc- 
ing the  circle  LEMF.  Join  E  and  F^  the  points 
where  the  circle  intersects  the  ellipse,  EF  will  be 
the  given  conjugate  axis  ^=  26,  say.  Through  Jf, 
the  middle  point  of  EF^  draw  LM  a  diameter  of 
the  ciecle  LEMF^  intersecting  PC  in  R.  EF  is  a  chord  of  the  circle  LEMF^ 
r.LK=  EE^^KM  =  b^-^KM.  (1) 

Through  D,  draw  DG  perpendicular  tO|  and  intersecting  PC  in  i,  and 
draw  B8  parallel  to  PC. 

Calculation, — Since  the  triangles  ALK  and  AGD  are  similar,  and  AD 
^2AK=2a,  GD  ^  2i£rand  ID  =  LK ; .  • .  LR=KH=i{LK+KM) 
=  {EK^+KiP)'T^2KM^  by  substituting  for  X-K^firom  (1),  or,  because  KM 
^KD  =  a,  KH=  (a>+6')-^2a,  (2) 

Wehave-HD=  V(-S3?*  —  £H^  =  i/[(3<K*  —  2a"6*  —  6*)  ^  4«^i  «»<* 
HM  =  KH^LK—  (a*— 6*)-l-2a,  and  thence,  by  similar  triangles  we  find 
PC=a  i/[{Sci*— 2aV— 6*)-J-(o*— ft*)],  the  altitude  of  the  cone. 

Again  we  have SP^  ID  =  LK=  b^^-a,  .*.A8^{a^  +  6^)-h^,  and 
consequently  SD  =  i/C^D*  —  AS*)  =  |/[4a*  —  (a*  +  2a6  +  6*)H-aT,  the 
altitude  of  the  point  JD. 


i 


321.  "From  any  point  B  of  the  circle  ^  +  y*  =  a\  BR  is  drawn  per- 
pendicular to  the  straight  line  x=fi*  Find  the  locus  of  P,  the  symmetrical 
point  of  R  with  respect  to  the  tang't  at  B  and  its  evolute," 

SOLtmON  BY  PBOF,  W.  P.  CASEY,  SAN  FBANCIBOO,  CAI*. 

Let  (?  =  ZBCR,  and  let  p,  h  be  coordinates  of  P.  Then  2y  sin  8  = 
2iJ0  =  RP,  and  2y  sin'S  =  JZPsin  fl  =  A ; .', 
43^in*tf  =  k\  Also  Pi2  cos  ff  —  RN  or  2y  sin  d 
Xcos  d  =  RN;  .  • .  2y  sin  l?  cos 5  +  a?  i=  p  and 
{2y  sin  ff  cos  ^  +  a?)*  =  p^.  Therefore  4y*  sin*  8 
+4^in*tf  cos^tf +4^  sin  <?  cos  fl  +  ^  ^  p*+A\ 
or  4y*sin^ff  +  4ajy  sin  fl  cos  S  +  3?*  ==  j^'\-h*i  and 
by  assigning  numerical  values  to  tf  we  obtain  the 
locus  of  P* 


•! 
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3S9L  '^nieendof  aprisnisaDimoeieBtriuig^althodeaa^ 
The  ad  of  Chk  prism  is  wcMed  to  the  vertical  fim  i^a  block  ot  dasdo  i 
terial^  tlie  base  of  the  triangular  eod  of  the  prism  being  pundlel  with  the 
horiaoDlal  fiiee  of  the  Uock  and  prq|ecti^g  a  pTeo  hdgfat  k  aboFe  the  blocks 
A  grven  Ibroe  F^  k  applied  at  the  pngecting  eztremitr  the  direcdon  of 
whkfa  IS  Qormal  to  the  vertical  fiu»  of  the  block  and  which  is  in  equilibria 
am  with  the  fi>roes  F^  and  F^^  of  teosioii  and  preaBiu^  above  and  below  the 
nentnl  axis,    f^d  the  position  of  the  neatnd  t 


wcdAmas  by  pbof.  m,  a  woodw  abd,  washixgtoh  ukiv*,  st,  louis,  Ma 

fiinoe  the  prism  is  in  eqmlibrimn^  we  have 

F,+F^+F^  =  0,  (1) 

Jfi+lf,  +  Jf,  =  0,  (S) 

in  wUch  Jf  10  the  moment  of  J'aboot  any  axis* 

Let  X  =  the  distance  of  the  reqaired  nentnd  axis  from  the  vertex  of  the 
triangular  base  of  the  prism.  Let  r  be  the  dtstance  of  any  point  from  the 
neatral  axis;  then,  supposing  the  prism  to  be  rigid,  we  havre,  for  the  intendty 
of  the  foToe  acting  on  the  prism,  p  ^  — nr*  This  is  negative,  for  when  r  ta 
itive  the  stress  Is  like  F^,  opposite  to  i\. 

^. — z/p'+'")^' 

Letting  «  ^  a — A,  int^;rating,  putting  in  limits  and  redttciug  we  have 

Sobstitnting  in  (1)  we  have 

Taking  the  Deutral  axis  aa  the  axis  for  momeDts  we  have 

«»'  0 

iting  and  reduciug,  we  find 
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M^  =  _^(3««— 8««a!+6«V— a^). 


Jf.  =  - 


bn 


Snbstitnting  in  (52)  we  have,  after  reducing, 


Fi{a—ic)  =  ^(Sj*— 88»ar+6«Vy 


(4) 


Combining  (3)  and  (4)  we  readily  get 


a;  =:  - 


8    4a —  3a 
2'  Sa—28 


Cot*  I.  If  h  is  infinite  and  t  finite,  we  shall  have  Jfj  finite,  F^  =0  (in 
order  that  F^  and  ^g  may  be  finite),  and  x  =  )a,  or  we  have  the  neutral 
axis  of  a  triangular  beam  exposed  only  to  a  bending  moment**  In  this  cftse 
J\  is  the  sum  of  the  two  forces  of  a  couple. 

Cor.  H*      If  A  ==  0,  we  have  a  =  «,  and  x  =  J«. 

Cor,  III*  If  A  =  — 1«,  we  have  3a  —  2s  =  0,  a;  ==  oo,  and  the  stresB 
is  uniform. 

Scholium^  Regarding  the  triangular  prism  as  a  sector  of  a  solid  cylinder, 
it  Is  easily  se^i  that  the  general  case  A  >  0,  is  illustrated  (approximately) 
by  the  tension  upon  a  circolar-headed  bolt ;  and  the  neutral  axis  becomes  a 
neutral  circle. 

When  A  =  0,  we  have  (still  approximately)  the  action  of  a  nut  on  a  bolt 

When  A  ^  —  }«  we  have  a  state  of  stress  very  desirable  to  attain,  but 
very  difficult  to  reach  in  practice. 

[We  cannot  perceive  that  the  foregoing  elegant  solution  of  problem  322 
illutrates,  even  approximately,  the  tension  upon  a  circular-headed  bolt ;  for 
the  forces  acting  on  the  head  of  the  bolt  are  only  two^  instead  of  three  as  in 
the  problem.  The  head  of  the  bolt  being  rigid,  as  the  force  F^  is  applied 
at  all  points  of  its  circumferencei  there  can  be  no  rotation,  as  is  supposed  in 
the  problem  (322),  and  therefore  no  neutral  axis.  Hence,  although  we  may 
suppose  the  bolt  elastic,  we  have  no  representative  of  i^^g,  or  rather  F^  and 
F^  constitute  but  one  force  in  the  bolt,  as  they  act  in  the  same  direoticiDi 
their  sum  being  the  equivalent  of  J^^,  instead  of  their  difference  as  in  prob- 
lem 322.  That  there  can  be  no  neutral  axis,  or  neutral  circle,  in  this  case, 
is  evident  from  the  fact  that  its  existence  would  require  a  depression  in  the 
center  which  is  incompatible  with  the  assumed  rigidity  of  the  head  of  the 
bolt— Ed.] 


323.    ^'Describe  the  spiral  of  Archimedes  by  continuous  motion*" 
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BOliUnON  BY  PROF.  D.  J.  MO  ADAM^  WASHIKOTOK,  PA* 

I  liay  a  cirde,  cat  from  a  board  o^^ 
paste  board,  upon  the  paper,  as  C  in 
the  figure.  Lay  a  square  flat  upon  the 
paper  and  make  it  press  against  the 
circumference  of  the  circle-  Put  a 
pencil  against  the  arm  of  the  square 
ad  at  P,  at  a  distance  from  the  tang't 
jID,  of  the  radius  AC  of  the  circle.  | 
Roll  the  square  upon  the  circle  and  keep  the  pencil  pressed  against  the  p^t 
P,     The  pencil  will  describe  a  spiral  of  Archimedes. 

That  the  curve  is  the  spiral  of  Archimedes  is  evident,  for  there  is  a  con- 
stant relation  between  the  angle  of  rotation  and  the  radius  vector  CP.  Also 
the  curve  cuts  the  radial  lines  from  C  at  distances  from  C  which  increase 
uniformly  by  the  circumference  of  the  fixed  circle-  This  principle  is  re- 
ferred to  by  Prof  Rankine  in  his  ''Machinery  and  Millwork'*,  page  54. 


324.     "Find  the  envelope  of  the  straight  line 

mooBf  '\-ii%mip  ^  a  (cos  n^)  ■". 

aOIiUTIOK  BY  PROP,  E,  B.  SETTZ,  KIRKSVILLB,  MO. 

Dlffereutiating  the  given  equation  with  respect  to  <p^  we  have 

xB\TXf — yoo«p=  amnn(p{cmrup)  *  , 
Ijet  X  —  torn  6  and  y  =  r  sin  5,  then  (1)  and  (2)  become 


(2) 


r  006  (y  —  tf )  =  a  (cos  ntp)  *  (3),  r  sin  (p  —  tf )  =r  a  sin  wp  (cos  nf)  ■  ,  (4) 
The  square  root  of  the  sum  of  the  squares  of  (8)  and  (4)  is 

^B  f  ^a(GOsnf)  «  .  (1) 

^^  Dividing  (4)  by  (3)  we  have  tan(f  —  d)  =  tan  n^;  hence  f  —  5  ==  nf, 
or  ^  ^  0^\  — n).    Substituting  this  value  of  ^  in  (6),  we  have 

^the  polar  equation  of  the  envelope.    When  n  »  2  we  have  r^eos  2d  =  a', 
e  equation  of  the  equilateral  hyperbola, 

n  ^  — 1,  f  ooe'ifl  =3  a,  equation  of  the  parabola. 

n=-      J,  r  =  aco6d,         «        *'    *'    circle. 

n=     I,  r^a*ooB2(?,       **        **    **   lemneecate. 
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SOLUTION  OF  MIBCEL.  PBOB.  (1)  (SEE  P.  149),  BT  PROF.  KSRBHNEH. 

(1  +a:)"  =  1  +CiX+  C^3^+  . . .  +  Cj*"-'  +  CixT-^  +«•, 

(1 +»)»•  =  !r»+ C,i»+ 1  +  Ci«— 1  +  C,a!"+ 9  +  C,«-+ C,*— «  +  Ac. 
The  coefficient  of  af  in  (!+«)*'  is 

1.3.8. ..(2n  —  l)  ^  2« 
1  .  3  . 6  . . .  n  ' 

by  the  binomial  expansion,  and  in  the  product  above,  l+CJ  +  C|+&e, 


Query  by  prop.  Wm.  Wooubey  Johnson,  Aknapolib,  Md.^ — **lt  is 
stated  m  Brande  and  Cox'  Dictionary  of  Sc.  and  Lit,  with  respect  to  Fer- 
mat's  *last  theorem*,  viz.:  that  2;"  +  y*  ^  «*  is  insoluble  in  integers  except 
when  n  :^  2,  that  no  complete  demonstration  has  yet  been  given.  Yet  Bar- 
low in  his  Theory  of  Numbers  gives  what  professes  to  be  a  demonstratioa 
of  the  impossibility  of  the  equivalent  equation  af  —  y**  ^  2**,  p,  164. 

What  la  the  fallacy  in  Barlow's  demonstration  and  by  whom  was  it  firat^ 
expoeed?" 


wiflooireiK. 


By  reference  to  the  famous  ^'Report  on  the  Theory  of  Numbers"  by  Prof. 
H,  J,  Stephen  Smith  of  Oxford,  in  the  British  Association  for  the  Advance- 
meot  of  Science  Reports,  1859-62;  in  the  Report  for  1860  will  be  found  a 
resume  of  Kummer's  work  on  Fermat's  Theorems.  Kummer  has  shown 
its  impossibility  for  all  values  of  the  exponent  up  to  100  and  seems  to  have 
considered  his  proof  general  as  the  title  of  his  paper  is  "Allgemeiner  Beweis 
des  Fermat^schen  Satzes  dasa  die  Gleichung  !i?^  +  y^  =  «^  onlosbar  ist  f ur 
all  diejenigen  Potenz-Exponenten  I  welche  ung^*aden  Primzahleo  sind^ 
und  in  der  zsehlern  der  ersten  ^(^-3)  Bernouille'schen  2jahlen  als  Factoreo 
nicht  vorkommen/'  The  excepted  primes,  numbers  like  37,  69,  67,  Ac, 
which  divide  the  numerators  of  some  one  of  the  1st  ^{X  —  3)  fraettons  of 
Bernouilli  were  afterward  treated  by  Kummer,  and  all  those  satisfying  oec^ 
tain  conditions  were  also  found  to  be  included  in  the  theorem* 

Concerning  Barlow's  proof.  Prof,  Smith  says — **The  proof  in  Barlow's 
Theory  of  Numbers,  pp  160-169,  is  erroneous,  as  it  reposes  (see  p,  168)  on 
an  elementary  proposition  (Cor*  2,  p.  20)  which  is  untnie."  I  think  it  veiy 
likely  that  the  error  had  been  noticed  beforci  but  I  do  not  know  wh^re. 


I 


325*  By  Prof.  K  P.  Jfii^  ICm^M  Momiqm,  K  C-^irai  tlie  alti- 
fade  mud  radios  of  the  ciraumcribed  snd  insmb'd  aides  of  a  phiie  scalene 
triangle;  to  fijid  the  thiee  sidea. 

32e.  B^  Prof.  J.  H.  Kerdmer.—l>T9M  a  Hne  bisecttng  a  givcD  tRU^ 
80  that  the  part  Ijrii^  within  shall  be,  Ist,  a  mimmmn ,  &id,  a  maxliiiitiik 

337*  By  BeqiietL — ^The  poles  of  the  radioBl  axis  of  two  aides  taken 
widi  respect  to  eadi  circle^  and  the  two  centera  of  mmilttude  of  the  eiidei^ 
are  ibor  hannooie  points*    (Ex.  8,  p,  367,  Cfaaayanelfs  Modem  Oeonu) 

328.  By  Prof.  D.  /.  ife  Adam.— A  body  is  projected  from  the  top  of 
a  tower  100  ft  high  at  an  angle  of  deration  of  45^,  with  a  vdocitj  of  ^  ft 
per  second.  Find  the  distance  from  the  point  ai  which  it  firsi^strikes  the 
horizontal  plane  to  the  second  point  at  which  it  strikes  the  plane.  The 
modalns  of  elasticity  bdng  },  and  the  resistaiioe  of  the  atmosphere  neglected. 

329.  By  E.  J.  £dmund»,  Proftmmt  de  Fiwioais  ^AngiaU  et  de  MeA- 
/maiiq$mf  11,  rue  JowZfier,  ParU. — Three  points^  j4,  B,  (^  bdng  givan^  lo 
find  a  point  M,  whose  distsnoe  irom  Aj  B  and  C,  shall  be  a  minimum. 

330.  By  Prof.  E.  B.  SeiU,  KirkmOe,  ifo.— Two  points  are  taken  at 
random  within  a  circle  on  opposite  sides  of  a  ^ven  diameter,  and  a  tbiid 
point  is  taken  at  random  in  the  drcomference;  find  the  average  area  of  the 
^iangle  formed  by  joining  the  points. 

331.  By  W*  E.  BmU^  MHarion,  /ni— Show  that  the  reciprocal  of  the 
TTmninn  of  the  reciprocal  of  a  given  carve  passes  through  the  points  of 
ooiitact  of  multiple  tangentSi  and  points  of  inflexion  of  the  given  carve. 


Akhoukcemet  op  Vol,  VIII. — As  the  number  of  persons,  in  this  ooun- 
try,  who  are  able  and  willing  to  devote  time  and  money  to  the  cultivation  of 
Mathematioa  as  a  Science,  is  comparatively  small,  and  as  the  A>'alyst  de- 
pends entirely  upon  its  subscribers  for  the  pecuniaiy  aid  necessary  ior  its 
production,  and  fi>r  voluntary  contributions  to  fill  its  pages,  it  wis  scaroely 
to  be  expected  that  it  would  survive  to  the  age  it  has  already  attained. 

It  has  been  our  intention  from  its  birth,  as  we  have  heretofore  stated  to 
oar  subscribers,  to  continue  tft  Akax-yst  as  long  as  our  health  will  permit 
and  the  interest  in  it,  manifestiid  by  its  readers,  continues  unabated.  We 
are,  therefore  pleased  to  be  able  to  say  that,  so  far  as  we  can  judge  at  pres* 
ent,  the  Anaxybt  will  survive  yet  several  years;  and  as  we  trust  it  has  been 
of  some  servioe  in  promoting  the  cultivation  of  the  Science  of  matbemat- 
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ic8,  which  LB  the  key  to  all  other  Bciences^  we  hope  the  interest  and  sap 
of  our  subBcribers  will  continue  unabated. 

The  Nos,  of  Vol.  VIII  shall  appear  promptly  bb  they  are  due,  No,  1, 
about  the  1st  of  Jan.|  1881. 


PUBLICA  TIONS  BECEIVED. 


I 


Addrem  before  the  AtMrican  A^^ociaiion  for  thf  Admncement  of  Sciene^t  Section  A.    B^  Fu)F. 

AfiAFa  Haxl.    BoAtoD  meeting,  Aug.  25, 1880. 
Owlogy  of  TTwcwwin.    Vok.  II  and  IIL    Syo.    1877  and  1879. 

Each  VoL  contaloa  nearly  BOO  pages,  is  finely  illiiBtrated  with  many  eogmyingiip  and  it  i^ 
oompanied  by  im  Atlas  of  14  Map0«  24  hj  80  incbee,  each.      ThiB  is  a  magnifioent  woA  voA 
is  creditable  to  the  State,  as  well  aa  to  the  partiee  who  made  the  aarveya. 
Ea}f9  New  higher  ArUhmttic*    408  pp.     12mo.    Van  Antwerp,  Bragg  and  Co.    Cindiuiiti* 
1880. 

ThiB  la  a  ycry  neat  Kevision  of  a  very  popular  hook.    And  the  fact  that  the  Berinoa  hM 
been  in  chxu'ge  of  Prof.  J.  M.  Greenwood,  ia  a  guaranty  that  the  work  ia  brought  qp  to  tht 
preaent  demandfl  of  the  science. 
The  Ameriean  Journal  of  MathemoHeaj  VoL  m,  No.  1. 

This  K  umber  contains  two  papers  of  special  interest :  1,    Regular  Figures  tn  n-dlmenliMot 
Space,  by  W.  J.  Stringham,  and,  2.     On  the  Alg^rra  of  Logic,  by  C.  8.  Peiroe. 
The  Mathematical  Visitor,  No.  4.    Erie,  Pa.    Artemas  Mardn,  A.  M.,  Editor  and  Fuhliibib 

Semi-annual.    |1.00  per  annum. 
Vermieh  einer  maihemaiiuehen  Hieorie  zur  Erklarung  da  lAehtwecJiseU  der  veranderliehett  8ter9^ 
Von  Hugo  Oyldm,    Hdsingfors.     1880.    63  pp.     4to. 

The  author  attempta  to  6nd  n  mathematical  expresuon  for  the  brightnesBof  a  variable  ftar, 
JSh  theory  h  founded  on  certain  notion*  of  Zollner  modified  or  generalized.  He  conaidersi 
variable  star  as  a  glowing  body  of  globular  form  having  a  motion  of  rotation ;  but  the  poinli 
of  whooe  surface  emit  light  of  very  difierent  d^reea  of  intensity,  on  account  of  the  presewt 
of  scoria  or  similar  matter.  These  econa-areaB^  although  probably  slowly  variable  in  iifli 
and  position  on  the  surface,  may,  he  thinks,  for  the  comparatively  short  time  which  observa^ 
tion  at  present  covers,  be  considered  as  fixed.  The  momenta  of  inertia  dtre  regarded  as  hav- 
ing any  values  wlmtever,  and  the  instantaneous  axis  of  rotation  may  have  any  direction  vilb 
reaped  to  the  principal  axes.  The  brightneas  comes  out  aa  a  periodic  function  dependent  on 
two  ai^guments  increasing  proportionally  to  the  time,  the  ratio  of  whose  perioda  m  a  functio^H 
of  the  ditferencea  of  the  moments  of  inertia.  The  author  liJis  not  compared  his  theory  witB" 
the  data  of  observation,  for  the  reason  that  suiBcJently  extended  series  of  obeervations  of  the 
intensity  of  the  light  of  the  variable  stars  have  not  been  published  in  the  astrononucal  jour* 
nals.    The  mere  times  of  maxima  and  minima  will  not,  he  saya,  afibrd  a  onicial  teat  of  hit 


f 


theory. 


G.  W.H. 


ERE  ATA. 


On  page  150,  at  the  beginning  of  the  firet  of  the  two  ^neral  fonnul»i  tot  "J** 
*♦    '*      184,  dde  "r"  m  the  Figure, 


